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1. Introduction

On the half-line [0, +00[, we consider the system

!

u

v/

gOvVsgnv,
—p()|ul*sgnu,
where « > 0 and p, g: [0, +0o[— R are locally Lebesgue integrable functions.

A pair (u, v) is said to be a solution to system (1.1) on the interval I C [0, +oo[ if the functions u, v:I — R are absolutely
continuous on every compact interval contained in I and satisfy equalities (1.1) almost everywhere in I. In the paper [14],
Mirzov proved that all non-extendable solutions to system (1.1) are defined on the whole interval [0, +oo[. Therefore,
speaking about a solution to system (1.1), we assume without loss of generality that it is defined on the whole interval
[0, +oo[. Mirzov also proved (see, e.g., [ 15, Theorem 9.3]) that all non-zero solutions (u, v) to system (1.1) are proper, i.e.,
the inequality

sup{lu(r)| + [v(r)| : t < T < +00} >0

(1.1)

holds for every t > 0.

Definition 1.1. A solution (u, v) to system (1.1) is called non-trivial if u % 0 on any neighborhood of 4+00. We say that
a non-trivial solution (u, v) to system (1.1) is oscillatory if the function u has a sequence of zeros tending to infinity, and
non-oscillatory otherwise.
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It is well known (see [ 14, Theorem 1.1]) that a certain analog of Sturm’s theorem holds for system (1.1) under the addi-
tional assumption

g(t) >0 forae.t>0. (1.2)

In particular, if inequality (1.2) holds and system (1.1) has an oscillatory solution, then any other non-trivial solution is also
oscillatory. Moreover, under assumption (1.2), if (u, v) is an oscillatory solution to system (1.1), then together with u, the
function v also oscillates. On the other hand, it is clear that if g = 0 on some neighborhood of +oc0, then all non-trivial
solutions to system (1.1) are non-oscillatory.

Therefore, we assume throughout the paper that inequality (1.2) holds and

meas{t >t :g(t) >0} >0 foreveryt > 0. (1.3)

Definition 1.2. We say that system (1.1) is oscillatory if all its non-trivial solutions are oscillatory.

In the last two decades, many results have been obtained in oscillation theory of the equation

(r@®W | sgnu’) + p(O)|ul*'sgnu = 0 (1.4)

which is referred as “half-linear equation” or alternatively “equation with the scalar g-Laplacian” (see survey given in [1]).
Eq. (1.4) is usually considered under the assumptions g > 1, r, p: [0, +00[ — R are continuous and r is positive, and both
cases

+oo
/ ri=i(s)ds = 400 (1.5)
0

and

+oo 1
/ ri-ai(s)ds < +oo (1.6)
0

are studied in the existing literature. Solutions of (1.4) are understood in the classical sense (i.e., a solution u of (1.4) is a
C! function such that r|u’|" 'sgnu’ € C! and satisfies (1.4) everywhere in an interval under consideration). Therefore, it is
clear that if the function u is a solution to Eq. (1.4), then the vector function (u, r|u'|"'sgnu’) is a solution to system (1.1)
with
g(t) = rﬁ(t) fort >0, @ :=q—1.

Hence, Eq. (1.4) is a particular case of system (1.1) in which p, g are continuous and g(t) > 0 for all t. Observe that, even for
this particular case of (1.1), there are certain gaps in the oscillation theory. For instance, an analog of the Hartman-Wintner
theorem for Eq. (1.4) is well known in the case, where (1.5) holds, which allows one to derive further oscillation and non-
oscillation criteria of Hille and Nehari type (see, e.g., [3,7,15,11,5,10,17] and survey given in [ 1]). As for the case, where (1.6)
is satisfied, as far as we know, an analog of the Hartman-Wintner theorem and some Hille and Nehari type oscillations
criteria are proved only under the additional assumption

p() >0 forae.t>0 (1.7)

(see, e.g., [7,6,16] and survey given in [ 1]). Moreover, so-called Kamenev type oscillation criteria are known for Eq. (1.4) and
read as follows:

limsup A(t) = o0,
t—+4o00
where the function A is expressed in terms of the coefficients r, p and the parameter q (see, e.g., [9,13,8]). But only a few
results can be found in the existing literature for the contrary case, where

limsup A(t) < +o0

t—+00

(see, e,g., [13,8]).
The aim of this paper is to present a new Kamenev type oscillation criterion and its counterpart for the system (1.1) in
both cases, where

+oo
/ g(s)ds = 40 (1.87)
0
and

+o0
f g(s)ds < +o00 (1.8y)
0

(see Theorems 2.1 and 2.8). As consequences of the main results we also derive Hartman-Wintner type theorems for system
(1.1), which essentially generalize previously known results.
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2. Main results

In this section, we formulate all main results, their proofs are postponed till Section 4.

2.1. The case [ g(s)ds = 400

We assume throughout this subsection that the coefficient g is non-integrable on [0, +o0[, i.e., that g satisfies condition
(1.8). Let

t
) :=/ g(s)ds fort > 0. (2.1)
0

In view of assumptions (1.2), (1.3) and (1.8;), we have
lim fi(t) = +oc0
t— 400
and there exists a number t; > 0 such that f1(t) > 0fort > t, and fi(t;) = 0. Since we are interested in behavior of
solutions in the neighborhood of 4-co, we can assume without loss of generality that t; = 0, i.e.,
fit) >0 fort > 0.

Foranyx > o, 8 > 0and A < «, we put

t
ki(t; i, B, A) = [Ff &) —F£ ] fls)ps)ds fort >0 (2.2)
0
and
et 2y = 2 / _£O (f Sf%(s)p@)ds) ds fort > 0. (23)
T Jo ;e \o

Now we can formulate a main result of this subsection.
Theorem 2.1. Let conditions (1.2), (1.3) and (1.81) hold, k > «, B > 0, A < « and either
limsup kq(t; k, B, L) = +00 (2.4)
t——+00

or

t—+o0 (2.5)

—o0 < limsupkq(t; «, B, 1) < 400,
the function c,(-; 1) does not possess a finite limit as t — —+o0.

