CONNECTION AND CURVATURE ON BUNDLES OF BERGMAN AND
HARDY SPACES
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ABSTRACT. We consider a complex domain D X V in the space C™ x C" and a family
of weighted Bergman spaces on V defined by a weight e ®***) for a pluri-subharmonic
function ¢(z,w) with a quantization parameter k. The weighted Bergman spaces define an
infinite dimensional Hermitian vector bundle over the domain D. We consider the natural
covariant differentiation Vz on the sections, namely the unitary Chern connections preserv-
ing the Bergman norm. We prove a Dixmier trace formula for the curvature of the unitary
connection and we find the asymptotic expansion for the curvatures R(k)(Z7 Z) for large k

and for the induced connection [Vgc>,Tf(k)] on Toeplitz operators Ty. In the special case
when the domain D is the Siegel domain and the weighted Bergman spaces are the Fock
spaces we find the exact formula for [VgQ,T}k)] as Toeplitz operators. This generalizes
earlier work of J.E. Andersen in Comm. Math. Phys. 255 (2005), 727-745. Finally, we also
determine the formulas for the curvature and for the induced connection in the general case
of D x V replaced by a general strictly pseudoconvex domain V C C™ x C" fibered over a
domain D C C™.

1. INTRODUCTION

There has been much interest in the study of bundles of infinite-dimensional Hilbert spaces
in complex analysis and in quantization. As in the case of finite-dimensional Hermitian
holomorphic vector bundles we would like to study the Chern connection and the curvature
tensor, if they exist. Another relevant question of special interests in quantization is whether
it is possible to introduce an integer parameter m with % interpreted as the Planck constant
and to study then the induced connection of sections of endomorphisms of the bundles. The
most studied case might the bundle of Fock spaces on C™ over the Siegel space D; see e.g.
[10] and Section 5 below. The periodic version of the Fock space are the flat bundles over
abelian variaties covered by C", which is an important topic in quantization [1]. We may
also replace the Siegel-Jacobi space D x C" by a domain V C C™"™ over a domain D and
consider the corresponding Bergman and Hardy spaces over the fibers V, of z € D. In the
present paper we shall study systematically connections and curvatures of these bundles by
using Toeplitz operators.

Consider first a product domain D x V. C C™ x C" and let ¢ be a plurisubharmonic
function on D x V. The Bergman spaces L2 (V,e~?) on V with respect to the weight e %)
form a holomorphic Hermitian vector bundle over D in an appropriate sense. In [2] the
curvature is computed and it is proved that for a strictly pseudo-convex bounded domain
V' the curvature operator satisfies the Nagano positivity using the Hormander estimate for
solutions of the d-equation. In the present paper we shall compute the Dixmier trace of
the curvature operator, more precisely we prove that the curvature operator in this case is
a Fredholm operator of the form Ty + 17 where Ty is an invertible Toeplitz operator and
Ty is a compact operator, and we compute the Dixmier trace of T;. We consider also the
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covariant differentiation [V z,T¢| on the Toeplitz operators Ty and prove likewise a Dixmier
trace formula. Indeed the covariant differentiation [V 7, T¥] is a natural generalization of the
curvature operator R(Z,Z) = [Vz,0z]. We treat then the general case of fibrations over
D by strictly pseudo-convex bounded domains. We find the curvature operator as Toeplitz
operators and find its principal symbol.

We note that yet another important case is when 7 is the infinite dimensional Teichmiiller
space with the fibers being the unit disc whose complex structure changes by the quasi-
conformal mappings parameterizing 7; see [11]. There are many important and difficult
analytical problems in this case. We hope our study here will also shed light on this subject
of infinite dimensional Teichmiiller space. For a fiberation X — 7 of Kéhler manifold X with
compact fibers and a line bundle over X a general formulation for the study of variations
of Bergman kernels is through the relative canonical bundle, namely the variation of the
cohomology space HY(K ® L|x,) on the fiber space &;. This has been studied extensively;
see [2, [12] and references therein.

We would like to thank Bent Orsted, Harald Upmeier and Jae-Hyun Yang for some en-
lightening discussions. We dedicate this work to Jaak Peetre, he has been both a teacher
and colleague for both of us and has greatly inspired us during our collaboration over many
years.

2. PRELIMINARIES

We formulate a convenient setup for vector bundles of Bergman spaces on complex domains
and fix notation. There has been a lot of study of the general case of bundles of infinite
dimensional Hilbert spaces and their connections; see e.g. [9] and references therein.

2.1. Toeplitz operators on Bergman spaces. Let V' C C" be a bounded domain in C".
Let L?(V, e~?) be the L?space on V with respect to the measure e~ dm(w), where dm(w)
is the Euclidean measure on C", and L? (V, e~?) the Bergman space of holomorphic functions.
Let P: L*(V,e %) — L,QL(V, e~?) be the Bergman projection. The Toeplitz operator Ty :
L3(V,e=®) — L3(V,e™®) and the Hankel operator H; : L2(V,e™?) — L2(V,e %)t with
symbol f € L*(V) = L*®(V,dm) are defined by Ty = PMy, Hf = (I — P)Mjy, where My is
the operator of multiplication by f.

2.2. Differentiation formulas for fiber integrations. Let V C C™™ be a bounded
domain with smooth boundary fibred over a domain D C C™. Let p be a defining function for
V, V= {(z,w) € C™" p(z,w) < 0}. The coordinates will be written as z = (2%),w = (w?),
the (1,0)-tangent vectors as Z, W and the (0, 1)-tangent vectors as Z, W. We assume that the
projection 7 : C™*" — C™ on V is of rank m and each V, = 7 1(2) is a connected domain.
In particular each V, is bounded with smooth boundary. Let v denote the surface measure
on V. We fix zp € D and consider the differentiation by 0, of integrations fvz fz,w)dm(w)
and | oy, [ (z,w)dv(w) of a function f along the fiber V, and its boundary 0V.. For simplicity
we assume zg = 0 € D.

Lemma 2.1. Suppose there is a (1, 0)-vector field Ly, = 0y + Uy = Oq —i—Zj Ué% such that
Lo(p) =0 on 9V, i.e. L, is tangential to the boundary 0V and 7.(Ly + Uy) = 0. Then we
have
Oa | flz,w)dm(w) = / (Lo + div(Uy)) fdm(w)
V. 2
and

Do f(z,w)v = / (Lo + divy(La)) fv
oV, oV,
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where div(U,) is the divergence of U, with respect to the Euclidean measure dm(w) on V,
and div, (Ly) is the divergence of the tangential vector field L, with respect to the area form
v on 0V, i.e., defined by the Lie derivative of v, Lie(Ly)v = div, (Ly)v.

