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Abstract

Consider n runners running on a circular track of unit length with
constant speeds such that k£ of the speeds are distinct. We show that, at
some time, there will exist a sector S which contains at least |S|n+Q(vk)
runners. The bound is asymptotically tight up to a logarithmic factor.
The result can be generalized as follows. Let f(x,y) be a complex bivariate
polynomial whose Newton polytope has k vertices. Then there exists
a € C\ {0} and a complex sector S = {re*’ : 7 > 0, < § < )} such that
the univariate polynomial f(x, a) contains at least BQ;C“ n+Q(vk) non-zero
roots in S (where n is the total number of such roots and 0 < (B—a) < 2m).
This shows that the Real 7-Conjecture of Koiran [9] implies the conjecture
on Newton polytopes of Koiran et al. [10].

1 Introduction

Consider n runners running on a circular track with constant and distinct speeds.
Does it have to be the case that, at some point in time, they concentrate in some
non-trivial sector? If the speeds are sufficiently independent, Kronecker’s ap-
proximation theorem [I1] implies that the runners will all meet in an arbitrarily
small sector. On the other hand, if the speeds are 1,2,...,n, it is easy to set
the starting positions so that the runners never meet in a common half-circle, or
any constant fraction of the circle. A similar construction can also be deduced
from the approximation theorem of Dirichlet [2]. Furthermore, if the starting
positions are chosen randomly, the runners will be almost uniformly distributed
at any point in time (see Sectionbelow). Nevertheless, we will show that some
deviation from uniformity must occur:

Theorem. Assume that n runners run on a circle of unit length with constant
speeds such that k of the speeds are distinct. Then there exists a time and a
sector S such that S contains at least |S|n + ¢k runners, where ¢ > 0 is an
absolute constant.
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Observe that |S|n is the expected number of runners in S, had they been
distributed uniformly, and the theorem asserts that at some time, the true
distribution of runners is ¢vk-far from uniform. We will also show that the
bound is asymptotically tight up to a logarithmic factor.

The problem of runners has an interesting application to distribution of
roots of complex polynomials. Take a bivariate polynomial f(z,y) such that
its Newton polytope has k vertices: Zf;ol xigﬂ2 is an iconic example. Given
a € C\ {0}, consider the univariate polynomial f(z,a). Then the Theorem can

be generalized as follows: there exists a € C\{0} so that if rie?7@ ... r,e?mon
are the non-zero roots of f(x,a), the distribution of a,...,a, is eVk-far from
uniform.

In the iconic example, a stronger and simpler result follows from a theorem
of Hutchinson [7], see Section [2| for a detailed discussion. This also gives one
motivation for this problem. A different motivation comes from the complexity
of algebraic computations. In [9], Koiran has conjectured the following: if
a univariate polynomial f(x) is sufficiently easy to compute then f(x) has a
small number of distinct real roots. This is called the Real 7-Conjecture; it
is rooted partly in Valiant’s VP vs. VNP problem [I8| ], partly in the 7-
Conjecture of Shub and Smale [15]. Later, Koiran et al. [I0] conjectured that
a similar statement holds for a bivariate polynomial and the number of vertices
of its Newton polytope. While the two conjectures seem related, and they share
the crucial consequence that VP # VNP, no implication between them was
previously known. We can now conclude that in fact, the Real 7-Conjecture
implies the conjecture on Newton polytopes.

2 Statement and discussion of main results

We first give the usual definition of the discrepancy of a sequence. Forry,...,r, €
[0, 1],
1
D(ri,...,mp) == sup —|Ngp(ri,...,m) —n(b—a)l,
0<a<b<1 M
where Ny = |{i : 7 € [a,b]}| is the number of r;’s in [a,b]. For general

T1,...,Tn € R, welet D(ry,...,1) == D({r1},...,{rn}), where {r} :=r — |r|
is the fractional part of r. In our setting, the normalization factor % in D is
rather inconvenient, and we define the bias of r,...,7, as

B(ri,...,rn) :=nD(ry,..., ).
Our main theorem about runners can be formally restatedﬂ as follows:

Theorem 1. Let sq,...,8, € [0,1). Let vy,...,v, € R and k := [{vy,...,v,}]
be the number of distinct v;’s. Then there exists t € R such that B(s; +

U1ty ..oy Sn F Unt) > \/k/12.

n the Introduction, we asserted that there is a sector which contains more than the
expected number of runners, whereas here we claim the existence of a sector containing more
or less than the expected number. But if a sector contains few runners, its complement must
contain many; and we can keep it closed by enlarging it by e.




The theorem will be proved in Section [3] where we also give a stronger result
for k = n. In Section [d we show that the bound in Theorem [I]is tight up to a
factor of /log k.

Let f(z) € C[z] be a complex univariate polynomial. Assume that f has n
(not necessarily distinct) non-zero roots rie®®t, . rpe® where ri,...1, >0
and ¢1 ..., ¢, € [0,27). We define the bias of f

B =8 (5. 5.

or’ " 2w

Denoting N, s(f) the number of roots of f in the complex sector {re* : r >
0,0 € o, 8]}, one can also write

B(f)= s |Nap(f) - 2=

0<a<p<2m 2m

We remark that B(f) has been studied already in the classical paper of Erdos
and Turdn [5].

