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0. Introduction

Consider the functional differential equation
u'(t) = £(u)(t) + g(2), (0.1)

where 7 :C,(R) — L,(R) is a linear bounded operator and g € L,(R). An absolutely
continuous function u#:R — R is said to be an w-periodic solution of Eq. (0.1) if u is
periodic with the period » > 0, i.e.,

u(t+ow)=u(t) forteR,

and satisfies Eq. (0.1) almost everywhere in R.

In the present paper, new optimal sufficient conditions are established for the ex-
istence of a unique w-periodic solution of Eq. (0.1). These conditions generalize and
make the known results of analogous type more complete (see, e.g., [1-9]).

Along with Eq. (0.1) consider the important particular case, where (0.1) is the
equation with deviating arguments:

()= prt)u(ti(t)) + g(0). (0.2)
k=1
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Here py € L,(R), k=1,n, and 7 :R — R, k = 1,n, are measurable functions such that
T (t + ) =1(t) + ol (t) forteR, k=1,...,n,

where the functions /; : R — R, k = 1,n, assume only integer values.
It is known (see, e.g., [6]) that Eq. (0.1), resp. Eq. (0.2), has a unique w-periodic
solution iff the corresponding homogeneous equation:

u' (1) = £(u)(2), (0.1a)
resp.
W (1) = pr(Ou(ri(1)), (0.2)
k=1

has only a trivial w-periodic solution. On the other hand (in spite of ordinary differ-
ential equations), for any natural m it is easy to construct a homogeneous equation
of the type (0.la), which has at least m linearly independent w-periodic solutions.
Therefore, there naturally arises the question on the dimension of w-periodic solution
space of homogeneous equation (0.1a). In the sequel, we also give sufficient conditions
guaranteeing that the dimension of the above-mentioned space is not greater than one.

Throughout the paper the following notation will be used.

R is the set of all real numbers, R, = [0, +oo[.

C([a,a+ w]; R) is the Banach space of continuous functions u:[a,a + w] — R with
the norm:

lul|o = max{|u(t)|: a < t < a+ w}.

Cw(R) is the Banach space of continuous w-periodic functions u:R — R with the
norm:

]|, = max{u():0 < ¢ < w}.

Co(Ri)={u € Cy(R): u(t) =2 0for 0 <t < w}.

C (I; D), where I C R, D C R, is the set of absolutely continuous functions u:/ — D.

L(Ja,a+ w[; R) is the Banach space of Lebesgue integrable functions p:Jla,a+ o[ —
R with the norm:

a+w
Ipl= [ po)lds
a

Ly(R) is the Banach space of Lebesgue integrable, w-periodic functions p:R—R
with the norm:

(0]
1ll,. = / |p(s)] ds.

Ly(Ry)={p € Lu(R): p(t) = 0 for t € R}.

Z,(R) is the set of linear bounded operators ¢ : C,(R) — L,(R) such that
sup{|£()()|: [[v]l¢, =1} € Lo(R+).

2,(R) is the set of linear operators £ € %,(R) transforming C,(R;) into L, (R, ).

(] = 5] +x), [x]- = (x| = x).
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Everywhere in what follows, we will assume that the operator / € £, (R) is non-
trivial and admits the representation / = /| — /,, where

(1,07 € e@(U(R).

It is obvious that for each x € [0,w[ the operators /; and ¢, uniquely define the
corresponding operators:

liw{u € C(Ix,x + 0 R): u(x) = u(x + )} — L(lx,x + o[;R), (i=1,2).
In the sequel, we will assume that the linear bounded operators
lix :C([x,x + s R) — L(Jx,x + o[;R), (i=1,2)

are extensions of the operators /1y and /sy, respectively. Furthermore, we will assume
that 7, and /5, are nonnegative operators, i.c., they transform C([x,x + w];R,) into
L(lx,x + o[; Ry).

In particular, if

OGEDIN OO

k=1

then we will assume that py(z) £ 0, k =1,n, and

L@ o] v(a(), £:0)OZ Y o] o(zial0)),
k=1 k=1
where 7,(¢) = 14 (¢) — nie(t)w for ¢ € Ix,x + o[, and ni(¢) is the integer part of the

number L (tx(1) — x).