Proof. This is presumably well-known, see e.g. [12]; we sketch a proof here for completeness.
It is sufficient to consider the case when D is the unit disk in C, so z = x + iy. Consider
the real vector field 0, and a tangential lift H = 0, + U of 0, dp(H) = 0 when p = 0. The
local diffeomorphism, say exp(xH), generated by the non-vanishing vector field H preserves
the level set p = 0 and thus maps Vy to V,, since m.(H) = 0,, namely exp(zH) : {0} x Vy —
{z} x V. We have then,

’ f(z,w)dm(w) = . f(exp(xH)(0,w))J(exp(zH))(w)dm(w)

T 0

where J(exp(zH))(w) is the Jacobian of exp(zH) above in the vertical direction. Performing
differentiation % and evaluating at x = 0 we find

d .

| rwamw) = [ (HE@) + dv@)f) dm(w)

dr Va Vo
since %J(exp(azH)) = div(U) is the divergence of H = 0, + U with respect to the volume
dm at x = 0. The same argument works for any vector field ad, +b9d,. The first claim follows
by taking complexification. The second claim is almost the same. (|

Denote Lg = Lo = Op + Zj ﬁ%. Taking the complex conjugate of the above formula
we obtain the similar differentiation formula for Lg.

2.3. Bundles of Hilbert spaces of holomorphic functions, Hermitian connection
and Curvature. Let V C C"™™ be a bounded domain fibered over D C C" as above. Sup-
pose for each z € D there is a Hilbert space E, of holomorphic functions on V,. For such
families we shall define a notion of Hermitian bundles and curvature operator. A general
treatment is to view E, as Bergman space of (n,0)-forms but we shall adapt a rather ele-
mentary and ad-hoc approach. On the other hand our definition includes families of Hilbert
spaces whose norms are not defined in terms of measures; see Remark 2.4/ below.

Definition 2.2. Let £ = {E,,z € D} be a family of Hilbert spaces E, of holomorphic
functions on V, = 7 1(z).

(1) The family E = {E.} is called a holomorphic bundle of Hilbert spaces over D if for
each zy € D there is a neighborhood Uy C D of zy, a linear space F'(Uy) of holomorphic
functions on 71 (Uy) C V such that the subspace F, := F(Up)|. = {u(z,-);u €
F(Uy)} is dense in E,, and the coefficients u(z, w) in the Taylor expansion of u(z, w)
in z near 2o,

u(z,w) = u(zo, w) + ui(z,w) - (z — 20) + - + up(z,w) - OF(z — 20) + ...

are all in F,, z € Uy. Here ug(z,w) takes value in the symmetric tensors ©FC™ and
u - v is the standard pairing in ®*C™. The union of all spaces F(Up) will be denoted
by O(FE) and will be called the space of locally holomorphic sections of E.

(2) A smooth section u of the bundle E near zj is defined as a function u = u(z,w) €
C>®(7~1(Up)) for a neighborhood Uy of zg, such that u(z,-) is in the dense subspace
F, and all derivatives in z are in F}, 8{“ . --85“5{1 . --521u(z, ) € F,, z € Up. The
space of smooth sections will be denoted by I'(E). Note that O(F) C I'(E).

(3) A connection on I'(E) is defined as a linear operator X — Vx : I'(E) — I'(E), for
vector fields X on D such that

Vx(fg) = fVxg+ (Xf)g
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and
Vixg=fVxy,

f € C®(D) and g € I'(E) whenever all the quantities are in I'(F). V is called a
Chern connection if

Vzu=0, 0z(u,v)=(Vzu,v)

for all u,v € O(FE), and (1,0)-vector fields Z on D.

4) The curvature operator R(Z,Z) at z, Z € Tz(l’0 D), is defined as a linear operator
( p : : : p

on the dense subspace F, C E, by
0707 (u,v) = —(R(Z, Z)u(20)v(20)) + (Vzu, V70)
for all u,v € O(E).

Remark 2.3. When F is a finite-dimensional holomorphic Hermitian vector bundle over D
it is an elementary fact that the curvature is determined by the formula above. We claim
that in our case the curvature operator (R(Z, Z)u)(zo) is well-defined and depends only on
u(2p), as in the finite-dimensional case. To see this it is enough to take D to be the unit disk
and zp = 0. Let u(z) be a holomorphic section near 0, such that «(0) = 0, and write u as

u(z) = u(0) + zu1(2) = zui(z),

for some holomorphic function uj(z) = u1(z,w). We prove that (R(9,0)u)(0) = 0. Let v(z)
be any holomorphic section near 0, and perform the differentiation

Ou,v) = 0(zu1,v) = (zVui + ui(z),v) = 2(Vuy,v) + (u1,v),
and
(2.1) 00(u,v) = 20(Vui,v) + d{uy,v) = 20(Vuy,v) + (u1, Vo).

Here we have used the fact that u; is holomorphic and d(u1,v) = (v, u1). Evaluating at 0
gives 00(u, v)(0) = (u1(0), Vo(0)). On the other hand Vu = V(zu1) = u1 + 2Vu; so that

(Vu(0), Vu(0)) = (u1(0), Vo (0)).

It follows from the definition of the curvature that ((R(9,0)u)(0),v(0)) = 0, for all v. By
the density assumption we have (R(9,0)u)(0) = 0, proving our claim.

There are many examples where the above assumption is satisfied, for example when each
V. is a Reinhardt domain and F is the bundle of Bergman or Hardy spaces where the dense
subspace F' can be taken to be the space of polynomials in C". For general domains V and
the family of Bergman spaces on V, some related questions have been studied; see e.g. [3,
Lemma 3.4].

Example 2.4. A natural family of Bergman space on the unit disc D is the following:
Consider the unit ball B € C!*" as fibered over the unit disk D, the fiber being the ball
B, = {w € C"; |w|?> < 1—|z[?}. Let E, be the Hilbert space of holomorphic functions on B,
with the reproducing kernel
(1 _ | 2’2)1+a
(1— 22 — ww')ltatn’

For a > —1 this corresponds to the Bergman space L2(B,,e %dm(w)), e ¢ = (1 — |2|® —
w]?)e.
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3. TRACE FORMULA FOR CURVATURE OF BUNDLES OF BERGMAN SPACES. THE PRODUCT
CASE

3.1. Connection and curvature on bundles of Bergman spaces. We consider first the
case when V = D x V is a product domain where D and V are open domains in C" and
C™ respectively. This case is somewhat easier than the general case of fiberations in the
next section, and we give a separate treatment here. In particular we obtain a Dixmier trace
formula. Some other results can be obtained as corollaries of the general case.

We assume further that the domain V = {z € C", p(z) < 0} is a strongly pseudo-convex
bounded domain in C™ with smooth boundary, with p being a strictly plurisubharmonic
function on a neighborhood of the closure of V.

Let ¢(z,w) be a smooth plurisubharmonic function on D x V. The Hessian of ¢(z,w) will
be written as @,5, ¢oj, ;5. etc., and the inverse of (¢;z) as (¢*). We write the function
6z, w) of w as 6(2), H(2)(w) = b(z, w).

