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Motivations

@ Fraissé-Jonsson theory of universal homogeneous structures
(1953)
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Motivations

@ Fraissé-Jonsson theory of universal homogeneous structures
(1953)

» Cantor’s back-and-forth method
» Urysohn’s universal metric space
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Motivations

@ Fraissé-Jonsson theory of universal homogeneous structures
(1953)

» Cantor’s back-and-forth method
» Urysohn’s universal metric space

@ Work of Droste & Gobel (1989)
@ Reversed Fraissé limits: Irwin & Solecki (2005)
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Motivations

@ Fraissé-Jonsson theory of universal homogeneous structures
(1953)

» Cantor’s back-and-forth method
» Urysohn’s universal metric space

@ Work of Droste & Gobel (1989)
@ Reversed Fraissé limits: Irwin & Solecki (2005)

@ Universal compact spaces “generated” by retractions (Valdivia
compacta)
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Valdivia compacta

A Valdivia compact is a closed set K C [0, 1]* such that
K = cl(K N X(k)),

where (k) = {x € [0,1]": [{a: x(a) # 0}| < No}.
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Valdivia compacta

A Valdivia compact is a closed set K C [0, 1] such that
K = cl(K N X(k)),
where (k) = {x € [0,1]": [{a: x(a) # 0}| < No}.

Theorem (H.Michalewski & W.K.)
A compact space K of weight X4 is Valdivia if and only if

K =lims,
e

where s = (K, rg’, w1) is a continuous inverse sequence of metric
compacta in which all bonding maps rg are retractions.
(retraction = right-invertible map)

(s

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Fraissé sequences Fields Institute, 30-03-2007 4/36




Linearly ordered Valdivia compacta
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Linearly ordered Valdivia compacta

Example
The linearly ordered space w¢ + 1 is Valdivia compact. J
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Linearly ordered Valdivia compacta

Example
The linearly ordered space w¢ + 1 is Valdivia compact.

Claim
Linearly ordered Valdivia compacta can have weight at most R.
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Linearly ordered Valdivia compacta

Example
The linearly ordered space w¢ + 1 is Valdivia compact.

Claim
Linearly ordered Valdivia compacta can have weight at most R.

Theorem (W.K.)

There exists a zero-dimensional linearly ordered Valdivia compact C,,,

which maps increasingly onto any other nonempty linearly ordered
Valdivia compact.
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Categories

Let R be a category. We say that 8 has the amalgamation property if
for every arrows f: Z — X and g: Z — Y there are arrows f': X — W
and g’': Y — W suchthat f'f = g'g.
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Categories

Let R be a category. We say that 8 has the amalgamation property if
for every arrows f: Z — X and g: Z — Y there are arrows f': X — W
and g’': Y — W such that f'f = g’g. If moreover for every other pair of
arrows k: X — Vand ¢: Y — V with kf = /g there exists a unique
arrow h: W — V such that the diagram

/
y W
QT f’T
Z?X

commutes, then (f', g’) is called the pushout of (f, g). .
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Cofinality and homogeneity

@ A family F of objects of R is said to be cofinal in R if for every
x € Kthereis y € F such that &(x, y) # 0.

(s

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Fraissé sequences Fields Institute, 30-03-2007 7136




Cofinality and homogeneity

@ A family F of objects of R is said to be cofinal in R if for every
x € Kthereis y € F such that &(x, y) # 0.

@ An object u € Ris cofinal in K if for every x € 8 there is an arrow
f: x—uin &
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Cofinality and homogeneity

@ A family F of objects of £ is said to be cofinal in R if for every
x € Rthereis y € F such that &(x, y) # 0.

@ Anobject u € K is cofinal in 8 if for every x € £ there is an arrow
f: x — uin A.

@ Let £ be a subcategory of K. An object u € R is £-homogeneous if
for every arrow f: a — bin £ and for every arrows i: a — u,
J: b— uin R there exists an isomorphism h: u — u such that the
diagram
u
b

h
—_—

—.