1. Main results
1.1. Existence and uniqueness theorems

Theorem 1.1. Let i,j € {1,2}, i # j and

12D, <1, (1.1)
1£:(Dl,
Tz, <1k, (12)

Let, moreover, one of the following items be fulfilled:
(a) for every x € [0,w[ there exists y, € C([x,x + ®];]0,+ oo[) such that

7(t) = C1x(p)(@) + L2(1)(E)  for t € Ix,x + o, (1.3)

(x+w) < 4 (1.4)
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(b) for every x € [0, [ there exists y, € C([x,x 4+ w];]0,+o0[) such that
= (1) = L)) + L1(1)(2)  for t € Pr,x + o,

n(x) < 4

Then Eq. (0.1) has a unique w-periodic solution.

Corollary 1.1. Let either

o R Ip@lds
d 1 d 1.
| molas <1 g / [ pe(s) ds (L)

or

S Py szIPk(S)ldS @
d 1, ds. 1.6
;/o pds <1, R R < [ Inlds (1.6)

Let, moreover, one of the following items be fulfilled.
(@) pe(?) <0, k=2,n,pi(t) = 0, 1y(t) =1 for t € R,

Z/O |Pk(S)|eXp(/ pl(é)dé> ds < 4; (1.7)
k=2 s

(b) pi(?) <0, k=2,n, pi(t) = 0 for t € R, and either

> [ |pk(s)|ds<4<1—/0 |p1<s>|ds) (1.8)
k=2

/0 | pi(s)| ds < 4 (1 _kz_;/o |pk(s)|ds>; (1.9)

(©) p(t) =2 0, k=2,n, p1(t) <0, 71(t)=t for t €R,
;/0 pk(s)exp</0‘ Ipl(é)dé) ds < 4; (1.10)

(d) pi(t) =0, k=2,n, pi(t) <0 for t € R, and either (1.8) or (1.9) is fulfilled.
Then Eq. (0.2) has a unique w-periodic solution.

or

Theorem 1.2. Let i,j € {1,2}, i # j, and conditions (1.1) and (1.2) be fulfilled. Let,
moreover, there exist y € C([0,w];]0,+ oo[) such that one of the following items is
fulfilled:

()
7' (1) = 1)) + (1)) for t €]0,0, (1.11)

Yw) < 1; (1.12)
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(b)
=)(t) = L)) +£1(1)(2)  for t €10, 0], (1.117)
2(0) < L. (1.12")
Then Eq. (0.1) has a unique w-periodic solution.
Remark 1.1. In the case where 7/ € 2,(R) (—/ € 2?,(R)) it is clear that /| = /

and /, = 0(/; =0, £/, = —/). Then condition (1.12) (condition (1.12")) becomes
unimportant and Theorem 1.2 coincides with the result obtained in [3].

Remark 1.2. As it will be clear from the proof, if assumptions of Theorem 1.2 are
fulfilled and g(¢) < 0 for t € R, g # 0, then the unique w-periodic solution u of
Eq. (0.1) satisfies the condition u(0) > 0.

Corollary 1.2. Let either

n ) Zk 1 Ow pk(S) ds /
d 1, d
> /0 S S TN Z [pe(s)]. ds

(1.13)

or

n 0] ZZ:] ()U) [Pk(s)], ds " /U)
-d l’ n 7] < ds.
kz;/o [pr(s)]_ds < 1=>70 [y [oe(s)]_ ds kz:; A [p(s)], ds

(1.14)
Let, moreover, one of the following items be fulfilled.
(a)
> [ o e (Z / [pi(mdé) ds <1, (115)
k=170 i=1 8
(t—to)pe(D)]. =0 fortel0,ol, k=1,...,n (1.16)
(b)

(PO de | ds < 1,
; /0 [pk<s)]+exp<; /0 [pi(E)] «:) i<l

(tho() = O[pe(®)]. =0 forte 0,0, k=1,...,m
() pi(t) =0, k=1,n for t € R and

n Tio(t) 1
Z/ p(s)ds < — fortel0of, i=1l,....n (1.17)
t

e
k=1

(d) pe(t) <0, k=1,n for t € R and

1
Z/ |pr(s)ds < — fortel0,of, i=1,...,n;
Ti0() €



934 R. Hakl et al. | Nonlinear Analysis 49 (2002) 929—945

(e)

n

/ [pe(s)]_ds + o4 B < 1, (L18)

k=1 "0

where

= /0 [Pe()], Y /0
k=1 i=1

‘L'k(](S)