We consider the families L?(V, e~ (%)), L2(V, e~?()) of L?-spaces and Bergman spaces
and view L2 = [?(V,e ®?)) — 2 € D, E, = L3(V,e ??)) — 2 € D as bundles of L?
and Bergman spaces on D; we denote them by L? and E respectively. Note that F is
a holomorphic bundle of Hilbert spaces in the sense of Definition 2.2 (though L? is not,
although still being a bundle of Hilbert spaces in an obvious sense with a connection and
curvature obtained by differentiation of L?-integration). In the rest of this paper we shall
consider only the connections V such that V u(z, w) = d,u(z, w).

The Chern connections on L? and E are

VY =07 020,
(3.1) \ v
It is a straightforward computation that the curvature RL? (Z,7) of VZ* is then
RY(2,7) = 0,049,

namely the multiplication operator by d707¢. We shall be only interested in the curvature
RE.
The following proposition is essentially proved in [2], we provide a detailed proof here.

Proposition 3.1. The curvature of the vector bundle F is given by
R(Z,Z)u = To,0,6 — Hy,sHoze-

Proof. We perform differentiations according to the definition, for u € O(FE):

070z ul* = ~(R"(Z. Z)u,u) + | V5 ul*
On the other hand the same computation with u being viewed as section of E gives

d70z||ull” = —(R*(Z, Z)u,w) + ||V Zul*.
Thus

(RE (2, Z)u,u) = (R¥ (2, Z)u,u) — (IIVE ul® = |V 5ul?)
= (To,o,6uu) = (I = P)VE ul®.

The curvature tensor R¥(Z, Z)u at z = 2y depends only on u(zy) so we can choose u = u(zg)
a constant section. Consequently V? = —0z¢ and we find

(RE(Z, Z)u,u) = (To0,¢u, u) — (Hj,6Ho,4u,u).
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It seems interesting to note that the curvature operator R,s is the sum of a positive
invertible operator Ty,5, & and a compact operator, namely a Fredholm operator. Moreover
the compact operator is in the Dixmier class and we can compute its Dixmier trace; see e.g
[5] for the general theory of Dixmier trace. Recall that the boundary of a smoothly-bounded
strictly pseudoconvex domain Q comes equipped with the dual Levi form Lo on TODaQ,
so that, in particular, for any f,g € C°°(99Q) one has the function £(0yf,0pg), where 0y is
the boundary Cauchy-Riemann operator on 02 (see [7]).

Theorem 3.2. Let n > 2. Suppose V is a strongly pseudo-convex domain with smooth
boundary V. Suppose further that ¢ is smooth on D x V|, where V is the closure of V.
Then we have

o 1 _ = n ne
Tro(Ty, 5,5 — R(Z, 7)) = @) /6 Vﬁav(abaZ¢7ab8Z¢) n A (dn)"!

where n = Im(9p) = 8’)2;15’).

Proof. By the last proposition, R(Z,Z) = T. 5,9,6 — Hb,4Ho,e- The Dixmier trace formula
then follows from [7, Theorem 11]. O

The curvature tensor R can be viewed as an operator on the space LZ(V, e =N @T10 D,
via the Hermitian form R(u ® 9j,v ® 0;) = (R(0;,0;)u,v). Similarly the dual Levi form
L(0p0;j¢, 0p0r¢) can be viewed as a bivector and we let L™ be its power. Thus Trw(TaZéZ¢ —
R(Z,Z))" is an element of the space of symmetric tensors ©™ (710 (D) ® T(1.9)(D)) and the
above result can also be written as

1 = = _
T (Tags — R)" = s [ 45 £7(0,06.0,00) A ()"

We finally remark that from Proposition 3.1 one gets very simple “semiclassical” asymp-
totics of the curvature when the potential ¢ is rescaled to m¢ with m — —+oo interpreted as
the reciprocal of the Planck constant: namely,

RO™(2,Z) = mT{",_ —m2(HY)* H™)

7050 0z 0z¢*
The product (H é’z";)* H g;; = T|(8”Zl;|2 — Té?;TéZg involves the product of two Toeplitz op-

erators, and can further be expanded as a sum of Toeplitz operators using the standard
techniques [6]:

(3.2) (Hém))*H}m) =Y m T
j=1

in operator norm, with some bidifferential operators C;, where Ci(f,g) = Loy (0pf,Obg).
Consequently,
(m) N (m)
(m) 7V — m _ 2—jrp(m
R™(2,2) =mT}y 5 1(5,0,68,026) Z;m Te,(020,020)
]:

with the cochains C; above.

3.2. Induced connection on Toeplitz operators. We recall [1] that the induced connec-
tion on sections T of End(W) of a connection V on a complex bundle W is
V2T = [V, T).
For any f = f(z,w) in C°°(D x V) we denote, with some abuse of notation, My = My, ,

and Ty = Ty, the multiplication operator by f(z,-) on L*(V, e~?)) and respectively
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the corresponding Toeplitz operator on the Bergman space L,%(V, e‘¢(z7')). We define the
connection Viéld on the sections z +— T}, .y formally as above with V being the (1,0)-part
n (3.1).

The next lemma justifies the definition. Let K(z;w,w’) be the Bergman kernel for
L2(V,e=?)) for each fixed z € D.

Lemma 3.3. The induced connection V%’dT ¥ on sections Ty = T}, .y of Toeplitz operators
is a bounded operator for each z and is given by

VT = To,p — Hilp,g, 07Ty =Tp,y — Hy— .
Proof. We prove the first formula for V%‘de, the second for 8%‘(1 is done similarly. We have
VT = [POzP — Ty, 4, Tf] = [POz P, Tf| + [T}, To, 4,

and
[POzP, Tf] = Po;Ty —TyPOzP.

The operator g — Vi;deg depends only on g at z and we can take a section g = g(w)
independent of z, so that dzg = 0. Thus

[POzP,Ttlg = POzTtg — TfPOzPg = P0zTyg.
We perform the differentiation 0z on the Toeplitz operator
Trg(w / f(zu) K (2w, w)e” W g(u)dm(u)

and get
8Zng, >

/ / 82 f(z,u)K(z;w u)e*‘ﬁ(zm)g(u)] dm(u)h(w)e?E") dm(w)
- [ [ o] f(z,u»K(z;w,u)e-ﬂz;“)g(u)We—“z;w)} dm(u) ()
//f 2, u)) K (2w, w)e W g(u)dy [h( )e ¢(Z“’)] dm(u) dm(w)
= 0z(Ttg.h)
Z,U 2w, w)e”?EW g(u)h(w), z:w)e ) dm(u) dm(w
[ ] 1)K e e ghtw)oz0( we ) dma) dmo)
= [ oateghdm+ [ (T19)(0z0)he dm
v v

= <(Te¢8z(fe—¢) + T82¢Tf)gv h>
Thus 82Tf =Ty,7—fo,6 +To,6T (hence, in particular, Pasz = 82Tf) and
V' Ty = [T5, Toyo) + Tost-sor0 + Tos6Tr = Toss—to,6 + TyTose = To,g — HiHo,s.
This completes the proof. O

Note that, by the main result of [7], the operators HX Haqu and H.

