Smooth functions on c,
PETR HAJEK

The space c¢g lies at the heart of many constructions of higher order smooth functions on
Banach spaces. To name a few, recall Torunczyk’s proof of the existence of C*-smooth
partitions of unity on WCG spaces ([12]) or Haydon’s recent constructions of C°°-bump
functions on certain C(K) spaces ([7]).

The crucial property of ¢y that allows for those constructions is a rich supply of C*°-smooth
functions that depend locally on finitely many coordinates.

The main result of the present note (Theorem 6) implies that every C?-smooth function
on ¢y has a locally compact derivative.

This, in turn, means that every C?-smooth function on ¢y “almost” depends locally on
finitely many coordinates, and confirms our intuition of ¢y as being a very “flat” space.
Our work was originally motivated by the question of Jaramillo (that we answer in the
negative-see also [4]) whether there exists a C'°-smooth function on ¢y(I') which attains
its minimum at exactly one point.

However, our Corollaries (8-11) generalize to the case of C%-smooth functions on ¢y some
results that Pelczynski [11] and Aron [1] obtained for polynomials and analytic functions
on C(K) spaces, and some work of the author [6] on convex functions on ¢q. In particular,
we show that every C2-smooth (nonlinear) operator from ¢y into a superreflexive space is
locally compact. This implies that there exists no C?-smooth operator from cg onto /s,
answering a question of S. Bates.

The main idea of our work is contained in Lemma 2. Roughly speaking, it claims that a
symmetric function with uniformly continuous derivative defined on ¢, with zero derivative
at the origin, is almost constant along the basic vectors if n is large enough.

Repeated applications of this principle lead to the proof of Theorem 6.

Our notation and terminology is mostly standard, as in [4]. By ¢{j we denote the space of
finite sequences of length n with the supremum norm || - ||~. Its dual space ¢} is equipped
with the canonical norm || - ||;. Ben stands for the closed unit ball of cf.
The canonical basic vectors in ¢} (resp. ¢}) are denoted by e; (resp. f;).
n
To simplify the notation, we put v-v = > u;v; for u,v € c.
i=1
By II,, we denote the group of all permutations of {1,...,n}.
We say that a function f defined on a subset of ¢fj is symmetric provided

Z aleﬂ'(l) Z azez

for every m € II,, and every a; € IR such that Z ai€r (i), Z a;e; € Dom(f).

The modification of this definition to the case of Co should be clear.

1



We will also use a modulus of continuity for a given uniformly continuous function f from
a metric space (X 1, d1) into a metric space (Xg, dQ). It is an increasing real function w(d),
d >0, girr(l)w(é) = 0, such that

di(21,22) <6 implies da(f(z1), f(22)) < w(9).
In order to simplify the terminology, we use the term function with uniformly continuous
derivative on Bx assuming implicitly that the derivative of the function is in fact uniformly

continuous in some open neighbourhood of Bx. The uniform continuity of the derivative
is used in the following way: If ||z — y|/c < d, then

(1) fl@) = fly) = {f'(y),x —y) +& where [¢] <0 w(9).

Indeed,

@) = F@) — (F ),z — )] < / Py + ta — ) — F(y)x — )|t < w(8) - 6.

We start with a simple auxiliary lemma. Its elegant proof (originally due to Lindenstrauss)
has been suggested to us by the referee.

Lemma 1. Let £ > 0 and m € IN. Given two vectors u,v € cf* such that ||u|ec, ||V]|co < &,
there exists A C {1,...,m} such that

D wim Y wi| =%
1€EA 1<i<m
i A
and
DU S P
€A 1<i<m
i A
m
PROOF: Let T : ¢f* — IR? be the operator given by T'(z) = (z-u,z-v), and let y = > yse;
i=1

be an extreme point in the unit ball of Ker(7"). There are at most two coordinates y; for
which |y;| < 1. Indeed, assume |y1|, |y2|, |ys| < 1. Since T has rank two, there is a z # 0
in span{ey, ez, es} so that T'(z) = 0. If ||z]|» is small enough, y £ z is in the unit ball of
Ker(T'), contradicting the fact that y is extreme. Replacing the coordinates where |y;| < 1
by the sign of y; (in case y; = 0 we use 1) changes y - u and y - v at most 2£. By putting
A = {i, sign(y;) = 1} the Lemma is proved.
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The following Lemma contains the main idea of the proof of Theorem 6. Given a symmetric
real function f with uniformly continuous derivative (with modulus of continuity w(d)),
f(0) =0, f'(0) = 0, defined on B, it provides us with an estimate on the growth of f
along the basic vectors e;, which depends only on w and n (not on f).