Then system (1.1) is oscillatory.
Observe that condition (2.4) with 8 = 1, A = 0 and g = 1 reduces to the condition

11msup—/ (t —$)“p(s)ds = +oo forsome k > « (2.6)

t——+00

which is established in [9] and it is the half-linear extension of the classical Kamenev linear oscillation criterion (see [4]).
Conditions (2.5) then give a possible counterpart of the oscillation criterion (2.6).
It is well known that system (1.1) is oscillatory provided that the function

1 t s
M: — d¢ )d 2.7
“—>f1(t) A g(s) (/o p(&) S) s (2.7)

is bounded from below in some neighborhood of +0c0 and does not have a finite limit as t — +o0 (see, e.g., [ 15, Theorem
12.3]). The following corollary of Theorem 2.1 can be applied also in the case, where the lower limit of the function (2.7) is
—o0 (see Example 2.4).

For any A < o, we put

Ol* (Ol - )‘-)a* g(sa* g(sa*— )
hi(t; A) = R g /f”l = (s0) (/ F= "‘(sal )

y < / R ( / 1f%(é)p(&)clé;) ds; - ) dsa*q) dsa, fort >0, =
0 0

where «, := max{2, |«] + 1} and |« | denotes the integer part of the number «.
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Corollary 2.2. Let conditions (1.2), (1.3) and (1.8) hold, A < « and either
limsup hy(t; A) = +00

t——+00

or

t—+00

—oo < limsup hy(t; A) < 400,
the function c,(-; 1) does not possess a finite limit as t — +o0.

Then system (1.1) is oscillatory.

Remark 2.3. Observe that if @ < 2, then o, = 2 in formula (2.8) and the function h{(-; ) can be expressed in the form
2@—A) ! i
hy(t; A) == % g(s)f12<o‘ M1(s)ei(s; M)ds fort > 0.
f] * (t) Jo
Example 2.4. Consider system (1.1) in which« €]0, 2[, g = 1 and
p(t) = (e +1—t>)cost — (v + 3)tsint fort > 0.
It is clear that conditions (1.2), (1.3) and (1.87) hold. Moreover, it is easy to verify that

oa—1
M(t) =tcost + (¢ — 1)sint + ; (cost — 1) fort > 0,

where the function M is given by formula (2.7). Therefore, the relation

liminfM(t) = —o0

t—+00

holds and thus, above-mentioned Mirzov’s result cannot be applied in this case.
On the other hand, we have

40{3 t
c1(t; 0) = atcost,  hy(t; 0) = 2a?sint — tz—a/ s**“Tsinsds fort > 0
0
which yields that
|hi(t; 0)] < 4o® fort >0 and ltim+infc1(t; 0) = —o0.
— 400

Consequently, by virtue of Corollary 2.2 with A = 0, system (1.1) is oscillatory.

Now we formulate a Hartman-Wintner type result which also follows from Theorem 2.1. Forany A < ¢ and v < 1, we
put

- 1—v (' g6 ([ )
AL Y) = —— dé ) ds f 0.
altd) fﬂ”(r)/o [0 (/0 JEEOPE)E Jds ort =

Corollary 2.5. Let conditions (1.2), (1.3) and (1.87) hold, A < «, v < 1 and either

lim € (t; A, v) = 400
t—400
or

—oo < liminf€;(t; A, v) < limsup ¢ (t; A, v).
t—+00 t—+00

Then system (1.1) is oscillatory.

Observe that Corollary 2.5 with A = 0 and v = 0 coincides with above-mentioned Mirzov’s result, namely Theorem 12.3
from [15]. On the other hand, it is worth mentioning that Corollary 2.5 withg = 1, A = 0and v = 1 — « is in compliance
with Theorem 1.1 stated in [5].

Remark 2.6. Using integration by parts, it is easy to verify that for any A < « and vy, v, < 1, we have
~ 11—y v—v 1= ' g(s)
Ci(t; A, 1) = ci(t; A, v1) + " o
1—1 T—v £77%() Jo f17(5)
whence we get the following assertions:

(i) There exists a finite limit lim,_, 4, C;(t; A, v;) if and only if there exists a finite limit lim,_, ;o 1 (t; A, v1), in which
case both limits are equal.

Ci(s; A, v1)ds fort >0
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(i) If v; > vy and liminf,_, ;o €1 (£; A, v1) > —oo, then liminf,_, ;o C; (t; A, vy) > —o0.

(iii) If v, > vy and lim;_, ;.o C1(£; A, V1) = =00, then lim,_, ;o C; (t; A, V) = Fo0.

61

For half-linear equation (1.4), from Corollary 2.5 one gets the following generalization of Theorem 2.2.10 from [1].

Corollary 2.7. Let A < q — 1 and relation (1.5) hold. Then each of following two conditions is sufficient for oscillation of (1.4):

) 1 t l—lq s N _
i s [t ([ Remes ) s = .

imi % * o
t—+o0 Ry( t)/ (/{; R1(§)P($)d5> ds

—o00 < liminf
. IT s A
msup /0 i) ( /0 R1(€)p(§)d«§> ds,

< limsup

where

Ry () :=/ rTa(s)ds fort > 0.
0

2.2. The case fooo g(s)ds < +oo

Unlike Section 2.1, we assume throughout this subsection that the coefficient g is integrable on [0, +o0][, i.e., that g

satisfies condition (1.8,). Let

+o00
f(t) = / g(s)ds fort > 0.
t
In view of assumptions (1.2), (1.3) and (1.8,), we have
Jim (0 =0

and
fH(t) >0 fort > 0.

Foranyx > o, 8 < 0Oand A > «, we put
ka(ti e, B 2) = £ Pl(t) / [ — ] £ 6)ps)ds fort >0
0

and

ot ) = O — (1) f fkffj (/ fz(é)p(é)dé‘)ds for t > 0.

(2.9)

(2.10)

(2.11)

Analogously to the previous subsection, we can formulate the following main result and some of its consequences.

Theorem 2.8. Let conditions (1.2), (1.3) and (1.8;) hold, k > «, B < 0, A > « and either
limsupky(t; k, B, \) =

t—+00

or

t—+00

—oo < limsupk,(t; «, B, A) < 400,
the function c,(-; 1) does not possess a finite limit as t — —+o0.