5%5
belong to the Lorentz class 8™ (more precisely: upon 1dent1fy1ng holomorphic functions
on V' with their distributional boundary values on 9V, these operators become generalized
Toeplitz operators of order —1 on the Hardy space) and we have formulas for the Dixmier
trace of their n-th power in terms of the dual Levi form.
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Recall that the boundary Poisson bracket (cf. [7]) on OV is given by
{£, 9} := Lov (969, f) — Lov ([, g)-

Theorem 3.4. Suppose V is a strongly pseudo-convex domain with smooth boundary 9V,
V ={we C" r(z,w) <0}, and r(z,w) =0, 0,r(z,w) # 0 on V. Then we have

B 1

~(n—1)(2m)"

/a {D2F.9) + (. 0201101 A (!

Proof. We compute the commutator

Tr, V2 [Ty, T, "

VT )" = (V2. [Ty, Ty" = Y [Ty TP~ [V 2 [Ty, Ty Ty, Ty,
7=1
and
V2, [T5, T = [V 2, Tl Ty) + (15, [V 2, Tyl

The commutator [V z, T¥] is computed in Lemma 3.3/and equals Tazf—H}Hang with H%Hamb

being (after passing again to the Hardy space via boundary values) a Toeplitz operator of
degree —1; similarly for the second term [T, [V z,T,]]. Thus
n
VBT, Ty = [Ty, Tyl ™ ([T, 5, Tol + [Ty, To, o) [Ty, Ty 7 + U
j=1
with the rest term U being a Toeplitz operator of degree —n — 1. The rest follows then from
Theorem 11 in [7]. O

We again observe that Lemma 3.3 gives very simple “semiclassical” asymptotics for the
induced connection when the potential ¢ is rescaled to m¢ and m — +oo: namely,

VT =Toyp — mHiHoyg, 07Ty = To,p — mHy— -

Applying (3.2) to the products of Hankel operators, as before, yields

ind 1—j
Vz 11 =Ty, 1 £6v076.807) Zm Te,(026.7)

and similarly for O%MTf.
We remark that the curvature of the induced connection is identically zero, by the Jacobi
identity.

4. TRACE FORMULA FOR CURVATURE OF BUNDLES OF HARDY AND BERGMAN SPACES.
THE GENERAL CASE

We consider now the case of a holomorphic fibration 7 : V — D with strongly pseudoconvex
bounded domains V, = 7~ 1(z), z € D, generalizing the previous case with V = Dx V. In [12]
a curvature formula is found by following the earlier approach in [2] using (n,0)-forms. We
shall use our elementary definition above and derive a curvature formula using Toeplitz
operators. Our formula is different from that in [12] and in particular we prove that the
curvature operator is a Toeplitz operator of order 1 for general fiberations whose principal
symbol is positive.

We assume now that V = {(z,w) € C"™™;p(z,w) < 0} is a bounded strongly pseudo-
convex domain in C"*™ fibered over a domain D C C", with p a strongly pluri-subharmonic
function defined in a neighborhood of the closure of V. We write ¢ = —log(—p). It might
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possible to choose a different ¢ independent of the defining function p but we shall fix this
choice in this section. We recall the following lemma from [4].

Lemma 4.1. The vector fields
Lo = 8o + Uld; = 85 — 6,507
are smooth on the closure of V and are tangential on 9V.

This is easily verified using the explicit formulas

oy PP
o = ( p)(pﬂ+p_|8p|2)

and

P pa & PPk

(4.1) Ul = — PuilP —a
T p—lopl2 T p—|0pP?

Here p’_“j is the inverse matrix to p;, p o= p’;‘jp,;, p’l_C = p’_“jpj, |0p|? := pp; is the norm

of Op with respect to (90p)~! = (p¥7), and we are (as always) using the usual summation

convention of automatically summing over any index that appears twice.

4.1. Bundle of Hardy spaces. Throughout this subsection, we will denote by the same
letter a holomorphic function in V, and its boundary value on 0V, (for ease of notation).

We keep our previous notation for the L?-spaces L?(9V,) on the boundary 9V, with respect
to the surface measure, and for the Hardy spaces L,%(@VZ) of boundary values of holomorphic
functions in V,, with II = II, the Szegd projection of L? onto LZ. For f € C™(dV,), the
Toeplitz operator Ty on the Hardy space is defined by Tyu = II( fu), and the Hankel operator
Hy from the Hardy space into its orthogonal complement is defined by Hyu = (I — II)(fu).
(We will not consider the Toeplitz and Hankel operators on Bergman spaces in this subsection,
so the use of the same notation 7y, Hy for them should cause no confusion.)

Furthermore, for a pseudo-differential operator A on L?(9V,), T4 = IAII is the (gener-
alized) Toeplitz operator on L?(9V), sometimes written as T'(A) for typographical reasons.
The order of T4 is defined as the order of A, and the symbol o(T4) of T4 is defined as the
restriction of the symbol of A to the subset

Y, i ={(x,tn) : x € 9V,, t >0}

of the cotangent bundle T*9V.; here 7 is the one-form n = Imp(z) = £(9p(2z) — Ip(2))
(which thus depends on z, although this is not reflected by the notation). The reader is
referred i.e. to Section 2.1 of [7] for more details on generalized Toeplitz operators.

We also define generalized Hankel operators with pseudo-differential symbols by H4 =
(I —II)AII. Note that T} = Ta» and Tap —TaTp = H’j.Hp. Note that the operators T are
still recovered as Ty for A the operator of multiplication by f; in particular, T} is of order
zero and o(Ty) = f. It also follows from the proof of [7, Theorem 9] that for f,g € C*°(9V.),
the product HyHy = Ty, — TyTy is of order —1 with principal symbol

o(HyHy)(z,tne) = 1 Loy, (Opf, Obg) ().

A special case of the above operators are, in fact, the differentiations 0; in the fiber
variables. Namely, with the notation K for the Poisson extension operator (assigning to a
function v on 9V, the harmonic function Ku on V, with boundary values u) and r for its
inverse (i.e. the operator of taking the boundary values of a harmonic function), it is known
that r0;K (which is well-defined since the derivative 0;Ku of a harmonic function Ku is
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again harmonic) is a pseudo-differential operator Z; of order 1 on the boundary. On the
cone X, the symbol of Z; satisfies

(4.2) o(Z;) @, tns) = o(T,) (w0, tns) = to;.
By the very definition of Z;,
Tz, = 0;.
Since the derivative of a holomorphic function is again holomorphic, we have Z;II = I1Z;II,
i.e. Tz, is just the restriction of Z; to the Hardy space; in particular, Hz, = 0, and

TAZ]- = TATZj = TAaj, HATZ]- = HAZ]'

for any generalized Teoplitz operator T4 and generalized Hankel operator H 4.
In this subsection we consider the bundle H of Hardy spaces H, = L?(0V,). Setting as

before U, = Ugﬁj, so that L, = 0, + U,, we also denote by
dy :=div, L,

the divergence of the tangential operator L, with respect to the surface measure on 9V,.
By Lemma 2.1, we then get for u,v € O(F),

Oa uody = / (Lo + do)(uv) dv = / (Lo + do)uvdy
oV, oV, NV,

since L,U = Lgv = 0 by the holomorphy of v. As in Section 3.1, it transpires that the Chern
connection on H is given by

(4.3) VY =TI(Ly + do)u.