Let f(z,y) =32, a; jx'y? be a bivariate complex polynomial. Let supp(f) :=
{(i,4) : aij # 0} C Z? be the set of exponents of monomials with a non-zero
coefficient. The Newton polytope of f, Newt(f) C R?, is defined as the convex
hull of supp(f). In Section we will prove:

Theorem 2. Let f(x,y) be a bivariate complex polynomial such that Newt(f)
has k vertices. Then there exists a € C\ {0} such that the univariate polynomial

f(x,a) satisfie] B(f(x,a)) > Q(VE).

The theorem can be motivated by the following example. Take a real poly-
nomial f(z) = >.i_,a;z". A theorem of Hutchinson [7], which appears more
explicitly in [12], gives the following: if a; are positive and

a? > 4ai,1a¢+1 (1)

for every i € {1,...,n — 1} then all the roots of f(z) are distinct, real and
negative. Now consider the bivariate polynomial g(z,y) = > i biziy” with
b; > 0. Then we can set a > 0 small enough, so that the coefficients of the
univariate polynomial g(z,a) satisfy (1)), and hence all the roots are real and
negative. In the language of Theorem [2, B(g(z,a)) = n. In this argument, 42
could be replaced by any strictly convex function (or strictly concave, letting
a — 00). Furthermore, using a result of Karpenko and Vishnyakova [§], we can
also assume that b; € R are non-zero (rather than positive), giving that the
roots are real (rather than negative). However, things get more complicated if
some coeflicients are zero. In this case, we can no longer expect all the roots of
g(x,a) to be real, or lie on the same line re*®.r € R. Theorem [2| nevertheless
tells us that for some a € C\ {0}, the roots of g(x,a) non-trivially concentrate
in some complex sector.

2In this paper, g(k) > Q(h(k)) means that g(k) > c- h(k) holds for some constant ¢ > 0
and every sufficiently large k.



It is easy to see that Theorem [2[ does not hold if f(x,y) and a are required
to be real. Furthermore, as noted in Proposition the bound in Theorem
is tight up to /log k factor.

We shall also give the following modification of Theorem [2} For a univari-
ate complex polynomial f(x) = Y a;2%, let R(f) denote the real polynomial
> R(a;)x® (where R(a;) is the real part of a;).

Theorem 3. Let f(x,y) be a complex polynomial such that its Newton polytope
has k vertices. Then there exists a € C\ {0} such that R(f(x,a)) has Q(k)
distinct real roots.

This is proved in Section We remark that a weaker bound of Q(vk)
follows from Theorem [2] and Cauchy’s argument principle.

An application to Real 7-Conjectures The Real 7- Conjecture of Koiran
[9] asserts the following: let f € R[z] be a real univariate polynomial which can
be written as

f = Z H fiJ ) where |Supp(fi7j)| <r, (2)
i=1 j=1

then f has at most (pgr)c distinct real roots (for some absolute constant c).
In [I0], Koiran et al. have made a similar conjecture (called the T-Conjecture
for Newton Polygons): let f(z,y) be a real bivariate polynomial as in , then
Newt(f(z,y)) has at most (pgr)¢ vertices. Using Theorem [2 we can conclude
the two conjectures are related:

Proposition 4. The Real 7-Conjecture implies the T-Conjecture for Newton
Polygons.

Proof. In [0], it was shown that the Real T-Conjecture implies the following:
given a compler univariate polynomial f as in , its bias can also bounded as
B(f) < (pgr)¢” (where ¢’ > 0 is a new absolute constant). Assume now that
f(z,y) is a (real or complex) polynomial of the form (2)) such that Newt(f(x,y))
has k vertices. By Theorem 2| we can find a € C\{0} so that B(f(z,a)) > CVk,
with a constant C' > 0. Assuming the Real 7-Conjecture, the result in [6] gives
that CVk < (pqr)c// and hence k < C? (qu)QC” —as require by the conjecture
on Newton polytopes. U

We point out that the same could be concluded from Theorem [Bland a lemma
from [0] relating the complexity of f with that of R(f).

Some notation Forn €N, let [n] :={1,...,n}. Forr € R, {r}:=r—|r|is
the fractional part of 7. log(x) is the logarithm in base two.

3 As the non-trivial case is pgr > 2, the constant C? can be subsumed in the exponent.



3 Lower bounds on the discrepancy of runners

In this section, we prove Theorem [1| as well as give a stronger bound in the
special case k = n. We point out that the special case can be easily proved by
estimating max;e(o,1 [ D, e2™(si+vit)| and then using some well-known prop-
erties of discrepancy, such as the Koksma inequality (see, e.g., the monograph
[14]). In the case of non-distinct speeds, this approach seems hard to implement
and leads to Turén style problems on power-sums [I7, [13]. The strategy of our
proof is therefore different. We directly estimate the expectation of the square
of the number of runners in S, for a random time ¢ and a random sector S. It
is more convenient to first analyze the case when the speeds are integers: at
time ¢ = 1 the runners return to their original positions and it is enough to
understand the system in the interval ¢ € [0, 1].
Given 0 <~v <1 and a € R, let

Sa,aty ={z€[0,1]: {z —a} <~}.

