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Statement of the problem

> Consider a (pseudo-)Riemannian manifold (M, g).

» V,— Levi-Civita connection; R, — Riemann tensor of V.

» K[V]ap = VaWp + VpVvs — Killing operator.

» The Killing equation K[v], = 0 is an over-determined equation of finite
type.
Given g, what is the full compatibility complex of K[v]z = 0?

v

M K seopm 2y ... T, L.

> Def: Cis a compatibility operator for KifcoK=0 = c=c o C.
CoK=0 c/oK%C o CoK=0
v C

> In General Relativity: the components of C constitute a “complete set of
local gauge invariant observables” for linearized gravity on the
spacetime (M, g).

Igor Khavkine (CAS, Prague) Kerr Killing Compatibility Complex 16/12/2020 1/13



Possible approaches
How to obtain a compatibility complex of K on (M, g)?
1. BGG machinery (representation theoretic approach)
> Requires (M, g) to be a homogeneous space. Otherwise, does not
even produce a complex!
> Can start with a curved BGG machinery, but no self-contained way to
complete it to a compatibility complex.
2. Spencer-Goldschmidt theory. (Goldschmidt, Ann Math (1967) 86 246)
» Prolong to involution, compute Spencer cohomology.
> Algorithmic. Implemented in computer algebra.
» Computer algebra requires explicit coordinate components, is blind to
any special geometry of (M, g).
> Witness: execution of the algorithm (often infeasible by hand).
3. Reduction to canonical form. (IK [arXiv:1805.03751])
» Canonical form: adapted to the geometry of (M, g), but with known
compatibility complex (e.g., flat connection).
> Reduction: equivalence up to homotopy.
> Witness: the explicit equivalence, proof for canonical form (e.g.,
Poincaré lemma).

» Practical applications.
1., 2.: only (anti-)de Sitter spacetime (maximal symmetry).
3.: all other known cases; FLRW cosmology, Schwarzschild black hole [arXiv:1805.03751],
now Kerr black hole [arXiv:1910.08765].
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Step 1: Equivalence up to homotopy

Two complexes of differential operators, K; and ;, are equivalent up
to homotopy when the diagram

TH TH id=VioU=HoK+K_1o0H_1,
o Yo H! Ui Vi H! Uz V2 id—UjoV;,= H,, oD +Dj_q1 0 Hj_4
[ ] [ ] [ ]

Dy D

exists, where the solid arrows commute and the dashed arrows are
homotopy corrections.

Lemma (homotopy equivalence as witness)

Consider an equivalence up to homotopy between complexes K; and
Dj, i > 0. Then, ifD; is a full compatibility complex, then so is K;.
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Step 2: Lifting compatibility operators

745‘
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Lemma

After reduction to canonical form:
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Step 2: Lifting compatibility operators

Ki— id—KoHy— VioU,4
b Dol Lemma

* r\\Ko_K/,Z ° A After reduction to canonical form:
. ]/0 W ]/1 () Dy o Us[K[v]] = O
o (b) (id—KoHy—VioU)[K[V]] =0
It R
° Do—D > ® D, > ®

» The Lemma does not depend on Kj being of finite type, only on
the equivalence between Kj and Dy.
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Step 2: Lifting compatibility operators

ke [idKoH0V1oU1

Dol } Lemma
Y A e After reduction to canonical form:

Uo ]/0 o Ui ]/1 i UZJ{ V2 (a) Dy o Uy [K[V]] =0
° °

(b) (id—KoHo— VioUy)[K[V]] =0
al S e (d) 3 compatible Uy, Va, Hy, H;

» The Lemma does not depend on Kj being of finite type, only on
the equivalence between K; and Dy.

> Hence, we can iterate the argument (simplifying at each step!) to
get a full compatibility complex for K;, and its equivalence up
to homotopy with ;.
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Step 2: Lifting compatibility operators

Ki— id—KoHy— VioU,4
b Dol Lemma

After reduction to canonical form:

[ )
Uo ]/0 :‘3 U ]/1 I:;/ Uz[%z (@) Dy o U4[K[v]] =0
[ ] [ ] [ ]

(b) (id—KoHy— VioU)[K[v]]=0
(d) 3 compatible U, V>, Hy, H;
(c) (a) and (b) make a comp.op.

» The Lemma does not depend on Kj being of finite type, only on
the equivalence between K; and Dy.

> Hence, we can iterate the argument (simplifying at each step!) to

get a full compatibility complex for K;, and its equivalence up
to homotopy with D;.