Our main result is that the associated curvature is a generalized Toeplitz operator of
order 1.

Theorem 4.2. The curvature of V¥ is given by

R.5=-1T,

. . . *
(LgU2)Z; Tizao = H

Uk Zy+dg Hy Zitda
Proof. By the definition of curvature and (4.3), for u,v € O(H),
(R,5u,v)z = (II(La + da)u, II(Lg + dg)v). — 030a(u, v)..

Using Lemma 2.1, we have

0530,{u, V), = 030, uU dv
0afu, ) p V.

:/WZ(LB—i—dﬁ)(La—i—da)(uv)du
:/ (Lj + dg)[(La + do)u - 7] dv
V.

= /8122 [Lg(La + da)u - 7]
+[(La + do)u - (Lg + dg)v] dv
= (Il(L3(La + da)u),v): + (Lo + da)u, (Lg + dp)v)..
Consequently,
(Rogp1.0): = (I = I)(La + da)u, (I — (L + d) — (U(Ly(La + da)u),v).
= —(I(Lz(La + da)u),v)z = (HLo4do U Hrgtdgv)-
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Now
Hru= (I —1)(au + ULdju)
= (I - P)(U305u) = Hy;; Oju
= HUgTZju = HUiZju,
since J,u is holomorphic. Similarly, H(Lgdau) = H(Lgda)u =T datl and

I(LzLau) = IIL3(0au + Uj0u)
= [L5(UL05u) = I(LzUL)d;u
= TLBUg;TZj“ = T(LBUi)Zju’

and the assertion follows. O

We proceed to examine the principal symbol of the curvature operator.
Theorem 4.3. (i) H;

Uk 2+ U3 2, 4,
principal symbol, however, vanishes; consequently, it is in fact a generalized Toeplitz operator
of order zero (hence, in particular, bounded).

(ii) T( LU Z; is a generalized Toeplitz operator of order 1, and the matrix of principal
symbols {O‘(—T(

is a generalized Toeplitz operator of order 1, whose

LBUg)Zj)}Zl,Bﬂ is positive definite.

Altogether, we thus see that (Raf?) is a matrix of generalized Toeplitz operators of order 1
with positive-definite principal symbol; the positivity of the matrix (R, 5) is generally defined
as Nagano positivity [2].

Proof. (i) The claim concerning the order is immediate from the formula H%.Hp = Tap —
TATp and the properties of generalized Toeplitz operators (noting that both Ug;Zj + d, and
U ng + dg are pseudo-differential operators of order 1 on the boundary).

To compute the principal symbol, note that Hq, and Hg, are of order zero, hence it is
enough to compute the principal symbol of

5§ZkHUéZj - Tng(*JgHUg;TZj’
which equals, by (4.2)),
(4.4) tpr Loy, (5{,[]&, 51,U§)pj =tLoy, (,OjgbUg;, ,OkgbUg).

Now on the boundary, we have 0 = L,p = po + Ug[pj, and since Jj, depends only on boundary
values, this gives, by the Leibniz rule,

piO6UL = —dppa — ULDyp;.

Hence the principal symbol equals (for brevity we write just £ for Lsy, throughout the rest

of this proof)

45 tL(Oppa + Uldypj, Oppp + Ugébpk)
4.5 _ _ _ _ — _ _ _ ey

=t |L(Dppas Opp) + L(Obpas Iope)Uf + UL L(Dopm, Dopp) + Usy' L(Oppm, ppe)Uj

Recall now from [7, page 618] that, quite generally,

1% raa. A -1z
L(Opf,Opg) = [809} [858; aop] [aof]’
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Computing the inverse of the middle matrix, this gives explicitly, in our notation,

P!

(4.6) L(Obf,0bg) = 3;;f<p’_“j - |8p|2>8jg'
Thus, in particular,
L(9ppa; Fops) = Pk (ij - gppé ) Pip;
L(Oppas Dope) = Pai — pTgZTQPZ,
L(Dypm, Oppg) = s — W7

Next, from (4.1) we have

P pa sm PP Pas
(4.7) == — Pasp’ + on V.
¢ 0pl2 T |0p|?
Hence
_ P’ Pi5N (PP Pas sm P"Pa
Ua" L(Ooprm: Obp )=(p 5~ ) )( — Pasp™" — )
o TP PR A apP I\ a2 P (apP?
_ PmpP" P Pas D pasp™ — PP Pa P PjaP Pas P PiaPasP”  Pal’Pip
EZE mares EZE |0p]? |0p]? |0p]?
— pmps — —
- pag(_psm+ |8p|2>pm5 - _ﬁ(abpomabpﬁ)a

since on the middle line the first term cancels the fourth and the third term cancels the sixth.
Similarly,

Féﬁ(ébpa7 ope) = —L(Obpa Opppa)
and
UM L(Opprm, 5bpe)U§ = L(ppas Opps)-

Consequently, in (4.5) the first and fourth terms cancel the second and third, and the symbol
vanishes, as claimed.
(ii) Using again the formula (4.2) for the symbol of Ty, we have

o (T u2)z2,) (@ t2) = tpj(x) LU (x).
By the Leibniz rule,
piL5U% = L(p;U3) — ULL5(pj).

Now Ljz is a tangential operator, so the boundary values of Lg(ijZY) depend only on the

boundary values of p; ch;; but since Lyp = 0 there, we have

0= Lap = pa + Ulp;,
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or pj Ul =— Po on the boundary. Thus on the boundary,
—piLgU% = L5(pa) + U L5(p))
= Pop + Ulpai + Udpjs + UdUkpj1

j Y B Pak I
= [1,U3] |Pe —
1.U3] [Pjﬁ PJE] U§

By the hypothesis of strict plurisubharmonicity of p on the closure of V, the last 2 x 2 block
matrix is positive definite; hence also the whole product of the three block matrices is positive
definite, proving the claim. O

Remark 4.4. By an analogous computation as in the proof of part (i) above, one can derive
the following explicit formula for the last symbol:

7 _ —m,
, . _ ~ Pmp 0 ~ pOépﬂ pmﬁp Pa PaiP p,B
o(Tr08)2,) = Pap + p‘”(\apP oF m>pmﬁ i 0p]? ’

which however is not very enlightening, nor is it immediate that it is positive definite.

