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Abstract

We give an exponential lower bound on the number of proof-lines in intuitionistic propositional logic, I L, axiomatised in the
usual Frege-style fashion; i.e., we give an example of I L-tautologies A1, Ao, ... s.t. every I L-proof of A; must have a number of
proof-lines exponential in terms of the size of A;. We show that the results do not apply to the system of classical logic and we
obtain an exponential speed-up between classical and intuitionistic logic.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

One of the basic problems of proof complexity is to find lower bounds on sizes of proofs in various proof systems.
The general form of the problem is the following:

For a proof system S and a function g : @ — o find a sequence of S-tautologies (determine whether it exists)
Aj, i € w, s.t. every S-proof of A; must have size at least g(|A;|).!

For weak proof systems, such as those formalising propositional logic, the problem is interesting when g is an
exponential or a superpolynomial function. Recently, an exponential lower bound on the number of proof-lines was
reached in [6] for the system K of modal logic. In this paper, we extend the result to the system of intuitionistic
propositional logic, I L. We will present examples of I L-tautologies A s.t. every I L-proof of A must contain an
exponential number of proof-lines. Exact axiomatisation of /L will be given in Section 3. The axiomatisation is a
particular kind of a Frege system for intuitionistic propositional logic. In [8] it has been shown that all such systems
are polynomially equivalent, and hence our proof is not sensitive to the choice of axiomatisation, as far as it remains
Frege-style.

The method of proof of this paper is simple. We show that there is a sound translation of /L to K preserving the
number of proof—lines.2 This enables us to reduce the lower bound for 7 L to that of K. Since the basic tool of [6] was
that of monotone interpolation, here too we obtain a form of monotone interpolation for / L. For a better exposition

E-mail address: pahrubes @centrum.cz.
1 |A;| denotes the size of A;. The size of a tautology or of a proof is the number of symbols it contains.
2 For exact formulation see Proposition 3.
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of the concept see [6], or for example [7]. However, we shall present two different types of hard I L-tautologies, the
first having the traditional interpolation style, the latter being based on the gap between monotone and non-monotone
circuits. The latter form is a formalisation of the assertion “C(p) defines a monotone function” for a general circuit
C defining a monotone Boolean function (see Section 5).3 I believed that such a tautology could give a lower bound
even for classical propositional systems. In Section 6 it is shown that this is in general not the case.

It has been proved earlier by Pavel Pudldk [9] that intuitionistic propositional calculus has an effective interpolation
property. (See also [4].) This was based on the result of Buss and Mints [3] who have shown that intuitionistic
disjunction has a constructive behaviour even in the sense of complexity of proofs, i.e., that from an intuitionistic
proof of a disjunction A V B one can extract a proof of A or B in a polynomial time. These results, though revealing a
close connection between the complexity of intuitionistic proofs and Boolean circuits, and illuminating a new aspect
of constructivity in intutionistic logic, are not sufficient to give a concrete lower bound on sizes of /L proofs. This
is because by means of effective interpolation we reduce the problem of finding a proof size lower bound to that of
finding a circuit lower bound, a substantially more difficult problem. In this paper we show that I L has even monotone
effective interpolation property and hence we can apply the classical results in monotone circuit complexity to /L.

2. A different form of monotone interpolation for K

The proof system K is obtained by adding the symbol [J to the language of propositional logic. The underlying
propositional logic is formalised by means of a Frege system (the axiomatisation of classical logic given in Section 6
is adequate). In addition, K has the rule of generalisation and the distributivity axiom

A
0A’
We are going to reduce monotone interpolation for /L to the monotone interpolation for K. However, the form of

monotone interpolation offered in [6] is not suitable for this purpose, and we will first prove a different kind of
monotone interpolation for K. The following theorem can be found in [6]:

0A - B) - (A — OB).

Theorem 0. Let o, 81 and B be propositional formulas. Assume that « is a monotone formula (i.e., containing only
the connectives A and V) and that it contains only the variables p, and that By resp. B2 contain only the variables
D, S1 resp p, s2. Assume that

a(Up) — Op v Up
has a K -proof with n distributivity axioms. Then there exist monotone circuits C1(p) and C(p) of size O(n?) s.t. for
any assignment o of p

(1) ifa is true then C1(p) = 1 or C2(p) =1,
(2) if C1(p) = 1 then B is true (for any assignment of the variables s1), and if Co(p) = 1 then By is true (for any
assignment of the variables s3).

A propositional formula g will be called monotone in p if the formula, when transformed to a DNF form, does not
contain negation in front of any variable in p. If B is a general propositional formula in variables p,7, p = p1, ... pn
and ¢ = qi, ...qy then B(p/—q,s) will denote the formula obtained by substituting —¢g; for p;,i = 1,...n, in B.
We may also write simply B(—g, s) if the meaning is clear.

Lemma 1. Let 81 = B1(p,71) and By = PBo(q,r2) be propositional formulas, p, q, 71, ra disjoint. Let p =
Pl,...pnandq = q1, ...qn. Assume that By is monotone in p or B is monotone in q. Assume that

p1(p, 1)V B2(=p, 72)
is a classical tautology.

(1) Then /\i:l,...n (pi vV qi) = B1(p,r1) V Ba(q, r2) is a classical tautology.
(2) Let M, N be subsets of {1, ...n} s.t. M UN = {1, ...n}. Then one of the following is a classical tautology:

3 The lower bound was first reached for the tautologies in Section 5. It was Pavel Pudldk who reminded the author that the same argument applies
also to the more natural tautologies of Section 4.
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@ Njem Pi = B1(p,r1) or
®) Niey a4 = B2(q, 72).

