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ABSTRACT. The aim of the paper is to find efficient conditions for
the unique solvability of the problem

u'(t) = Lu)(t) +q(t), ula) = h(u)+c

where ¢ : C([a,b];R) — L([a,b];R) and h : C([a,b;R) — R are
linear bounded operators, ¢ € L([a, b];R), and ¢ € R.
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1. Introduction and notation

On the interval [a, b], we consider the boundary value problem

((u)(t) + q(t),

:\
—~

~
~—

I

(1)

(2) u(a) = h(u) +c,

where £ : C([a, b]; R) — L([a, b]; R) is a linear bounded operator, ¢ € L([a, b;
R), h: C([a,b];R) — R is a linear nondecreasing functional (i.e. it maps the
set C([a,b]; R4) into the set Ry), and ¢ € R.

By a solution of the equation (1) we understand an absolutely continuous
function w : [a,b] — R satisfying the equatity (1) almost everywhere on
the interval [a,b]. A solution of the equation (1) satisfying the boundary
condition (2) is said to be a solution of the problem (1), (2).

In this paper, the efficient sufficient conditions are given for the unique
solvability of the problem (1), (2). It is clear that

(3) u(a) = Au(b) + ¢
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with A > 0 is a special case of the boundary condition (2). In papers [6, 7, 8],
the problem (1), (3) is studied in detail. The results obtained here can be
regarded as an extension of those from [6, 7].

The paper is organized as follows. Main results given in Section 2 are
concretized in Section 3 for diferential equation with deviating arguments

(1) u'(t) = p(t)u(r(t)) — g(O)u(u(®)) +q(t).

where p,g € L([a,b;R:), ¢ € L([a,b;R), and 7,u : [a,b] — [a,b] are
measurable functions. The proofs of all statements established in this paper
can be found in Section 4.
We will suppose in the sequel that the operator ¢ and the functional h
appearing in (1) and (2) satisty the following assumptions:
(7) If h(1) = 1 then the operator ¢ is “nontrivial” in the sense that the
condition £(1) # 0 holds.
(73) h # 0, where the functional & is defined by

h(v) = h(v) —v(a) for v e C([a,b];R).

The following notation is used throughout the paper:

R is the set of all real numbers, R} = [0, +o00].
C([a,b];R) is the Banach space of continuous functions v : [a,b] — R
equipped with the norm

[vlle = max{[o(t)] : t € [a, b]}.

C(la,b]; D) = {v € C([la,b;R) : v : [a,b] — D}, where D C R.

C ([a,b]; D), where D C R, is the set of absolutely continuous functions
v:a,b] — D.

L([a,b];R) is the Banach space of Lebesgue integrable functions p :
[a,b] — R equipped with the norm

b
Ipllz = / 1p(5)|ds.

L([a,b]; D) = {p € L([a,b];R) : p: [a,b] — D}, where D C R.

Ly is the set of linear bounded operators ¢ : C([a,b];R) — L([a,b]; R).

Pap is the set of operators £ € L, mapping the set C([a,b]; Ry) into the
set L([a,b]; R4).

F,p is the set of linear bounded functionals h : C([a, b]; R) — R.

PF,y;, is the set of functionals h € F; mapping the set C([a,b];R;) into
the set R;..

Ch([a,b];R) = {v € C([a,b];R) : v(a) = h(v)}, where h € Fy,.

In what follows, the equalities and inequalities with measurable functions
are undestood to hold almost everywhere.
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2. Main results

Recall that, throughout the paper, we suppose that h € PFy;,. Introduce
the following definition.
Definition 1. We say that an operator ¢ € Ly, belongs to the set ‘7(;1;(}1)
if every function v € C([a,b];R) satisfying
V'(t) > L(v)(t) for t€a,b] and wv(a) > h(v)
18 monnegative.

Remark 1. Sufficient conditions guaranteeing the inclusion ¢ € ‘7(;1;(}1)
are given in [11].

Theorem 1. Let there exist an operator £ € ‘N/;g(h) such that the condi-
tion
(4) ((v)(t)sgnu(t) < l(|v])(t) for € [a,b]

holds on the set Cp([a,b];R). Then the problem (1), (2) has a unique solu-
tion.