> K; will be of finite length when D; is of finite length.
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Step 3: Reduction to canonical form (non algorithmic)
Equations K[v] = 0 and Du = 0 are equivalent only when there are local
formulas v <> u that are bijective on solutions:

K[Vo[u]] =0 7
DUp[v] =0 ;
v — Vo[Uo[v]] =0 :
u— Up[Vo[u]] =0
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On solutions means that some 0 must become «x K|[v] or « Du.
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Step 3: Reduction to canonical form (non algorithmic)
Equations K[v] = 0 and Du = 0 are equivalent only when there are local
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K[Volull o Du )
Dlp[v] o K[v] )
v—Vo[lo[Vl] < KIV] ,
u— Up[Vo[u]] x Du
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Step 3: Reduction to canonical form (non algorithmic)
Equations K[v] = 0 and Du = 0 are equivalent only when there are local
formulas v <> u that are bijective on solutions:

K[Vo[u]] = V4[Du],
DUp[Vv] = Ui[K[V]],
v — Vo[Uo[V]] = Ho[K[VIl,
u— Up[Vo[u]] = Ho[Du].

On solutions means that some 0 must become «x K|[v] or «x Du.
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Step 3: Reduction to canonical form (non algorithmic)
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K[Vo[u]] = V4[Du],
DUp[Vv] = Ui[K[V]],
v — Vo[Uo[V]] = Ho[K[VIl,
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K
e ——
T~ -

The relationships between these ST
differential operators are visually Uo” v Ho 111”\/1

summarized in the following diagram:
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Step 3: Reduction to canonical form (non algorithmic)
Equations K[v] = 0 and Du = 0 are equivalent only when there are local
formulas v <> u that are bijective on solutions:

K[Vo[u]] = V4[Dy],
DUp[Vv] = Ui[K[V]],
v — Vo[Uo[V]] = Ho[K[VIl,
u— Up[Vo[u]] = Ho[Du].

On solutions means that some 0 must become «x K|[v] or «x Du.

K
e ——
T~ -

The relationships between these ST
differential operators are visually Uo” v Ho 111”\/1

summarized in the following diagram:

It is here that we have the freedom to preserve the special algebraic and
geometric properties of K!
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Canonical form for PDEs of finite type

» The Killing equation K[v]a = VaVp + Vv, = 0 is of finite type. There
exists an N < oo such that v(x),dv(x),...,dVv(x) determines the
solution v uniquely on a neighborhood of x.

» The canonical form for any PDE of finite type is Du = 0, where D is a
flat connection on a (possibly new) set of fields u:

]D)aua = 8aua + ragUB - 07 where [D37Db] =0.
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Canonical form for PDEs of finite type

» The Killing equation K[v]a = VaVp + Vv, = 0 is of finite type. There
exists an N < oo such that v(x),dv(x),...,dVv(x) determines the
solution v uniquely on a neighborhood of x.

» The canonical form for any PDE of finite type is Du = 0, where D is a
flat connection on a (possibly new) set of fields u:

Dau® = 9,u* + T5u’ =0, where [D,,Dp] =0.
> Starting with Dy := D, define D,w = D A w* for any vector valued

p-form w*. Then D, o D,_4 = 0 is the de Rham complex twisted by D;
it is a full compatibility complex (Poincaré lemma).
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Canonical form for PDEs of finite type

» The Killing equation K[v]a = VaVp + Vv, = 0 is of finite type. There
exists an N < oo such that v(x),dv(x),...,dVv(x) determines the
solution v uniquely on a neighborhood of x.

» The canonical form for any PDE of finite type is Du = 0, where D is a
flat connection on a (possibly new) set of fields u:

]D)aua = 8aua + raguﬂ - 07 where [D37Db] =0.

> Starting with Dy := D, define D,w = D A w* for any vector valued
p-form w*. Then D, o D,_4 = 0 is the de Rham complex twisted by D;
it is a full compatibility complex (Poincaré lemma).

» The number of components of u® is the number of independent
solutions of K[v] = 0 (< n(n+ 1)/2 in n-dim.). This number should be
locally constant!
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Remark
The canonical form need not always be a flat connection. It need
only be a PDE with a known compatibility complex.

But the twisted de Rham complex D, is a particularly simple
construction.
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Example: (anti-)de Sitter (maximal symmetry)

» The simplest example is of a constant curvature space, identified by

Cl9] := Rabcal9] — a(Gac9bd — GadGbe) = 0.
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Example: (anti-)de Sitter (maximal symmetry)

» The simplest example is of a constant curvature space, identified by
Clg] := Rabcd[9] — a(GacGbd — GaaTbc) = 0.
» The Calabi complex (reviewed in [arXiv:1409.7212])
Ki[h] = Clh] = V(aVeyhba — V6V eyhad — V(aVayhoe + V6V o) hac
+ a(Gachbd — Gbchad — Gaahbe + Gbahac),
Ka[r] = 3V [albe]des
Kilb] = (i + 1)v[aoba1~-a,-]bc (i1=2).

is already known to be a full compatibility complex. Our method is not
necessary, but can reproduce the same result.