Proof. (1) Assume that, for example, 8, is monotone in g. Then

N i = a) > Ba(p.72) > B2(@. 7))

i=1,..n

is a tautology. Hence also

/\ piva) — BB, 72) > 2@, 7))

i=1,..n

and

N iV a) = (Bo(=P.72) — B(G.72))

i=1,..n

are tautologies. From the assumption that

Bi1(p. 1) V (=P, 72)

is a tautology we obtain that also

N i Va)— Bi(p. D)V G 7))

i=1,..n

is a tautology.
(2) Let M and N be fixed. Clearly,

NAprin Na— N\ wiva)
i=1,..n

ieM ieN
is a tautology and, by (1),
N pin \ai = BB 7DV Ba(q. 72)

ieM ieN
is a tautology. Since B and 8, contain no common variables, and S, resp. 82 does not contain the variables g, resp.
p then either A\;.,, pi = B1(p.71) or \;en 9i = B2(q, 72) is a tautology. [

Leta = a(p,7) and B = B(p, 5) be propositional formulas, 7, s disjoint. We will say that a circuit C in variables
D interpolates o and B if for every assignment o of the variables p

1. if for some assignment of 7, « is true then C(p) = 1, and
2.if C(p) = 1 then for every assignment of s, 8 is true.

Theorem 2. Let 1 = pi1(p,r1) and B = Pa(q, ) be propositional formulas, p, q, ri, 72 disjoint. Let
P =Dp1,...prand q = qi, . .. qi. Assume that By is monotone in p or B3 is monotone in q. Assume that

B1(p,71) V f2(=p,72)

is a classical tautology. Then

/\ @pivOg) - O @. /) v 0BG, 72))
i=1,..k

is a K-tautology. Moreover, if the tautology has a K -proof with n distributivity axioms then there exists a monotone
circuit C(p) of size O (n®) which interpolates —B2(—p, r2) and B1(p, 7).
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Proof. Let us first show that the formula is a tautology. The assumption /\;_; _;(Op; v [g;) can be transformed to
a disjunction of conjunctions of the form

/\ Opi A /\ Ugi
ieM ieN
such that M U N = {1, ...k}. Hence it is sufficient to show that for such M and N
/\ Opi A\ Ogi — @1 v OBa) (*)

ieM ieN
is a tautology. By the previous Lemma either A;.;, pi — B1 or /\;cy ¢i — B2 is a classical tautology. In the first

case clearly /\;.;; Op; — OB is a tautology and hence also (%) is. Similarly in the latter case.
From Theorem 0 there exist monotone circuits D1 and D5 in variables p, g of size O(n?) s.t. for any assignment

(D1(p,q) =1) — B1, (1

(D2(p,q) =1) — B2 @)
and if the assignment satisfies /\;_; (pi V ¢;) then

DI, 9 =1V Dyp,q) = 1.

This in particular gives

Di(p,—p) =1V Da2(p,—p) = L. 3)
Let C(p) := D1(p,1,...1)and C'(g) := D»(1,...1,7). Since in (1) B does not contain g, we have

(C(p) =1 — Bi. “4)
Similarly, by replacing ¢ by —p in (2) we have

(C'(=p) = 1) = pa(=p, 7). (&)

Since D and D, are monotone, (3) gives
Di(p,1,...)=1v Dy(1,...1,7p)=1
and hence
Cp)=1vC'(=p) =1 (6)

Let us show that the circuit C interpolates =8> (—p, 72) and B1(p, 71). By (4) it is sufficient to prove that if for some
assignment —f,(—p, r2) is true then C(p) = 1. But if =p,(—p, r2) is true then by (5) C'(=p) = 0 and, by (6),
C(p)y=1 101

3. Translation of IL to K

The language of intuitionistic propositional logic, /L, contains the connectives —, Vv, A and a fixed variable
symbol L. The only rule of inference is modus ponens

A, A— B
7 .
The axioms are the following:
Ax1 A— (B—> A)
Ax2 (A—-> (B—>C)—> (A—>B)—>(A—>0))
Ax3 1—- A
Ax4, Ax5 AANB—- B, ANB— A
Ax6 A->B—->C)—>(AAB—CO0)
Ax7, Ax8 A— AVvB, B—>AVB

Ax9 (B—A)— (C—- A - (BvC— A).
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We give a translation of intuitionistic logic to K s.t. for any intuitionistic tautology A its translation A’ is
K -tautology. The translation is not in general faithful, it may happen that A’ is a tautology without A being so.*
Also, the translation is not polynomial. However, there is a polynomial (linear) relation between the number of proof-
lines in an intuitionistic proof of A and the number of distributivity axioms in a K -proof of A’.

For an intuitionistic formula A of L, its translation A’ to K will be defined as follows:

1. p' =0pand L'=1.
2. (A— B =0AA A" — OB A B'.
3. (AvB) =(OAAAY) vV (OB A BY.
4. (AANB)Y = A" A B'.

Note that A’ is always a formula of K of modal-depth one, i.e., A’ does not contain nested modalities. We can think
of the translation as a combination of three different translations: a) the Godel translation from /L to S4, b) the
translation from S4 to K4, i.e., (HA)" = [JA" A A’, and c¢) the translation from K4 to K which was employed in [6],
based on deleting all boxes which are in a scope of another []. Routinely, but laboriously, we can verify the following:

Proposition 3. (1) If A is an I L-tautology then A" is a K -tautology.
(2) If A has an I L-proof with n proof-lines then A" has a K -proof with O (n) axioms of distributivity.

Proof. We proceed by induction on the number of proof-lines in an / L-proof. Let us first show that the translation of
an axiom is K -tautology. It will be apparent that the proofs do not require more than, say, five distributivity axioms.
Note that we can use a form of deduction theorem in K, i.e., in order to prove A — B it is sufficient to prove B from
the assumption A provided we do not apply generalisiation to a consequence of A in the proof. For an I L-formula A,
A* will be an abbreviation for JA A A”.

Ax1.

(A— (B— A) =A* - OB — A) A (B* = AY).

But [JA — (B — A) and hence A* — (B — A) is a K-tautology and A* — (B* — A*) is a propositional
tautology.