Then system (1.1) is oscillatory.

As for corollaries of Theorem 2.8, at first for any A > «, we put

hy(t: 2) == a,! (0 _O[)a*fa*(k a)( )/ g(Sa,) (/ f}ti(ﬁ‘j*—l)

A 1—
() (Sa—1)

y < / ( f 1 f;@p(s)ds) ds; ) dsar]) ds, fort =0,
0 0

where «, := max{2, |«] + 1} and |« | denotes the integer part of the number «.

(2.12)

(2.13)

(2.14)
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Corollary 2.9. Let conditions (1.2), (1.3) and (1.8,) hold, A > « and either
limsup hy(t; ) = +00

t— 400

or

t—>+00

—o0 < limsup hy(t; A) < 400,
the function cy(-; A) does not possess a finite limit as t — —+o0.

Then system (1.1) is oscillatory.

Remark 2.10. Observe that if ¢ < 2, then o, = 2 in formula (2.14) and the function h,(-; A) can be expressed in the form

hy(t: 1) = 200 — a)fzz(x—a)(t) /[ % Cy(s; A)ds fort > 0.
0o f 7T (s)

2

Now forany A > «w and v > 1, we put

g(s)
55

t N
G = 0= 570 [ ( | f;(s)p@)ds) ds fort > 0.
0 0
Corollary 2.11. Let conditions (1.2), (1.3) and (1.8,) hold, A > «, v > 1 and either
lim G(t; A, v) = 400
t—+00
or

—oo < liminfG,(t; A, v) < limsup G, (t; A, v).
t—+00 t—+o0

Then system (1.1) is oscillatory.

Observe that Corollary 2.11 with « = 1and v = A coincides with Theorem 1.1 stated in [12].

Remark 2.12. Using integration by parts, it is easy to verify that for any > > « and v, v, > 1, we have

V) — 1~ V1
Ca(t; A, v) +
V1 -1 V1

t
~ — _ S) ~
C(t; h, 1) = vlz (v — Dfy? 1(t)/ %() Co(s; A, vy)ds fort >0
- 0

52 (s)
whence we get the following assertions:
(i) There exists a finite limit lim,_, 4 Co(t; A, v;) if and only if there exists a finite limit lim,_, ;o C2(t; A, v1), in which
case both limits are equal.
(i) If v; < vy and liminf,_, | o G (t; A, v1) > —oo, then liminf,_, ;o C(t; A, v2) > —o0.
(iii) If vy < vy and lim;_, ;o G (t; A, V1) = =00, then lim,_, ;o Co(t; A, V) = Fo0.
As far as we know, a Hartman-Wintner type result for half-linear equation (1.4) in the case, where (1.6) is satisfied, is

known only under the additional assumption (1.7) (see survey given in [1, Section 2.2]). We can eliminate this additional
assumption and derive from Corollary 2.11 the following statement.

Corollary 2.13. Let A > q — 1 and relation (1.6) hold. Then each of following two conditions is sufficient for oscillation of (1.4):

t s
Jim Ra(0) % (/ R%(S)p(é)dé) ds = +o0, (2.15)
— 400 0 ra-T (S)R%(S) 0
—00 < liminfRy(t) % </ Ré(é)p(&)tﬁ) ds
t—+00 0 rg-1 (S)R%(S) 0
t s
< limsupR,(t) % (/ R%(é)p(é)dé) ds,

(oo 0 rET(s)Ry(s) O

where

+00
Ry(t) == [ rl%q(s)ds fort > 0.
t
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Remark 2.14. Observe that if inequality (1.7) holds, then relation (2.15) is satisfied if and only if

+0o0
/ Ry (s)p(s)ds = +oo.
0
Therefore, Theorem 2.2.11 stated in [ 1] follows now from Corollary 2.13 with A = q.
3. Auxiliary lemmas
In this section, we present several lemmas on algebraic inequalities which we need to prove main results.

Lemma 3.1. Let @ > 0 and w > 0. Then the inequality

14+a
1ta w
olz| —alz|= <
1+«

is satisfied for all z € R.

Proof. It is sufficient to show that inequality (3.1) holds for every z > 0. We put

T+a
Ita w
(2) =az @ —wz+ <7> forz > 0.
1+«

It is easy to verify by direct calculation that

o o
¢(z)>0 forz> @ , £(z) <0 forz < @
1+« 1+«

and ¢ ((H%)a) = 0, which proves the desired assertion. O

Lemma 3.2. Let @ > 0. Then

14+a 14+a 1
alx+yl'« = alyl & + (1 +a)xlylesgny forx,y € R.

Proof. Let x, y € R be arbitrary. It follows from Lemma 3.1 withw = (1 + a)|y|é andz = x + y that

1ta 1 1ta
alx+yl = = A+a)lyl=lx+yl— Iyl = .
Moreover, we have

x+y=|yl+xsgny ify>0,
[x+y|l > 10 = |y| +xsgny ify=0,
—Xx—y=|yl+xsgny ify <0

and thus, the assertion of the lemma follows from inequality (3.2). O

Lemma 3.3 ([2, Theorem 27]).If r > 1, then
a+b" <(a+b)" fora,b>0,
andif 0 < r < 1, then

a+b" >(@+b) forab>0.

Lemma 3.4. Let @ €]0, 1]. Then
x—y) & =xe 4y —Heay forx>y>0
and

1t+a

Xy e > x e fye £ e yay forxy > 0.

o

63

(3.1)
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Proof. Let x > y > 0 be arbitrary and

0t) = (x—ty)' & fort € [0, 1].