When [0,1] is viewed as a circle, Sy o4~ is the closed sector which starts at «
and continues clockwise for distance 7. v will be called the aperture of S, a4~
and denoted | Sy o+~|. Given a sector S and = € R, we define

)1, {z}eS
Xs(ﬂf)—{ 0, {a}¢gs’

Let Ng(21,...,2n) == > i xs(®i) and Xa (%) := X5a.0y, (@)

Remark.

B(ri,...,mm)= sup |Ng, .. (r1i,...,r0) —n|.
0<a,v<1

Moreover, it does not matter whether the sectors are closed, open, or half-open.

In the following, E, h(z) will stand for fol h(z)dx, the expectation of h(x)

on [0,1]. Similarly, E,, h(z,y) stands for fol fol h(z,y)dydz etc. In the cases
considered below, Fubini’s theorem is applicable and we have E; , = Ey .

Lemma 5. Let s1,s2 € R, let v, vy be distinct integers and v € [0,1]. Then
o (3)

tE Xa,'y(51 + vlt)Xa,'y(52 + U2t) = 72 . (4)
,Q

E Xa,y (51 +v1t)
t,a

Proof. is rather obvious. In fact, we already have
EXa,’y(S + Ut) =7, H;X(x,'y(s + Ut) =7,
(0%

where the latter holds iff] v € Z \ {0}.

4The assumption v € Z makes Xa,~(s+vt) 1-periodic in ¢, and v # 0 guarantees the runner
spends ~-fraction of time in Su, a4~.



To prove (@), note that Xa, (¢ + 2) = Xa—z,(x) and the left-hand side of
equals A := fol fol Xa—vity(81)Xa—vst,y (82)dadt. We have

1—wvqt

1
/ XCM—'Ult,"‘{(Sl)XO&—’UQt,’)’(S2)dOé :/ Xa’;y(sl)Xo/—i-(vl—vg)t,'y(SQ)dO/ =
0

—vit
1

:/ Xa',’Y(Sl)Xa”r(m*Uz)t,’Y(SQ)dO/7
0

where we have used the substitution o/ = a — vyt and the fact that x., is
1-periodic in the first argument. Exchanging the order of integration, we have

1 1
A= / / No(51) Xt (or —vayi (82)derdt =
0 0

1 1 1
- / (xm(sl) / xa+<m_w>t,7<52>dt) dov = / (e (51)7) dov = 72

O

As a warm-up for Theorem [I} we first consider the case of runners with
distinct speeds. In this case, the obtained result is stronger.

Theorem 6. Let vy,...,v, be distinct real numbers and s1,...,s, € [0,1). Let
v € [0,1]. Then there exists t € R and a sector S = Sq o+~ of aperture v such
that

[Ns(s1+v1t, ..., 8n + Unt) —yn| > /(v —¥?)n.
In particular, there exists t € R such that B(sy + vit,. .., $p + vpt) > /n/2.
Proof. Assume first that vq,...,v, are distinct integers. Define N(a,t) :=
> Xay (i + vit); the number of runners in Sy o1 at time t. We shall
abbreviate E, ¢ by E. We want to estimate E((N(a,t) — yn)?). By the pre-
vious lemma, we obtain E(N(a,t)) = yn. This implies E((N(a,t) — yn)?) =
E((N(a,t)?) — v*n?. Moreover, the lemma also gives

E(on,’y(si + 'Uit)on,’y(Sj + th)) = q,ifi=j,
= P ifi#j.
This means that

n

E(N(,8)) =Y E(Xan(5i + vit)*) + > E(Xan (5 + vit) Xy (55 + v51) =
i=1 i#]
=yn+y*n(n —1) = (v = 7*)n +v*n.

Altogether, we obtain

E((N(a,t) =yn)?) = (v =7*)n +7°n* =+*n? = (v = 7*)n.



This means that for some « and ¢, |[N(a,t) — yn| > /(7 —¥?)n which proves
the special case of the theorem.

