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Abstract. New oscillation and nonoscillation criteria are established for the two-dimen-
sional system v’ = ¢(t)v, v/ = —p(t)u, where p, q: [0, +00[— R are locally integrable
functions, ¢(¢) > 0 for a.e. r > 0, and f0+°° q(s)ds < +4o0.
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1 Formulation of the main results

Consider the system

u' = q()v,

U/ = _p(t)u’
where p, g: [0, +00[— R are locally Lebesgue integrable functions. Under a so-
Iution of system (1.1) we understand a vector-function (u, v): [0, +oo[— R? with
locally absolutely continuous components satisfying equalities (1.1) almost every-
where in [0, +oo[. A solution (u,v) of system (1.1) is said to be nontrivial if

u # 0 in any neighborhood of +oc0. A nontrivial solution (u, v) of system (1.1) is
called oscillatory if the function u has a sequence of zeros tending to infinity.

(1.1)

Definition 1.1. System (1.1) is said to be oscillatory if every nontrivial solution of
this system is oscillatory, and nonoscillatory otherwise.

It is well known (see, e.g., [9] or [6, Lemma 2]) that if

q()>0 forae.t>0 (1.2)
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and system (1.1) has at least one nontrivial oscillatory solution, then every solution
of (1.1) is oscillatory. Moreover, it is clear that system (1.1) is nonoscillatory
provided that ¢(¢) = 0 for a.e. t > ty. Therefore we will assume throughout the
paper that relation (1.2) holds and ¢ # 0 in any neighborhood of +oc.

In the case where f0+°°q(s)ds = o0, conditions for the oscillation and
nonoscillation of system (1.1) are contained, e.g., in [1-13] (see also the refer-
ences therein). In the present paper, we consider the case where

+o00
/ q(s)ds < +o0.
0
Let
+o0
f@) = / q(s)ds fort > 0.
t

For any A > 1, we put

q(s)
JA(s)
The following theorem is an analogue of the well-known Hartman—Wintner the-
orem (see, e.g., [4, Theorem 7.3]).

) = =) ) /0 ( /Osf*@)p@)ds)ds fort > 0.

Theorem 1.1. Let there exist A > 1 such that either
lim c(t; A1) = +o0
t—>+o0

or

—o0 < liminfc(t; 1) < limsupc(z; A).
t—>+o00 t—+o00

Then system (1.1) is oscillatory.

If we take this theorem into account, then it is obvious that, for given A > 1, the
following two cases remain uncovered: the first case where

there exists a finite limit lim c¢(z; 1), (1.3)
t—>+o0

and the other case where

liminfc(t; A) = —o0.

t—+o0
Below, we establish new oscillation and nonoscillation criteria assuming that (1.3)
holds for some A > 1. Having such A, we denote

t
0(t: 1) = (co(/\)— /0 f*(s)p(s)ds) fort > 0,

_ 1
fA1)
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where
co(A) = lim c(t;1). (1.4)
t—>+o00

Moreover, for any © < 1, we put

H(t:p) = f1710) /t fH(s)p(s)ds fort > 0.
0
Finally, let
Q«(4) = liminf O(r: 1), 0% (A) = limsup Q(t: A),

t—>+o00o

Hi(u) = }imlan(t;p,), H*(w) = limsup H(t; ).
—>T 00

t—>+o00

Now we are in a position to formulate our main results, their proofs are given later
in Section 3.

Theorem 1.2. Let there exist A > 1 such that condition (1.3) holds and

-1
limsup ———
t—>+oo SATHO) In f(1)
where the number co(A) is defined by formula (1.4). Then system (1.1) is oscilla-
tory.

(co(k) — c(t;/\)) > %, (1.5)

Corollary 1.1. Let there exist A > 1 such that condition (1.3) holds, Q«(A) >
—00, and

—1
lim su
oo In (0)

Then system (1.1) is oscillatory.

/ f(s)p(s)ds > %. (1.6)
0

Corollary 1.2. Let there exist A > 1 and v < 1 such that condition (1.3) holds
and

1
G- Tai—p

}imlnf(Q(t;)L) + H(t; ) > (1.7)

Then system (1.1) is oscillatory.

Corollary 1.3. Let there exist A > 1 such that condition (1.3) holds and either

04«(A) > (1.8)

1
4L -1
or

1
Hy(p) > T (1.9)

for some p < 1. Then system (1.1) is oscillatory.
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Remark 1.1. It might seem that if assumption (1.9) is satisfied, then assumption
(1.3) is redundant. However, it follows from Lemma 2.12 that, under assumption
(1.9), the function c¢(-; A) possesses a limit for every A > 1 and
lim c(t; 1) > —c0.
t—>—+o00
If this limit is equal to +oo then system (1.1) is oscillatory according to Theo-

rem 1.1. Therefore assumption (1.3) is necessary in a certain sense, also in the
case where inequality (1.9) is supposed to be satisfied.

The next theorem deals with the upper limit of the sum on the left-hand side of
inequality (1.7) and thus it complements Corollary 1.2 in a certain sense.

Theorem 1.3. Let there exist A > 1 and @ < 1 such that condition (1.3) holds and

] 22 MZ
ltlfilig(Q(t,/\)—i—H(t,/L)) > 0D + 00 (1.10)

Then system (1.1) is oscillatory.