The function £ is absolutely continuous on [0, 1] and thus we get
1 1
o o 1
K —y) & =/ e’(s)ds=—ﬂy/ (X — sy)vds. (3.5)
0 o 0
It follows from Lemma 3.3 that

(x — sy)é < x% — (sy)é fors € [0, 1].
Consequently, relation (3.5) yields that

o o 1 1 1 «
K—y) e —x = Zay/ [xé—(sy)é]dSZ— :axwly+y%
0

which proves desired relation (3.3).
Now let x, y > 0 be arbitrary and

m(t) := (x + ty)% fort € [0, 1].
Using Lemma 3.3, we prove in a similar manner as above that relation (3.4) holds. O

The following lemma can be proved analogously to Lemma 3.4.
Lemma 3.5. Let @« > 1. Then

(x—y) e <x fye —Hexay forx>y=0 (3.6)

and

(x—}—y)% <xa +y«a +—°‘xw forx,y > 0. (3.7)

Lemma 3.6. Let o €]0, 1]. Then the inequality

REY REY ETY o o oL
2+ I = 2+ Iy + e gy esgny — L gy | (3.8)

holds forallz, y € R.

Proof. Letz, y € R be arbitrary.
First suppose that y < 0. Then, by using Lemma 3.4, we get:

(a) Ifz > |y|, then relation (3.3) yields that

14o _ 1+a

Ita Ita
z+yl e =@—|yD™ z« +|J/|

v

Z“|J/|

\

> 2| & |yl - 1%"’ 2|7y | - Lo Zlyle.
(b) If |y| > z > 0, then relation (3.3) yields that

1ta 1+ta Ita Ita 1
lz4+yl e =(yl—2)~ >|yla +z7@ —”lelaz

1
> 2| e+ ly| e - e Zlyle — e pzja|y).
(c) If z < 0, then relation (3.4) yields that
1+a 1+a 1
Z 4yl =yl + 2D e = [yl e + 2l e + 2 |y |a ]
> Jz| & 4yl — e Zlyle — e 2] |y

Consequently, in all cases (a)-(c), inequality (3.8) is satisfied.
Now suppose that y > 0. Then, by using Lemma 3.4 again, we obtain:

(A) If z > 0, then relation (3.4) yields that

1+ 1ta

1+a 1+a o 1
Z+yle =@+ e T+ZT+1ﬂyEz

I \Y

\

1 1 1
> |z +IV| o +“Z|J/|°' — 2 z|a |y
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(B) If y > —z > 0, then relation (3.3) yields that

Ita 1t+a 1
yo ot lzle - ey

v

IR Tta
lz+yl e =@ —lz) =

v

I4a 1+ o o1
2|7« +|yle + 12 Zly|a — e z)a |y,
(C) If —z > y, then relation (3.3) yields that

I4a I4a I4a 1+a 1
lz+yl e =zl —y) @ >lz|e 4y« —HEzjay
JEY 1+ 1 1
> |z +lylw - HEpzja)y|+ Hez)ya.
Consequently, in all cases (A)-(C), inequality (3.8) is satisfied. O
Lemma 3.7. Let @ > 1. Then the inequality
1+ 1+a 1+ o o 1
24y =zl + Ly 4 B gy jasgny — B2 g |y
holds forallz, y € R.

Proof. Let z, y € R be arbitrary.
First suppose that y < 0. Then, by using Lemma 3.5, we get:

(a) Ifz > |y|, then relation (3.7) yields that

Ita Ita Ita 1te 1
Iz =(yl+@—1lyD) “ <lyl'® +@—lyD* + 2 |yle@ -y

1ta 1ta « « 1
< lz4yl& = Ly F B gy e 4 B gy,
(b) If |y| > z > 0, then relation (3.6) yields that
1ta Ita 1ta 1ta o 1
Izl =(yl—(vl—=2) “ <lyle +(yl—-2« — 2 yla(yl-2)

1ta 1 Ita 1 1 1
<lz4yle = Ly + Hegyla 4 Lo gy e,

(c) If z < 0, then relation (3.6) yields that
4o 4o 1
lzI"« = ((zl +lyD —Ivl) © < (zI+ IVI) oyl - L2zl + [y D=y

1+a

=< IZ+y| e —flylf

Ita 1 Ita 1 1 1 1
— 24yl = Ly ey e 4 B gy |a,

Consequently, in all cases (a)—(c), inequality (3.9) is satisfied.
Now suppose that y > 0. Then, by using Lemma 3.5 again, we obtain:

(A) Ifz > 0, then relation (3.6) yields that

1ta Lta 1ta 1t 1
Iz =(z+y)—v) © <@+y) e +y e —E2@z+p)ay
14a

14o
<lz+yle —;lyl«

La == 1+Ot 1t 1
=lz+yl= —glyl @ Mgy a4 =zl lyl=.

(B) Ify > —z > 0, then relation (3.6) yields that
1ta Lta 1ta 1ta
2 =(r—(r—12D) " <y &+ —lzh e —HEyay —|z))
lha Tha 1
<24yl & = Ly - B gpyfe 4 B gy,

(C) If —z > y, then relation (3.7) yields that

A

1ta Lo 1ta 1ta o
2% = (432l =) @ <y e+ (2 —p) e + e ya(lz—y)
Ite Ito N 1
Slz4yl e =Lyl —‘+“Z|7/|a + 2 pz| |y,

Consequently, in all cases (A)-(C), inequality (3.9) is satisfied. O
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4. Proofs of main results
To prove Theorem 2.1 we need the following two lemmas.

Lemma 4.1. Let m € {1, 2} and conditions (1.2),(1.3), and (1.8,,) hold. Let, moreover, 8, . € R, k > «, and (u, v) be asolution
to system (1.1) such that

-D"™'g>0, (D" Na—2r) >0,

and
u(t) #0 fort >t (4.1)
with t, > 0. Then
lim sup k (t; «, B, A) < 400, (4.2)
t—+00

where the function ki, is defined by formula (2.2) (resp. (2.10)). If, in addition, the inequality
lim sup ky,(t; k, B, A) > —00 (4.3)

t—+400

is satisfied, then

oo 14+o
/ gOf)]o()] ¢ ds < +o0, (4.4)
ty
where the function fi, is defined by formula (2.1) (resp. (2.9)) and
1) D" (A )
o(t) = WO sen i) + 70 (1 +a) sgn fort > t,. (4.5)
Proof. Put
y = (="' (m')a sgn (4.6)
' 1+ ’ -
and
__ O N
o(t) = O sgn a0’ o(t) =0o(t) 2 © fort > t,. (4.7)

Then the functions o, ¢ are absolutely continuous on every compact interval contained in [t,, +o0o[ and, in view of (1.1),
relations (4.7) yield that