Ax2. The translation of A2 is an implication s.t. on its left hand side we have the conjunction of

LA — (B— () ()
and

A* - OB — C) A(B* = C), (b)
and on the right hand side we have the conjunction of

U(A — B) > (A— () (©)
and

(A - B)A(A* - B*) - (A — C) A (A" = CM)). (d)
By applying distributivity twice to the tautology

(A - (B—C)) - ((A—> B) —> (A— ()
we obtain that the following are K -tautologies:

OA—-> (B—-C) - UO(A— B)— (A= 0)), (*)

UA—->B—~>C)— UA—B) —-LTA— O0)). (*x)

4 Consider the formula —— p— p.
5 Hence the symbol L is assumed also in K. If not, L can be simulated by any fixed contradiction in K.
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Hence (c) follows from (a) by (x). In order to prove (d) from (a) and (b), let us show that (J(A — C) and A* — C*
follow from (a), (b),

(A — B) (e)
and

A* — B*. ®
Again, from (a), (e) and (xx) we obtain LI(A — C). (b) implies, in particular,

A* - (B* = C).
This, together with (f), gives A* — C* by means of propositional logic only.

Ax3, Ax4-5 and Ax7-8 are easy.
The translation of Ax6 is an implication which contains

OA - (B — ()), (a)

A* > OB — C)A(B* = C*) (b)
on the left hand side and

O(AAB— C), (c)

OAAB)AA"AB' — C* (d)
on the right hand side. (c) follows from (a) by applying distributivity to the tautology

OA—- (B —-C)—> (AAB = 0)).
In order to prove (d) from (b), let us show that C* follows from (b) and

O(A A B) A A" A B'. (e)

Since (A A B) implies (JA A OB, (e) implies TJA A OB A A" A B" and hence A* A B*. (b) gives, in particular,
A* — (B* — C*) which together with A* A B* implies C*, by means of propositional logic only.

The translation of Ax9 is an implication with
OB — A) (a)
B* — A* (b)
on the left hand side, and
O(C - A) - (BVv C — A)), (©)
OC > AANC* > A") > OBVC—>AAMBVC)A(B* V) > AY) (d)
on the right hand side. By applying distributivity twice to the tautology
O(B — A) - ((C—~> A) — (BVvC — A)))
we obtain that the following are tautologies:
B — A) - LW(C > A) - (BVC —> A)) (*)
OB — A) — 0 - A) - OB VC— A). (%)

By means of (x), (c) follows from (a). In order to prove (d) from (a) and (b), it is sufficient to prove [J(B vV C — A)
from (a) and

L(C — A), (e)
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and to prove A* from (b) and
C* — A%, ®
B* v C*. (2)

But (B v C — A) follows from (a) and (e) by means of (xx) and A* follows from (b), (f) and (g) by means of
propositional logic only.

Let us consider modus ponens. Assume that /L = A and /L = A — B. We must show that K +~ B’. By the
inductive assumption K + A’ and K - (A — B)) = A A A" — OB A B’. Since IL + A then A is a classical
tautology and K + [JA by generalisation. In the proof of [(JA, no distributivity is required. But hence K + [JA A A’.
Hence K 0B A B and K = B’, using no additional distributivity axiom. [J

Lemma 4. Let a(p) be a formula in CNF form of size k containing no negations. Assume that
I''=a(p) = 1V B2

has an intuitionistic proof with n proof-lines. Then
a(dp) — OB vUB,

has a K -proof with O (n + k) distributivity axioms.

Proof. For simplicity, let us assume that o = /\, ( pli \% pé). In the general case the argument is similar. Then
t
o = (/\(p‘i v p§>> = A&} v b= A\@pi A DY v @ph A (P)
i i i
= A@p} ATp}) v @ph A TOph)).
i

But /\i((Dp’i A Dp’i) \Y (Dpé A Dpé)) is, using no distributivity, equivalent to /\; (Dp’i \% Dpé). Hence a(p)’ is
equivalent to o ((Ip), using no distributivity. We have

I' =(a— BV p)
=0a Ao’ — OBV B2) A BV B))
=Oana’ — @1V B2) A (OB A BV (OB A BY)).

Hence I is, using no distributivity, equivalent to
Do (p) A a(@p) — O(B1 V B2) A (OB A B V (OB A B3)). (%)

Assume that I" has an intuitionistic proof with n proof-lines. Hence I'* and (x) have K -proofs with O (n) distributivity
axioms. Hence also

Ua(p) A a(p) — (L1 v Up2)

has a K-proof with O(n) distributivity axioms. Since « is a monotone formula then «(Llp) — Ua(p) is provable
with O (k) distributivity axioms. Therefore

a(p) — (L1 VL)

has a K -proof with O (n + k) distributivity axioms. [
4. Monotone interpolation for IL

The formula Clas(p) will be the formula p vV —p and Clas(pi, ... p,) will be an abbreviation for
/\ Clas(p;).
i=1,..n
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Theorem 5. Let 81 = Bi1(p,r1) and By = PB2(q,7r2) be propositional formulas, p, q, ri, 2 disjoint. Let
P =pl,...prand g = q1,...qx and v := p,q,r1, 2. Assume that B is monotone in p or B is monotone in
q. Assume that

Bi1(p, 1)V p2(=p, 72)

is a classical tautology. Then

/\ (i v gi) = (Clas®) — B1) Vv (Clas(®) — Bo)
i=l,..k

is an I L-tautology. Moreover, if the tautology has an I L-proof with n proof lines then there exists a monotone circuit
C(p) of size O((n + k)2) which interpolates —B2(—p, r2) and B1(p, 7).