In view of Corollary 1.3, it is natural to restrict our further consideration to the
case where

1
Q*(A)Em—_ and  Hi(n) <

1 T Al -p)

Theorem 1.4. Let there exist A > 1 and ju < 1 such that condition (1.3) holds and
either

e N (1.1
B> e LRI
or
‘:((12 “)) < Hu(p) = ﬁ (1.13)
0*(A) > 4(;i 5 1= VI _4(; — MW (1.14)

Then system (1.1) is oscillatory.

If both conditions (1.11) and (1.13) are satisfied, then the oscillation criteria
(1.12) and (1.14) can be slightly refined as shown in the following two statements.
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Theorem 1.5. Let there exist A > 1 and . < 1 such that conditions (1.3), (1.11),
and (1.13) are fulfilled and

limsup(Q(1: 2) + H(t: 1) > Qu(A) + Ha(pt)

t—>+00

1
+ 5(\/1 —4A =1 0xA) + V1 —4(1 — W Hi (). (1.15)
Then system (1.1) is oscillatory.

Corollary 1.4. Let there exist A > 1 and ju < 1 such that conditions (1.3), (1.11),
and (1.13) hold. Then either of the inequalities

0" () > 0u(h) + 5 (VI= 40~ DO. ) + VT =41~ W Ha(0)) (116)

and

1
H* () > He(u) + 5 (V1 =42 = 1)0x(3) + 1 = 4(1 = ) Hx(p) ) (1.17)
guarantees that system (1.1) is oscillatory.

At the end of this section, we present two nonoscillation results.

Theorem 1.6. Let there exist A > 1 such that condition (1.3) holds and either

QL —3)2A—1) . q
T4 - < 0«0, 07 < 0= (1.18)
. GB=2uw)(1—-2un) 1
21 —2u .
T 4-p < Hi(w), H™(p) < T (1.19)

for some p < 1. Then system (1.1) is nonoscillatory.

Remark 1.2. It might seem that if assumption (1.19) is satisfied, then assumption
(1.3) is redundant. However, it follows from Lemmas 2.11 and 2.12 that, under
assumption (1.19), the function c(-; A) possesses a finite limit for every A > 1.
Therefore assumption (1.3) is necessary also in the case where inequalities (1.19)
are supposed to be satisfied.

Theorem 1.7. Let there exist A > 1 such that condition (1.3) holds and either
A =3)2A—-1)

4A—1) ’

Q" M) < QM) + 1 =2+ V1—4A -1)0x(R) (1.21)

—00 < 0«(1) =

(1.20)
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or
(3—=2pn)(1—2p)
—00 < Hy(pn) < — 21— , (1.22)
H* (1) < Ha(p) + = 1+ /1= 4(1 — ) Ha (1) (1.23)

for some p < 1. Then system (1.1) is nonoscillatory.

Remark 1.3. It might seem that if assumptions (1.22), (1.23) are satisfied, then
assumption (1.3) is redundant. However, it follows from Lemmas 2.11 and 2.12
that, under assumption (1.22), (1.23), the function c(-; 1) possesses a finite limit
for every A > 1. Therefore, assumption (1.3) in the previous theorem is necessary
also in the case where inequalities (1.22), (1.23) are supposed to be satisfied.

2 Auxiliary lemmas

Lemma 2.1. Let A > 1 be such that

liminfc(t; 1) > —o0 (2.1)
t—>—+00

and (u, v) be a solution of system (1.1) satisfying the relation

ut) #0 fort>a (2.2)
with some a > 0. Then
/a +ooq(s)fH(s)[f(s)p(s) + %]2ds < +o0, 23)
where
p(t) = % fort > a. (2.4)
Proof. In view of (1.1), relation (2.4) yields
o' (t) = —p(t) —q(t)p*(t) forae.r>a. (2.5)

Multiplying both sides of equality (2.5) by the expression f A(t) and integrating
them from a to ¢, one gets

A A e A 2
e = @@~ [ FFepeas+ 7 [ a0 e

t
— f q(s) f H(s)[ F(5)p(s) + %]zds fort > a.
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whence it follows that

oo +5]=- | 40 W 100 + s

AL —2)

A—1
o 0+ eo

t
- [ Ao+
a
fort > a, where

§ = fMa)p(a) + ).

4 —-1)

Now we multiply both sides of equality (2.6) by the expression ¢(7) f ~*(¢) and
integrate them from a to ¢ and thus we get

/j,(())[ﬂ)(sw s
' q(s)

o S

- [ ([ @ oo + 5T )

MA-2) | f@ 5( L
4A—=1  f()  A=1\fAle)  fA1(a)

Suppose on the contrary that inequality (2.3) does not hold, i.e.,

([ rHepeue)s

) fort >a. (2.7)

+o0
[ a0 1600 + 3] as =+ .8

Obviously, for any t > t > a, we have

o [ ([ @ oo + 5T )

A
= /470 / ﬁfi)) g6 O 1©0© + 5 a)as
= 0 [ £ [Ca@ o o + 3] e
= (- ;j;lf;) [ 4026 om0 + 3] e
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Consequently, on account of equality (2.8) and the relation

t_l)igloo f@) =0, (2.9)
we get
im0 [ ([ @@ e + 5] a)as = oo
o0 i [ ’
2.10)
Moreover, by virtue of equality (2.9), it is clear that
im0 ];((C;)) 2.11)

Therefore, by virtue of relations (2.1) and (2.9)—(2.11), equality (2.7) implies that
there exists a1 > a such that

[ ;{(())[f( o) + 5 Jas
L q(s)

== | sl [ a@r @ rome + 5w e

for t > a;. By using Holder’s inequality we get

(/a e[ rome + o)’

! A
[0 o [Cawr 20 1600+ 5 e

<

1 t . 142
= m/ﬂ q(s) f 2(S)[f(S);O(S) + 5] ds (2.13)

for > a and thus inequality (2.12) yields

t

q(s)
a fA(S)

t
= ﬁ/ﬂ (](S)fk_z(s)[f(s)p(s) + %]st fort > aj.