¢'(t) = —p(t) — ag(Olo (O] = + (=)™ 'ay i(“tzt) fora.e.t > t,. (4.8)

Let
Fu(t,s) =fE(@) = fE(s) fort>s>t,.
Then it follows from equality (4.8) that

t t t
/ Fi(t, )f} ()¢ (s)ds = — / FE(t, $)f3(s)p(s)ds — / ZEFE(E, )2 (5)|o(s)] =" ds
tu

ty ty

t
+ (D" ay f gES(E, $)fp 7 (s)ds (4.9)

ty

fort > t,.Put

Am = {t >ty : (=D (fu(s) — fu(t)) > Oforalls € [t, t[ }. (4.10)
Observe that forany t € A, and ¢ > 0,

the function s — F,% (t, s) is absolutely continuous on [t,, t]
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and thus, we obtain

67

t t
/ Fr(t, )f 3 ()@ (s)ds = —FL(t, t)f(t)e(t) + (=)™ 'k p / gE)FSTIE, SFETP T (s)p(s)ds
ty ty

t
+ (—D'”A/ gS)FL(t, ) (5)p(s)ds
ty

for t € A;,. Therefore, using (4.7), from relation (4.9) we get

t 1
/ (6, $)f3()p(s)ds = Fy(t, t)f (t)@(ts) — 3

ty

t
f SOFL(E 917 (5)
ty

<oz @0 + 115+ 0o i+ 5 [ EOR @

tu

x [—am;';(t,s)f,g“-@(s)o(s)N%“ + (—1)m2KﬂF§;(t,s)f,;f“—ﬁ)(s)o(s)]ds

t t
+(—1)m—1xﬁy/ g(s)F,f;‘(t,s)f,{,‘—l“-“(s)der(—1)m—1ayf g(S)FE(t, )f " 17%(s5)ds fort € Ap

ty

which, by virtue of Lemma 3.1 and notation (4.6), yields that

t 1 t
f a6 W OpO)ds < Py (6 606 — 5 / SOFL(L,
tu ty

Ita
o

. N _ . 1 (2¢|B]
— (14 @) (©)p(s)ly|¥sgny — minfa, 1]y | ]ds+—(]+a

2

. 1t
2a|y| — min{a, 1}|y| @

tu

9 el ©eE + v I

14+« t
) / g(S)FrI;i]ia (t, S)fr;&(lwta)(ﬂfl)(s)ds
ty

t
+xlBly / EEFS (€, fE T (5)ds + .
ty

fort € Ap,. Now observe that

Fi (e, t)f (t)e(ty) < frt)let)| fort € Ap

()

and

/ g)EL(t, )17 (s)ds (4.11)

(4.12)

fort € A,

1 t
i [ EOE e a  as <
m (t) ty

because:

o If (=D™[A+a(B —1)] = 0, then

t
B ) / [F20) =2 )] g @)ff ()f P (s)ds

e
< d;
AP P Ja
1 1
<
T (k= )IBl fix M)

(="
(kK —a)pB

fort € Ap.

o If (—D)™[A+a(B—1)] <0, then

t
Kﬁ(t)/ [fn (© —fn’f(s)]Kflfag(S)fn‘ff](S)frﬁ”(ﬁ*‘)(s)ds <

=

1
T (k —a)|Bl f2

! (4.13)
*(tw) '

[FE) — 2 <s>]”‘°‘)

(="

(k —a)p

frﬁ+a(ﬁ_l)(f) t
()

a
1

1
(k —)|Bl fi ™" (t)

4G —f,ﬁ@)]”)

ty

fort € Ap.



68 M. Dosoudilovd et al. / Nonlinear Analysis 120 (2015) 57-75

Moreover, we have

-1 t
—— | gFT(t, fET T (s)ds < / (
Rl /r £ R VE = (t) f (tu)

fort € An (4.14)

Bty —ff (s)]K)

- Klﬂl FE(t) (tu)
and

-l t t
= / SO L (s)ds < f £ (5)ds
m ty

tu

1

< — —— fort € Ap,. (4.15)
ot — Al i (t) !
According to Lemma 3.2, it is clear that
” 1+a o 1 1+a
alfp () +yle —(A+a)f(De®)|ylesgny —aly| « =0 fors =1, (4.16)
and thus, using inequalities (4.12)-(4.16), it follows from relation (4.11) that the inequality
1 ! «
= / [F2(6) — FE®)] FL(©)P(S)ds < (L) (4.17)
fm (t) ty
holds for t € Ay, where
2| B 1 1 Iyl oly| 1
Sm(ty) = fir )l (t) + = ( ) St oot - (4.18)
! R T+a) k-l i) fat@w) loe—Al fi @)

However, in view of definition (4.10) of the set A, and the non-negativity of the function g, we see that inequality (4.17) is
satisfied, in fact, for all t > t,, whence we get the desired relation (4.2).
Let, in addition, the function kj, satisfy inequality (4.3). Obviously, either

+00
/ 22 ($)|p(s)] & ds = +o0 (4.19)
or
+oo e
/ SO ps)| @ ds < +o0. (4.20)

Assume that equality (4.19) holds. We divide the proof into two cases:
Case (1): a €]0, 1]. It follows from Lemma 3.6 that

alfE ) + v = alff©eE)] « + 1+ a)f($)es)ly|sgny

1+a 1
Falyl@ — A+ lf26)e6)|ely| fors > t,. (421)
Put

ﬁ K
Fu(t,s) = [1 - <]{:8> :| fort >s>t,. (4.22)

Then, by using inequalities (4.12)—(4.15) and (4.21), from relation (4.11) one gets for any t € A, the inequality