Theorem 2. Let there exist operators g € Va"g(h) and @1 € Py such
that the condition

() [£(0)(t) = po(v)(t)] < er(v])(t)  for t€ [a,b]
holds on the set Cp([a,b];R). If, moreover,
(6) 0o+ ¢1 € VE(h),

then the problem (1), (2) has a unique solution.

Corollary 1. Let h(l) < 1 and £ = by — {1, where ly,{; € Py. If,
moreover, there ezist € € [0,1/2] such that

(7) —ely € Vi (h), Lo+ (1—2e)ty € Vi(h),
then the problem (1), (2) has a unique solution.

Remark 2. By a suitable choice of the number € in Corollary 1 and, by
virtue of the results from [11], we can derive several efficient conditions for
the solvability of the problem (1), (2).

In particular, for e = %, resp. € = %, the assumption (7) reads as

~ 1
go S V;l;(h), —5 El S Vp,
resp.
1 - 1 -
€o+§£1 EVa—Z(h), —gfl EVa—g(h).
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Notation 1. Let h € PFy,. For any A > 0, we put
(8) hxa(v) = h(v) — Av(b)  for v € C([a,b];R).
Obviously, hg € PFy,. Therefore, we can set
(9) N =sup{A>0:hy € PFyu}.

It is clear also that 0 < \* < h(1) and hy« € PFy.

Theorem 3. Let h(1) < 1 and { = ly — {1, where ly,l1 € Py Let,
moreover, there exist a function v € C([a,b]; ]0,+00]) such that

(10) Y (t) = bo(y)(t) + (1)) for t€[a,b],
(11) v(a) > h(v),
and

(12) ¥(b) —v(a) <14+ X"+ 214+ A* —h(1),

where the number \* is defined by (9). Then the problem (1), (2) has a unique
solution.

3. Equation with deviating arguments
In this section, we will give some consequences of the main results for the
equation with deviating arguments (1).

Theorem 4. Let h(1) < 1. Assume that the functions p and T satisfy
one of the following items:
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t 7(s)
(14) 2 (t) = / p(s) ( / p(f)ds) ds for té€ [ab]:

a

c)
(15) h(Bo) <1,
(16) h(61)Bo(b) + (1 = h(6o)) B1(b) < 1 — h(Bo),
where
(17) Bo(t) = exp (/p(s)ds) for t € a,b,
(18)

t 7(s) t

510 = [ s)o(s) ( / p(f)df) exp ( / p(n)dn) ds for 1€ ab]
and
(19) ot) = 3 (L+sen(r(t) ~1) for € [ab]

d) [ p(s)ds # 0 and

()
ess sup { / p(s)ds :t € [a,b]} <n",

t

where 7* = ess sup {7(t) : t € [a,b]},

= sup {1 In yﬁg(T*)
y o By(r) = (1= h(5)) (1 = h(1))

and By given by (17), while the functions g and p satisfy

— 1y >0, h(ﬂg)<1}

(20) u(t) <t for te€la,b]

and one of the following items:

85
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A)
b
/g(s)ds <2
B)
b s 1 s
/9(8) / 9(&exp | 5 / g(n)dn | déds < 4;
a w(s) (&)
C) g#0 and
t
ess sup / g(s)ds:t € la,b] p <2w*,
p(t)
where

exp (;”fbg(s)ds> -1

Then the problem (1'), (2) has a unique solution.

1
w*=sup —In| xz+ x>0
x

Theorem 5. Let h(1) < 1. Assume that (20) holds and the functions g
and p satisfy one of the following items:

A)
b
/g(s)ds <3;
B)
b s ) s

/9(8) g(€)exp | 5 / g(n)dn | déds < 9;

a u(s) w(&)
C) g#0 and

t
ess sup / g(s)ds:t € [a,b] p < 3w™,
(t)