)t;ll:

( / s 46 72O f©)p(E) + %]Zd&‘)ds]z

Therefore we have

(1) = —1 & v2(t) forae.r>ay, (2.14)

4 f
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where
v = [ ([Cao @ rope + 5 w)as oz a
a fH)\Ja 2
Now relation (2.14) leads to
1 1 1 A— S )L -1 ai
van = v o0 - 4 Ju et e ez
which, in view of equality (2.9), yields the contradiction 1 > +oco. o

Lemma 2.2. Let (u, v) be a solution of system (1.1) satisfying relation (2.2) with
some a > 0. Moreover, let A > 1 be such that inequality (2.3) holds, where the
function p is defined by formula (2.4). Then there exists a finite limit

lim c¢(z; 7).

t—>+00

Proof. Analogously to the proof of Lemma 2.1 we obtain relation (2.6), whence,
in view of assumption (2.3), we get

o[ ron0 + 5]

(l)

A-1
oo /o

— §(a) - / FHs)p(s)ds + 2L =2

400
+/ q(s)f’l_z(s)[f(s)p(s) + A] ds fort >a, (2.15)
t

where

8(a) = f*(a)p(a) + )

G- 1)
a o0
M opes- [ a0 20 e + 5] o

Multiplying both sides of equality (2.15) by the expression ¢(z) f ~*(¢) and inte-
grating them from a to ¢, one gets

[0 rtrpt6) + 5 Jos

B 1 B ) A(A—2) f(a)
= G C@ D) + T g

1
+I(l‘)—m(8(d)—€(d,k)) for ¢ > a, (216)
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where, fort > a,

" q(s)
a fk(s)

Obviously, we have

1(t) :=

( / a6 @) 106 +5 ) ae)as @

0=<1I(t) <I(r)+

t q(s) 400 i 22
c fAs) ds/r q(s)f 2(s)[f(5)p(s)+§] ds

for t > 7 > a. The latter inequalities imply, on account of (2.9), that

0 < limsup fA~1(1)I(¢)

t——+o0
1 +o00 P 22
=— [ a0 26[f0p6) + 5] ds forr=za
A—1J; 2
and thus, in view of assumption (2.3), we obtain

lim f*Y@)I(r) = 0. (2.18)
t—+00

On the other hand, by using Holder’s inequality, we can check that inequality
(2.13) holds for ¢t > a, whence we get

( / 2O [Frwe) + 5Jas)”
= m / +Ooq(s)ﬂ—2<s)[f(s)p(s) + %]st for 7 = a.

Consequently, we have

tginoof* 1()/ j,(()) F($)p(s) + ] ds = 0, (2.19)

because the function f satisfies relation (2.9). It is also obvious that equality
(2.11) holds. Therefore, according to conditions (2.9), (2.11), (2.18), and (2.19),
it follows from expression (2.16) that

lim c(t;4) = 8(a). o
t—>+o0

The following statement follows from Lemmas 2.1 and 2.2 and their proofs.



On oscillation and nonoscillation 583

Lemma 2.3. Let A > 1 be such that condition (2.1) holds and (u, v) be a solution
of system (1.1) satisfying relation (2.2) with some a > 0. Then inequality (2.3) is
satisfied, where the function p is defined by formula (2.4), and

PO F0p0) + 5]

AL —2)

A-1
oo o

— co(h) - / F(5)pls)ds +

400
[T a0 2o + 3 e friza )
t
where co(A) is given by equality (1.4).

Lemma 2.4. Let system (1.1) be nonoscillatory and A > 1 be such that conditions
(1.3) and (1.11) hold. Then every nontrivial solution (u, v) of system (1.1) admits
the estimate

v(t) ] A=1-y1-4A-1)0:1)
u@) 2 '
Proof. Let (u, v) be a nontrivial solution of system (1.1). Since (1.1) is nonoscil-
latory, there exists @ > 0 such that (2.2) holds. According to Lemma 2.3, relations
(2.3) and (2.20) are fulfilled, where the function p is defined by formula (2.4) and
co(A) is given by equality (1.4). It follows from (2.20) that

lim 1nf[ f 22 2.21)

AL —2)

PO +5 = Qi) + 35—

1 +o0 A
=T | aor oo + 5] e foriza @2

Now we put
m = }ii)nlrolg[ 1)) + %] (2.23)

If m = 400, then the desired inequality (2.21) holds trivially. Now assume that
m < 400. Then it follows from relation (2.22) that

A(A—2)
A 2.24
2 0.0+ 3y (224)
If 0.(1) = % then the desired inequality (2.21) is fulfilled because m > 0.