H—>

f
commutes. L
las]
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Sequences

By a sequence in a category & we mean a functor X from an ordinal A
into R.
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Sequences

By a sequence in a category & we mean a functor X from an ordinal A
into &. A sequence X of length )\ can be described as a sequence
{Xa Yo together with arrows i : x, — x5 for a < 8 < A, such that
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Sequences

By a sequence in a category & we mean a functor X from an ordinal A
into &. A sequence X of length )\ can be described as a sequence
{Xa Yo together with arrows i : x, — x5 for a < 8 < A, such that

0 Ig - ian,
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Sequences

By a sequence in a category & we mean a functor X from an ordinal A
into &. A sequence X of length )\ can be described as a sequence
{Xa Yo together with arrows i : x, — x5 for a < 8 < A, such that

0 ié’f = idxay

Qa<fB<y = Q=10

We shall write X = (X, /5, \).
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Sequences

By a sequence in a category & we mean a functor X from an ordinal A
into &. A sequence X of length )\ can be described as a sequence
{Xa Yo together with arrows i : x, — x5 for a < 8 < A, such that

0 Ig - iany

Qa<p<y = Q=0
We shall write X = (X, /5, \).
Let X = (Xa, i%, \) and ¥ = (ya, j2, 5) be sequences in £.
A transformation of X into y is a pair (¢, f) such that

@ ¢: )\ — Jisincreasing;
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Sequences

By a sequence in a category & we mean a functor X from an ordinal A
into &. A sequence X of length )\ can be described as a sequence
{Xa Yo together with arrows i : x, — x5 for a < 8 < A, such that

Q ¢ =idy,,

Qa<p<y = Q=0

We shall write X = (X, P A).
Let X = (Xa, i%, \) and ¥ = (ya, j2, 5) be sequences in £.
A transformation of ¥ into J is a pair (¢, f) such that

@ ¢: )\ — Jisincreasing;

Q 7= {f,}acr, Where f,: X, — Yo(a)s
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Sequences

By a sequence in a category & we mean a functor X from an ordinal A

into &. A sequence X of length )\ can be described as a sequence
{Xa Yo together with arrows i : x, — x5 for a < 8 < A, such that

0 Ig - iany

Qa<p<y = Q=0

We shall write X = (X, P A).

Let X = (Xq, /a,A> and y = <ya,j£,5> be sequences in R.
A transformation of X into y is a pair (¢, f) such that

@ ¢: )\ — Jisincreasing;

Q 7= {f,}acr, Where f,: X, — Yoo(a)s

Qo< = fg/a_ﬁ’((g))f
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Arrows between sequences

@ Let X, y be sequences in £ and let (¢, ?), (v, g) be transformations
between them. We say that they are equivalent if all diagrams like

e V() (o) % Yu(8) Ye(s)
X Tga gﬁT %
Xo - Xg

are commutative.
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Arrows between sequences

@ Let X, y be sequences in £ and let (¢, ?}, (v, g) be transformations
between them. We say that they are equivalent if all diagrams like

Yl Yip(a) e Y(s) Ye(5)
X Tga gﬁT %
Xo ... Xg

are commutative.

@ An arrow of sequences X — y is an equivalence class of this
relation. We write f: X — J, having in mind the equivalence class
of a transformation f = {f,}.<x.
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The k-completion of a category

Let x be a regular cardinal and let 8 be a category.
We denote by &, (R) the category of all sequences in 8 of length < &,
with arrows of sequences defined above.
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The x-completion of a category

Let x be a regular cardinal and let 8 be a category.

We denote by &, (R) the category of all sequences in 8 of length < &,
with arrows of sequences defined above.

A category £ is x-closed if sequences of length < x have colimits in £.
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The x-completion of a category

Let x be a regular cardinal and let 8 be a category.

We denote by &, (R) the category of all sequences in 8 of length < &,
with arrows of sequences defined above.