It turns out that (while keeping w fixed) letting n — oo implies |f(e1)| — 0.

Later we will find a suitable generalization for the case of nonsymmetric f.

A statement like Lemma 2 is obviously useful for investigation of finite dimensional re-
strictions of a given f with uniformly continuous derivative on B,

Lemma 2. Let € >0, f be a real symmetric function on Ben with uniformly continuous
derivative. Suppose f(0) =0, f'(0) =0 and let w(d) be the modulus of continuity of f'. If
n > n(w,e), where n(w,e) € IR depends only on the function w(-) and €, then |f(e1)| < e.

PROOF:

Let £ = {5 and fix k so that w(1/k) < &. We put n(w,e) > %(2 . @ + 3) . 3k=1 Starting
with yo = eq, and xy = 0, define inductively two sequences, x; and y;, for 1 < j <k —1,
satisfying:

(a) x; = y; except in their first coordinate which is 0 for the z;’s and 1 for the y;’s;
(b) for each 1 < i < j there is a coordinate where both x; and y; have the value i/k;

(©) |f(x5) = [l [ f(y) = Fly;-1)] < 3¢/k.

Assume, for the moment, that such a construction is possible. Put now z = xj_; and
Y = Yk—1, and estimate

|f(ex \<Z|fyg Flyi—) + 1 f(y \+Z|fxg fzi-1)l.

The terms in the two sums are less than 3¢/k each by (c).

To estimate the middle term, we use the symmetry of f: Let A be the set of cardinality
k — 1 where = and y attain the values 1/k,2/k,...,(k—1)/k and let B = AU{1}. By (a)
the coordinates of x + (1/k)xp are just a rearrangement of those of y. The symmetry of
f implies that f(y) = f(x + (1/k)xB), and thus by (1)

[f (@) = )| = |f(z) = fle+ (1/k)xp)| < w(l/k) <

Summing all the inequalities the result follows.

The vectors x; and y; are constructed by induction. This is done in such a way that they
also satisfy the additional condition

d) there is a subset A; of coordinates, whose cardinality is at least n/37, so that z; and
J y J
y; have the constant value j/k on A;.

Assume that z;_; and y;_; have been chosen. Let
B={peAj_r:max (|f (z;-1)pl, [f (yj-1)pl) <&}
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Since || f'(xj—1)|l1, |1f (yj—1)l1 < w(2), it follows (since n is large enough) that |B| >
(?,ﬂ/-—é)l". Moreover, this estimate remains true even if we add the restrictions that 1 ¢ B,
and that there are j — 2 coordinates outside B where the values i/k for i < j — 2 (as in
condition (b)) are attained by z;_; and y;_1.

By Lemma 1 there is a subset C' of B so that if we put z = x¢ — xp\c, then

max (|(f'(zj-1),2)],[(f'(yj=1), 2)|) < 2. Assuming (as we may) that |C| > |B\ C|, we
take A; =C,zj=2; 1+ 7 and y; =y; 1+ 7.

With this choice (a), (b) and (d) are clearly satisfied. To check (c), we set

fx) = f(zj-1) = (f'(xj-1), 25 —xj_1) + E

where, by the choice of C, [(f'(z;-1),xj—xj_1)| < 2—15, and where |E| < w(||lzj—z;_1])||z;—
il <w(3) - (3) < % Similar estimate works for f(y;) — f(y;—1).
The proof is finished.

¢

A brief examination of the proof of Lemma 2 shows that throughout we worked only
with points in Be» which have all coordinates larger than or equal to —1 /k. Given a real
symmetric function f on B;E = Bep N{x, ; > 0, 1 <4 < n}, with uniformly continuous
derivative (With modulus w(d)), f(0) =0, f(0) = 0, we may pass to a symmetric function

fz) = f(3 Z eit+z)—(f'(1 i ei),x)— f(3 iei) defined on %B;% Clearly, f(0) =0,

i=1 =1
f'(0) =0, so the method of the proof of Lemma 2 applies and we obtain that if n > n(w, ¢)
then \f(’“;l )| < e. Consequently, using (1) we get

e =flert £330 616l < ol

Pl T Lenl +w(p) + 2w(7) < <+ 3u(p).