Hence, we suppose in what follows that O, (1) > 48 )8 and thus m > 0 (see

relation (2.24)). Let ¢ € 0, m] be arbitrary and choose 7, > a such that

S@p() + % >m—e, Q@A) > Q0x«(A)—e fort >t,.
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Then from equality (2.22) we get

A A(A =2 —¢)?
f@)p(t) + 5 > 0«A)—e+ 4&_ 1; + (n; _? fort > t,,

which implies that

AA—2)  (m—e)?
A0—1)  A-1

m> 0sA) —e+

Since ¢ € ]0,m] is arbitrary, the latter inequality leads to

MA=2)

m>—A—Dm+ A —-1)0.01) + 1

Consequently, we have

1
m > E(x —1=y1-4(A - 1)0+(1))
which, in view of notation (2.23), proves the desired estimate (2.21). O
Lemma 2.5. Let system (1.1) be nonoscillatory and i < 1 be such that condi-

tion (1.13) holds. Then every nontrivial solution (u, v) of system (1.1) admits the
estimate

. oty 1+ T 40— ()
tmsup SO0y = 2 '

(2.25)

Proof. Let (u, v) be a nontrivial solution of system (1.1). Since (1.1) is nonoscil-
latory, there exists @ > 0 such that (2.2) holds. Define the function p by formula
(2.4). Then, in view of (1.1), relation (2.4) yields that (2.5) is satisfied. Multiply-
ing both sides of equality (2.5) by the expression f#(¢) and integrating them from
T to ¢, one gets

t
FE)p() = 81() — /0 FHs)p(s)ds

- / 4() P2 F$)p) (1 + F($)p()]ds fore > 7> a,

where

510 = S opo + [ LR p)ds forr=a, (226
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whence we get, fort >t > a,
F@p@) = 81(x) f1 (@) — H(t: p)
- fl_“(t)/ q(s) P2 [f(©)p) (1 + f()p(s))]ds. (2.27)

Now we put
M = limsup f(¢)p(2). (2.28)
t—+o00

If M = —o0, then the desired inequality (2.25) holds trivially. Now assume that

M > —oo. According to the inequality —x(u + x) < “Tz for x € R, it follows
from relation (2.27) that

2

F(O)p(t) < 81(x) f17R(@) — H(1t: j0) + 4(1M——u) fort > 1> a.

Hence, in view of equality (2.9), we get

2
M < —H(n) + h

If He(p) = %, then the desired inequality (2.25) is fulfilled because M <
—£. Hence, we suppose in the sequel that Hy (1) > f:((lz:/‘:)) and thus M < -5
(see relation (2.29)). Lete € 10,—M — %] be arbitrary and choose f; > a such

that

(2.29)

FHOp@) <M +e, H(t;pu) > He() —e fort > t,. (2.30)

Since M + & < —£ itis easy to check that

F&)pE) (i + f$)p(s)) = (M +e)(u+ M +¢) fors>t..  (2.31)

Therefore, by using relations (2.30) and (2.31), from equality (2.27) with T = ¢
we get
F@p() < 810t f1710) = Ha(p) +
_ M+ +M+e) (1 A0
I=n ST ()

) fort > 1.,

which yields that

M +e)(u+M+e)
_ -

M < —Hi(u) +¢
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because the function f satisfies relation (2.9). Since & € ]0, —M — 5] is arbitrary,
the latter inequality leads to

M? + M + (1 — p)Hy () < 0.

Consequently, we have

1
M = S(=14 V1-4(1 - ) Hx ()
which, in view of notation (2.28), proves the desired estimate (2.25). O

Lemma 2.6. Let A > 1 be such that (1.3) holds and o« € R. Then system (1.1) is
nonoscillatory if and only if the system

b (). (2.32)
Y =g1()x + g2(t)y
is nonoscillatoryl, where
1) = =1 (02(1:2) + o+ 1)0(1: ) + ale + 1),
g ((:)) (2.33)
g2(1) = —%(Q(l:/\) + )

fora.e.t > 0.

Proof. Suppose that system (1.1) is nonoscillatory and (u, v) is a solution of this
system satisfying relation (2.2) with some a > 0. Put

x(t) = exp (/

a

t q(s)p(s)ds) fort > a,

t
y(t) = p(t) exp (/ q(s)p(s)ds) fort > a,

where

_v() ot: 1)+«
—u() f()

It is not difficult to verify that (x, y) is a solution of system (2.32) on the interval
[a, +o0l. Since x () # 0 for t > a, system (2.32) is nonoscillatory as well.

fort > a.

p(1)

! Solutions of (2.32) and the notion of nonoscillation are understood in the same sense as for
system (1.1).
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Suppose now that system (2.32) is nonoscillatory and (x, y) is a solution of this
system satisfying the relation

x(t)#0 fort>a

with some a > 0. Put

u(t) = exp (/

a

lq(s)cr(s)ds) fort > a,

t

v(t) = o(t)exp (/ q(s)o(s)ds) fort > a,

where ;
t t;
0(t)=x()+Q( )+ fort > a.
y(t) (@)
As above, it is easy to check that (1, v) is a solution of system (1.1) on the interval
[a, +ool. Since u(t) # 0 fort > a, system (1.1) is also nonoscillatory. ]

Lemma 2.7. Let © < 1 and B € R. System (1.1) is nonoscillatory if and only if
system (2.32) is nonoscillatory, where

1) =~ (H2 00 = QB+ W H () + BB+ 1),
=290 ey -
()=~ (H(t:p) — B)
forae.t > 0.
Proof. The proof is analogous to that of Lemma 2.6 and thus it is omitted. o

Lemma 2.8. Let (x, y) be a nontrivial oscillatory solution of system (2.32) with
locally integrable functions g1, g2:[0, +oo[ — R. Then, for any a > 0, there
exist tp > t1 > a such that

x(t) #0 fortelty,ta], x(t1) =0, x(p) =0. (2.34)

Proof. Leta > 0 be arbitrary. Since (x, y) is a nontrivial oscillatory solution of
system (2.32), there exists #9 > a such that x(zg) = 0. Put

A={t>1:x(s) =0fors € [r,1]}.