Example 4.5. We work out the various quantities in this subsection for the situation of the
ball V = B"™" from Example 2.4/ with o = 1. By (4.1)), upon a small computation,

U}, = ————wj.

o 1 _ ‘Z|2 J

Hence H,; = ——225H,,. = 0 since w; is holomorphic.
Ul T— |22 Hw; J

To compute d, observe that, by rotational symmetry in the fibers, it must be constant
on each dV,. Applying Lemma 2.1/ to the function constant one therefore gives

8aV(aVz) == daV(8VZ)7

or dy, = Oy logv(dV,). As in our case v(9V,) = const.(1 — |2|>)@"=D/2 | we get
Za

do=—(m=3)1

Further computations give

1
_d — H=q — 1y9_
Lgda = 8Bda = —(m — 5)(9,686! IOg 1—7|z|2’

. 1

where R,, denotes the radial derivative in the w-variables. Hence H;, = 0 and thus both
Hankel operators in Theorem 4.2 vanish, while the Toeplitz operator there become

_ _ 1 1

Note that the matrix {950, log ﬁ}g =1 s nothing else but the standard invariant metric

on B™ (hence, in particular, positive definite, in full accordance with part (ii) of the last
theorem).

We conclude by computing the induced connection Vvind — [V, .] on Toeplitz operators.
We deal only with the holomorphic part, leaving 9™ to the reader.
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Theorem 4.6. We have .
Va'lTy = Trop — HiHu,+d,-

Furthermore, the second term is actually an operator of order —1 (hence, belonging to the
Lorentz ideal S™).

Proof. By the definition of the induced connection, we have for g € O(H)
VaiTsg = (Lo + do)L, Tylg = 011, Tflg + [Tv,+d, Tylg
= 00T19 — T100g + [TU,+da> Ttl9

where we dropped some II’s on the last line since 9, preserves O(H). Now, recalling the
definition of the Chern connection and using Lemma 2.1} for g,h € O(H),

<8anga h> = <(vg —Us — da)nga h>
= 0a(Ttg,h) — (Tu,+a.Trg, h)

- /a (Lot o) ([37) dv = (T, Ty, 1)
- /a (L o) (fo)) T = (T 10, Ty 1)

- /8 | (Laf)+ FLo+ Ao dv = (Trs 10, Ty0.h)

= (T Laf)+f(Latda)9: 1) — TUstdoTrg: h),
implying that 0oTF = T(1, ;)4 f(Latda) — LUs+dsTy- Consequently,
VaTr = T i f(Latde) — T0atda T — TOa + [Tu+das Ty]
=T Lo f)+fUatda) — TUatdaTs + [TUs+da> T
= T(La )+ (Uatda) — T TUa+da
=Tp.5 + HiHy,4d.

proving the first claim. The second term in the last expression is a generalized Toeplitz
operator of order 0 + 1 — 1 = 0, with principal symbol

o(HpHy,) = o(HiHyypTs,,) = pnL(0Ug", 9 f),
which equals, by the same argument as in the proof of part (i) of the last theorem,
(4.8) —E(ébpa + U;{ngbpm, a,f)
Now, using again (4.6),
_ k_j
L(Oopas ) = 057 (007 — LY
( bPas bf) ]f(p ‘6p‘2)pak’

while

_ k j
m ) ’ —_a.f( ki _ Y p] _rrm
U L(Bypms ) = 051 (p o7 ap|2)pmkUa
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where the last equality follows from (4.7). Thus the two summands in (4.8) cancel each other,
proving the second claim. (|

From the second part of the last theorem, it follows in particular that (HJ’;HUaera)” is
Dixmier traceable. We have not tried to compute its Dixmier trace.

4.2. Curvature formula for bundle of Bergman spaces. We now consider the bundle
FE of Bergman spaces F, = L%(VZ, e_¢(z)dm). Keeping our previous notation
Ly, = 804 + Ua, Uy = Uggajv chy = _¢al_€¢j/_€’
we again denote for brevity
dy := div U, = 8 (UP).
(Note: this is a different quantity than the function d,, in the preceding subsection; however
there should be no danger of confusion.) By Lemma 2.1, we then have, for u,v € O(F),

Oo | wte™®dm = | (Lo +da)(ute ®)dm= [ Te ®(Lo+ do — Lad)udm.
Vz Vz VZ
It follows, as in Section 3.1, that the Chern connection on FE is given by
(4.9) VEu = P(Lo + do — Lad)u.

Similarly as for the Hardy space, we will need a generalization of Toeplitz operators on the
Bergman space whose symbols are allowed to be not only functions but differential operators:
namely, quite generally, for a differential operator L on a complex domain €2 with coefficients
smooth on the closure of €2 we define the Toeplitz operator 17, on a weighted Bergman space
L2(Q,e7?) by Tru := P(Lu). Of course, T}, is in general only a densely defined, closed
unbounded operator. The simplest examples of such Toeplitz operators are the coordinate
differentiations Ty, = Of.

Generalized Hankel operators with Hy, : L,QL — L%’ L% are defined analogously as Hru :=
(I — P)(Lu).

Note that it is not in general true that 77 = T+, as also witnessed by the following lemma.

Lemma 4.7. Assume that the weight —e~® = p is a defining function for . Then Ty =
—TngTp_l.

Proof. This is well-known, but we include a proof for completeness. Assume that u,v €
L2(Q,e?) are smooth up to the boundary 9. By the Stokes theorem (v stands for the
appropriate component of the outward unit normal on the boundary),

/ O (uTp?®) dm = / utpyy, = 0,
Q o0

since by hypothesis p vanishes on the boundary. By the Leibniz rule, it follows that

0= /(—p@ku — 2upy,)ve”? dm.
Q
Since this holds for all u,v in a dense subset, we conclude that
T,Ts, + 2T, =0,
or Ty, = —Tp_lTQPk. Taking adjoints completes the proof. O

Identifying holomorphic functions with their boundary values — or, somewhat more pre-
cisely, using the Poisson extension operator K and the operator r of restriction to the bound-
ary — one can transfer operators 7' on the Bergman space L,QL(Q, e*‘z’) to operators rTK on
the Hardy space L3 (92) from the preceding section. Abusing language, we will say that T
is a (generalized) Toeplitz operator (of order k and with leading symbol o) on the Bergman
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space if rTK is a generalized Toeplitz operator (of order k£ and with symbol o) on the Hardy
space. It is then a famous result due to Boutet de Monvel that ordinary Toeplitz operators
Ty, with f smooth on the closure of €1, are Toeplitz operators of order zero in the above
sense, with symbol o(z,§) = f(x), x € 0Q; and if f vanishes on J€ to order k, that T
is actually of order —k. In particular, if —e=® = p is a defining function, T, is a Toeplitz
operator of order —1 with principal symbol

o(Tp)(x,tn.) = —2/1.
The product HjHy of two Hankel operators, with f,g smooth on the closure of €2, being
equal to Tf P T4Ty, is a generalized Toeplitz operator of order —1 (more generally, of order
—k —q—1if f, g vanish on the boundary to orders k, ¢, respectively), with principal symbol
again given by (cf. [7, Theorem 9])

(4.10) o(HyHy)(x,tn.) = tLo(Obf, Obg) (),

for t > 0 and = € 0. Furthermore, Tj, is a generalized Toeplitz operator of order 1, with
symbol

(4.11) o(Ty,)(z, tne) = toxloa.