A category £ is x-closed if sequences of length < x have colimits in £.

Theorem
@ S.(R) is a k-closed category containing £ as a full subcategory.
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The x-completion of a category

Let x be a regular cardinal and let 8 be a category.

We denote by &, (R) the category of all sequences in 8 of length < &,
with arrows of sequences defined above.

A category £ is x-closed if sequences of length < x have colimits in £.

Theorem
@ S.(R) is a k-closed category containing £ as a full subcategory.

© For every k-closed category £, every covariant functor F: & — £
has a unique extension F': (&) — £ to a k-continuous functor.
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The x-completion of a category

Let x be a regular cardinal and let 8 be a category.

We denote by &, (R) the category of all sequences in 8 of length < &,
with arrows of sequences defined above.

A category £ is x-closed if sequences of length < x have colimits in £.

Theorem
@ S.(R) is a k-closed category containing £ as a full subcategory.

© For every k-closed category £, every covariant functor F: & — £
has a unique extension F': (&) — £ to a k-continuous functor.

v

Theorem
If R has pushouts, then &, (R) has the amalgamation property.
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Definition:
Let 8 be a fixed category.
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Definition:
Let R be a fixed category. A x-Fraissé sequence in K is an inductive
sequence U = (ug, i, k) satisfying the following conditions:
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Definition:

Let R be a fixed category. A x-Fraissé sequence in K is an inductive
sequence U = (ug, i, k) satisfying the following conditions:
(U) For every x € & there exists ¢ < « such that &(x, ug) # 0.

Ue

“3h
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Definition:

Let R be a fixed category. A x-Fraissé sequence in K is an inductive
sequence U = (ug, i, k) satisfying the following conditions:
(U) For every x € & there exists ¢ < « such that &(x, ug) # 0.

Ue
" 3h
X

(A) Forevery ¢ < k and for every arrow f € R(ug, y), where y € 8,
there exist n > ¢ and g € &(y, uy) such that if = gf.
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Dominating families of arrows

Let F be a set of arrows in &. Let Dom(F) = {dom(f): f € F}. We say
that F is dominating in 8 if the following conditions are satisfied:
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Dominating families of arrows

Let F be a set of arrows in &. Let Dom(F) = {dom(f): f € F}. We say
that F is dominating in 8 if the following conditions are satisfied:

(D1) For every x € R there exists a € Dom(F) such that &(x, a) # 0.

X > a
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Dominating families of arrows

Let F be a set of arrows in &. Let Dom(F) = {dom(f): f € F}. We say
that F is dominating in 8 if the following conditions are satisfied:

(D1) For every x € R there exists a € Dom(F) such that &(x, a) # 0.

X > a

(D2) For every arrow g: a — y in R with a € Dom(F) there exist arrows
f,hin 8 such that f € F and f = hg.
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The existence

A category R is x-bounded if for every sequence U € &, (&) there are
a c & and an arrow of sequences F: U — a.
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The existence

A category R is x-bounded if for every sequence U € &, (&) there are
a c & and an arrow of sequences F: U — a.

Theorem

Let x > 1 be a regular cardinal and let ! be a x-bounded category
which has the amalgamation property and the joint embedding
property. Assume further that F C Arr(R) is dominating in 8 and
|F| < k.

Then there exists a Fraissé sequence U = (ug, i, k) in & such that
{Uy: @ < k} C Dom(F).
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Linearly ordered Valdivia compacta revisited

Denote by £9, the category whose objects are nonempty

0-dimensional metric linearly ordered compacta and arrows are
increasing retractions.

-
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Linearly ordered Valdivia compacta revisited

Denote by £9, the category whose objects are nonempty

0-dimensional metric linearly ordered compacta and arrows are
increasing retractions.

Claim
The dual category £, has the amalgamation property.
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Linearly ordered Valdivia compacta revisited

Denote by £9, the category whose objects are nonempty

0-dimensional metric linearly ordered compacta and arrows are
increasing retractions.