Clearly, 7o € A and thus A # @. Moreover, the set A is bounded from above,
because the solution (x, y) is nontrivial. Let #; = sup A. Obviously, #; > a and

x(t1) = 0. (2.35)
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Moreover, we have y(f1) # 0 because otherwise, in view of (2.35), the solution
(x, y) would be trivial. Therefore there exists t; > ¢ such that

y(t) #0 fort € [t1, 1] (2.36)

By virtue of (1.2) and (2.36), the first equality in (2.32) yields the monotonicity of
the function x on [t1, 71], which, together with (2.35), guarantees that

x(t) #0 fort € ty, 11] (2.37)

(under the opposite assumption we would get a contradiction with the equality
t1 = sup A). Since (x, y) is an oscillatory solution of system (2.32), there exists
b > 11 such that x(b) = 0. Let

B={t>r1:x(t) =0}

Clearly, b € B and thus B # &. Moreover, the set B is bounded from below
because x(t1) # 0. Let t, = inf B. Obviously, 1, > 11,

x(t2) =0 (2.38)

and
x()#0 fort €]y, 1] (2.39)
Therefore, relations (2.35) and (2.37)—(2.39) yield the validity of the desired prop-
erties (2.34). By the arbitrariness of @ > 0, we complete the proof. o

Lemma 2.9. Let A > 1 be such that condition (1.3) holds, a € R, and
0%(t: M)+ Qu+M)0(t:A) +a(@+1) <0 fort >a (2.40)
with some a > 0. Then system (1.1) is nonoscillatory.

Proof. According to Lemma 2.6, it suffices to show that system (2.32) is nonoscil-
latory, where the functions g and g, are defined by (2.33). Suppose on the con-
trary that (x, y) is a nontrivial oscillatory solution of system (2.32). Then, by
virtue of Lemma 2.8, there exist 11 > a and f, > 1 such that relations (2.34) are
fulfilled. We can assume without loss of generality that

x(t) >0 fort € ]ty,t2]. (2.41)

Obviously, y(t1) # 0 because otherwise, in view of (2.34), the solution (x, y)
would be trivial.
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If y(t1) < 0, then there exists t3 € |t1, f2[ such that
y(t) <0 fort € [t1,13]. (2.42)
Taking relations (1.2), (2.34), and (2.42) into account, it follows from the first

equality in (2.32) that

x(t) = /ttq(s)y(s)ds <0 fort € [t1,13],

1

which contradicts inequality (2.41). The contradiction obtained proves that
y(t1) > 0. (2.43)

The second equality in (2.32) yields

t

t /
(y(t) exp(—/ gz(s)ds)) =g1(t) exp(—/ gz(s)ds)x(t) forae.t > a,
whence by using (1.2), (2.40), (2.41) and (2.43), we get
y(t) >0 fort € [t1,12]. (2.44)

However, in view of relations (1.2) and (2.44), it follows from the first equality in
(2.32) that
x'(t) >0 forae.t € [t1, 1],

which is in contradiction with properties (2.34). |
Analogously, one can prove

Lemma 2.10. Let 1 < 1 and B € R be such that

H?>(t:p) — 2B+ WH () + BB+1) <0 fort >a (2.45)
with some a > 0. Then system (1.1) is nonoscillatory.
Lemma 2.11. Let there exist a number i < 1 such that

H*(un) < +o0. (2.46)

Then, for every A > 1, the function c(-; A) possesses a limit as t — 400 and

lim c(t;4) < +o0. (2.47)

t—>+00
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Proof. According to assumption (2.46), there are numbers M € R and 79 > 0
such that

f@) <1, H(@t,pu) <M fort>t. (2.48)
We first note that
+oo
/ q(s)f)t 2(s)In ds < 400 (2.49)
) f( )
which can be checked by direct calculation. It is clear that
! q(s)
[ ropes = e+ a= [ L e ore 20
0

and thus, using relations (2.9) and (2.48), we get

lim sup
t—+oo In (t)

/ F(s)p(s)ds < M(1— ).

Consequently, there exists 71 > 7o such that

/ f(s)p(s)ds < My fort > tq, (2.50)
(t)

where Mg = M(1 — ) + 1.
Now let A > 1 be arbitrary. It is easy to verify that

() = (A —=Dq@) f272(0) /(;t f(s)p(s)ds forae.r > 0.

The integration of the latter equality from 7 to ¢ leads to

c(t:4) = e(x: 1) +(—1) / g /+26)( /O f©pEE)ds fori =720,

Therefore, using relation (2.50), we get

c(t;A) <c(t; X))+ Mo(A—1) /t q(s)fk_z(s) In fés)ds fort >t >1

which, in view of inequality (2.49), leads to

ds fort>1

400
limsupc(t;A) < c(t;A) + Mo(A — 1)/ q(s)fx_z(s) In

t—>+00

1
f(s)
whence we get limsup,_, , o, c(#; 1) < +00 and

limsupc(t;A) < llmlnfc(r A),

t—>+00

i.e., relation (2.47) holds. O
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Analogously, one can prove

Lemma 2.12. Let there exist a number p < 1 such that
H. () > —o0.
Then, for every A > 1, the function c(-; ) possesses a limit as t — 400 and

lim c(t; 1) > —oc.
t—>—+o00

3 Proofs of the main results

Proof of Theorem 1.1. Assume on the contrary that system (1.1) is nonoscillatory
and (u, v) is a solution of this system satisfying (2.2) with some a > 0. Then,
by virtue of Lemma 2.1, inequality (2.3) holds, where the function p is defined
by (2.4). Therefore it follows from Lemma 2.2 that there exists a finite limit
lims— 4 o0 ¢(¢; A), which contradicts the assumptions of the theorem. o

Proof of Theorem 1.2. Assume on the contrary that system (1.1) is nonoscillatory
and (u, v) is a solution of this system satisfying (2.2) with some a > 0. According
to Lemma 2.3, relations (2.3) and (2.20) are satisfied, where the function p is
defined by (2.4).