For non-integer speeds, we will apply Dirichlet’s approximation theorem.
If vq,...,v], are distinct real numbers and € > 0, the theorem gives a posi-
tive integer ¢ and integers v1,...,v, such that |vig — v;| < € for every 7. Let
N'(a,t) == Y1) Xa~y(si + vit) and N(a,t) be as above. We again want to
estimate |N'(a,t) — yn|. Since we can scale the time by a factor of ¢, we can
assume that in fact ¢ = 1 and so |[v] — v;| < € for every i. We observe that

E((N'(a,t) = yn)*) = E((N (o, t) = yn)?) — ecn ,

where ¢,, is a constant depending only on n. This is because N(a,t) and N'(«, t)
differ on at most an 2en-fraction of o € [0,1]. Hence we conclude that there
exists « and time ¢ with |N'(a,t) — yn| > /(y —¥?)n — ec},. Since we can
pick e arbitrarily small and N'(«,t) is an integer, we conclude |N'(a,t) —yn| >

v/ (v —7?)n for some «, t. O

We remark that the main part of Theorem [0 fails miserably if the runners
have non-distinct speeds. Consider n = 2k runners with k distinct speeds
running in pairs such that in a given pair, the two runners maintain distance
1/2. Then we can set the starting positions so that for every sector S of aperture
v = 1/2 and every time, the number of runners in the sector is at least k and
at mostﬁ k+ 4.

To prove Theorem [T} we need one more lemma:

Lemma 7. Let s1,...,8,m, € R and a € [0,1]. Let N(v) := Y7" Xa(5:)-
Then

E((N() —ym)”) >

v
Proof. The function N(v) is integer-valued. Hence |N(y) — ym| > A(ym),
where A(z) € [0,1/2] denotes the distance of z € R from a closest integer. It
is therefore enough to estimate fol A(ym)?dy. The function A(ym) is 1/m-
periodic and symmetric with respect to the point 79 = 1/2m. This means
that fol A(ym)3dy = 2m f01/2m A(ym)3dy. Furthermore, if v € [0,1/2m] then
A(ym) = ym and hence

1/2m ) ) 1/2m ) m2 1
A dy = dy = = —.
/0 (ym)“dy m/o Y= 35

This gives [, A(ym)? > 2m/24m = 1/12. O

Proof of Theorem [Il We will assume that vy,...,v, are integers; the gen-
eral case proceeds in the same way as in the proof of Theorem [} Without
loss of generality, assume that already vy,...,v; are distinct. Given j € [k],

5This is owing to the fact that S is closed; a half-closed sector would contain precisely &
runners at every time.



let A; := {i € [n] : v; = vj} be the set of runners with speed v;. Let
Nj(e,7,t) =324, Xay(si+vit) and N(a,7,t) := o1 Xay(8i +vit). Hence
N(a,,t) denotes the number of runners in Sy o+~ at time ¢ and N(«,7,t) =
25:1 Nj(a,v,t). We want to estimate E((N(a,7,t) —yn)?), where E now
stands for Eq -

Setting g;(a,v,t) := Nj(a,7,t) — 7| 4;|, we claim that

E(g7) > 1/12,

The first inequality is a consequence of Lemma is an application of Lemma,
as follows. For a fixed v, we have Eq+ N;(c,7,t) = v|A4;| which means that

E (gj1gj2) = cIyEt(le (O"’%t)NjQ (O‘a’%t)) - ’)/2|Aj1 ||AJ2| .

a,t

Furthermore, by Lemma

Et(le (Ol, Y t)sz (av Y t))

a$

Do EXan(si 0, 8)Xan (i +vpt) =
i1 GAJ'I 7i2€Aj2 @

:WQ‘AJEHAJ'Q' :
This shows that the left-hand side of indeed equals zero.
We now have

k

k
k
E((N (o 7,1) = yn)*) =E((Y_9:)*) = D_E(g)) + D El95,95.) > 15 -
j=1 j=1 J1#£72
This implies that for some a,t,7, |N(a,v,t) —yn| > /k/12. O

4 An upper bound on the discrepancy of run-
ners

We now want to show that the bounds in Theorem [I] and Theorem [6] are tight
up to logarithmic factors.

Theorem 8. Let vy :=1,...,v, :=n. There exist s1,...,8, € [0,1) such that
for every t € R and every v € [0,1], the following holds. For every sector S
of aperture 7, |[Ng(s1 + vit, ..., 8, + vpt) —yn| < O(v/nylogn + logn). Hence
B(s1 +wvit,...,8n +vpt) < O(yv/nlogn).

Clearly, this implies a similar bound in the general case of non-distinct
speeds. If k < n, set vy,...,v, sothat vy =1,...,vx =k and vg41,...,v, = k.
Applying Theorem [8] and setting the starting positions of the last n — k + 1
runners so that they uniformly partition the circle, we have for every ¢

B(s1 4+ vit, ..., 85 +vpt) < O(\/klogk).



Proof of Theorem[8 Pick s1,...,s, € [0,1] uniformly and independently at
random. Let Ng(t) := Ng(s1+v1t,...,Sp +vnt) be the number of runners in S
at time time t. We claim that for every fixed ¢ and a fixed sector S of aperture
~v > 4logn/n,

Pr {|Ns(t) —n| > 4/ ny logn} <n75. (6)

For if s1,...,s, are uniform and independent, so are s; + vit,..., s, + v,t.
The expected value of Ng(t) is p := yn. Chernoff bound gives that for every
0<4§<1,

Pr[Ns(t) < (1 - 8)u] < e "/2, Pr[Ns(t) > (1+0)u] < e #/.