Proof. Let us first show that the formula is a tautology. The assumption /\;_; _;(p; V g;) can be transformed to an
intuitionistically equivalent disjunction of conjunctions of the form

/\ pi A /\ qi
ieM ieN
such that M U N = {1, ...k}. Hence it is sufficient to show that for such M and N
N\ pi A\ @i — (Clas(@) — 1) v (Clas(®) — f2) (%)
ieM ieN
is an intuitionistic tautology. By Lemma 1 either /\;_,, pi — B1or /\;cy ¢i — B2 is a classical tautology. In the first
case

Clas(v) — (/\ pi —> ﬂl)
ieM

is an intuitionistic tautology, since the assumption Clas(v) enables us to reproduce the classical proof in / L. But then
also

/\ pi = (Clas(@) > py)

ieM
and hence (x) are /L tautologies. The latter case is similar.
Assume that the formula

I' = (pi v qi) = (Clas(v) — B1) V (Clas(v) — p2)

i=1,..n

has an intuitionistic proof with n proof-lines. By Lemma 4 the formula

/\ (Upi v Ugi) — L(Clas(v) — p1) v U(Clas(v) — B2))
i=1,..k

has a K -proof with O (n + k) distributivity axioms. However, Clas(v) is a classical tautology. Hence
U(Clas(v) — B1) — U1

and
U(Clas(v) — B2) — UpB2

can be proved in K using one axiom of distributivity each. Hence

/\ @©pivOg) — @Op1 v Op)
i=1,...k

has a K-proof with O(n + k) distributivity axioms. Hence, by Theorem 2 there exists a monotone circuit of size
O((n + k)?) which interpolates —f8>(—p, r2) and B1(p,r1). U
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Let
Cliquey (p, T)

be the proposition asserting that 7 is clique of size k on the graph represented by p.°
Let

Color* (p, )
be the proposition asserting that s is a k-coloring of the graph represented by p.

Theorem 6. Let p = p1,...,pnandq = q1,...qn and let p, q, 7, s be disjoint, v :==p,q,1,5s. Let
Oy := /\ (»iVaq)— (Clas(®) — —Cliquey™" (p. ) v (Clas(v) — —Colork(p/=q.7)).

i=1,..n
Then 8,11‘ is an I L-tautology. If k := \/n then every I L-proof of the tautology 9,’1‘ contains at least

proof-lines.

Proof. We shall apply Theorem 5 to the formulas 8; := —-Cliqueﬁ“(ﬁ, s) and B = —Colorﬁ (—g, 7). First, B, is
monotone in g since Color(p,r) is monotone in p. Second, 81 (p,s) V B2(q/—p,7) is a classical tautology, since
Bo(q/—p,7r) = —Colorﬁ (p/——p,r) is classically equivalent to —Colorﬁ (p,7) and

—Cliquek ™ (p, 5) v =Color* (p, 7)

is a classical tautology. Hence @,’1‘ is an I L-tautology. Assume that it has an I L-proof with m proof-lines. Then, by
Theorem 5, there exists a monotone circuit C in variables p of size O ((m +n)2) which interpolates =8> (q/—p), r) and
B1. Since —fB>(g/—p), 7) is classically equivalent to Colorﬁ (p, 1), C interpolates Colorﬁ (p,r) and —-Clique’,‘lJrl (P,s).

1 1 1
By the result in [1] every such circuit must have size at least 2921%) Hence m > \/29(—”4) ~28@®) O
An extension to I L g,

A formula A will be called a Harrop formula if every disjunction in A occurs in the context
BvC— D.
The system I L g, will be obtained by adding the axiom
——A - A

to I L for any Harrop formula A. (—A is an abbreviation for A — _L.) Hence I L g, restricted to Harrop formulas is
equivalent to classical logic, in the sense that a Harrop formula A is provable in I L g, iff A is a classical tautology.
However, the disjunction retains non-classical behaviour in /L g, and we can extend the lower bound to I Ly, .
Recall the translation from intutionistic to K -formulas from Section 3.

Lemma 7. Let A be a Harrop formula. Then
-01— (04 — A"
is a K-tautology. Moreover, the tautology has a K -proof with O (|A|) distributivity axioms.

Proof. Straightforward induction on the size of A. The assumption —[J L is required at the basis step (] L — 1. [

6 An explicit formulation of Clique and Color can be found in [7], for example. However, the only important feature of the formulas is that the
formula Clique is monotone in variables p.
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Lemma 8. 1. If A is an I L y,,-tautology then =1 1 — A! is K -tautology.
2. If A has an 1L y,,-proof of size’ n then =0 L— A’ has a K -proof with O (n) axioms of distributivity.

Proof. The proof would proceed by induction as the proof of Proposition 3. It is sufficient to show that for any Harrop
formula A,

-0 1— (=—A - A)
is a K-tautology with a proof with O (] A|) distributivity axioms. But
(w=A - A =0-—=A A (—A) - TAN A
is, using two axioms of distributivity, equivalent to
OAA (mA) - OAAA"
and hence it is sufficient to find a K-proof for
-0 L— (DA A (==A)" — DA A AD),
resp. for
-0 1— (OA — OA A AY),
with O (]A]) distributivity axioms. But that follows from the previous Lemma. [
The following theorem implies an exponential lower bound on sizes of proofs in I L g4,:

Theorem 9. Let 81 = B1(p, 1) and B> = Ba(q, 2) be Harrop formulas, p, q, 71, 72 disjoint. Let p = p1, ... pk
andq = q1, ... qk. Assume that 1 is monotone in p or B> is monotone in q. Assume that

B1(p,71) Vv B2(=p, 72)

is a classical tautology. Then

N\ i Vva)— BV B

i=1,..k

is an I L ,r-tautology. Moreover, if the tautology has an I Ly, proof of size n then there exists a monotone circuit
C(p) of size O((n + k)?) which interpolates —B2(—p, r2) and B1(p, 7).