Igor Khavkine (CAS, Prague) Kerr Killing Compatibility Complex 16/12/2020 8/13



Example: (anti-)de Sitter (maximal symmetry)

» The simplest example is of a constant curvature space, identified by
Clg] := Rabed[g] — 2(GacGbd — GadGbe) = 0.
» The Calabi complex (reviewed in [arXiv:1409.7212])

Ki[h] = Clh] = V(aVeyhba — V6V eyhad — V(aVayhoe + V6V o) hac
+ a(Gachvd — Gochad — Gaadhbe + Gbahac),
Ka[r] = 3V [albc)de;

K,[b] = (i+ 1)v[aoba1~-a,-]bc (i > 2)~
is already known to be a full compatibility complex. Our method is not
necessary, but can reproduce the same result.
» These formulas work in any signature and dimension n.

> Lorentzian: MinkowskKi or (Anti-)de Sitter space with A = Wa.
» Riemannian: n-sphere (« > 0), n-dimensional hyperbolic space (o < 0).
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Newest example: Kerr rotating black hole (arxiv:1910.08756]

Kerr spacetime: Lorentzian (R? x S?, g), outside horizon.
> 4-dimensional, asymptotically flat, Einstein vacuum (R, = 0)

explicit form of ga»: not important here

stationary (time symmetry), rotating (one symmetry axis)

dim ker K = 2 uniformly (Killing vectors)

Killing-Yano 2-form = Killing 2-spinor (hidden symmetry)

algebraically special curvature Rapcqy

spinor calculus adapted to geometry (!)

VVvVvVYYVYY

Other spacetimes in the same class:

» Kerr-de Sitter, Kerr-anti-de Sitter (not asymptotically flat)
> Kerr-Newman-((A)dS) (electrically charged)
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Primer on spinor calculus
» Basic fact: so(1,3) = sl(2,C) and so(1,3)c = sl(2,C) @ sl(2,C)

» fundamental irreps: (1,0) : ¢4, (0,1) : ¢h4 on C?
> invariant pairing: ¢A8 = —¢BA
» all irreducible representations: (k, /) : V(A A (A A)
» spinor bundle on (M, g): SO(g)c-tensors « sl(2, C)-spinors
» Levi-Civita connection: Vg «v Vau
» Translation:
® Yan S ppas YA Yap Vagcp Vapcp
spinor  (0,0) (1,1)  (2.2) (2,0) (0,2) (4,0) (0,4)
. c O . i . w
ensorc [(Th HJH*H B I*H EHO +1*EEL EHO /*EEL
® Va Sab YVab YVab Wabcd Wabed
symmetric anti- anti- .
scalar vector traceless  self-dual szeh;-dual self-dual Se&:ﬂal
2-tensor 2-form -form Weyl y
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Spinor calculus on Kerr
» Basic geometric objects:
> Killing 2-spinor xag, kas (Killing-Yano 2-form)
> Killing vectors: anr, Can
» Ricci scalar, traceless Ricci tensor: A =0, ® a5 =0
» Weyl curvature: Vagcp, Vap oo
> Involutivity: Vee (s, &, ¢, V) = O(k, &, ¢, V)

» Fundamental spin operators:

Van | VA (H)a- V¥ (s
VA% (.. 7 €
VA (-)sr-) ¢t T

» Example: 4-dimensional de Rham complex (dg, d1, dz, d3)

[7] [7]

[{“:] {(ogﬂ [¢ -] :

[(0,0)] (1, 1)] @ (1.1 [(0,0)]

» Sought canonical form: K ~ g, D; = E] ® d;.
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Reduction to canonical form on Kerr

» Spinor calculus on Kerr implemented in MATHEMATICA, on top of xAct, by
Aksteiner & Backdahl. Some packages public, some private. [arxiv:1601.06084]
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Reduction to canonical form on Kerr

» Spinor calculus on Kerr implemented in MATHEMATICA, on top of xAct, by
Aksteiner & Backdahl. Some packages public, some private. [arxiv:1601.06084]
» Geometric ingredients:
» special spinors: k,&, ¢,V
» spin operators: 2, €, €1, 7,
» Killing vector sub-bundle span{¢, ¢}: inclusion, projection, orthogonal
projection
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Reduction to canonical form on Kerr

» Spinor calculus on Kerr implemented in MATHEMATICA, on top of xAct, by
Aksteiner & Backdahl. Some packages public, some private. [arxiv:1601.06084]
» Geometric ingredients:
» special spinors: k,&, ¢,V
» spin operators: 2, €, €1, 7,
» Killing vector sub-bundle span{¢, ¢}: inclusion, projection, orthogonal
projection