If we now set & := 4, /%8 we have du = 4v/nylogn and 62p = 16logn. Hence

yn
both the probabilities in @ are at most e—16logn/3 < =5,

Let m := |n/(4logn)] and 79 := 1/m. Let S be the set of sectors of
the form Sivg ivot+ir0s 44 € {0,...,m — 1}. That is, S consists of the m?
sectors whose starting point and aperture is a multiple of ~y. Let 7 be the
set of times of the form k/nm, k € {0,...,nm + 1}. Since m < n, we have

|S|-|T| < n*. Then (6) and the union bound give that, with positive probability,
[Ns — |S] - n|] < 44/n|S|logn holds for every S € Sand t € T.

Hence there exist s1,...,s, so that
|[Ng — |S] - n|] <44/n|S|logn, forall SeS,teT. (7)

We first claim that this can be extended also to times not in 7:
|Ng — |S] - n| < 44/n|S|logn+ O(logn), forall S eS,teR. (8)

For, given a "small” sector Sy in S of aperture 7, @ tells us that Ng, <
8logn + 1. Between two consecutive times t; = k/nm and to = (k4 1)/nm in
T, the fastest runner with speed n covers distance n/nm = ~y. This means that
the runners that come to or leave from a sector S must come from, or move to,
the at most two adjacent small sectors of aperture ~y. In a similar fashion, we
can extend to all sectors of aperture v € [0,1]. For given such a sector S,
we can find S; € SU{(} and Sy € § with S; C .S C S5 and apertures satisfying
1511 = v = 270, [S2] <7+ 270. [

4.1 An explicit construction

It would be interesting to give an explicit construction of low-discrepancy run-
ners, and we now make a step in this direction. We will use the Erdés-Turdan
inequality [4] which is a useful tool for bounding discrepancy. We also note that
the inequality would somewhat simplify the proof of Theorem [§| (see also [3]),
at the cost of obtaining weaker bounds.

It is convenient to interpret the discrepancy of runners in terms of norms of
complex polynomials. Let f(z) = >, a;z* be a complex polynomial. Let | f|,, :=



max|,|—1 | f(z)| be its maximum on the unit complex circle. Furthermore, let

f®)(z) == 3, aFa’ be the Hadamard power of f. The following lemma is a
straightforward adaptation of the Erdés-Turan inequality to our setting:

Lemma 9. Let vy,...,v, be distinct non-negative integers, si,...,s, € [0,1)
and f(z) =1 €>™%igv. Then for every t € R,

i=

"R ()],
B(31+v1t,...,sn+vnt)<c<1+kz_l|fli)) 7

where ¢ > 0 is an absolute constant.

In order to apply Lemma |9 we want to find a polynomial f(z) with unimod-
ular coefficients such that |f*)(z)|,, is small for every k < n. Our construction
is a generalization of that of Shapiro polynomials, see, e.g., [16]. Shapiro’s con-
struction gives a polynomial f(z) with £1 coefficients and degree d = 2" — 1
such that |f(2)|, < 20+1D/2 = /2(d + 1).

Let us fix a prime p. Let £ be a p-th primitive root of unity. Let D be the pxp
(unnormalized) discrete Fourier transform matrix, D;, = &%, j k € {0,...,p—
1}. Recursively, we construct a p-tuple of polynomials Qg r, ..., Qp—1,r. We set
Q(],O = 1, .. ~7Qp71,0 =1 Ifr 2 0, we let

Qo,r+1 TQo,r
Ql,r+1 P Ql,r
: =D- : (9)
Qp-1,r+1 ﬂpil)pTQp—l,r

The construction guarantees that every @); , has degree d,, = p” — 1 and that its
coefficients have absolute value one.

For example, in the case p = 2, we obtain the usual Shapiro polynomials.
The definition is simplified to

B Q e . 1 1 Q T
Q0,0?QLO - ]" ( Q(l)rii ) o < 1 -1 ) ’ < l'QTQ(l),T > ’

and gives the sequence:

1 1+ 1+z+2%—23 l+az+2?—23+at + 25— a5 +a7
17 1—2 " 1+z—a2?+2% " l1+a+a? -2 —a*—2®+25—2" "7

We can bound |Q£kr)|m as follows.

Proposition 10. Let 0 < i < p—1 and k be a natural number such that p does
not divide k. Then |Q§i)|m <pH = Vpld. +1).
Proof. Assume first that kK = 1. We will prove that for every = with |z| = 1,

|Q0,r(x>|2+"'+|Qp—1,r(1')|2 :prJrl- (10)

10



This is by induction on r. If » = 0, the statement is clear. For the inductive
step, let Q,11(x) be the vector on the left-hand side of @D and P,.(z) the one
on the right-hand side, so that Q,41(z) = DP.(z). For u € CP let |u| be
its Euclidean norm. The matrix D satisfies D - D* = pl,. This means that
for every u € CP, |Du|* = p|u|?>. Hence we have |Q,41(z)|? = p|P.(z)|? for
every x € C. Furthermore, if |z| = 1, we have |P.(z)|*> = |Q.(z)|*> and hence
|Qr+1(2)]? = p|Q.()]?. This implies (10)).