Proof. The proof is similar to that of Theorem 5. Note that if we prove a tautology of the form
-01— (A— OB vIOC)

in K using n axioms of distributivity than we can prove
(A— 0OBvVvIOC)

using n + 1 axioms of distributivity. [J

Remark. Since the —, —-fragment of /Ly, is equivalent to classical logic formalised using implication and
negation, we also have a translation from a —, —=A-fragment of classical logic to K, where classical logic is
axiomatised as a Frege system (e.g., the system F offered in Section 6 restricted to —, —-language). However, the
translation cannot be used to find a lower bound on classical proofs. From Lemma 7 it follows that for every Harrop
formula A of size n, if A is a classical tautology then =[] 1. — A’ has a K-proof with O (n) distributivity axioms.

7 Note that here size of a proof means the number of its symbols.
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5. Tautologies based on the gap between monotone and general circuits

We are now going to present a different kind of a hard tautology in /L. Again, the idea is still possibility of
extracting a monotone circuit from an intutionistic proof, but the construction no longer deserves the title “monotone
interpolation”. Assume that we have a classical formula «(p) which defines a monotone Boolean function f, where
«a itself is allowed to be non-monotone (i.e., may contain negations). In propositional logic we can find a tautology
asserting that o does indeed define a monotone function. The most transparent formulation is the tautology

N (i = a) = (@(p) > a(@)). (*)

i=1,...n

One might conjecture that a proof of (x) must have size at least C,,,(f), the size of a smallest monotone circuit C
computing f. This seems likely because the first-hand strategy for proving () is by constructing a monotone circuit
computing f. Furthermore, if N P # coN P then some tautologies of the form (x) are hard also in F, for the problem
of deciding whether a circuit (or even a formula) defines a monotone function is coN P-complete.® Hence in order to
obtain a hard tautology of the form (x) it would be sufficient to find a formula « s.t. (i) & defines a monotone Boolean
function f, (ii) o has a polynomial size, and (iii) C,, (/) is exponential. It should not deter us that an example of such
a formula is not known, for there are examples of circuits with such properties, and it is only a technical detail to
rephrase (x) for a circuit. Whether this strategy can give hard tautologies for classical Frege systems will be discussed
in the next section. On the other hand, the approach is successful in intuitionistic logic. It is sufficient to formulate (x)
with disjunctions rather than implications and we obtain tautologies with exponential lower bounds on the number of
proof lines in I L.

The major difference between this approach and that of monotone interpolation is the following: if we want to
obtain a lower bound on proofs by means of monotone interpolation, we need more than just the fact that a monotone
function f cannot be computed by a small monotone circuit. We must employ the full statement of Razborov’s theorem
that for given monotone functions g, 4 s.t. g < h (i.e., g(x) < h(x) on every input) there is no small monotone circuit
defining a function f s.t. ¢ < f < h.? In the setting of this section, it is sufficient to assume that f is not computable
by a small monotone circuit. The additional, also non-trivial, fact required is that f is computable by a small general
circuit.

Theorem 10. Assume that «(p) is a propositional formula which defines a monotone Boolean function f(p). Let
P=pl,...prand q = q1, ...qr, V := p, q. Then the formula

A\ i v ai) = (Clas®@) — «(p)) V (Clas(®) — —a(=7)))
i=1,..k
is an I L-tautology. Moreover, if the tautology has an I L-proof with n proof-lines then there exists a monotone circuit
of size O((n + k)2) which computes. f.

Proof. We shall apply Theorem 5. Let us check the assumptions of the Theorem for 81 := «(p) and B> := —a(p/—q).
Since o defines a monotone function then 81 is monotone in p. (Recall that §; is monotone in p if it can be transformed
to a DNF form with no negations attached to p.) Since

B2(q/—p) = —~a(=—p) (%)
then

B1(P) Vv B2(q/—P)) = a(p) V —~a(p)

is a classical tautology. Hence I" := /\;,_; _;(pi V qi) = ((Clas(v) — B1) V (Clas(v) — B) is I L-tautology and if
I" has a proof in I L with n proof-lines then there exists a monotone circuit C of size O ((n + k)?) which interpolates
—B2(q/—p) and B1(p). But since B1(p) = a(p) and from (x) —=B2(g/—p) is equivalent to «(p) then C interpolates
«(p) and a(p), and hence it computes f. [

8 To see that the problem is in coN P is easy. For coN P-completeness note that the formula —p A A(g) is monotone iff A(g) is a contradiction.
9 On the other hand, note that if f € NP NcoN P, as is the case of the perfect matching function, then a bound on Cyy, (f) is indeed sufficient.
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As remarked above, Theorem 10 does not yet give a lower bound for /L for we do not have an example of a
function f definable by a small Boolean formula but not by a small monotone circuit. In order to avoid this obstacle,
we will now code circuits with formulas. Let C be a circuit in variables p s.t. the A- and V-gates have fan-in two. We
shall define a formula [C (p)] which asserts that C outputs 1 on variables p. For any gate a of C let us have a variable
rq. If a is a leaf (i.e., a variable in p) we let r, := a. Otherwise we assume that the variables r,,a € C and p are
mutually different. The condition for a will be the formula M, s.t.

1. ifa = =b then M, := (r, = —rp),
2. ifa=bActhen M, := (r, = (rp Ar¢)) and
3.ifa=bvcthen M, := (ry, = (rp V1))

Let c be the output gate of C. Then [C(p)] will be the formula
/\ M, — re,

where the conjunction ranges over the gates in C. When we write e.g. [-C(—q)] as below, we mean the result of
application of a similar procedure to the circuit —C (—g) (the gates being coded by different variables than those of

C).)