1 t
T/ Fr(t. $)f(9)p(s)ds < —f/ ) Fn(t, HFA(5)]g(5)] <" ds
m (t) Ju 2 J;

u

A+olyl [~ _ 1
+ f/ g()En(t, $)f ()l (s)|= ds + Sm(tu), (4.23)
ty
where the number §,,(t,) is defined by formula (4.18). However, in view of definition (4.10) of the set A,, and the non-

negativity of the function g, we see that inequality (4.23) is satisfied, in fact, for all t > t,.
Let

t
I(t) == / g(s)Fm(t, s)f,fl(s)|<p(s)|HTads fort > t,. (4.24)
ty
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Observe that for any t > t, fixed, we have

t T
/ g(S)Fm(t,S)fmA(S)Iw(S)IHTHdSZFm(t,T)/ g(S)f,ﬁ(S)W(S)IHT”ds fort >t
ty ty
and thus

lgmgnfl(t) Z/ g(s)fnﬁ(s)|¢(s)|%ds fort > t,.

ty

Since we suppose that equality (4.19) is satisfied, the last relation guarantees that

lim 1(t) = 4o0. (4.25)

t——+00

On the other hand, the Holder inequality yields that
' = A— 1 ‘ T A—1— tia ‘ ~ A Lta i
/ £ Fn(t, () lp(®)] s < ( / EOFn(t,)f “(s)ds) ( / EOFn(t. O 5) (o)) ds)
ty ty ty

A—at ﬁ
< fn " () [T (t) fort > t,.
lov — Al

Using this inequality in (4.23), we get

t A—a ﬁ
f [F20) — £ 6] L (ps)ds < —I 7 (0) [“ni«(o Gl (f'" (t“)) i ]+am<tu)
t 2 2 loe — A

()

for t > t, which, in view of the above-proved relation (4.25), contradicts our additional assumption (4.3).
Case (2): o > 1.1t follows from Lemma 3.7 that

alf ()0 + v« = alf*©e6) '« + 1+ a)f*()p)|y|«sgny

1+a 1
+lyle = A+ a)lfp©)e@E)|lyle fors>t. (4.26)
Then, by using inequalities (4.12)-(4.15) and (4.26), from relation (4.11) one gets for any t € A,, the inequality

1 t ¢ N .
g [ e oRopeds < -5 [ goRt e s
m (0) Ju 2 J,,

L (tolyle

t
> f g()Fn(t, )FE1(9) @ (9)1ds + Sm(ty), (4.27)
ty

where the function Fm is defined by formula (4.22) and the number 6,,(t,) is given by relation (4.18). However, in view of
definition (4.10) of the set A, and the non-negativity of the function g, we see that inequality (4.27) is satisfied, in fact, for
all t > t,. Since we suppose that equality (4.19) holds, one can show analogously to the previous case that relation (4.25) is
satisfied, where the function I is defined by formula (4.24).

On the other hand, the Holder inequality yields that

-

/ EOFn(t, 9 (9)0(s)]ds < ( / g(s)Fm(r,smﬁ”(s)ds) ’ ( / g(s)Fm<t,s>f,,*,<s>|<p(s>|T‘ds) "

1

A—a (¢ T+,

< Jn () [T (t) fort > t,.
loo — A

Using this inequality in (4.27), we get

% A—a ﬁ
17 () - L] <f’" (t")>+ + Sm(tu)

t
/tu [0 = 5 @] Fepe)ds < —17% (0 . o2l

N R

(1)

for t > t, which, in view of the above-proved relation (4.25), contradicts our additional assumption (4.3).
Consequently, the contradictions obtained prove that for any & > 0, inequality (4.20) holds, i.e.,

/+oo
ty

1+a

. o o de _, e
g () (o) + Vg™ ()fn ™ (5)|  ds < +oo0, (4.28)




70 M. Dosoudilovd et al. / Nonlinear Analysis 120 (2015) 57-75
where

5 m(a A \*

y=(=D"2"-1) (ﬂ) sgn .

Moreover, we have

/+oo
ty

Since the space L ([ty, +o0[; R) is linear, inequalities (4.28) and (4.29) guarantee the desired relation (4.4). O

1t+a

a Ta +oo
gﬁ%(s)fmﬁ_“(s) ds = / gE)f 17 (s)ds < 4o0. (4.29)
ty

Lemma 4.2. Let m € {1, 2}, conditions (1.2),(1.3), and (1.8,,) hold, and . € R be such that (—1)™'(a:—1) > 0. Let, moreover,
(u, v) be a solution to system (1.1) fulfilling relation (4.1) with t, > 0. If inequality (4.4) is satisfied, where the functions f,, and
o are defined by formulas (2.1) (resp. (2.9)) and (4.5), then the function c,, given by relation (2.3) (resp. (2.11)) has a finite limit

lim c,(t; 1). (4.30)
t—+o00
Proof. Put
= (=1)"! ALY sgn A (431)
Yy 1 Ta .
and
v(t)
o(t): ort > t,. (4.32)

= Ju(t)[“sgnu(t)

Then the functions g, o are absolutely continuous on every compact interval contained in [t,, +o0o[ and, in view of (1.1),
relations (4.5) and (4.32) yield that

0'(t) = —p(t) — ag®lo )] + (=1 'ay ﬁit()t) forae.t > t,,

whence we obtain

t t t 14«
/ Fi$)e'(s)ds = — / £ $)pE)ds — a / £OF(5)]o (5)] "5 ds

t
+(—1)m_1ay/ g()f:1"%(s)ds fort > t,. (4.33)

ty

Using the integration by parts on the left-hand side of (4.33), one gets
t t
R0 = Fite) ~ [ FOpos+ 0" ay [ gofi v wds
ty ty

- [Ceon o alees + v+ Do i

ty

for t > t, which, in view of (4.31), yields that

a((=Dm 1y —|yI'e) 1

e ACC | son [0 + 1

o — A| )
3 1 L a((=)m 1y —[pIe) 1
— (1 +a)f()oG)lylasgny —aly|'e ]ds + fht)ot) + ( o — ] ) a0 fort > t,.(4.34)
Now we put
1+a 1 1t
En(t) = alfE (Do) + ¥ & — (1 +a)f2Oe®)ylasgny —aly| & fort > t, (435)

According to Lemma 3.2, we have

Cn(t) >0 fort > t,. (4.36)
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Observe that inequality (4.29) holds and thus, assumption (4.4) guarantees that

+00 e
/ g O ()e) +yl e ds < 4o0.