[pi(O]_déexp| > / [pA(O)], dE | ds,
Jj=1

(1.19)

Tro(s) n

@ deexn| 30 [ oo, o | as

f= ; /0 IORIDS /

j=1
(1.20)
and ar(t) = %(1 + sgn(tro(t) — t)) for t € 10,0, k =1,n;
(f)
ds+da+pf<1,
;/0 [pe(s)], ds + 3+ f <
where
%= (&)],d (6)]_dé | ds,
(1.19)
p= N ()]:()" IO de S Lo (@] de | ds,
;/0 Di(s o‘ksizl/m(s)p exp ]Zl/o Dj 5
(1.20")

and 61(t) = %(1 + sgn(t — t40(2))) for t € 10,0, k= 1,n.
Then Egq. (0.2) has a unique w-periodic solution.

Remark 1.3. According to [6], Eq. (0.1) has a unique w-periodic solution iff corre-
sponding homogeneous equation (0.1a) has only a trivial w-periodic solution. Conse-
quently, under the conditions of Theorems 1.1 and 1.2, the dimension of the space of
w-periodic solutions of Eq. (0.1a) is zero. In particular, under the conditions of Corol-
laries 1.1 and 1.2, the dimension of the space of w-periodic solutions of Eq. (0.2a) is
Zero.

Remark 1.4. The conditions in Theorem 1.2 are optimal and they cannot be weakened
as shown in the following example.
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Let ¢ >0 be an arbitrarily fixed number. Choose an integer n > 1 and ¢ €
10, (n — 1)/n(n + 1)[ such that

1 &0 &0
an < Ea (n -+ 1)8 < 5
and put:

1oyt 1
5:<2+n—|—2+) (80—2—(n+1)8), t1 =+ 1)g,
n’e € n
1
Hh=14+2n+ 1), t3=1—|—(3n+1)8+;, 0w=24+2n+ 1),

0 o 0 1
01:<1—F>t1+5, 6‘2:<(0—+(n+)8>t2+cl,

née

<5+(n+1)8
G=|—-—"-

l) 3 + C3.
ne

Consider the equation:

u'(t) = p(tyu(z(t)). (1.21)
Here

—1 fort € [vo,t; + vo[ U [tz + vo, (v + 1)w]

p(t)= for t € [t + v, tp + voo[

g‘._.m\h‘

for t € [t + voo, 15 + voo[

t, forte vo,t; +volU[ +vo,(v+ 1)o]

©(t)=< 0 fort €[ty +vo, bt +vol s

ty fort €[t +vo,ts + vol

where v is an integer. Obviously, 7(¢) = t(¢) for ¢ € ]0, w[ and

Jo lp()]_ds @ B 11
1 0‘”[p(s)]_ds_n71’ /O[p(S)]+dS—1+n+E+%>n71.

Define the function y as follows:

t+0 for t € [0,4]

0
—t+c for t € [t1, 6]
&

w(t) =
M= 5t e
—t+

ne

for ¢t € [, B3]

t+c3 for ¢t € [t3, W]
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It is easy to verify that
7' () =[] 3(to(1)) + [p(H)] - for ¢ € ]0,w]

and
w) =1+ &.
On the other hand, Eq. (1.21) has a nontrivial w-periodic solution
t—e—vw for ¢t € voo, t; + voo[
ut)y=<¢ —t+Q2n+1l)e—vow for t € [t + v, t, + voo[

t—2—-2n+e—vo forte [+ vo,(v+ 1)ow]

where v is an integer. This example shows that the inequality (1.12), resp. (1.12") in
Theorem 1.2 cannot be replaced by the inequality

o) < 1+eg resp. p(0) < 1+e¢,

as small as ¢ > 0 will be.
1.2. On the dimension of w-periodic solution space of Eq. (0.1a)

Theorem 1.3. Let there exist y € C([0,];10,400[) such that one of the following
items is fulfilled.

(a) inequality (1.11) holds and y(w) < 4;

(b) inequality (1.11") holds and y(0) < 4.