Lemma 11. Let C(p) be a circuit defining a monotone Boolean function. Let p = py,...py, and q = q1, .. .qy. Let
M, N be subsets of {1, ...n} s.t. M UN = {1, ...n}. Then one of the following is a classical tautology:

L. Njey Pi = [C(P)] or
2. Nien @i = [=C(—=9)].

Proof. Let a(p) be a propositional formula defining f. As we have checked in the proof of the previous Theorem, the
formulas 81 (p) := a(p) and B2(q) := —a(—p) satisfy the assumptions of Lemma 1. Hence either A;_,, pi — «(p)
or /\;ey ¢i = —a(—q) is a tautology. Assume the first alternative. Let ¢ be the output gate of C. Clearly

N\ Mo — (re = a(p))
aeC

is a tautology and hence also

)\ pi — (/\Ma—w):/\pi—wC@)]

ieM aeC ieM

is a tautology. In the latter case the argument is identical. [

Theorem 12. Assume that C(p) is a circuit which defines a monotone Boolean function f(p). Let p = p1,...pk
and q = q1, . ..qk. Let v be the list of variables p, q plus the variables occurring in [C (p)] or [-C(—q)]. Then the
formula

I' = /\ (pi vV qi) = ((Clas(v) — [C(p)]) V (Clas(v) — [~C(—=g)]D)
i=1,.k

is an 1 L tautology. Moreover, if the tautology has an I L proof with n distributivity axioms then there exists a monotone
circuit of size O ((n + k)?) which computes f.

Proof. To show that the formula is / L-tautology follows from Lemma 11 by an analogous argument as in Theorem 5.
Let us assume that I" has an /L-proof § with n proof-lines. Let a(p) be a formula defining f. For a gate a of
C, let y,(p) be a formula equivalent to the circuit C,. Similarly for a formula §,(g) and a gate a of the circuit
D(q) := —C(—q). If c resp. d are the output gates of C resp. D, we can assume that y, = a(p) and 85 = —«a(—q).
Substituting throughout S y, forr,, a € C, and §, for r,, a € D, we obtain an I L-proof of

A= I'(ra/Va)aec(ra/8a)aeD
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with n proof-lines. Let

r(p) = /\ My(ra/Va)aec

aeC

and

22@) =\ Ma(ra/8a)acn-
aeD

Then A is equal to

/\ (pi vV qi) = ((Clas(v) — (A1 — a(p))) V (Clas(v) — (A2 = —a(—q))).
i=1,..k

Clearly, A1 and A, are classical tautologies and hence the formulas
Bi1(p) := 211 — a(p)

and
B2(p) := 22 — —a(q)

satisfy the assumptions of Theorem 10. Hence there is a monotone circuit E(p) of size O ((n+ k)?) which interpolates
B1(p) and —B>(—g). Since A; and A; are classical tautologies then both 81 (p) and —B,(—q) are equivalent to o (p)
and hence E computes f. [

1
Corollary. There exists a sequence y,,n € w of 1L tautologies of size n s.t. every I L-proof of y,, has at least 22n%)

proof-lines.

Proof. By [13] and [5] there exists a monotone function f computable by a polynomial circuit C s.t. every monotone

1
circuit computing f has at least the size 202®), Apply the Theorem to the circuit C. [J
6. Classical logic

In this section we state what is now obvious, that there is an exponential speed-up between classical and
intuitionistic systems of propositional logic. This follows from the fact that the tautology of Theorem 6 has a
polynomial-size classical proof. We also prove something less obvious, that the tautology of Theorem 12 has a
polynomial-size classical proof, if C is taken as a particular circuit computing the perfect matching function.

We will define the system of classical propositional logic, the Frege system F, as the system I L plus the axiom

——A - A,

where —A is understood as A — .
Speed-up between classical and intuitionistic propositional calculi

Theorem 13. Let 9,’1‘ be the I L-tautology of Theorem 6. If k := \/n then every I L-proof of the tautology @,]f contains
an exponential number of proof-lines but 9,]1‘ has a polynomial size classical proof.

Proof. In order to show that @,’1‘ has a polynomial size classical proof it is sufficient to prove that
—Cliquel,‘fl (p,s) Vv —|Colorl,‘l (p,7)

has a polynomial-size Frege proof. But that follows from [2]. O
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Remark. Now that we have an exponential lower bound for intuitionistic calculus, a speed up between classical and
intuitionistic logic could be trivially obtained as follows: let ©;, i € w, be any sequence of I L-tautologies s.t. ©; have
only exponential proofs in I L. Let us consider the sequence

Ii:=(pVv—-pV 6;.

Then I have linear size classical proofs. Moreover, by [3]if IL - AV Bthen IL + A or IL + B, and the proof of
A resp. B has a polynomial size with respect to the size of the proof of A v B. Since IL I/ p v —p then I; have only
exponential size proofs in /L. (A similar argument can be found in [12].)

A quasi-polynomial speed-up between I L and F on tautologies of the form of Theorem 12 will follow from the
argument in the next part of this section.

Fuzzy logic. Godel-Dummett logic is the system / L plus the axiom
(A— B)V (B — A).

It is one of the basic systems of fuzzy logic. We can obtain speed-up between Godel-Dummett and intuitionistic logic
in the same way as in the previous remark. More interestingly, we can find polynomial size proofs of tautologies of
the form of Theorem 6. The tautology in Theorem 6 has the form

A\ (i v a) = (Clas(®) — B1(p.5)) V (Clas(®) — pa(q. 7)),

i=1,..n

where v is the list p, g, 7, 5 and

N\ i va) = Bi(P.35)V (G, )
i=1,..n
has a polynomial classical proof. In Gédel-Dummett logic
(A—-> (BVv(C) > (A—> B)V(A—(0)

is a tautology. Hence it is sufficient to prove

A (i v a) = (Clas®) — (Bi1(P.5) V Ba(@. 7)),

i=1,..n

or

Clas(v) — ( \/ (pi vV gi) = (B1(p.5) V p2(q, 7))) :

i=1,..n
However, the last tautology has a polynomial size proof since the assumption Clas(v) enables us to reproduce the
classical proof in Godel-Dummett logic.

Short proofs of tautologies based on monotonicity of the perfect matching problem

One might conjecture that we could employ classical analogies of the tautologies in Theorem 12, i.e., tautologies
of the form!'?