Moreover, by using the Holder inequality, we get

t t H'% t 1+o 1'%‘
/g(S)f,f]*a(S)lf,ﬁ(S)Q(S)IdSS (/ g(S)f,ﬁ*l*“(S)dS) (/ g(S)f,ﬁ(S)IQ(S)ITdS>
ty ty tu

A—a % 3 14+a L‘X
< (287 ([ eonoreer ) oz,
- ;

Therefore, in view of relations (4.4), (4.29) and (4.37), it follows from (4.35) and (4.36) that

+00
/ O () m(s)ds < +o0.
tu

(4.37)

(4.38)
On the other hand, using notation (4.35) in equality (4.34), we obtain

t t
fr®o(t) = Sm(ty) — / fi(s)p(s)ds — f SO () (s)ds
0

ty

Caly=nm =y )
ot — A faH )

fort > t,
with

f —1ym-1 _ % 1
S (tu) :=f,%(tu)9(tu)+/ F(s)p(s)ds + a(y (=D ™)
0

ot — ] Mt
whence we get
£ og(s) Sm(tw) T oqs a—i “og(s) S
g ewss= oo —nrw] - | S ( / fm@)p(s)ds) ds
t g Y a(y + D"YIE)  ful®)
L ) (/ 2EfTTE (-‘E)d%‘> ds — o — ] lnfm(tu fort > t,. (4.39)
Observe that, in view of inequality (4.36), we have

t

flffsj (/ g(E)fi 1" “(é)ﬁm(é)d%‘)ds / fkffj f L7 (5) b (5)ds
ty £

ty

o—A a—L T
- [fm . (1)] / g T ) m(s)ds fort =T >ty
|Ol — )"| |O{ - }‘| ty

and thus

lim f| )\-| g( ) (/ g(g)f)u 1— a(g)gm(s)d§> ds > /‘+Oog(s)f)~*1fa(s)em(s)d5,
t~>+00 a7 (t) tu f)"H “(s) fu §

because inequality (4.38) holds. On the other hand, in view of inequalities (4.36) and (4.38), it is clear that

(4.40)
t S ‘ I
fxﬁ(si (f g(&) é‘““(&)h@)dé) ds < fxfl(z ® f £ S m()ds
ty ty fu fu
o—A a—L ©
[ ] [ g s
ty

Consequently, by virtue of the above-proved relation (4.40), one gets

. lo — A g(s) ’ A—1—a _ oo A—1—a
tiﬂo = ). ka “( (/;u g (S)zm(é)d%-) ds = ftu g()fy (s)Lm(s)ds.

(4.41)
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Furthermore, the Hélder inequality yields that

fg()
ty m ()

o(s)ds

t
< / 265 ()]o(s)|ds
ty

1

t -1 T t N 14a %
< ( / (&)X (s)ds) ( f g(s)fm(s)|@(s)|7ds>
ty ty

‘1 ﬁ ala—2) —+00 N T
< (—) (0 ( f £ ©)o® ds)
ala — A t

for t > t,, which guarantees the equality
_a—=A] [ g
lim oa—A 11—«
oo frm () Ju fn ©(S)

Finally, it is clear that

o(s)ds = 0.

i fm © _
im ——
t>Foo fEH(F) fm(tu

Therefore, using relations (2.3), (4.41)-(4.42), from equality (4.39) we get

(4.42)

+00
Nim cn(t; 2) = 8 () — f ) (8)m(s)ds
— 400 tu

and thus the lemma is proved. O

Proof of Theorem 2.1. Assume on the contrary that system (1.1)is not oscillatory, i.e., there exists a solution (u, v) to system
(1.1) fulfilling relation (4.1) with t, > 0.

If assumption (2.4) of the theorem is satisfied, then Lemma 4.1 with m = 1 immediately leads to a contradiction.

If assumptions (2.5) hold, by using Lemma 4.1 with m = 1, we get the validity of inequality (4.4) with m = 1, where
the functions f; and o are defined by formulas (2.1) and (4.5) with m = 1, respectively. However, Lemma 4.2 withm = 1
then guarantees that there exists a finite limit (4.30) with m = 1, which is in a contradiction with the second condition in
(25). O

Proof of Corollary 2.2. By using integration by parts, one gets

/ [FF6) = FL O] fHSps)ds = auloe — 1) - (@ —m + ])ﬂm/ o) _f1ﬂ(sa*)]a*fm]g_§:7a*)
0 0 fl (Sa*)
Sorse M (/Sa*—l . (/Sa*—ln+l ) d ) d 3 ) d d

: </(; fll_ﬂ (Sa*—l) 0 0 fl (g)p(g) E S0‘*—”'l+1 Sa*_1 Sa*

fort >0,m=2,...,«a, Therefore, we have
ki(t; o, 0 — A, A) = he(t; 1) fort >0
and thus the assertion of the corollary follows from Theorem 2.1 withk = o, and B = o — A. O

Proof of Corollary 2.5. Let n € N be fixed such that n > max{1, «}. By using integration by parts, for any t > 0 one gets

1 ' 1—v 1—v n.y
ki(t;n,1—v, 1) = f"“")(t)/ [f] ® —f (s)] fX(s)p(s)ds
1 0
1—v) [t - s
= H O ET O] fgf(ss)) ( /0 f%(é)p(é)dé) ds
1
(1 o

= (fn(1 ),,()() V)/ [ Y(t) — 11—\)(5)] 2 2‘5(1)( ) Cl(S;)\,U)dS.

