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Theorem (Sierpinski)
Let S be a set of cardinality X1. Then there exists a sequence of
functions {f,: S — S}pc., such that

SxS=JHufM.
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Theorem (Sierpinski)
Let S be a set of cardinality X1. Then there exists a sequence of
functions {f,: S — S}pc., such that

SxS=JHufM.
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Proof.
@ We assume that S = w;.
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Theorem (Sierpinski)
Let S be a set of cardinality X1. Then there exists a sequence of
functions {f,: S — S}pc., such that

SxS=JHufM.

new

Proof.
@ We assume that S = w;.

@ For each 3 € Sfix a surjection gg: w — 3+ 1.
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Motivations

Theorem (Sierpinski)
Let S be a set of cardinality X1. Then there exists a sequence of
functions {f,: S — S}pc., such that

SxS=JHufM.

new

Proof.
@ We assume that S = w;.

@ For each 3 € Sfix a surjection gg: w — 3+ 1.
@ Define f,(3) = gg(n).
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Remark (Sierpinski)
If S has the above property then |S| < Ry.

Proof.
@ Fix Ac [S]™.
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Remark (Sierpinski)
If S has the above property then |S| < Ry.

Proof.
@ Fix Ac [S]™.
@ Foreach x € Alet Fx = {fs(x): n € w}.
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Remark (Sierpinski)
If S has the above property then |S| < Ry.

Proof.
@ Fix Ac [S]™.
@ Foreach x € Alet Fy = {fp(x): n € w}.
@ The set [ J,.4 Fx has cardinality < Xy.
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Remark (Sierpinski)
If S has the above property then |S| < Ry.

Proof.
@ Fix Ac [S]™.
@ Foreach x € Alet Fy = {fp(x): n € w}.
@ The set [ J,.4 Fx has cardinality < Xy.
@ Suppose p € Sis such that p ¢ Fy for x € A.
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Remark (Sierpinski)
If S has the above property then |S| < Ry.

Proof.
@ Fix Ac [S]™.
@ Foreach x € Alet Fy = {fp(x): n € w}.
@ The set [ J,.4 Fx has cardinality < Xy.
@ Suppose p € Sis such that p ¢ Fy for x € A.
@ For each a € Athere is n(a) € w such that a = f,(p)-
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Remark (Sierpinski)
If S has the above property then |S| < Ry.

Proof.
@ Fix Ac [S]™.
@ Foreach x € Alet Fy = {fp(x): n € w}.
@ The set [ J,.4 Fx has cardinality < Xy.
@ Suppose p € Sis such that p ¢ Fy for x € A.
@ For each a € Athere is n(a) € w such that a = f,(p)-
@ The map a — n(a) must be one-to-one. A contradiction.
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Question

Is it possible that the square of some uncountable subset of R is
covered by countably many continuous real functions and their
inverses?
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Question

Is it possible that the square of some uncountable subset of R is
covered by countably many continuous real functions and their
inverses?

In other words:

Question

Does there exist a family {f,: R — R} ¢, consisting of continuous
functions such that
SxSclJhuf"

new

for some S € [R]™?
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Question J

How about covering by (continuous) non-decreasing functions?
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Question
How about covering by (continuous) non-decreasing functions? J

@ Suppose S x S C U, (fhUfy "), where each f,: S — Sisa
non-decreasing function.
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Question
How about covering by (continuous) non-decreasing functions? J

@ Suppose S x S C U, (fhUfy "), where each f,: S — Sisa
non-decreasing function.

@ Then both f, and f; ! are chainsin S x S.

(o]
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Question
How about covering by (continuous) non-decreasing functions? J

@ Suppose S x S C U, (fhUfy "), where each f,: S — Sisa
non-decreasing function.

@ Then both f, and f; ! are chainsin S x S.
@ Thus, if |S| > N then Sis a Countryman type!
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Proposition




Proposition

There exists a compact line K and a family {f,: K — K}ne. consisting
of continuous non-decreasing functions such that

SxSc|Jhuf"

new

for some uncountable set S C K.

(s

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Covering Ry x R4 by Rq functions Bedlewo, 11 September 2007 6/14




Another motivation

Proposition (Shelah [5])
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Another motivation

Proposition (Shelah [5])
There exists an F, set A C R? with the following properties.
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Another motivation

Proposition (Shelah [5])

There exists an F, set A C R? with the following properties.
@ S x S C A for some uncountable set S.