Then the space of w-periodic solutions of Eq. (0.1a) is no more than one-dimensional.

Corollary 1.3. Let one of the following items be fulfilled:

(a)
’ [pr(s)]- eXP( ’ [pi()] dé) ds < 4,
> [ oo (3 [ tncen,
(= to(@)pe(D)]. >0 fortel0,of, k=1,...,n
(b)
(E)]_dé | ds < 4,
k}%/o [Pi(s)], exp <;/0 [pi(D)] f) s <
(tio(®) = D[ pi()]_. =0 fortel0,o], k=1,...,n
(c)

Z/w [pe(s)]_ds+o+48 <4,
k=170

where o and B are defined by (1.19) and (1.20) with ox(t) = $(1 + sgn(txo(t) — 1))
fort€10,0[, k=1,n;
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(d)
n w N
Z/ [Pr(s)], ds + d +4f < 4,
k=170

where & and B are defined by (1.19') and (1.20") with G4(t) = %(1 + sgn(t — 140(2)))
for t €10,w[, k=1,n.
Then the space of w-periodic solutions of Eq. (0.2a) is no more than one-dimensional.

Remark 1.5. The conditions in Theorem 1.3 are optimal and they cannot be weakened
as shown in the following example.
Let ¢ > 0 be an arbitrarily fixed number. Consider the equation:

u' (1) = u((t)) — u(u(?)), (1.22)
with 7(¢) =0 for t € R, and
3 forte[4v,1 +4v[U[3+4v,4+ 4v]
H) = { 1 forte[l+4v,3+4

where v is an integer. Obviously, 79(z) = 7(¢) for ¢ € ]0,4[. Define the function y as
follows:

§(t) = (§+1)t+§.
It is easy to verify that

Y1) =7y(to(t))+ 1 for t € 10, 0]
and

Ww)=4+e¢.

On the other hand, Eq. (1.22) has two linearly independent w-periodic solutions
u(t)=1 for t € R, and

t—4v for t € [4v,1 + 4]
w(t)=¢2—t—4v forte[l+4v,3+4[,
t—4—4v forte[3+44v,44+4v]

where v is an integer. This example shows that the inequality y(w) < 4, resp. y(0) < 4
in Theorem 1.3 cannot be replaced by the inequality:

P(w) <446 resp. p(0) <4+
as small as ¢ > 0 will be.
2. Proofs

First we formulate, in a suitable for us form, the result proven in [2].
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Lemma 2.1. Let a € [0,0[, 7 : C([a,a+®];R) — L(la,a+o[;R) be a linear bounded
operator mapping C([a,a + w];R.) into L(Ja,a + w[; Ry.). Let, moreover, there exist
a function y € C([a,a + w];]0,4+00[) such that

V(t) = (y)t) fort € la,a+ of.
Then for any g € L(la,a + o[; R) the Cauchy problem:
W (1) =2@u)(t) + g(1),  u(a)=0

has a unique solution. '

Further, the inequalities
v(t) =0 forté€laa+ w]

and
V() =0 fort€la,a+ o]

are fulfilled whenever the function v € C([a,a + w]; R) satisfies the conditions
V() = Fw)t) fort€la,a+ o], vla) = 0.

Remark 2.1. According to Lemma 2.1, the functions ), and y in Theorems 1.1-1.3 are
monotone.

Lemma 2.2. Let i,j € {1,2}, i # j, and inequalities (1.1) and (1.2) be fulfilled. Then
an arbitrary nontrivial w-periodic solution of Eq. (0.1a) changes its sign.

Proof. Assume the contrary. Let there exist a nontrivial w-periodic solution u of
Eq. (0.1a) and let this solution be still nonpositive or still nonnegative. Put

u, =min{u(¢):0 < t < o}, v =max{u(?):0 <t < w}. (2.1)
Without loss of generality we can assume that

u, =0, u* >0. (2.2)
Choose ¢, € [0,0[ and ¢* € t,, t. + o[ such that

u(ty) =uye, u(t™)=u". (2.3)

Integrating (0.1a) from ¢, to ¢* and from ¢* to ¢, + ® and taking into account
(2.1)—(2.3), we obtain:

Wy = / [£1(u)(s) — £2(u)(s)] ds

< / £1()s)ds < A, (2.4)