1

Assume that there are A € R and ty > 0 such that

Ci(t; A, v) > A fort > t.
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Then we have

- D1 -
kaem1—v,2) = "0 i DL [P0 g o) [ ) — A
(®) fi
nn—1)>0—-v) _ ., =2 v
W ; [f]l (t) — 11 (5)] g(s)f11 2 (s)ds (4.43)

fort > to. It is clear that

1 o —v —v n— g( )
M/O [ -f7©] 2 = 1()[61(5; A, v) — Alds

n—2
1 0 fi(s) 2(s)
SM/ |:] (fj(t)> i| ]2\) 1 |C1(5 Ay V) — A|ds

g(s)
f12(1 v)(t)/ f2v l()

‘cl(s; A, V) —A|ds fort >t

and thus

0 1—v 1-v n—2 g( )
/ i7®—-f7"6] s )[cl(s;/\, v) — A]ds = 0.
0

On the other hand, by using integration by parts, one gets

lim ————
t—+00 f]““*") (t)

(n—1) / [f‘”(t)— 1 (6] g (o)f 2 (5)ds

_@-v- ’"“) f [0 = 17 0] "0 s)ds

(m

fort > 0,m =2, ..., n,whichyields that

n(n:al)u()l 2 / o -] 2g()f 2 (s)ds =1 fort > 0.
(t)

Consequently from inequality (4.43) we get
liminfk,(t;n,1—v, 1) > A.

t—+o00
Therefore, we have proved that

lim C;(t; A, v) = +00 = ltim+infk1(t; n,1—v,A) >A foreveryA >0
— 400

t——+00

— lim ki(t;n,1—v,A) =400
t—+oo

and

liminf¢;(t; A, v) > —oo = liminfk;(t;n, 1 — v, 1) > —o0.
t—+o00 t——+4o00

Moreover, according to Remark 2.6(i), there exists a finite limit lim,_, .o, c1(t; 1) if and only if there exists a finite limit
lim;_, ;o €1 (t; A, v) because we have ¢ (t; ) =€ (t; A, A + 1 —a) fort > 0.
Consequently, the assertion of the corollary follows from Theorem 2.1 withk =nand 8 =1—v. O
1
Proof of Corollary 2.7. It is clear that half-linear equation (1.4) is a particular case of system (1.1) in which g = r -9 and
o = q — 1. Therefore, the assertion of the corollary follows immediately from Corollary 2.5 withv =0. O

Proof of Theorem 2.8. Assume on the contrary that system (1.1)is not oscillatory, i.e., there exists a solution (u, v) to system
(1.1) fulfilling relation (4.1) with t, > 0.

If assumption (2.12) of the theorem is satisfied, then Lemma 4.1 with m = 2 immediately leads to a contradiction.

If assumptions (2.13) hold, by using Lemma 4.1 with m = 2, we get the validity of inequality (4.4) with m = 2, where
the functions f> and o are defined by formulas (2.9) and (4.5) with m = 2, respectively. However, Lemma 4.2 with m = 2
then guarantees that there exists a finite limit (4.30) with m = 2, which is in a contradiction with the second condition
(2.13). O
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Proof of Corollary 2.9. By using integration by parts, one gets

t t
/ [72© = L] (Ip©)ds = aulas — 1) -+ (@ —m+ 1D)|B|" / [ —ff (sa,»]”‘*””M
0 0

f21_ﬁ(sa*)
Sy M (/‘Sa*—l </‘So{*—m+1 N ‘ )d ) ] )
" </0 £ ap-1) \Jo 0 f E)p(E)dE ) dse,—m1 Sq,—1 | dSa,

fort >0,m=2,..., a, Therefore, we have
ky(t; o, 00 — A, A) = ho(t; X)) fort >0
and thus the assertion of the corollary follows from Theorem 2.8 withk =@, and 8 =a —A. O

Proof of Corollary 2.11. Let n € N be fixed such that n > max{1, «}. By using integration by parts, for any t > 0 one gets

ky(t;n, 1—v,2) = 77V / [ - £7"]"f 5)p(s)ds
0

— n(\) _ 1)f2n(\)71)(t)/ [f21—v(t.) _ 2]—v(s)]n71 gu(S) (/ le(g)p(s)d.g) ds
0 fz (5) 0

t
=n(n—1)(v— 1)f2”<”‘”(t)/ [ -] Zf(l)( : Co(s; A, v)ds.
0
Assume that there are A € R and ty > 0 such that
C(t; A, v) > A fort > t.
Then we have
to
ky(t;n, 1T—v,4) = n(n— 1)(v — 1)f2“(”’])(t)/ [0 —f"6]" f(])( )[cz(s; A, v) — A]ds
0
t
+An(m— D — DEC V@) / ARG R A0 z‘f(f)() s (4.44)
0

for t > to. It is clear that

f2”<“*”(t)/ o -] f(l)( )[Cz(s;k,v) — Alds
0

0 n—2
st [ () ] e e
2

<f2(U 1)( )/ fg() |C2(S A, V) — A|dS fort > ¢

2v—1
and thus
: n(v-1) O, 1—v, -2 &(9)
Jim f (t)f [£®) —£7")] e [c1(s; A, v) —A]ds = 0.

On the other hand, by using integration by parts, one gets

Cly -2 &(S) (n—1---(n—m+1) y -m &)
(n— 1)/{; [fz1 ) — z] (5)] 2,, s ds = (m—1)! / GRS (S)] m(v 1)+1(S)

TTm—1---(n—£+1)
= 0o -15"""0)

[0 -pro]”

fort > 0,m = 2, ..., n,which yields that

-2 &)
2v 1() S

AON Y™ oy ne(n— £+ DETPOV () (fz(t) )v—1 n—t
-1— -~ .
<f2(0) ) B ; 057" (0

t
n(n— 10— DY) / [57® -]
0
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for t > 0 (note that we set Z)z:z = 0). Consequently from inequality (4.44) we get

liminfky(t;n, 1 —v, 1) > A.
t——+00

Therefore, we have proved that
lim G (t; A, v) = +00 = liminfk,(t;n,1—v,A) >A foreveryA >0
t—+00 t—+00
— lim ky(t;n,1—v,A) =400
t——+o00

and

liminfC,(t; A, v) > —oo == liminfky(t;n, 1 — v, 1) > —o0.
t—+00 t—+4o00

Moreover, according to Remark 2.12(i), there exists a finite limit lim,_, , », c2(t; A) if and only if there exists a finite limit
lim;_, ;o C2(t; A, v) because we have ¢, (t; A) = C(t; A, A + 1 —a) fort > 0.
Consequently, the assertion of the corollary follows from Theorem 2.8 withx =nand 8 =1—v. O

1

Proof of Corollary 2.13. It is clear that half-linear equation (1.4) is a particular case of system (1.1) in which g = r -7 and
o = q — 1. Therefore, the assertion of the corollary follows immediately from Corollary 2.11 withv =2. O
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