Multiplying both sides of equality (2.20) by the expression ¢(r) f ~*(¢) and
integrating them from a to ¢, one gets

[0 rrp6) + 5 Jos

1
S G0 (coh) — c(t; 1))
tog(s) [ [T° B -
) (/ q&) f* 2(5)[f(§)0(5) + 5] dE)ds

M=) f@) 1

-1 "0 =D (co(d) —c(azA)) fort >a,

whence
1 DAy AA=2)  f@)
=T (coV) —c(t; 1)) = G
q(s) p)
= [ I o0+ 3] (1 - 1= [10000 + 5]

+o0 2
- W/t CI(S)fA_2(S)[f(S),O(S) + E]zds fort > a,
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where

+o00

o = (o —c@n+ [ g 220600 + 5] w).

1
[+ a) a
By using the inequality 4x(A — 1 — x) < (A — 1)? for x € R, the latter relation
gives

ﬁ(co(k) et 1)) < 6o — % In ij((c?)
Consequently, in view of equality (2.9), we get
lim sup A__—l (cod) —c(t; 1)) < 1,
t—>+oo SA7H(O) In f(1) 4
which is in contradiction with assumption (1.5). O

Proof of Corollary 1.1. It is not difficult to verify that

t t
c(t; X) :/ f’l(s)p(s)ds—f’l_l(t)/ F(s)p(s)ds fort >0
0 0
and thus we have

—1
Friwm o Ot )

oA /
=— ds forz > 0.
n 7(0) lnf(t) f(s)p(s)ds
The latter equality, on account of relations (1.6), (2.9), and the assumption
04«(A) > —o0, yields the validity of inequality (1.5). Consequently, the asser-
tion of the corollary follows from Theorem 1.2. |

Proof of Corollary 1.2. It is not difficult to verify that the equalities
Q(r: ) + H(r: )

— G “(z)/ f"()

271(s)

co(A)

1—
e

O(s;A)ds +
and

—1
P @)

o) 1 A—1 ["q(s)
SN0 Iy g Jo )

O(s: M)ds (3.2)
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hold for t > 0. Therefore, in view of assumption (1.7) and relation (2.9), it follows
from equality (3.1) that

1- q(s) . 1
hmlnff ”(t)/ i (y) O(s; A)ds > Tt (3.3)

On the other hand, for # > 0 we have

" q(s)
o f(s)

owinas = £ [ A8

o [ oy [0
s [ [T LD 0wl

and thus, using relations (2.9) and (3.3), we get

L q(s)
lim inf
t—>+400 In —=— f(t) f( )

Q(s; A)ds

1

Now, by virtue of (2.9) and (3.4), it follows from equality (3.2) that inequality
(1.5) is satisfied. Consequently, by Theorem 1.2 system (1.1) is oscillatory. o

Proof of Corollary 1.3. Assume that A > 1 is such that (1.3) holds.

First, suppose that (1.8) is fulfilled. It is not difficult to verify that, for any
< 1, equality (3.1) holds for ¢ > 0, which, in view of relation (2.9), yields the
validity of inequality (1.7). Therefore, by virtue of Corollary 1.2, system (1.1) is
oscillatory.

Now, assume that ;¢ < 1 is such that inequality (1.9) holds. It is clear that

q(s)

t
fo F(s)p(s)ds = H(t: ) + (1 — ) / P

H(s;u)ds fort >0
and thus, using relations (1.9) and (2.9), we get

lim inf
t—+oo In

/ F(5)pls)ds > + 3.5)
f(l)

On the other hand, it is easy to verify that

(t:0) = (A= Dq(r) f272@) /Ot f(s)p(s)ds forae.t > 0.

The integration of the latter equality from 7 to t leads to

cwii=e:) = =1 [ a0 20 ( [ f@p©d)is fore=i=o,
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Taking now into account notation (1.4), we get

o)== 60 [ a0 22 0m s (e [ @)

for t > 0, whence, using relations (2.9) and (3.5), inequality (1.5) follows. Conse-
quently, the assertion of the corollary follows from Theorem 1.2. o

Proof of Theorem 1.3. Assume on the contrary that system (1.1) is nonoscillatory
and (u, v) is a solution of this system satisfying (2.2) with some ¢ > 0. Define
the function p by (2.4). Then, using (1.1), we obtain equality (2.5). Multiplying
both sides of (2.5) by the expression f#(¢) and integrating them from t to ¢, one
gets equality (2.27), where §1(7) is defined by formula (2.26). On the other hand,
Lemma 2.3 yields the validity of relations (2.3) and (2.20).