The reader is again referred e.g. to Section 2 in [7] and the references therein for more details
about all the facts just mentioned.

All the above notions apply, in particular, to our domains V,. We then have the following
theorem. Note that the Toeplitz operator in the formula below is of order 1, as is the product
of the two Hankel operators.

Theorem 4.8. The curvature of V¥ is given by
Rop = TLBLamLBdF(LBUC{)aj — Hy v dy—156HU+doa—Lao-
Proof. By the definition and (4.9)), for u,v € O(FE),
(R 5u,v). = (P(La + da — La®)u, P(Lg + dg — Lg¢)v). — 050a(u, v)..

Using again Lemma 2.1, we have

858(1(%1))2 = 6ﬂ8a/v uve"® dm

_ / (L + dg)(La + do) (ute~%) dm

z

= / (Lg+d3)[(La +do — Lag)u - ve %) dm

z

= / Lj(La + da — Lag)u - ve™®

z

+ (Lo +do — La®)u - (Lg+dg — Lgd)v - e %] dm
= <TLB(La+da_La¢)u’ v): + (Lo + da — La@)u, (Lg + dg — Lgg)v)..
Consequently,
(Rt 0}z = —((I = P)(La + da — La®)u, (I — P)(Lg + dg — Ld)0): — (Tp 1 o100yt v)-
= (Trg(La¢—da—La)t V)2 = (HLotda—Lagth HLyrds—Ls00) 2

Note that since Lj involves only anti-holomorphic differentiations, we have L gLlau=1L 5(8au+
Uadju) = (LU%)dju, and similarly Hy,, = Hy,, Hy, = Hy,. The assertion follows. O
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From the formula H} Hx = Ty« — 17Tk, valid for any pair of differential operators L, K,
it follows that H[*]BHUQ differs from Hf,ﬁ +ds—LggHUatda—Lad by an operator of order zero

(hence bounded); similarly 77, 5La¢—Lsda 1S a bounded operator (recall that L,¢ and Ul are
smooth on the closure of V,, see the preceding section). The next theorem therefore describes
the leading order terms of R, 3

Theorem 4.9. (i) H{'}ﬁHUa is a generalized Toeplitz operator of order 1, whose principal

symbol however vanishes, so that it is in fact of order zero (hence, in particular, bounded).
(ii) T( LﬁUj)a is a generalized Toeplitz operator of order 1, and the matrix of principal

symbols {o(—T, ), )}tap=1 1 positive definite.

(L U)o
Proof. (i) By (4.11) and (4.10),

o(Hp, Hy,) = (TakHégHUéTaj) = tppL(OUL, 0sUS)pj = tL(p;06UL, puOUf).
However, this is the same expression as (4.4) we had for the Hardy bundle in the preceding

subsection, and we showed in the proof of Theorem 4.3 that it vanishes identically.
(i) From (4.11)),

(T(L U)o, (@, ) —tﬂ’]( )LBUg(x)

for x on the boundary. However, this is exactly the same expression as in the proof of part (ii)
of Theorem 4.3, and thus we immediately get the conclusion by the argument used there. [

Altogether, we thus see that the curvature R, is again a matrix of generalized Toeplitz
operators of order 1, with principal symbol which is positive definite — and is, remarkably,
the same as for the Hardy bundle in the preceding subsection.

Example 4.10. We again work out the various quantities in this subsection for the situation
of the ball ¥V = B"™™ from Example 2.4. As we already saw in Example 4.5,

. Z
U’ = e
°T IR
Hence
Ua__1_|z|2R’LU7

where as before R,, denotes the radial derivative in the w-variables. The latter preserves
holomorphic functions, so in particular Hy, = 0. Further computations give
Zo

do = —
@ m1_|z‘27

Lop = —2—
Oc¢ 1_‘2‘27

Lgda = agda = —magaa ].Og 1_7|Z’2,

while we already saw in Example 4.5/ that
. 1
LzU%05u = <858 log T |2)R u

Hence H,, = Hj, 4 = 0 and both Hankel operators in Theorem 4.8 vanish, while the Toeplitz
operator there gives

1
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We again witness the appearance of the matrix {85(% log ﬁ}g 3—1 representing the stan-

dard invariant metric on B™ (hence, in particular, positive definite, in full accordance with
part (ii) of the last theorem), except the term R,, +m — % for the Hardy space now becomes
Ry, +m+ 1.

As in the previous subsection, we conclude by giving a formula for the induced connection
on Toeplitz operators. We again deal only with the holomorphic part.

Theorem 4.11. For the induced connection V™7 = [VF T], we have

vinde = TLaf + H}HUa+dafLa¢>-

The second term is a generalized Toeplitz operator of order —1, in particular, it is a compact
operator in the Lorentz ideal S™°.

Proof. The proof is exactly the same as for the Hardy case, with trivial modifications.
Namely, by the definition of the induced connection, we have for g € O(F)

Vi9Tyg = [P(La + da — La®) P, Tflg = [P0 P, Tflg + [Tvstda—Las T119
= 0uT19 — T1009 + [TU0+da—Lad> T1]9;

where we dropped some P’s on the last line since 0, preserves O(FE). Now, recalling the
definition of the Chern connection and using Lemma 2.1}, for g, h € O(F),

<801ngu > <( _U _d +La¢)ng, )
= 80( <ng7 > <TUo<+da a¢ng’ h>
= /v o) (fghe™®) dm — (Tu,d, - LoaoTr9, h)

o) (fge™)he™® dm — (T, +ao-1.6T9, 1)

z

(Laf) + fLa + fda — fLa®)g)hdm — (Ty,+do—L.6Trg, h)

|
\\

z

(Laf)+f(Latda—La®)9s 1) = (TUs+do—LasTr9, 1),

~

= {
implying that aan = T(Laf)Jrf(Laera*Lad)) — 1Yy +da—LasTy- Consequently,

Va'Tt = TLo ) f(Latda—Lad) — Tatda—LadTs = TjOa + [TUtda—Lags Tf]
= T(Laf)+f(Uatda—Lad) — TVatda—LadTf + [TUa+da—Las T7]

= T Lo f)+fUatda—Lad) — Lt TUs+da—Lad
= TLaf + H}HUa‘f‘da—La(b?

proving the first claim. The second term in the last expression is a generalized Toeplitz oper-
ator of order 0+ 1—1 = 0, whose principal symbol coincides with the one from Theorem /4.6,
which we have shown to vanish. This settles also the second claim. O

Again, we have not tried to compute the Dixmier trace of (H}HUa+da— Lad)"-

Note that replacing ¢ by m¢ (which leaves Uy, d, and L, unchanged) and letting m —
400, we also get simple “semiclassical” expansions for the curvature and for the induced
connection.
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5. FOCK BUNDLE

We study now another important fibration and family of Bergman spaces, namely the
domain V being the space C" with a family of Fock spaces parameterized by the Siegel
domain D. One may consider further the quotients of C"* by lattices Z2",z € D, and the
corresponding spaces of holomorphic sections of flat bundles, the so-called theta bundle; see
[1]. However we will restrict ourself to the Fock bundle, much computations can be extended
to that case.