I
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where

1
w*=sup —In|z+ T x>0
Xz

exp (g fg(s)ds) -1

Let, moreover, either
a) the condition (15) holds, where

Bo(t) = exp (;’ /g(s)ds) for t € a,bl,

b) h(zo) > 0 and
max { M) + (1 = ML)z () :tela, b]} <3 - hlzo)

h(z0) 4+ (1 = h(1))20(?) 1—h(1)’
where
t
(21) 20(t) :/g(s)ds for t € a,b,
¢ n(s)
(22) a) = [oo) | [ o©de | ds por tea,

be fulfilled. Then the problem (1), (2) with p =0 has a unique solution.
Theorem 6. Let h(1) < 1. Let, moreover,

(23) T(t) <t for tE€]la,bl,

the condition (15) hold, and

(24) h(B1)(Bo(b) — 1) + B1(b) (1 — h(Bo)) < w(1 —h(Bo)),

where the function By is defined by (17),

a S

(25) Bi(t) = /9(8) exp (/p(é)dé) ds for t¢Ja,b],

(26) w=14+N+2/1+ 3 —h(1),

and the number \* is given by (9). Then the problem (1), (2) has a unique
solution.
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Theorem 7. Let h(1) < 1. Let, moreover, the condition (15) be fulfilled
and

(27) 1—h(1) (ﬂo(b)h(@)

L+ 3 —h(l) \ 1-h(B)

where the functions By, 1, and o are defined by (17)—(19), the numbers w
and \* are given by (26) and (9), respectively,

_h(B)
1 —h(Bo)

+ﬁz(b)) < w(1i-4),

(28) A Bo(b) + B1(b),

and
t 7(s) t
(20) Bo(t) = / p(s) / g(€)d¢ | exp / p(n)dn | ds

¢
—|—/g(s)ds for t € la,b.
Then the problem (1), (2) has a unique solution.

4. Proofs

The following statement is well-known from the general theory of bound-
ary value problems for functional differentional equations (see, e.g., [1, 2, 9,
12, 5)).

Lemma 1. The problem (1), (2) is uniquely solvable if and only if the
corresponding homogeneous problem

(1o) u'(t) = £(u)(t),

(20) u(a) = h(u)
has only the trivial solution.

Remark 3. Acccording to Definition 1 and Lemma 1, it is clear that the
inclusion ¢ € Vai(h) guarantees the unique solvability of the problem (1),
(2) for any g € L([a,b];R) and ¢ € R.

Proof of Theorem 1. According to Lemma 1, it is sufficient to show
that the homogeneous problem (1p), (29) has only the trivial solution.
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Let u be a solution of the problem (1), (20). Then u € Cy([a,b];R) and,
in view of (4), we get

(30) lu(t)|" = £(u)(t)sgnu(t) < €(Jul)(t) for t€ [a,b].

On the other hand, the condition (2¢), by virtue of the assumption h € PFy,
yields

(31) u(a)] = |h(u)] < h(lul).
By virtue of the assumption £ € Vat(h), the conditions (30) and (31) imply
lu(t)| <0 for t€Ja,b].

Hence, the homogeneous problem (1p), (2¢) has only the trivial solution. H

Proof of Theorem 2. According to Lemma 1, it is sufficient to show
that the homogeneous problem (1p), (2¢) has only the trivial solution.

Let u be a solution of the problem (1), (29). Then u € Cp([a, b]; R) and,
in view (5), we get

(32) u'(t) = po(u)(t) + £(u)(t) — wo(u)(t)
< @o(u)(t) +e1(Jul)(t) for ¢ € la,b],
(33) u'(t) = po(u)(t) + £(u)(t) — ¢o(u)(t)

Y

po(u)(t) — @1(ul)(t) for ¢ € la,b].

According to the assumption g € Vat(h) and Remark , the problem

(34) o/ () = po(a)(t) + @1(lul)(2),

(35) oa) = h(a)

has a unique solution «. Moreover, since ¢; € Py, (34) and (35) imply
(36) a(t) >0 for te€Ja,b].

It follows from (32)—(34) that

(37) (u—a)'(t) < po(u—a)t) for tEela,bl],
(u+a)'(t) > po(u+a)(t) for te€la,bl.

On the other hand, the conditions (2¢) and (35) yield

(38) (u—a)(a) =hu—a),  (uta)(a) = h(u+a).
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By virtue of the assumption ¢ € YN/an(h), (37) and (38) imply
(39) lu(t)| < a(t) for t € [a,b].