Since we can choose k to be arbitrary small, we have the following slight improvement of
Lemma 2:

Lemma 3. Let ¢ > 0, f be a real symmetric function defined on ng with uniformly
continuous derivative with modulus w. Suppose f(0) =0, f/(0) =0. If n > n(w,e), then

[f(er)] <e.

Although Lemma 3 follows immediately from Lemma 2, we do state it explicitly because
its application leads to a somewhat more elegant formulation of the result below.

Proposition 4. Let f be a real symmetric Fréchet differentiable function on B, with
uniformly continuous derivative. Then f is constant on B.,.
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PROOF: By contradiction. Suppose f is not constant on B.,. We may assume, without

loss of generality, that f(0) =0, f/(0) =0 and f(z) =e >0 for x = )_ xse;.

1=1
n

Put 2% = Y @iegnyi- The sequence {z¥}2° | forms a block basis in ¢q (equivalent to the
i=1

original basis), and from the symmetry of f we obtain f(z*) = f(z) = ¢ for every k € IN.

This is a contradiction with Lemma 2.

%

Lemma 5. Let € > 0, f be a real function on Bem with uniformly continuous derivative
(with modulus of continuity w(0)) and such that sup [|f'|1 < w(2). Let v € Ber and

cm

{ui}iy be a block sequence such that v+wu; € Bem. If n is large enough, then 1I<Il_i£1 |f(v+

u;) — f(v)] <e.

PROOF: We proceed by contradiction. We define a bounded affine operator ¢ : ¢ — ci* by
n n ~
¢( > aiei) = v+ Y a;u;. Since ¢ is 2-Lipschitz, the real function f = fo¢ defined on B:%L
i=1 i=1

has a uniformly Co_I}tinuous derivative with modulus 2w(4). We may assume without loss
of generality that f(0) = 0, and also | f'(0)|[1 < 5, f(e;) > € for 1 <i < n. Indeed, given

{ui}i,, where n is large enough, there exists a set A C {1,...,n}, card(4) > 5 - o)

such that 3 [f/(0)] < S and either flei) > e, i€ Aor f(e;) < —e, i € A. Thus, it is
i€A

sufficient to replace {1,...,n} by A. Replacing f(x) by sign f(e1) - (f(z) — (f'(0),x)) and

keeping the notations, we may assume using (1) that

We introduce a real symmetric function f; on B;El by

n 1 _ n
fs(zaiei) = Z f(Zaﬂ(i)ei).
i=1

well, =1

It is standard to verify that fs has a uniformly continuous derivative with modulus 2w(§),
fs(0) =0, fi(0) =0, fo(e;) > 5 for 1 < i < n and sup | filli <2w(2). (In fact, f, is a

n
0

convex combination of functions which satisfy the above set of conditions).
By Lemma 3, we are done.

c

o

Theorem 6. Let f be a real Fréchet-differentiable function on B, with uniformly contin-
uous derivative (with modulus of continuity w(J)). Then f'(B.,) is relatively compact in

;.



PROOF: By contradiction. We may assume that f(0) = 0 and f’(0) = 0. Therefore

sup || f']l1 < w(1) and we assume w,, € B, satisfy ||f'(un) — f'(um)|1 > 4p for all n # m.
{0

Let £ > 0. By passing to a subsequence, and a standard “gliding hump” argument, we can

assume that there are disjoint finite sets (A,,) so that ||f'(un)|a, | > 2p. Let v, € B, be
supported in A,, such that |(f'(uy),v,)| > p, and in addition v, + u,, € B.,. Then, for
every t > 0, f(uy + tv,) — f(un) = (f'(un), tv,) + E where |E| < tw(t). As the first term
is in absolute value bounded below by tp, and w(t) — 0, it follows that we can choose a
t <1 so that for some fixed 6 > 0, |f(u, + tv,) — f(u,)| > 6 for all n.

We now set the notation for the next step.