N\ i = a) = CP) > C@) *)
i=1,..n

for a circuit C computing a monotone Boolean function f, to find lower bounds for classical propositional systems.
However, we will show that the tautology asserting monotonicity of a particular circuit defining the perfect matching
function has a polynomial size F-proof. Since we have a quasi-polynomial lower bound for monotone circuits

10 14 F we would understand () as containing the conditions M, for gates of C(p) and C(g) in the assumption.
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computing the perfect matching function, we conclude that there is no polynomial function relating the size of F-
proof of (x) and C,,(f). In order to completely frustrate the possibility of finding lower bounds for F by means
of (x), we would like to find polynomial size F-proofs for a circuit defining a monotone function f s.t. the gap
Cn (f)/C(f) is exponential. Unfortunately, we know only one example of such a function (namely the one obtained
from [13]), and the complexity of the algorithm does not invite formalisation.

The perfect matching problem

Let G be a bipartite graphon U and V, U = uy,...u,, V = vy, ...v,. A matching M is a set of vertex disjoint
edges of G. M is a perfect matching, if |[M| = n. G will be represented by propositional variables p;;,i, j =1,...n
s.t. there is an edge in G connecting u; and v; iff p;; = 1. The perfect matching function fpy is the function in
P = pij,i,j = 1,...n, variables s.t. fpy(p) = 1 iff the graph represented by p has a perfect matching. Clearly,
frum is a monotone function. By the result of Razborov [10] every monotone circuit computing fpjys must have a
superpolynomial size. On the other hand, there is a polynomial time algorithm deciding whether a bipartite graph G
has a perfect matching, and hence there are polynomial-size circuits computing fpyy.

Recall the coding of circuits from Section 5. For circuits Cy, ... C, and a formula A

A(Cy,...Cp)

will be an abbreviation form
/\ M, — A(r,...1m),
aeC;,i=1,..n

where rq, ... r, are variables representing the outputs of Cy, ... Cy. For a list of variables g, Cz will denote the list of
circuits indexed by the formulas g. Let A = A(p, g) be a formula. We will say that circuits Cg in variables p

1. solve the problem A, if
A(p,q) — A(p, Cg) (%)

is a tautology, and
2. solve the problem A polynomially in F, if the circuits have polynomial size and (x) has a polynomial size F-proof.

Moreover, the function f4(p) will be the Boolean function s.t. for any assignment of the variables p, f4(p) = 1 iff
there exists an assignment of g s.t. A(p, q) is true.

As opposed to the previous notation, we shall say that A(p, q) is monotone in p if A contains only the binary
connectives A, V, and negations do not occur in front of variables p.

Lemma 14. Let A = A(p, q) be a formula, ¥ = ry,...ry, p = p1, ... pk. Assume that circuits Cg in variables p
solve the problem A. Then

(1) the circuit C(p) := A(p, Cz(p)) computes the function f(p).
(2) Assume in addition that Cg solve the problem A polynomially in F and that A is monotone in p. Then the tautology

N\ (pi = 1) > (CP) - CH) *)

i,j=1,..n

has a polynomial size proofin F.

Proof. (1) is clear.
(2) We must show that

(pi = ri) = (A(p, Cg(p)) — A(r, C4(r)) ()
i=1,..n
has a polynomial size F-proof. Since A(p, g) is monotone in p, we obtain a linear proof of

/\ (pi = ri) = (A(p, Cq(p)) — A(r, Cg(p)). @)

i=1,..n
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Since the circuits Cg solve the problem A polynomially in F', we have a polynomial proof of
A(r, Cz(p)) — A(r, Cg(n), (i)

which together with (i) gives a polynomial size F proof of (x). (Note that (x) contains all the circuit gate conditions
in its assumption.) [

Letp = pij, i,j=1,...nand g = g;j, i, j = 1,...n. Then the formula
MATCH(p, q)

is the formula asserting that g is a matching on the graph represented by p, i.e., the formula
/\(—'qz'j Vv pij) A /\ (=qij, vV —4qij,) N /\ (=Giyj vV —4irj)s
iJ L #J2 1702, ]

where the indices range over 1, ...n. The formula

PMATCH(p,q) := /\ \/ ¢ij A MATCH(p. q)
i

is the formula asserting that g is a perfect matching. In the Appendix, we will sketch the construction of circuits Cz
which polynomially solve the problem PMATCH in F. This will give the following theorem:

Theorem 15. There is a circuit C which computes the perfect matching function s.t. the tautology
N\ ij = qij) > (CP) —> C@)
i,j=1,..n
has a polynomial size F-proof. Hence (to match the formulation of Theorem 12) also the tautology
N ij Vai) = ACPIV [=C(=))
ij=1,..n

has a polynomial size F-proof.
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Appendix

The algorithm

Let us first outline the algorithm for finding a perfect matching in a graph. For a matching M and a vertex v, we
will say that v is matched if v € Vert(M). Similarly, an edge e is matched if e € M. A path P in G will be called
alternating if it alternates between matched and unmatched edges and the first vertex is unmatched. An alternating
path will be called augmenting if it ends by an unmatched vertex, too.

The algorithm constructs a sequence of matchings Mo, ... M,, M; having size i. Let My := . At the stage i + 1,
find an augmenting path P for M; and let M; | := (M; \ P) U (P \ M;).

An augmenting path for a matching M in G can be found as follows. Let u € U be an unmatched vertex in G and
define a sequence of sets of vertices Uy, Uy, ... U/ C U, V', ...V} C V.

Uy = {u}
Vi, = {aeVert(G),3b € Uii (a,b) e G\ M},i=0,...n—1
Uty = {aeVert(G),3b e V{ (a,b) e M},i=1,...n—1.