Now, it follows from equalities (2.20) and (2.27) that

2

A
Q(t:A) + H(t: ) = 7. )+81(r)f1 (1)

= 1170 [ a6 O Op6) (e + F6)p()]as
1 +o0o A2
— W /z q(s)f)“_z(s)[f(s)p(s) + 5] ds fort>t>a. (3.6)

Putting t = a and using the inequality —x (u + x) < “72 for x € R, we obtain
from equality (3.6) the inequality

2 2

A
QM) + W) = 35— + 3 = HHI@S 0 fort za

Therefore, by virtue of relation (2.9), we get

12 /1'2
limsup(Q(t;A) + H(t; pn)) < + .
t—>+oo( )= 4A-1) 40 —p)
which contradicts assumption (1.10). |

Proof of Theorem 1.4. Assume on the contrary that system (1.1) is nonoscillatory
and (u, v) is a solution of this system satisfying (2.2) with some @ > 0. Define the
function p by formula (2.4). Then, using (1.1), we obtain equality (2.5). Multiply-
ing both sides of (2.5) by the expression f#(z) and integrating them from 7 to ¢,
one gets equality (2.27), where §;(7) is defined by formula (2.26). On the other
hand, Lemma 2.3 yields the validity of relations (2.3) and (2.20).
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Suppose that assumptions (1.11) and (1.12) (respectively, assumptions (1.13)
and (1.14)) are fulfilled and ¢ > O is arbitrary. Then, according to Lemma 2.4
(respectively, Lemma 2.5), there exists 7, > a such that

f)p(t)>m—e fort >t,,

(3.7)
resp., f(t)p(t) <M +¢ fort >t

where

= _%(1 +VT—4(A—D0.()).
(3.8)

1
resp., M = 5(—1 + /1 -40 — W Hx(p)).

By using relation (3.7) and the inequality —x (u + x) < “TZ for x € R, it follows
from equality (2.27) with t = a (respectively, from equality (2.20)) that
2L
4(1—p) f1=#(a)
2
4A—-1)
Since ¢ > 0 is arbitrary and equality (2.9) holds, the latter inequality yields

/LZ . 2
m, resp., Q (A) < M + m

which, together with notation (3.8), contradicts assumption (1.12) (respectively,
(1.14)). |

H(t: ) < 81(a) f 1) —m + 6 + ) fort > 1,

resp., Qt;A) <M +¢e+ fort > t,.

H*(u) <-m+

Proof of Theorem 1.5. Assume on the contrary that system (1.1) is nonoscillatory
and (u, v) is a solution of this system satisfying (2.2) with some @ > 0. Define the
function p by formula (2.4). Then, using (1.1), we get equality (2.5). Multiplying
both sides of (2.5) by the expression f#(¢) and integrating them from t to ¢, one
gets equality (2.27), where §1 () is defined by formula (2.26). On the other hand,
Lemma 2.3 yields the validity of relations (2.3) and (2.20). Therefore, it follows
from equalities (2.20) and (2.27) that relation (3.6) is satisfied.
Put
m= liminf[ F()p) + &], M = limsup f(t)p(1). (3.9)
t—>+00 2 f—>+00

Then Lemmas 2.4 and 2.5, in view of assumptions (1.11) and (1.13), lead to the

inequalities
1
mzZ(A—1=y1-4(A-1)0xH)) =0,

(3.10)

M < (14 VT 40— Han) = -4
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Suppose that M < —% andm > 0. Let 0 < &¢ < min{—M — 5 m} be arbitrary
and choose f; > a such that

f@)p() + % >m—eg, [fO)plt)<M+e fort>t,. (3.11)

Since we have M + ¢ < —%, it is easy to check that

FEPE) (1 + f($)p(s)) = (M + )+ M +e) fors > 1.

Consequently, in view of relation (2.9), from equality (3.6) with t = 7, we get

_ . A2 M +&)(u+ M +¢)
_(m—9?

— + 82(ts) f 1M (r) fort > tq, (3.12)

where
M+e)(u+M+e¢)
(1= p) f 171 (te)
Since ¢ > 0 is arbitrary, by virtue of relation (2.9), it follows from inequality (3.12)
that

8208) = 5l(ts) +

2 2
limsup(Q(1: 1) + H(t: p)) < AT M+ M) m (3.13)

> too “4r—1) 1—u A—1

tM = —% (respectively, m = 0), then we use the fact that

t
- fl_”“(t)/ a() U2 $)ps) (1 + f(5)p(s))]ds

W M+ M)

< = fort >t >a,
4(1—p) l—p

resp.,

1 +o0 B 2
_W/t q(s)/* 2(S)|:f(s)p(s)+§:| ds
m2

-1

<0= fort >0
and we also arrive at inequality (3.13).

Consequently, inequalities (3.13) and (3.10) lead to a contradiction with as-
sumption (1.15). O
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Proof of Corollary 1.4. It is easy to show that

limsup(Q(t;4) + H(t: ) = O*(A) + Ha()

t—>+00

and
limsup(Q(1:4) + H(t: ) = H* (1) + Qu(A).

t—+00
Consequently, in both cases (1.16) and (1.17), inequality (1.15) is satisfied, and
thus the assertion of the corollary follows immediately from Theorem 1.5. o

Proof of Theorem 1.6. Assume that inequalities (1.18) (respectively, (1.19)) hold.
Then there exists a > 0 such that

@A-3)2A-1)

1A fort >
-y -« )—4@—1) ot =4
3-2u)(1 -2 1
resp., — ( 2 2 <H({t;p) <——— fort >a.
41— p) 41— p)
The latter inequalities yield
242 — 41 + 1 QA —1)(21 —3)
2
LA+ ————— 0t 1) — <0 fort>a,
Q)+ 5y 2 16(A — 1)2 ort=a
resp.,
2u? —4 1 1-2pn)(3-2
Hz(t;u)+uH(t;u)—( ) M)SO fort > a
2(1—p) 16(1 — p)?
and thus relation (2.40) with ¢« = — 42&_1) (respectively, relation (2.45) with
B = 1( ZZ)) is fulfilled. Consequently, according to Lemma 2.9 (respectively,
Lemma 2.8), system (1.1) is nonoscillatory. O