By passing to a subsequence, we can assume that the limits of f(u,,) and f(u, +tv,) exist.
Adding a constant to f, passing to subsequences, changing notation, and disregarding
quantities that can be made arbitrary small, we can assume that there are sequences
{un}s2, and {w,}2, in B, so that

(i) f(uyn) =0 for all n, f(w,) =28 > 0 for all n;

(ii) the sequences are supported in an increasing sequence of finite intervals I,, = [1, m,,];
(iii) u, and w, are equal on I,,_1;
(iv) all the u; for j > n are equal on I,,.

Claim 7. There is an integer k, so that for some infinite subset M of IN, and every
vector v with w, +v € B, and having a finite support, starting after k, the set {n € M :

|f(wy, +v) — 28| > B} is finite.

Proor: If this is not the case, define inductively decreasing sequence of infinite subsets
{M;}32, of M, and disjoint finitely supported vectors {v;}52; so that for each j the set
Mji1 = {n € M;|f(w, +vj) — 25| > §} is infinite. Given N, we can thus find disjoint
blocks v1,...,vx and an n, so that |f(w, +v;) — 28| > § for j < N. Since f(w,) = 20
and N is arbitrary, this contradicts Lemma 5.

By passing to a subsequence of w,, indexed by M and discarding a few first w,’s, assume
that k € I. It follows from the claim that for every v, supported by [m;+1, 00), f(v+w,) >
G for all but a finite number of n’s (provided also v +w,, € B). Note also that all the w,,’s,
as well as us have the same values on I3.

To finish the proof, we now pass to a subsequence of (w,,) and perturb them to be “disjointly
supported except for a common wus part” using the Claim 7 as follows:

All the w,,’s for n > 3 agree on I, let vo be this common value. Since us and vy agree on
I, w, — va + ug is different from w, only on I \ I, and it has the form us + x,, € Be,,
where x,, is supported in I,, by [mg + 1,m,]|. By Claim 7 there is an n; > 3, so that
f(u2 +xn1) 2 ﬁ

Inductively, having chosen n; and x,,,, supported in I, all the wy,’s for n > n; agree on
I, and take v; to be this common value. Since up and v; agree on Iy, wy, —vj+us € B, is
different from w,, only on I, \ I, and it has the form uy + z,, € B,,, where z,, is supported
in I,, by [my, +1,m,]. By Claim 7 there is an n;, > nj, so that f(uz +,,,,) > 0.
Since the x,,;’s are disjoint blocks, and f(uz) = 0, this contradicts Lemma 5.



Corollary 8. Let f be a real Fréchet differentiable function on co(I') with locally uniform
continuous derivative. Then f depends locally on countably many coordinates.

PROOF: To prove Corollary 8, it is enough (by the usual shifting and scaling arguments)
to show that if f’ is uniformly continuous in B r), then f depends on countably many
coordinates in B, (r)-

By Theorem 6, f'(B.,)) is a relatively norm compact set in ¢;(I"). Thus, there exists a
countable set A C I' such that supp f'(z) C A for every x € B, ).

It is now easy to observe that whenever x,y € B, ), = ) e,y = > y,e, are such
yel yel'
that z, =y, for every v € A, then f(z) = f(y). Indeed,

:f(m)‘i‘/Zf’(x—i-t(y—x))w-(y—x)vdt.

0 ’YEF

The last integral is clearly equal to zero because for every v € I either f'(x+t(y—z)), =0
or (y — x)y = 0. This finishes the proof.

O

As an immediate consequence, we obtain a negative answer to a question posed by J. Jara-
millo (see e.g. [4, p.90]): Does there exist a C°-Fréchet smooth function on co(I') that
attains its minimum at exactly one point?

Corollary 9. There exists no C?-Fréchet smooth function on co(T') that attains its mini-
mum at exactly one point.

For the purpose of this note we will say that a real function f defined on B., is weakly
sequentially continuous if lim f(x,) exists for every weakly Cauchy sequence {z},cn in

By,

Corollary 10. Let f be a Fréchet differentiable real function with uniformly continuous
derivative defined on B.,. Then f is weakly sequentially continuous on B, .