(s

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Covering Ry x R4 by Rq functions Bedlewo, 11 September 2007 7/14




Another motivation

Proposition (Shelah [5])
There exists an F, set A C R? with the following properties.

@ S x S C A for some uncountable set S.
@ X x Y Z Awhenever X,Y € [R]*.
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Another motivation

Proposition (Shelah [5])

There exists an F, set A C R? with the following properties.
@ S x S C A for some uncountable set S.
@ X x Y Z Awhenever X,Y € [R]*.
@ X x Y ¢ Awhenever X,Y are perfect subsets of R.
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Another motivation

Proposition (Shelah [5])

There exists an F, set A C R? with the following properties.
@ S x S C A for some uncountable set S.
@ X x Y Z Awhenever X,Y € [R]*.
@ X x Y ¢ Awhenever X, Y are perfect subsets of R.

Question

Is it possible that A = J,,(f»U f, '), where each f, is a continuous
real function?
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Proposition




Proposition
Assume {f,: S — S}, and A, B are uncountable sets such that

AxBC | J(Ruf).

new
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Proposition
Assume {f,: S — S}, and A, B are uncountable sets such that

AxBC | J(Ruf).

new

Then |A| = |B| = Ny.
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Proposition
Assume {f,: S — S}, and A, B are uncountable sets such that

AxBC | J(Ruf).

new

Then |A| = |B| = Ny.

Proposition
Let{fp: R — R}e,, be a family of continuous functions.

(s

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Covering Ry x R4 by Rq functions Bedlewo, 11 September 2007 8/14




Proposition
Assume {f,: S — S}, and A, B are uncountable sets such that

AxBC | J(Ruf).

new

Then |A| = |B| = Ny.

Proposition
Let{fn: R — R}e, be a family of continuous functions.
Then there are no perfect sets P, Q such that

PxQc [ Jhuf™.
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Main result
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Main result
Theorem

There exists a ccc forcing which introduces a family of 1-Lipschitz
functions {f,: 2% — 2“},c,, such that
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Main result

Theorem

There exists a ccc forcing which introduces a family of 1-Lipschitz
functions {f,: 2% — 2%} ,c,, such that

SxSc|Jhuf"

new

for some uncountable set S C 2%.
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Main result

Theorem

There exists a ccc forcing which introduces a family of 1-Lipschitz
functions {f,: 2¥ — 2%} ,c,, such that

SxSc|Jhuf"

new

for some uncountable set S C 2%.

The forcing:

v
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Main result

Theorem

There exists a ccc forcing which introduces a family of 1-Lipschitz
functions {f,: 2¥ — 2%} ,c,, such that

SxSc|Jhuf"
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for some uncountable set S C 2%.

The forcing:
p € Piff p=(nP,sP, vP fP AP oP), where
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Theorem

There exists a ccc forcing which introduces a family of 1-Lipschitz
functions {f,: 2¥ — 2%} ,c,, such that

SxSc|Jhuf"
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for some uncountable set S C 2%.

The forcing:
p € Piff p=(nP,sP, vP fP AP oP), where
(1) NP e w, sP € [w]<¥ and VP € [wy]<¥;
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Main result

Theorem

There exists a ccc forcing which introduces a family of 1-Lipschitz
functions {f,: 2¥ — 2%} ,c,, such that

SxSc|Jhuf"

new

for some uncountable set S C 2%.

The forcing:

p € Piff p=(nP,sP, vP fP AP oP), where

(1) NP e w, sP € [w]<¥ and VP € [wy]<¥;

(2) 7 = {fP}ics C Lipy(27,2") and P: [VP]2 — sP;
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Main result

Theorem

There exists a ccc forcing which introduces a family of 1-Lipschitz
functions {f,: 2¥ — 2%} ,c,, such that

SxSc|Jhuf"

new

for some uncountable set S C 2%.

The forcing:

p € Piff p=(nP,sP, vP fP AP oP), where

(1) NP e w, sP € [w]<¥ and VP € [wy]<¥;

(2) P = {f}icsr C Lip1(27,27) and o: [VP]? — ;
(3) 4P: vP — 2™ is one-to-one;
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Main result

Theorem

There exists a ccc forcing which introduces a family of 1-Lipschitz
functions {f,: 2¥ — 2%} ,c,, such that

SxSc|Jhuf"

new

for some uncountable set S C 2%.