Equality 1) gives |Qirlm < prt1/2 ag required. Let k be such that p does
not divide k. Then kar) satisfy the same recursive definition, except that the
root ¢ is replaced with ¢*, and the same conclusion holds. O

In order to obtain low-discrepancy runners from Proposition it is enough
to take the polynomial Qo , for a suitable 7. It turns out that r = 3 gives
optimal parameters in this settingﬁ

Corollary 11. Let p be a prime and n := p>. Let sq,...,8,-1 € [0,1) be
such that Qo3 = Z;L:_Ol e*™sigd. Then B(sg,s1 + t,...,$n—1 + (n — 1)t) <
O(n*/3logn) for everyt € R.

k

(k)
‘Qo;jl'". Ifpt k, we

Proof. By Lemma@ it is enough to estimate 4 := 7 _,
have |Qé]f§\m < p? = n?/3 by Proposition Hence

Q@) I 02/
> < — <0 n2/3lo n).
> _kZ:l — <O gn)

k
k<n,pt k

If p divides k, we have |Q(()k§ m < n. Hence

Q42 @)l n ndl1 ,
> Boaln o 5 2 23R ogrsiog
k<n,plk k<n.plk a=1
This gives the estimate A < O(n?/3logn). O

5 Newton polytopes and angular distribution of
Zeros

In this section, we prove Theorems [2 and

SHence the recursion @ is applied 3 times. Note, however, that Qo 3 implicitly depends
on the chosen prime p (and the root &).
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5.1 The connection with runners

We start by discussing the connection between Theorem [2] and the discrepancy
of runners. Let f(z,y) be a polynomial of the form

n

f(x7y) =gMym H(x_aiyqi)7 (11)

i=1

where a; = r;e*™%i r; > 0, s; € [0,1), and m1, ma, q1, - - -, gn € Z with mq, my >
0. Let k := [{q1,...,qn}| be the number of distinct ¢;’s. Then Newt(f(z,y))
has precisely 2k vertices (if k£ > 0). This is because the Newton polytope of a
product g1g- is the Minkowski sum of Newton polytopes of the factors g; and
92 (see, e.g., [10] or references within). Hence, Newt(f(z,y)) is the Minkowski
sum of line segments (and a point) with precisely k distinct gradients, which
yields 2k vertices. Given a = re*™*, r > 0, the non-zero roots of f(x,a) are of
the form r% rje2m(sj+qjt), Jj € [n]. Hence, as t varies, their arguments are

2r(s1 + qit) , ..., 27 (Sp + qnt),

and they can be seen as a system of runners on a circle of length one with speeds
q1,---5>qn- Using Theorem [I] these observations entail:

B(f(x,a)) > Q(Vk), for some a with |a| = 1.

Conversely, a system of runners s; + v1t,..., S, + Unt, v1,...,v, € N, can be
associated with the bivariate polynomial

g(z,y) = [[ (= — ™59y™).

j=1
This and Theorem [8 implies:

Proposition 12. For every n, there exists g(x,y) whose Newton polytope has
2n wvertices but for every a € C\ {0}, B(g(x,a)) < O(y/nlogn).

We remark that g can be assumed to have real coefficients by taking instead
9-9=1I}—, (2 —2cos(27s;)xy” + y**7). Furthermore, Theorem [§ gives more
information: for example, every small sector of aperture O(logn/n) contains at
most O(logn) runners. The same could be said about the roots of g(x,a).

5.2 Proof of Theorem [2]

Our goal is to deduce Theorem [2 from Theorem [1} The strategy is to approx-
imate f(z,y) by polynomials corresponding to edges of its Newton polytope
— hence reducing the problem to the already understood case as in . As
pointed out by an anonymous referee, the following proof is similar to the proof
of Newton-Puiseux theorem (see, e.g., [19]). The theorem expresses roots of

12



f(z,y) = 0, when viewed as a polynomial in x, as Puiseux series in y. More-
over, the first approximation of the series is given by monomials on the bound-
ary Newt(f(x,y)), which would lead to an alternative proof of Theorem [2| from
Theorem [

Let g(z,y) be a polynomial such that Newt(g) lies on the line ¢ = {(¢t, gt+m) :
t € R}, ¢ € Q. Then g(x,y) can be written as

n2
gz y) =y™ Y caly?. (12)

Jj=n1
Furthermore, if ¢ € Z, g(z,y) can be factored as

n

g9(z,y) = agy™ [ [ 2y — ai) (13)
=1

where aq,...,a, € C.

Lemma 13. Let g(x,y) be as in with ag # 0. Let h(x,y) be a polynomial
such that Newt(h) lies in the strict upper-half plane determined by . Then
for every € > 0 sufficiently small, and every a € C with 0 < |a| sufficiently
small with respect to €, the following holds. Let £ be a non-zero root of g(x,a)
of multiplicity p. Then g(z,a) + h(xz,a) has precisely p roots & which satisfy
|€" —&| < €|é|, counted with multiplicity.