Proof of Theorem 1.7. Assume that inequalities (1.20) and (1.21) (respectively, in-
equalities (1.22) and (1.23)) are fulfilled. It follows from assumption (1.21) (re-
spectively, (1.23)) that

1 . 1
0*(A) < T ), resp., H™(un) < 4(1—_11«)
Choose ¢ > 0 such that
1 1
O*(A) +e< T resp., H*(pn) +e < m (3.14)
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and

Q*M) +e<0sA)—e+1=2+/1—4A—1)(0«(X) —¢),
resp., H*(u) +e& < He(p) —e+p—1+ /1 —4(1 — p)(He () — #).

(3.15)
Let
1 " 1
@=—2-0 ") —e+ V14— D(Q*() + o),
1 1
resp, B =5+ H"(W) +e—SV1—4(1— W (H* (1) +e).
By using inequality (3.14) it is easy to verify that
A2 MZ
> _ i . < 3.16
“ETia-n P PERaoy 10
Thus it follows from the definition of the number « (respectively, 8) that
A
0" () +e=—a—5+\/A2/4+a(i—1).
2 (3.17)

resp., H*(n)+e=p+ % + \/M2/4—,3(1 — ).
Observe that inequality (3.15) leads to
@ + (1+2(04() — &) + (04 (X) — &) (Q«(A) —e + A1) <0,
resp., B2+ (1= 2(Ha(p) —€))B + (Hi (1) — &) (Ha(pt) — & — 1) <0,

whence, in view of relation (3.16), we get

A
0:+(A)—e>—a— - —/A2/4+a(A - 1),
2 \/ (3.18)

u
tesp., Ha(w)—e = B+ 5 = \[u2/4= B0 — ).
Finally, there exists @ > 0 such that

0:A)—e<Q(t: 1) <0*(A) +¢ fort>a,
resp., Hi(u) —e < H(t;p) < H*(u) +¢ fort > a

which, together with relations (3.17) and (3.18), guarantees that the inequalities

oS- 2 0 = =5+ 324t aG )
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resp.,

5.,_%_\/M2/4—,3(1—M)§H(t;u)§ﬂ+%+\/M2/4—,3(1—M)

hold for # > a. However, this means that inequality (2.40) (respectively, inequality
(2.45)) is satisfied and thus the assertion of the theorem follows from Lemma 2.9
(respectively, Lemma 2.10). o

Bibliography

(1]

(2]

(9]

(10]

(11]

[12]

[13]

T. Chantladze, N. Kandelaki and A. Lomtatidze, Oscillation and nonoscillation cri-
teria for a second order linear equation, Georgian Math. J. 6 (1999), no. 5, 401-414.

W. B. Fite, Concerning the zeros of the solutions of certain differential equations,
Trans. Amer. Math. Soc. 19 (1918), no. 4, 341-352.

P. Hartman, On non-oscillatory linear differential equations of second order, Amer.
J. Math. 74 (1952), 389-400.

P. Hartman, Ordinary Differential Equations, John Wiley & Sons, New York, 1964.
E. Hille, Non-oscillation theorems, Trans. Amer. Math. Soc. 64 (1948), 234-252.

I. V. Kamenev, An integral comparison theorem for certain systems of linear differ-
ential equations (in Russian), Differencial’nye Uravnenija 8 (1972), 778-784.

A. Lomtatidze, Oscillation and nonoscillation criteria for second-order linear differ-
ential equations, Georgian Math. J. 4 (1997), no. 2, 129-138.

A. Lomtatidze and N. Partsvania, Oscillation and nonoscillation criteria for two-
dimensional systems of first order linear ordinary differential equations, Georgian
Math. J. 6 (1999), no. 3, 285-298.

J. D. Mirzov, Asymptotic Properties of Solutions of Systems of Nonlinear Nonauto-
nomous Ordinary Differential Equations, Folia Fac. Sci. Natur. Univ. Masaryk. Brun.
Math. 14, Masaryk University, Brno, 2004.

Z. Nehari, Oscillation criteria for second-order linear differential equations, Trans.
Amer. Math. Soc. 85 (1957), 428-445.

L. Poldk, Oscillation and nonoscillation criteria for two-dimensional systems of lin-
ear ordinary differential equations, Georgian Math. J. 11 (2004), no. 1, 137-154.

A. Wintner, A criterion of oscillatory stability, Quart. Appl. Math. 7 (1949), 115-
117.

A. Wintner, On the non-existence of conjugate points, Amer. J. Math. 73 (1951),
368-380.



600 A. Lomtatidze and J. Sremr

Received November 28, 2012; accepted April 5, 2013.

Author information

Alexander Lomtatidze, Institute of Mathematics, Faculty of Mechanical Engineering,
Brno University of Technology, Technickd 2, 616 69 Brno, Czech Republic.
E-mail: lomtatidze@fme.vutbr.cz

Ji¥i Sremr, Institute of Mathematics, Academy of Sciences of the Czech Republic,
Branch in Brno, ZiZkova 22, 616 62 Brno, Czech Republic.
E-mail: sremr@ipm.cz


mailto:lomtatidze@fme.vutbr.cz
mailto:sremr@ipm.cz