Clearly, for every a € V) resp. a € U}/ there exists an alternating path of length 2k — 1 resp. 2k from u to a. Hence if
we finda and k = 1,...n s.t. a € V! and a is unmatched, then there is an augmenting path from u to a. Moreover,
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we can easily construct the path: we can find a’ € U}!_, s.t. (@', a) € G is unmatched. Again there is an alternating
path of length 2k — 2 from u to @, and we can find some a” € V* , s.t. (@”, u) € G is matched etc until we reach u.

A set X € U will be called critical in G, if | X| > |G(X)|, where G(X) C V is the image of X over the graph G.
The correctness of the algorithm can be proved using

Hall’s theorem:
G has a perfect matching iff G does not have a critical set.

It can be easily shown that the sets U/, V" constructed above either define an augmenting path, or

X = U U/

i=0,...n

is a critical set. For if ¥ := Ui:O,.,.n V! theni) Y = G(X), from the definition, and ii) |¥| = [(X \ {u})| = |X| — 1,
since every vertex of Y is matched to some vertex in X \ {u}. Therefore if G has a perfect matching then, since there
is no critical set, the algorithm finds an augmenting path for M; and hence it extends the matching M; to M; 1, until
a perfect matching is reached.

The formalisation

There exist polynomial formulas Countfl (p1, ... pn) asserting that exactly k of the variables p = py,... p, are
true s.t. their expected properties have polysize proofs in F' (see [2]). This enables the formalisastion of basic counting
arguments in F.

The formula MATCH* (5, 7) will be an abbreviation for

MATCH(ﬁ,q)ACoum’;< VAR i:l,...n).
j=1,..n

For a vertex a, the formula MATCHED,(g) will be an abbreviation for \/ j=1,..n4ij> ifa = u; € U, and

Vot djivifa=v; € V.

A path of odd length in a bipartite graph on U and V which starts in some u;, € U can be represented by a sequence
W, ...uj €U vj,...vj €V s.t the path contains edges (u;,, v;,) and (vj,, uj,, ). Let f = fij, i, j=1,...n and
g = gij, i, j =1,...n be fresh variables. Let a = u;, b = v; be vertices. Then the formula

ODDPATHY, (7, £, %)

will be the formula asserting that f and g represent an odd path from a to b of length k, i.e., the assertion that i) f
and g are onto partial functions from 1,...n to 1,...k, and fi; = 1, g; = 1, ii) for every i’,j/=1,...n, and
I=1,...kif fiy = 1 and gj; = 1 then p;7;; = 1. The formula

ALTODDPATHY, (5,7, 7,8

will be the formula asserting that f and g represent an alternating path of odd length from a to b w.r. to the matching
g, i.e., the conjunction of i) ODDPATH’;b(ﬁ, f,8), i) “-MATCHED, () and iii) /\; j it N gji = —qij), for odd [,
and /\i, j( fit A gji — =—q;j) for [ even. Similarly for an odd path which starts in some a € U and for even length
paths. Let

PATH(, (p, f. %), and ALTPATHy, (7, f, 8)
be the formulas asserting that f and g represent a path resp. alternating path from a to b of length k.
AUGPATHy, (5,4, f. 3)

will be the formula asserting that f and g represent an augmenting path from u to v w.r. to the matching g, i.e., an
alternating path from a to b s.t. b is unmatched. Finally,

AUGPATH(P, ¢, £ 8)
is the disjunction of all AUGPATH’; »(Ps 4, 9.
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For a list of formulas A = A; i j=1,...n, Dom(A) will be the list of n formulas
A A\ Ain-
i i

The formula

CRIT(p, 7),
7 =r1,...ry, will be the formula asserting that the set X := {u; € U; r; = 1} is a critical set in the graph represented
by p. More exactly, it is a disjunction of conjunctions of the form Countﬁ (r1, ...ry) A Counts:(Dom(r; A pij)), for
Jj <k.

The following lemma shows that the easy direction of Hall’s theorem is shortly provable in F*:
Lemma 16. The formula
PMATCH(p, g) — —CRIT(p, r)
has a polynomial-size Frege proof.

Proof. Assume PMATCH(p, ¢) and CRIT(p, 7). Then we shortly obtain a negation of pigeonhole principle which
has a short Frege refutation. [

Lemma 17. There are polynomial circuits C? and Dg in variables p, q s.t. the following has polynomial-size Frege
proof:

MATCH(p,q) — (AUGPATH(p, 7. C7. Dg) v CRIT(p, Dom(C))).

Proof. Recall the sets Ug, ... U and V()”, ... V& . Fora € U, we can find polynomial-size circuits E

cue s =0,...m,
ueU,and F} ,s=1,...n,veU,st. E}, =1iffu € U} and E} = 1 iff v € V{, and moreover, the anologons

of the defining relations between U/ and V/ have polynomial proofs in F. The proof is then a straightforward
formalisation of the above informal argument. [

Lemma 18. There exist circuits Cg in variables p, q, . g s.t. the following has polynomial-size Frege proof:
MATCH (p, g) — (MATCH*!(p, C7) v CRIT(p, Dom(Cy))).

Proof. The following is a simple counting argument in F: if M is a matching of size k and P is an augmenting path
then (P \ M) U (M \ P) is a matching of size k + 1. The statement of the Lemma then follows from the previous
one. [

Let us recall the matchings My, ... M, from our description of the algorithm. Using the circuits from Lemma 17
and Lemma 18, we can find polynomial circuits Cg(ﬁ) s.t. there are short Frege proofs of

MATCH* (p, C%) v CRIT(p, Dom(C7))),

i.e., they either define a matching of size k, or a critical set. Since MATCH" (p, q) is trivially equivalent to
PMATCH(p, q), we also have circuits Cz and polynomial proofs for

PMATCH(p, Cgz) v CRIT(p, Dom(Cy))).
Finally, from Lemma 16 it follows that
PMATCH(p, g) — PMATCH(p, Cz)

has a polynomial-size Frege proof, and hence the circuits Cgz solve the problem PMATCH(p, g) polynomially in F'.
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