We obtained compact formulas for all S
» the operators in the reduction diagram Wl | ve
using these ingredients.
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Reduction to canonical form on Kerr

» Spinor calculus on Kerr implemented in MATHEMATICA, on top of xAct, by
Aksteiner & Backdahl. Some packages public, some private. [arxiv:1601.06084]
» Geometric ingredients:
» special spinors: k,&, ¢,V
» spin operators: 2, €, €1, 7,
» Killing vector sub-bundle span{¢, ¢}: inclusion, projection, orthogonal
projection
K
We obtained compact formulas for all S
» the operators in the reduction diagram Wl | ve H‘j
using these ingredients. Ho

e ——— o
Do

» With Uy and V,, the other operators follow by explicitly factoring through
K and Dg. This was the most work intensive part, including some
guessing/verifying.
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Reduction to canonical form on Kerr

» Spinor calculus on Kerr implemented in MATHEMATICA, on top of xAct, by
Aksteiner & Backdahl. Some packages public, some private. [arxiv:1601.06084]
» Geometric ingredients:
» special spinors: k,&, ¢,V
» spin operators: 2, €, €1, 7,
» Killing vector sub-bundle span{¢, ¢}: inclusion, projection, orthogonal

projection
[ ] —}K 4 [ ]
We obtained compact formulas for all T
; . ; Ho
» the operators in the reduction diagram ¢, | |y, W Ul v
using these ingredients. I

Do
» With Uy and V,, the other operators follow by explicitly factoring through
K and Dg. This was the most work intensive part, including some
guessing/verifying.
» Following the general approach, we obtained compact formulas for the
full compatibility complex K.
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Reduction to canonical form on Kerr

» Spinor calculus on Kerr implemented in MATHEMATICA, on top of xAct, by

Aksteiner & Backdahl. Some packages public, some private. [arxiv:1601.06084]
» Geometric ingredients:
» special spinors: k,&, ¢,V
» spin operators: 2, €, €1, 7,
» Killing vector sub-bundle span{¢, ¢}: inclusion, projection, orthogonal
projection
K

We obtained compact formulas for all ST
. . ; Ho
» the operators in the reduction diagram ¢, | |y, W Ul v
using these ingredients. 0
L/’ ~

Do

» With Uy and V,, the other operators follow by explicitly factoring through
K and Dg. This was the most work intensive part, including some
guessing/verifying.

» Following the general approach, we obtained compact formulas for the
full compatibility complex K.

» More explicit factorizations showed the equivalence of K; «~ Kq with
convenient formulas previously published in [PRL (2018) 121 051104] by
Aksteiner & Béckdahl, but not proven to be complete until now!
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Discussion

> A full compatibility complex K; can be practically constructed for K
on any spacetime of sub-maximal (but uniform) symmetry.
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Discussion

> A full compatibility complex K; can be practically constructed for K
on any spacetime of sub-maximal (but uniform) symmetry.

> The core of the calculation consists of explicitly identifying integrability
conditions of the Killing equation K[v] = 0 and putting it into the
canonical form, e.g., of a flat connection.

» The construction outputs a homotopy equivalence of K; with a twisted
de Rham complex, which witnesses the completeness of each K;.
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Discussion

> A full compatibility complex K; can be practically constructed for K
on any spacetime of sub-maximal (but uniform) symmetry.

> The core of the calculation consists of explicitly identifying integrability
conditions of the Killing equation K[v] = 0 and putting it into the
canonical form, e.g., of a flat connection.

» The construction outputs a homotopy equivalence of K; with a twisted
de Rham complex, which witnesses the completeness of each K;.

> Newest application: rotating Kerr black hole (together with Aksteiner,
Andersson, Backdahl and Whiting [arxiv:1910.08756]).

» TODO: extend to other geometries, Myers-Perry, Kerr-Newman, ...

» TODO: connect with non-linear version of the question
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> A full compatibility complex K; can be practically constructed for K
on any spacetime of sub-maximal (but uniform) symmetry.

> The core of the calculation consists of explicitly identifying integrability
conditions of the Killing equation K[v] = 0 and putting it into the
canonical form, e.g., of a flat connection.

» The construction outputs a homotopy equivalence of K; with a twisted
de Rham complex, which witnesses the completeness of each K;.

> Newest application: rotating Kerr black hole (together with Aksteiner,
Andersson, Backdahl and Whiting [arxiv:1910.08756]).

» TODO: extend to other geometries, Myers-Perry, Kerr-Newman, ...

» TODO: connect with non-linear version of the question

Thank you for your attention!
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