1'Under a solution of this problem we understand a function u € C(la,a + w];R) satisfying the corre-
sponding equation almost everywhere in ]a,a + w[ and the initial condition.
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e+
Wy = / [£2(u)(s) — £1(u)(s)] ds

*

titw
< u/ £,(1)(s)ds < u*||42(D)]),, - (2.5)
t

*

On the other hand, the integration of (0.1a) from 0 to w yields
0] (0]
/ Z1(u)(s)ds :/ o(u)(s)ds.
0 0

Hence by (2.1) and (2.2) it follows that

well2(Dl, < w*[[4i(D],, (2.6)

|1 (1) L 2.7)

Thus for i=1 in view of (1.1), (1.2), (2.4), and (2.6), and for i =2 in view of (1.1),
(1.2), (2.5), and (2.7), we successively get the contradictions

Z1(1)
v < (nz.(l)um 24O, ) <,

L, Su /)

£2(Dl,,

2D,
s w (1M, e ) <« B
<|| Iz, 11D,

Proof of Theorem 1.1. Suppose that conditions (a) are fulfilled (the case where (b) are
fulfilled can be proved analogously). According to Theorem 1.1 in [6], it is sufficient to
show that homogeneous equation (0.1a) has only a trivial w-periodic solution. Assume
the contrary. Let there exist a nontrivial w-periodic solution u of Eq. (0.1a). Put

m=—min{u(¢):0 < t < w}, M=max{u(t):0 <t < w}. (2.8)

By virtue of conditions (1.1), (1.2), and Lemma 2.2, the function u changes its sign.
Therefore,

m>0, M>0, (2.9)
and there exists x € [0, ®[ such that

u(x)=0. (2.10)
It is obvious that the function u satisfies also the equality

u'(t) = (1(u)(t) — Lox(u)(t) for t € Jx,x + ol (2.11)
According to condition (1.3) and Lemma 2.1, for any g € L(]x,x + o[; R) the problem:

V() =(0)(@) +g(1),  y(x)=0
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has a unique solution. Denote by o and f§ respectively the solutions of the problems:

o (1) = Lix(e)(t) + %fzx([uh)(t), «(x) =0, (2.12)

1
B'(t)=(1(B)(t) + — ([l (@), px)=0. (2.13)

Since the operators 7, and /,, are nonnegative, by (2.9), (2.12), (2.13), and Lemma
2.1 we have:

a(t) =0, p() =0 forte[xx+ vl (2.14)

W'(t) =0, P@)=0 fortexx+ ol (2.15)

From (1.3) and (2.11)—(2.13) together with the nonnegativeness of the operator 7/,
and the fact that

1 1
M[“([)h + %[u(t)]_ <1 forte [xx+ ],
it immediately follows that almost everywhere in Jx,x + o[ the inequalities:

(mP(t) —u(t)) = L1(mp —u)(t),  (Mot) +u(t)) = 1.(Ma+u)(t),

(1) — olt) = () = £12(0x — o0 = B)(2)

are fulfilled. The last inequalities according to Lemma 2.1 result in:

(dt) + B(2)) < yl(t) for t € Jx,x + o], (2.16)
(1) — mB(t)) <0 fort€rx+ o, (2.17)
(u(t) + Ma(t)) = 0 fort€ Jx,x + o[ (2.18)

Choose t,, ty € Jx,x + o[ such that
u(tm) = —m, u(ty) =M. (2.19)

Suppose ¢, <ty (tnw > tyr). Integrating (2.17) and (2.18) from ¢, to #y (from # to
tn) in view of (2.14), (2.15), and (2.19) we obtain:

M +m < m(B(tar) — (tm)) < mP(x + ),
M +m < M(a(ty) —olty)) < Mo(x + w)). (2.20)

On the other hand, if we integrate (2.18) and (2.17) from x to ¢, and from #); to x+
(from x to #); and from ¢, to x + ), then we get:

m+u(x) < Mo(t,), M—ulx+ow) < M@ax+ ow)—aty)),

M —u(x) < mP(tr), m+u(x + ) < m(f(x + ©) = fi(tn)))-
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Summing the last two inequalities and taking into account (2.15), we find:

M+m< Mux+ow) (M+m < mf(x+ w)). (2.21)
Thus from (2.20) and (2.21) it immediately follows:
M
4<2+%+;<a(x+w)+ﬁ(x+w). (2.22)

However, according to (1.4) and (2.16):
X+
a(x + o)+ B(x + w) < / Pr(s)ds < pu(x + w) < 4,
whence in view of (2.22) we obtain a contradiction. []

Proof of Corollary 1.1. (a) According to (1.7) we can choose ¢ > 0 such that

kz_;/o |Pk(s)|exp([ Pl(i)df) ds < 4—ceexp (/0 p1(f)d£> ‘

Let x € [0, and put for ¢ € [x,x + »]

Vx(t)—eeXp< / p1<s)ds)+2 / pk(s>|exp( / pl(é)df) ds.
X k:2 X s

It is obvious that

7(0) = pi(O)p(6) + Y| pu(6)] for £ € Tr,x + of
k=2

and y,(x+ ) < 4. Consequently, the conditions (a) of Theorem 1.1 are fulfilled with:

H@OE pee), L0 S p0leu(@)

k=2

(b) According to (1.8) and (1.9), we can choose ¢ > 0 such that

e < 4(1/ pl(s)ds> —Z/ | pi(s)| ds
0 k=2 70

<4(1- ! ds | — ! ds | .
<s< ( kz_;/o | pi(s)] S) /Opl(s) S)

Let x € [0, [ and put:

t n t
yx(t):e+4/ pl(s)derZ/ |pr(s)|ds for ¢t € [x,x + w],
X k=2 X

n X+ X+
<yx(t) =c+ 42/ | pr(s)| ds + / pi(s)ds for ¢ € [x,x + w]) .
k=271 !
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It is clear that y,(x + @) < 4 (y¢(x) < 4) and

Y =4pi()+ Y _|pu(0)] for t € Jr.x + f
k=2

<%'c(f) = *4Z|Pk(1)| —pi(t) fortelox+ w[) .

k=2
Since y, is nondecreasing (nonincreasing), from the last equality we obtain:

(@) = prOn(t() + | pa(0)]  for i € T, x + o]

k=2
(—y;(r) > ()

Y(Tie(8)) + p1(2)  fort € Ix,x + w[) .
k=2

Consequently, conditions (a) (conditions (b)) of Theorem 1.1 are fulfilled with:

HOEL pe(), HOOZ S pOlo(u ().
k=2

(¢) According to (1.10), we can choose ¢ > 0 such that

kz_;/o Pk(s)exp</0‘ |P1(§)d§) ds < 4 — Sexp</0 |p1(€)|d£>.

Let x € [0,w[ and put for € [x,x + w]:

X+ n X+ X
vx(r>=sexp( / |p1<s>|ds> 5y pk(s)exp( / |p1<5>d5> ds.
‘ 1 t

Obviously, y,(x) < 4 and

7e(t) = —| p1(0)[px(1) — Zpk(t) for t € Ix,x + o.
=2

Consequently, conditions (b) of Theorem 1.1 are fulfilled with

H@OEL S pa0), 0O | pi@)uo).

k=2
The case (d) can be proved analogously to (b). [J

Proof of Theorem 1.2. Let conditions (a) of Theorem 1.2 be fulfilled. By Theorem
1.1 in [6], it is sufficient to show that homogeneous equation (0.1a) has only a triv-
ial w-periodic solution. Assume the contrary. Let there exist a nontrivial w-periodic
solution u of Eq. (0.1a). Without loss of generality we can assume that

u(0) < 0. (2.23)
It is evident that the function u satisfies also the equality:
w' () = lro(u)(t) — £20(u)(t) for t €10,0[. (2.24)

Define M and m by equalities (2.8) and choose t#,, tyy € [0, w[ such that equalities
(2.19) are fulfilled. By virtue of conditions (1.1), (1.2), and Lemma 2.2, inequalities
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(2.9) hold. From (1.11) and (2.24) in view of (2.8), (2.9), and the nonnegativeness
of the operator /( it immediately follows that
(my(t) —u(t))' = £10(my — u)(t) + £20(m + u)(t)
= l1o(my —u)(t) for t € 10,w].
Hence, according to Lemma 2.1 and conditions (2.9) and (2.23), we get:
u'(t) < my'(t) fort €]0,0[. (2.25)