Proof. This is an application of Rouché’s theorem. Let 0 < € < 1 be such that
€ < |a; — aj| for every a; # aj. Given a € C\ {0}, every root of g(z,a) is of
the form &(a) = ara™9 for some ap # 0. Let us fix such an a;. Let Q(a) be
the open ball with centre at £(a) and radius €|£(a)|. Let M; be the minimum
of |g(x,1)| on 092(1). Hence M; > 0 and

' > Mla™. 14
wergsllr(la)lg(x,a)l_ 1]al (14)

Furthermore, we claim that there exists Ms independent on a such that when-
ever |a| <1,

h < Mola|™ . 15
Jmax [h(z,a)| < Malal (15)

For let h(z,y) = 32 jica ¢; j2'y’. By the assumption on h (also recall that g is
an integer), we have that j > gi +m + 1 whenever ¢; ; # 0. Furthermore, given
x € 0(a), we have |z| < 2|¢(a)| = 2|ag||a|~9. Hence,

h@a)l < 3 lesgllellal < 3 leigli2an]lal=

(i,§)€A (1,7)€A

< o™ > eil2an],
(i,5)€A

which shows that holds.
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Inequalities and imply that for every a with |a| small enough,
|h(z,a)] < |g(x,a)| holds for every z € 9Q(a). Rouché’s theorem then gives
that g(z,a) and g(z,a) + h(x,a) contain the same number of roots in Q(a),
counted with multiplicities. O

We now make some observations about polytopes. Let P C R2 be a polytope
with k > 2 vertices. Then P has k edges. An edge e will be called a lower edge,
if P lies in the closed upper-half plane determined by the line passing through e.
Similarly, an upper edge and the lower-half plane. Every edge e is either a lower
or an upper edge, unless e is parallel to the y-axis. There can be at most two
such edges, and we conclude that P has either at least (k —2)/2 lower edges, or
at least (k — 2)/2 upper edges.

Suppose that P has s lower edges e, ..., es with gradients ¢, ...,¢s. Then
the gradients are distinct and, assuming ¢; < --- < ¢qs, P contains vertices
(a1,b1),. .., (ast1,bs41) with a; < --+ < asq1 such that every e, connects (a;, b;)
and (@j41,b;41). Furthermore, the projection of P to the z-axis is the interval
[a1, as+1].

Let f(z,y) = >, ; aijz'y’ and let e C R? be an edge of Newt(f) connecting
vertices (a,b) and (a’,b") with a < a’. We define

flwy) = Y aija'y’, fiz,y) =2 "fo(z,y).

(i,5)€e

Lemma 14. Let L be the set of lower edges of Newt(f(x,y)). Let f*(x,y) :=
[l.cr f2(x,y). Then for every ¢ € [0,27) and every v > 0 sufficiently small,

[B(f(z,re'?)) = B(f*(z,¢'?))] < 1.

Proof. Without loss of generality, assume that x does not divide f and that the
lower edges have integer gradients. Otherwise, we can divide by = and replace y
by a suitable power of y. For a € C\ {0}, Arg(a) denotes the unique 6 € (-, 7]
with a = |ale®.

Let n := deg(f(x,y)), where from now on deg will denote the degree with
respect to the x-variable. Let eq,...,es be the lower edges of Newt(f(x,y))
with gradients ¢; < .-+ < ¢s. As in the above discussion, we have vertices
(a1,b1),...,(as+1,bs+1) so that e; connects (a;,b;) and (a;y1,bi41), and a1 =
0,as41 = n. Observe that x does not divide f, and deg(f ) = a;+1—a;. Hence,

i
S

deg(f*) = Zdeg(fi*) = Z(aiJrl — @) =as41 —ag=n.
i=1

=1

Let ¢ be given and ¢ > 0 be sufficiently small. We claim the following:
given r sufficiently small, there is a bijection between the roots of f*(x,e*?) and
f(x,re'®), so that any two corresponding roots &, & satisfy |Arg(¢//€)| < e. We
will call such a bijection an e-matching. This clearly implies that B(f(x,re'?))
and B(f*(z,e'?)) get arbitrarily close to each other (for our purposes, it is
enough to set € = 1/2n).
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The claim is an application of Lemma Let d; := deg(fZ,). We can factor
each f7 as

d;
f2(2,y) = coy H zy® — ¢ (16)

This means that the roots of fe* (z, reub) lie in the disc
Dy(r) = {Z ceC:mr 4 < |z| < m;/r-_q'i}’

where 0 < m; < m} are independent of r. By the definition of f.,, the Newton
polytope of f(x,y) — fe,(z,y) lies in the strict upper-half plane determined by
the edge e;. From Lemma [I3] we conclude that for every r > 0 small enough,
f(x,re*®) contains at least d; roots in the disc

Diir)y={zeC:m;(1—e)r % < |z] <mj(1+e)r %}

and, moreover, there is an e-matching between d; of these roots and the roots of
f2(x,re?). As r approaches zero, the discs Dj(r) and D (r) become disjoint for
distinct ¢ and j. Since deg(f) = deg(f*), this means that there is an e-matching
between the roots of f(z,7e'?) and f*(x,7e'?). To conclude the claim, observe
from that the arguments of the roots of f*(x,re*®) do not depend on r. [

Proof of Theorem [2l Let f(x,y) be such that Newt(f(x,y)) has k vertices.