Consequently, in view of the assumption ¢ € Py, we get from (34) the
inequality

o/ (t) < (o +@1)(a)(t) for te€la,b],
which, together with (6), (35), and (36), yields @ = 0. Hence, (39) yields u =
0, i.e., the homogeneous problem (1y), (29) has only the trivial solution. W

Proof of Corollary 1. The validity of corollary immediatelly follows
from Theorem 2 with g = —¢ /1 and p; = o+ (1 —¢) ;. [ |

To prove Theorem 3, we need the following lemma established in [11,
Theorem 2.1].

_ Lemma 2. Let{ € Py, and let h € PFy, be such that h(1) < 1. Then ( €
V.t (k) if and only if there exists a function v € C([a,b]; |0, +o0[) satisfying
V(&) = L)) for tefab],  y(a)>h(v).

Proof of Theorem 3. According to Lemma 1, it is sufficient to show
that the homogeneous problem (1), (2¢) has only the trivial solution.

Suppose that, on the contrary, the problem (1p), (209) possesses a non-
trivial solution u. According to Lemma 2, the conditions (10), (11), and the
assumption 1 € Py, it is clear that

(40) lo € V.E(h).

Therefore, by virtue of the assumption ¢; € Py, it follows easily from Defi-
nition 1 that u changes its sign. Put

(41) M =max {u(t) : t € [a,b]}, m = —min {u(t) : t € [a,b]},

and choose tjr, ty, € [a,b] such that

(42) u(tyr) = M, u(tm) = —m.
Obviously,
(43) M >0, m > 0

and without loss of generality we can assume that t,, < tp;.
From (1p), (20), (10), and (11), by virtue of (41), (43), and the assump-
tion 1 € Py, we get

(44) (M~y(t) +ul(t)) = bo(My +u)(t) + ((M —u)(t)

>
> lbo(M~y +wu)(t) for tea,b,
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(45) M~(a) +u(a) > h(M~y + u),
and
(46) (mA(t) —u(t))" = Lo(my — u)(t) + & (m + u)(t)

> Lo(my —u)(t) for t € la,b,

(47) my(a) —u(a) > h(my —u).
Hence, according to (40), the previous inequalities yield
M~(t) +u(t) >0, my(t) —u(t) >0 for te[a,b].

Consequently, by virtue of the assumption ¢y € Py, it follows from (44) and
(46) that

(48) —u'(t) < M~'(¢), u'(t) < mAy(t) for te€la,bl

The integration of the second inequality in (48) from ¢, to tas, in view
of (42) and (43), implies

M +m <m(y(tm) = y(tm)),
(49) 0 <M < m(y(tar) = ¥(tm) = 1).

On the other hand, the integrations of the first inequality in (48) from a to
tm and from tps to b, in view of (42) and (43), yield

(50)  u(a) +m < M(y(tm) —7(a)), M —u(b) < M(y(b) —v(tm)).

Further, the condition (2¢), on account of (8), (41) and the condition hy« €
PF,, results in

(51) u(a) — Xu(b) = hy=(u) > —mhy«(1) = m(X* — h(1)).

It is also clear that A* < 1 because we suppose that h(1) < 1. Therefore,
from (50) and (51) we get

m(1+ X —h(1)) + X*M < u(a) +m + X (M — u(b))
< M(Y(tm) = 7(a) + A ((b) = 2(tar)) )-
Hence, in view of (43) and the condition A* < 1,

(52) 0 <m(1+ A" =n(1)) < M(y(tm) —v(a) +7(b) = (tar) = A).
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From (49) and (52) we get

(53) Y(0) = 7(a) > 1T+ X"

and

(54) 0 < 1+ X —h(1)
< ((tan) = 1(bm) = 1) (3(m) = 7(@) +7(6) = v(tar) = A*).

Finally, in view of the inequality 4zy < (x + y)?, (54) implies
1 2
LA = h(1) < £ (7(0) = (@) = 1= X7),
4
which, on account of (53), contradicts (12).

The contradiction obtained proves that the homogeneous problem (1),
(29) has only the trivial solution. [

Proof of Theorem 4. Let the operators £y, {1 € Py, be defined by

(55)  Lo(w)(t) E p(t)o(r(t), L)1) L gt)o(ult)) for te [a,b].