Claim
The dual category £8y~ has the amalgamation property. J

Let C be the Cantor set with the standard linear order. Let 7: C — C
be the (unique) increasing surjection such that

e 7~ '(p) is order isomorphic to the Cantor set whenever p € Cis
rational,

@ |7~ '(p)| = 1 whenever p € C is not rational.

L‘_‘j
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Linearly ordered Valdivia compacta revisited

Denote by £9, the category whose objects are nonempty
0-dimensional metric linearly ordered compacta and arrows are
increasing retractions.

Claim
The dual category £8y~ has the amalgamation property. J

Let C be the Cantor set with the standard linear order. Let 7: C — C
be the (unique) increasing surjection such that

e 7~ '(p) is order isomorphic to the Cantor set whenever p € Cis
rational,

@ |7~ '(p)| = 1 whenever p € C is not rational.

Claim
{m} is dominating in £0y". }

L‘_‘j
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Corollary
£, has both an Xy- and an X4 -Fraissé sequence. J
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Corollary
£, has both an Xy- and an X4 -Fraissé sequence.

In fact:

Theorem

Letc = (Cg, wg’, w1) be the inverse sequence in £0, described by the
following conditions:

® Cc~Candrit' ~n forevery ¢ < w.
@ C is continuous with respect to the category of all compact spaces.

sl
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Corollary
£, has both an Xy- and an X4 -Fraissé sequence.

In fact:

Theorem

Letc = (Cg, wg’, w1) be the inverse sequence in £0, described by the
following conditions:

® Cc~Candrg' ~n forevery & < w.
@ C is continuous with respect to the category of all compact spaces.
Let
Cuy = lim ¢

in the category of all linearly ordered compact spaces.

v

as|

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Fraissé sequences Fields Institute, 30-03-2007 15/36




Corollary
L0, has both an Xg- and an X4 -Fraissé sequence.

In fact:

Theorem

Letc = (Cg, ¢, w1) be the inverse sequence in £B, described by the
following conditions:
® Cc~Candrg' ~n forevery & < w.

@ C is continuous with respect to the category of all compact spaces.
Let
C., =lim¢
—
in the category of all linearly ordered compact spaces. Then C,, is a

linearly ordered Valdivia compact which maps increasingly onto any
other nonempty linearly ordered Valdivia compact.

v
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Countable Fraissé sequences

Theorem (Countable Cofinality)

Assume U = (U, L, k) is a Fraissé sequence in a category with
amalgamation K. Then for every countable sequence X in f& there
exists an arrow f: X — U.

(s
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Countable Fraissé sequences

Theorem (Countable Cofinality)

Assume U = (U, L, k) is a Fraissé sequence in a category with
amalgamation K. Then for every countable sequence X in f& there
exists an arrow f: X — U.

Corollary

Let U be a countable Fraissé sequence in a category f. If & satisfies
amalgamation then U is cofinal in Gy, (R).
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Homogeneity & Uniqueness

Theorem
Assume that U = (Up, i, w), V = (Vm, j7,w) are Fraissé sequences in
a fixed category R.

(a) Letf: ux — vy, where k, ¢ < w. Then there exists an isomorphism
F: U — V such that Fiy = j,f. In particular G ~ V.

(b) Assume 8] has the amalgamation property. Then for every a,b € R
and for every arrows f: a— b, i: a— U, j: b — V there exists an
isomorphism F : U — V such that Fi = jf.

F
—_—

<!

-
—.

b

K ——
&=
H—>Cy

f
—_—

BN
o

o]
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Uncountable Fraissé sequences

Theorem

Let k > Nq be regular and assume that £ is a full and cofinal

subcategory of a k-closed category £. If £ has the amalgamation
property, then:

(s
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Uncountable Fraissé sequences

Theorem

Let k > Nq be regular and assume that £ is a full and cofinal
subcategory of a k-closed category £. If £ has the amalgamation
property, then:
@ There exists, up to equivalence of sequences, at most one
k-Fraissé sequence in f.