Without loss of generality, we will assume that Newt(f) has s > (k—2)/2 lower

edges. For otherwise, take the polynomial y™ f(z,y~1) for m sufficiently large.
Using Lemma it is enough to show there exists ¢ € [0, 27) with

B(f*(z,¢'?)) > Q(v/5). (17)

If the gradients of the lower edges are integers, we can factor f* as and
conclude from Theoremas in the discussion in Section If the gradients
are not integers, take instead f*(x,y™) for a suitable m. O

5.3 Proof of Theorem [3]

As already remarked, a weaker version of Theorem [3] follows from Theorem [2]
However, the following proof of the full version is self-contained, though similar
to that of Theorem 2l

An analogue of Lemma [13]is the following:

Lemma 15. Let g(x,y) be a real polynomial as in (13) with c,,cn, < 0 and
q € Q. Let h(x,y) be a real polynomial such that Newt(h) lies strictly above the
line L. Then there exist 0 < d < d' such that for every 0 < r sufficiently small,
g(x,r) + h(z,7) contains a root in the interval (dr—2,d'r=1).

Proof. The assumption ¢,,c,, < 0 guarantees the existence of 0 < d < d’ with
9(d,1)g(d’,1) < 0. This means that for every 0 < r, also g(dr—%,r)g(d'r~%,r) <
0. As in the proof of Lemmal[3] it can be shown that for » > 0 sufficiently small,
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[h(dr=9,7)] < |g(dr~%,r)| and |h(d'r~9,7)] < |g(d'r~%r)|. This shows that
g(z,7)+ h(z,r) has different signs on the endpoints of the interval [dr—F, d'r=*],
and the interval must contain a real root. O

The following lemma is a substitute for Theorem Let rq,...,7r; be a
sequence of real numbers. We define

V(’I"l, .. .,’r‘k) = |{Z S UC - 1] LTt < 0}‘ R
the number of sign variations in the sequence.

Lemma 16. Let ay,...,ax € [0,27) and let ny, ..., ny be positive integers such
that n; # ni1 for every i € [k — 1]. Then there exists ¢ € [0,2m) such thaﬂ
V(cos(aq + ¢ny),...,cos(ag + ¢ng)) > (k—1)/8.

Proof. Pick a random z € [0,1]. Let fi(z) := cos(a; + 2mnx) cos(ar1 +
2mn;1x). We claim that

Pr{fi(z) < 0] > 1/8.

This can be seen as follows. An easy calculation shows that fol fi(z)dz = 0 and
i fi(z)?dz =1/4. Let A:= {z € [0,1] : fi(z) < 0}. Then

i :/01 fi(z)?dx

1
< [ 1f@ls = [ @l [ (f@lds=2 [ 1@ <2141,
0 A [0,1\ A A
which shows that |A| > 1/8.
Let x;(z) € {0,1} be the indicator function of the event that f;(xz) < 0.
Then the expectation of x1(x)+- -+ xk—1(x) is at least (k—1)/8. Hence there
exists x € [0,1) so that f;(z) < 0 holds for at least (k —1)/8 of the ¢’s. O

Proof of Theorem [Bl As in the proof of Theorem [2] we can assume that the
polytope has s > (k — 2)/2 lower edges. Let eq,...,es be such edges with
gradients ¢, ..., qs, where e; connects (a;,b;) and (a;41,b;41) with a; < a;41.
Let r;e'® be the coefficient of z%y% in f (where r; > 0, a; € [0,27)).

Given a = re'®, we can write R(fe, (z,a)) as

cos(a; + bid)rirtix® + cos(ap1 + bip10)rip1rt a4+ R(ui(z, a)),

where u;(x,y) is a polynomial such that Newt(u;(x,y)) lies on the line strictly
between the points (a;, b;) and (a;+1,b;+1). Let T(¢) be the sequence cos(ag +
@b1),...,cos(asy1 + dbsy1). Note that b; # b;11 holds for every i € [s], with
at most one exception. By the previous lemma, there exists a ¢ such that
V(T(¢)) > (s—1)/8 (this ”one exception” compensated by the sequence having

"We are not trying to optimize the constant; a different argument would give an improve-
ment of (k—1)/6.

16



length s+1). Fix such a ¢. Given an i with cos(c; + ¢b;) cos(a;1 + ¢bi1) < 0,
we can apply Lemma |15} to conclude that R(f(x,7€*?)) has a root in the interval
(dir—% dlr—%) for every r sufficiently small. As r approaches zero, the intervals
corresponding to different i’s are disjoint (the gradients ¢; are distinct). This
gives that R(f(z,re*?)) has at least (s—1)/8 distinct real roots for r sufficiently
small. O
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