According to the statements from [11], each of the items a)-d) guarantees
the inclusion
by € V.1 (h).

On the other hand, each of the items A)-C) implies
1
——{ € Vp.
501 ceVvp

Therefore, the assumptions of Corollary 1 are satisfied with ¢ = % |
Proof of Theorem 5. Let the operator {1 € P, be defined by (55).
According to the assertions from [11], each of the items a) and b) guarantees

the inclusion

1 -
3 t e VIi(h).
On the other hand, each of the items A)-C) implies
1 1+
—§ El S Vab(h)'

Therefore, the assumptions of Corollary 1 are satisfied with ¢ = £ and
EO =0. |
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Proof of Theorem 6. Let the operators £y, {1 € Py, be defined by (55).
According to (24), there exists ¢ > 0 such that

h(B1) + €
(56) #(ﬁo) (Bo(b) — 1) + B1(b) < w.
Put 4
() = [ 20 o)+ i) for € )

where the functions 3y and (; are given by (17) and (25), respectively. It is
not difficult to verify that

(67 A =pMy(t) +9(t) for telfad],  v(a)=h(y)+e

and v(t) > 0 for t € [a,b]. Consequently, 7/(t) > 0 for t € [a,b] and thus
(57) implies v(t) > 0 for ¢ € [a,b]. Further, by virtue of (23), we get

(58) p()y(r(1)) < p(t)y(t) for ¢ € [a,b].

Hence, on account of (26) and (55)—(58), the function + satisfies the inequal-
ities (10)—(12).
Therefore, the assumptions of Theorem 3 are fulfilled. |

Proof of Theorem 7. Let the operators £y, {1 € Py be defined by (55).
According to (27), there exists € > 0 such that

1—h(1) [ Bo(d)(h(Ba) +¢)
1+ M — h(1) 1 —h(Bo)

From (27) we get A < 1, which, by virtue of (15), (28), and Theorem 4.2 in
[11], guarantees the inclusion (40). Thus, in view of Remark 3, the problem

(60) Y (t) = p(t)y(r(t) + g(t),

(59)

+ ﬁg(b)) < w(l - A)

(61) v(a) = h(vy) +e

has a unique solution 7. It is clear that the conditions (10) and (11) are
fulfilled. On account of (40), it follows from Definition 1 that v(¢) > 0 for
t € [a,b]. Hence, (60) yields

(62) 0<7(a) <v(t) <v(b) for tE€la,b]

Further, the condition (61), on account of the assumption h € PFy, implies
v(a) > e > 0 and thus

v(t) >0 for te€a,b].



94 A. LOMTATIDZE, Z. OPLUSTIL AND J. SREMR

On the other hand, it easily follows from (60) that ~ satisfies

g(s)ds+g(t) for te la,b.

7(t)
v(t) = t)+p(t /p ))ds—+p(t)
t

Hence, the Cauchy formula, in view of the notation (17) and (29), implies
t 7(s) t

+(t) = 7(a)folt) + / p(s) / p(€)y (r(€))de | exp /p<n>dn ds + (1)

for ¢ € [a,b]. Whence, in view of (25) and (62), we get
(63) V() < v(a)Bo(t) +(b)Bi(t) + fa2(t) for t € [a,b].

Taking now into account (63) and the assumption h € PFy, the condition
(61) yields

(64) v(a) < v(a)h(Bo) +y(0)h(B1) + h(B2) + ¢
Thus, from (63) and (64) we get

h(B2) +¢
T—h(%) Bo(b) + B2(b).

On the other hand, the condition (61), by virtue of (62) and the assumption
hy+ € PFy, implies

V(a) = Xy(b) + ha-(7) + & > A™y(b) + v(a)ha«(1)
= Xy(b) +(a) (h(1) — A").

(65) Y(b) < Av(b) +

Whence we get
1—nh(1)

(66) 7(b) —(a) < T a —h(l) 7(b).

Finally, it is clear that the conditions (59), (65), and (66) guarantee the
inequality (12).
Therefore, the assumptions of Theorem 3 are satisfied. |
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