Suppose that t,, < f),. Integrating (2.25) from ¢, to ), and taking into account the fact
that the function y is nondecreasing (see Remark 2.1) and satisfies condition (1.12),
we obtain the contradiction:

M +m < m(y(tr) = 9(tw)) < m(p(@) = 9(0)) < m. (2.26)

Suppose now that f,, > #),. Then the integration of (2.25) from 0 to #), and from ¢,
to w, respectively, yields:

M —u(0) < m(y(ty) — 7(0)),  m~+u(w) < m(Y(®) = y(tn)).
Summing the last two inequalities and taking into account the fact that the function y

is nondecreasing and satisfies condition (1.12), we obtain contradiction (2.26). [

Proof of Corollary 1.2. Put

O GEDI TOLION
k=1

n

L0003 [, o(wo(0), £20(0)(0)

k=1 k=1
(a) Due to (1.15), we can choose ¢ > 0 such that

e S [ (. ae ) as
2 tnnen(S [ o)
< laexp<; /O [pk(mdé).

Put for ¢ € [0, w]:

y(r)aexp(% /0 [pk(s)]+ds>+; /0 unk(s)]_exp<iz1 / [pi(é>]+dé> ds.

s

n
dﬂ‘.

[Pi()] - v(Tho(2))-

It is obvious that y(w) < 1 and

YO = e 7(0) + Y [pe(D)]- for ¢ €10, 0.

k=1 k=1

Since 7y is nondecreasing, from the last inequality in view of (1.16) it immediately
follows that inequality (1.11) is fulfilled.
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(c) Put
n t
7(t) = eexp eZ/ pj(s)ds for t € [0, w],
j=170

where ¢ > 0 is such that y(w) < 1. Clearly,

t

V(O =eY pnt)=>_ pe)(to())exp| 1+e> [ pis)ds
k=1 k=1 j=1

Tro(t)

Hence together with (1.17) we get

(1) =D pu()(ko(t))  for ¢ € 10,00
k=1

Consequently, conditions (a) of Theorem 1.2 are fulfilled.
(e) By (1.18), we have f§ < 1, where f§ is defined by (1.20). In view of this and
according to Corollary 1.1 (iii) in [2], for any g € L(]0,w[; R) and ¢ € R the problem:

/()= pr(tutio(1)) + g(1),  u(0)=c

k=1
is uniquely solvable and, moreover, the inequalities:
v(t) =0, V' (t) =0 forte]0,wf

hold whenever the function v € C ([0, w]; R) satisfies the inequalities:

n

V() = Y [ o(rio(1))  for £ €10,0f,  1(0) > 0.
k=1

Choose 0 > 0 and ¢ > 0 such that

(1— )" (Z / [pk(s)]ds-l-oc) <1-4, (2.27)
k=10

e < o(1 — B)exp <—Z/ [pi(s)], dS) . (2.28)
k=170

Denote by 7y the solution of the Cauchy problem:

W)= Lo ulto) + D[] u(0)=e.
k=1 k=1
As said above, the function y is nondecreasing. Obviously, y is also a solution of the
equation:

n n n Tro(?)
W ()= [pe(O] u(t) + > [pe()]Y / [i()],7(Ti0(s)) ds
k=1 i=1 7!

k=1

n n Tk0(2) n
oLy [ ) b Y o]
k=1 i=1 V1t k=1
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Therefore, according to the Cauchy formula:
n w n 0]
1) < pr@)+ 3 [ oo dsaoen( 3 [ iao s
k=10 k=10

The last inequality together with (2.27) and (2.28) results in y(w) < 1. Consequently,
conditions (a) of Theorem 1.2 are fulfilled.
The cases (b), (d), and (f) can be proved analogously. [

Proof of Theorem 1.3. Assume the contrary. Let the dimension of w-periodic solution
space of Eq. (0.1a) is greater than one. Then there exists a nontrivial w-periodic
solution u of Eq. (0.1a) such that u(0) =u(w)=0. By virtue of Lemma 2.1, it is clear
that u changes sign. In the same way as in the proof of Theorem 1.1 (for the case
x =0), we obtain the contradiction u =0. [J

The proof of Corollary 1.3 is analogous to that of Corollary 1.2.
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