PROOF: Since K = f/(B.,) is norm compact by Theorem 6, given a weakly Cauchy
sequence {, },cn we have:

lim (¢,z, — zy) =0 uniformly in ¢ € K.

n,m-— o0

By the mean value theorem, for some point  in the interval joining x,, and z,,, we have:

|f(xn) - f(xm)’ = ’<fl(x)axn _xm>‘ < sup ’<¢7xn _xm>’ — 0 as n,m — oQ.
PpEK
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Using the Bessaga-Pelczynski theorem, it is an easy exercise to show that every linear op-
erator T : ¢o — X, X not containing a copy of ¢y, is necessarily compact. We suspect that
this statement holds (locally) for general operators with uniformly continuous derivative.
However, we are able to prove this only for certain Banach spaces.

Let us recall that a (in general nonlinear) continuous operator 7' : X — Y where X, Y are
Banach spaces is called locally compact if for every x € X there exists a neighbourhood O,
x € O such that T'(O) is relatively compact in Y.

Corollary 11. Let T be a (nonlinear, in general) Fréchet differentiable operator from cg
into a Banach space X with nontrivial type. Suppose that T' is locally uniformly continu-
ous. Then T is locally compact.

PrROOF: We may assume, by contradiction, that 7" is uniformly continuous in B,
{zn}22, C B, is weakly Cauchy and, by Rosenthal’s theorem (as ¢; does not imbed
into X), {T(xn) }nemw is weakly Cauchy, ||[Tx,| > v > 0.

Define T' : ¢ = ¢co ® co — X by T'((z,y)) = T(z) — T(y). A weakly Cauchy sequence
Tn = (Ton,Top+1) maps into a weakly null sequence g, = T(z2,) — T(x2,4+1). By the
proof of Theorem 3.3 and Corollary 3.6 in [5], passing to a subsequence of {7,}, there
exists p > 1, p € IN and a linear operator L : X — £,, Ly, = e,. Put ¢(v) = > (—1)"?

i=1
for v = ) v;e; € £,. The real function ¢ o T is not weakly sequentially continuous, a
i=1
contradiction with Corollary 10.

o

Let us remark that in particular every superreflexive Banach space satisfies the assumptions
of Corollary 11. An easy modification of the proof yields the same conclusion for ¢;.

S. Bates ([2]) has recently shown that given ¢,, 1 < p < 0o, and a separable Banach space
X, there exists a C°°-Fréchet smooth and onto operator 1" : ¢, — X. He also showed
that given any separable Banach spaces X, Y there exists a C'-Fréchet smooth, Lipschitz
and onto operator T : X — Y. He asked whether the former statement holds true for ¢g
instead of £,. Using the Baire category principle, it is immediate from Corollary 11 that
there exists no C2-Fréchet smooth and onto operator T : ¢y — ly, 1 <p<oo.

A natural question arises as to which Banach spaces satisfy an analogue of Theorem 6.
Obviously, this property is preserved by taking a quotient. Although our arguments seem to
be mostly finite dimensional, they do involve in a crucial way also the infinite-dimensional
structure of the space. Without going into much details, let us point out that C]0,1] is a
m7° space (a space built up from isometric copies of ¢jj- for details see [10]) and yet it does
not satisfy Theorem 6 (since ¢s is a quotient of C0, 1]).
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On the other hand, spaces C'(K) where K is scattered seem to be natural candidates for
generalizations of Theorem 6. In the case when K(“0) = () this follows readily from our
above results.

Corollary 12. Let K be a scattered compact, K“0) = (. Let f be a Fréchet differentiable
function on C(K) with locally uniformly continuous derivative. Then f' is locally compact.

PROOF. By contradiction, we may assume that f'(ABx) is not relatively compact, where
X is a separable subspace of C(K) and A > 0 is arbitrary. By classical results (using Stone-
Weierstrass theorem, for details see e.g. [4] and [9]), there exists a separable subspace Y of
C(K) such that X C Y and Y is isometric to some C(L), where L is scattered, and it is a
continuous image of K. Thus, L(“0) = (), L is countable and Y is isomorphic to ¢y by [3].
Consequently, f'(ABy) is not relatively compact for any A > 0, which is a contradiction
with Theorem 6.

¢

In connection with Corollary 9, it should be noted that in [7] there are examples of non-
separable Banach spaces C(K) (where K@) = ()) that admit C*°-Fréchet smooth convex
functions which attain their minimum at exactly one point.

Acknowledgment. The author would like to thank the referee for several improvements
that he suggested. He shortened most of the arguments and supplied an elegant proof of
Lemma 1.
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