The forcing:

p € Piff p=(nP,sP, vP fP AP oP), where

(1) np € w, P € [w]<¥ and VP € [w1]=Y;

(2) 1P = {f}icsr C Lipy(27,27) and ¢P: VP2 — s”;

(3) 4P: vP — 2™ is one-to-one;

(4) P(@) = £, 5 (7P(B)) whenever a < f and a, 3 € VP.
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Corollaries

Theorem (ZFC)
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Corollaries

Theorem (ZFC)

There exist a family of 1-Lipschitz functions {f,: 2 — 2“}nc,, and an
uncountable set S C 2* such that

SxScJhur.
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Corollaries

Theorem (ZFC)

There exist a family of 1-Lipschitz functions {f,: 2 — 2“}nc,, and an
uncountable set S C 2* such that

SxScJhur.

new

Proof.

By Keisler’s absoluteness theorem [2] for the language L., .,(Q). O
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Corollaries

Theorem (ZFC)
There exist a family of 1-Lipschitz functions {f,: 2 — 2“}nc,, and an
uncountable set S C 2* such that

SxScJhur.

new

Proof.
By Keisler’s absoluteness theorem [2] for the language L., .,(Q). O

Theorem (ZFC)

There exist an Ry-dense set X C R and a family of continuous
functions {f,: R — R} pe,, such that X x X € Upe, (U ).
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Corollary




Corollary

It is relatively consistent with ZFC that for every set X € [R]™ there
exists a sequence of continuous functions f,: R — R with
X x X CUpe,(fUfT).
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Corollary

It is relatively consistent with ZFC that for every set X € [R]™ there
exists a sequence of continuous functions f,: R — R with
X x X CUpe,(fUfT).

Proof.

This holds in Baumgartner’'s model [1] in which every two X¢-dense
subsets of R are order isomorphic. O
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Theorem

There exists a family of continuous functions {up: 2* — 2%} ¢, with
the following properties:
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Theorem

There exists a family of continuous functions {up: 2* — 2%} ¢, with
the following properties:

@ Forevery family {gn: 2* — 2%} ne. consisting of continuous
functions,
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Theorem
There exists a family of continuous functions {up: 2* — 2%} ¢, with
the following properties:
@ Forevery family {gn: 2* — 2%} ne. consisting of continuous
functions, there exist quotient maps k: 2 — 2%, ¢: 2¥ — 2“ and
an injection {: w — w
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Theorem
There exists a family of continuous functions {up: 2* — 2%} ¢, with
the following properties:
@ Forevery family {gn: 2* — 2%} ne. consisting of continuous
functions, there exist quotient maps k: 2 — 2%, ¢: 2¥ — 2“ and
an injection v w — w such that the diagram

ow Uzp(n) ow

klg |

n

ow_T 5 ow

commutes for every n € w.
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Theorem

There exists a family of continuous functions {up: 2* — 2%} ¢, with
the following properties:
@ Forevery family {gn: 2* — 2%} ne. consisting of continuous
functions, there exist quotient maps k: 2 — 2%, ¢: 2¥ — 2“ and
an injection v w — w such that the diagram

commutes for every n € w.
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Theorem
There exists a family of continuous functions {up: 2* — 2%} ¢, with
the following properties:
@ Forevery family {gn: 2* — 2%} ne. consisting of continuous
functions, there exist quotient maps k: 2 — 2%, ¢: 2¥ — 2“ and
an injection v w — w such that the diagram

ow Uzp(n) ow

klg |

n

ow_T 5 ow

commutes for every n € w.
© Some sort of homogeneity.
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Theorem

There exists a family of continuous functions {up: 2* — 2%} ¢, with
the following properties:

@ Forevery family {gn: 2* — 2%} ne. consisting of continuous
functions, there exist quotient maps k: 2 — 2%, ¢: 2¥ — 2“ and
an injection v¢): w — w such that the diagram

ow Uzp(n) ow

klg |

ow = ow
commutes for every n € w.
© Some sort of homogeneity.
The above properties describe the family {un}ne., uniquely.
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Theorem




Theorem

Let {un}nec., be the universal homogeneous family of functions from the
previous theorem. Then

X2 | Jwnuuy")

new

for some uncountable set X C 2%.
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