5.1. Siegel-Jacobi domain. We let V = C" and D be the Siegel domain
(5.1) D :={z=2"€ M, ,(C);y =Imz > 0}.
The product D x V is also called the Siegel-Jacobi space. Let

(5.2) |¢(z,w) = —logdet(Im z) + 27((Im 2) ! Imw, Imw) = —logdet y + 27 (y_lv,v) :

Here (w,t) =3, w’t/ is the bilinear form on C". The Hessian 09¢ is given by

N

1 1 1— 1 _
(5.3) 07,07,9 = 1 (?fﬁzly* 7y7§Z2?f§> + 71 (Qy-1(Z1, Z2)y v,y o)
(54) aZaWd) =—-7 (y*1Zy71U7W) ) 8W18W2¢ =7 (y71W17W2) )

where @, -1 denotes the (Jordan theoretic) sesqui-linear operator

_ 1 o
Qy-1(21,22) = 5(Z1y YZy+ Zoy ' 70).
The positivity of the Hessian follows simply by Cauchy-Schwarz inequality.

5.2. Fock bundle over the Siegel domain. For each z € D we let F,(C") be the Fock
space of holomorphic functions h on C™ equipped with the inner product

Il = A2 = [ {hw) i) < o,
where
dpz(w) = e~ ?E) dm(w) = (det Im z)e_%((lmz)flv’v)dm(w), w=u+ .

The reproducing kernel is well-known and is given by
K(z;w,t) = det(y) 2 exp (—;T (v (w—1),w— j),w,tE(C”.

It can be easily checked that the family F = {.7-}(@")} »ep forms then a Hermitian bundle
over D according to Definition 2.2l

Remark 5.1. In [10] a different normalization for the measure du,(w) = e~ ®dm(w) is

chosen, with detIm z above replaced by (detIm z)%, our choice of ¢ is made so that it is
plurisubharmonic on the total space in consistence with Section [3| above. In particular the
formula for the covariant differentiation Vz below is different from that in [10]. We remark

also that we may introduce the weights det(Im z)ef(y_lv’”) on the total space D x V and
consider the Bergman-Fock space of holomorphic functions h(z,w) on D x V with respect to
the weight; the corresponding reproducing kernel is

e (57) Feo (S5((57) o)

In particular each such h(z,w) for fixed z is in the Fock space F,(C") and can be viewed as
global holomorphic section of the Fock bundle.
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5.3. Connection and Curvature on the Fock bundle. We introduce the holomorphic
wave operator

1 n
]7 =

and its constant shift

VZh_Z( ,Z)h—l—Dzh.
This can be written also as
1
V= (hde) T4 O @ dzjp — Za O ® dzj,

.]7

taking values on differential forms on D.
Lemma 5.2. The Chern connection on the Fock bundle is given by V.

Proof. The connection is Vz = 0z — Ty, 4 with the symbol dz¢ of the Toeplitz operator Ty, 4
being

Oz¢(z,t) = —2% (Z, y_l) + i (y_lZy_ls, s) , t=r+is.

Thus

1
(5.5) Ty, oh(w) = % (Zy ) h+ 77/ (y ' Zy s, s) K(z;w, t)h(t)dp.(t).
We claim that the Toeplitz operator Tp, ¢ is

_1 L,
(5.6) To,oh(w) = — (20,00 h = £ (Z,y™") h.

Indeed differentiating the reproducing formula h(w) = ((h(-), K(z;-,w)) we find
0;0kh(w)
= /n (7 (v tej,w—1) (v 'ew,w—1) — 7 (y en e5)) K(z3w,t)h(t)dp.(t)
57) =7’ <y1€j ®y16k7/n —1)°K(zw,t) h(t)duz(t))
- W/(:n (v 'er, ej) K(z;w,t)h(t)dp.(t),

where we have written > = u ® u and extended the bilinear product on C™ to the tensor

product C* ® C"*. Write w —t = (w—t)+ (t —f) and (w—1)?> = (w—t)> +(t — 1) @ (w —t) +
(w—1) ® (t —t) + (t — £)%. The corresponding integrations in (5.7) involving the first three
terms are vanishing due to the reproducing kernel property that

/n(wj —t;)h(t) K (z;w, t)dp.(t) =0, / (wj — tj)(wg — tp)h(t) K (z;w, t)dp,(t) = 0.

n
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Thus

Z 1050k (w
= Z Zjk /(C" (7T2 (y_lej Qy e, (t— ﬂQ) -7 (y_lek, ej)) K(z;w,t)h(t) du.(t)
I

= / (Ar? (y 2y s s) = (v Z)) K (2w () dps (1)

= —47r2/ (y_lZy_ls, s) K(z;w, t)h(t) dp.(t) — (y_l, Z) h(w).
(Cn
Here we have used the simple fact that

Z Zik (y_lej Ry ey, s® s) = (y_lZy_l, s® s) = (y_lZy_ls, s) .

Hence

Z ik0j0kh(w) = ’iﬂ'/n (y_lZy_ls,s) K(z;w,t)h(t) du,(t) — 4% (y_l, Z) h(w).

Comparing this with (5.5) we obtain (5.6). O
Proposition 5.3. The curvature of Fock bundle is given by

R(Z,2) = % (y'zZy ', 2)1d
i.e., it is proportional to the Siegel metric (yilZy*I,Z) on D.

Proof. This follows by a direct computation. We take a section h(z) = h(z,w) holomorphic
on the total space with h(z) being in the Fock space F,, and compute

Yz 2)n

— 1
R(Z,2)h =V 2,07)h = —07V zh = — =07 (v '2)h= 2

O

Next we find the induced connection on sections of Toeplitz operators. For that purpose
we introduce the Jordan product

1

for any two operators.

Proposition 5.4. The induced connection of VD on T} is

. 7 _ B .
V?de =1[Vz, Tf] =Ty, r+ 3 tr(y 1Zy 1)Tf + [Tf, Tazqs] + WZT(y—IZy—lv’v)f)
(5.8)

n
T
T Tyo T(y‘lZy‘lw,w) - ZT(mej)f © T(y‘lzy‘lwﬁj)
i=1

Proof. The commutator is [Vz,T¢] = [0z — To,e,Tf] = [0z, T¢] + [Tf,T5,e). Writing the
Toeplitz operator Ty as an integral operator

Tyg(z,1) = / £ (2 w)g(z,w) K (23, w)dpe ()
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we find
02, Tslg = To, 19 + / F (2 w)g(z w)K (2, w)

1
(- 2) ity 2 v,0) = 7 207 - @t - ) ) ds (),
The integrals above can all be written in terms of Toeplitz operators and we omit the com-
putations here. O
1
m
terms of Toeplitz operators T, with symbols f; being differential operators acting on f; the
expansion of product of Toeplitz operators has been very well studied [6] §].

Finally if we replace ¢ by m¢ then V2T ;m) has a formal expansion j(—)j T ]S]m) in m in
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