(s
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Uncountable Fraissé sequences

Theorem

Let k > Nq be regular and assume that £ is a full and cofinal
subcategory of a k-closed category £. If £ has the amalgamation
property, then:
@ There exists, up to equivalence of sequences, at most one
k-Fraissé sequence in f.

© A k-Fraissé sequence in £ is also a Fraissé sequence in £ and it
is both £-homogeneous and S, (£)-cofinal.
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Corollary

Let k > Nq be regular and let ! be a category. Assume at least one of
the following conditions is satisfied:

@ R s k-closed.
@ 8 has pushouts.
© &, (R) has the amalgamation property.
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Corollary

Let k > Nq be regular and let ! be a category. Assume at least one of
the following conditions is satisfied:

@ R s k-closed.
@ 8 has pushouts.
© &, (R) has the amalgamation property.
Then a possible r-Fraissé sequence in f is
@ unique,
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Corollary

Let k > Nq be regular and let ! be a category. Assume at least one of
the following conditions is satisfied:

@ R s k-closed.
@ 8 has pushouts.
© &, (R) has the amalgamation property.
Then a possible r-Fraissé sequence in f is
@ unique,
@ S, (R)-homogeneovus,
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Corollary

Let k > Nq be regular and let ! be a category. Assume at least one of
the following conditions is satisfied:

@ R s k-closed.
@ 8 has pushouts.
© &, (R) has the amalgamation property.
Then a possible r-Fraissé sequence in f is
@ unique,
@ S, (R)-homogeneovus,
@ &,.+(R)-cofinal.
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Trees

Atree (T, <) is bounded if for every x € T there is y € max(T) such
that x < y.
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Trees

Atree (T, <) is bounded if for every x € T there is y € max(T) such
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Trees

Atree (T, <) is bounded if for every x € T there is y € max(T) such
that x < y.

Let T» be the following category:
@ Objects are bounded countable binary trees.

@ Arrows are tree embeddings f: T — S such that f[T] is a closed
initial segment of S.
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Trees

Atree (T, <) is bounded if for every x € T there is y € max(T) such
that x < y.

Let %5 be the following category:
@ Objects are bounded countable binary trees.

@ Arrows are tree embeddings f: T — S such that f[T] is a closed
initial segment of S.

Claim
%o has the amalgamation property. }
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Trees

Atree (T, <) is bounded if for every x € T there is y € max(T) such
that x < y.

Let %5 be the following category:
@ Objects are bounded countable binary trees.

@ Arrows are tree embeddings f: T — S such that f[T] is a closed
initial segment of S.

Claim
%o has the amalgamation property. J

A tree T is healthy if

@ every x € T \ max(T) has two immediate successors,
@ all maximal elements of T are on the top level of T.

(s
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Theorem

Let U be a healthy binary tree of height wy and let i = {U, } o<, be its
natural T>-decomposition. Then U is a Fraissé sequence in <».
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Theorem

Let U be a healthy binary tree of height wy and let i = {U, } o<, be its
natural T»>-decomposition. Then u is a Fraissé sequence in %».

Theorem

Let u, v be R4 -Frgi’ssé sequences in %, induced by healthy trees U, V
respectively. Letf: U — v be an arrow of sequences. Then the
induced tree embedding f,,,: U — V is an isomorphism.
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Theorem

Let U be a healthy binary tree of height wy and let i = {U, } o<, be its
natural T»>-decomposition. Then u is a Fraissé sequence in %».

Theorem

Let u, v be R4 -Frgi’ssé sequences in %, induced by healthy trees U, V
respectively. Letf: U — v be an arrow of sequences. Then the
induced tree embedding f,,,: U — V is an isomorphism.

Corollary
%o has at least two incomparable N1 -Fraissé sequences.
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Valdivia compacta

Let 2U1o be the following category:
@ The objects of Ylo are nonempty metric compacta.
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Valdivia compacta

Let 2U1o be the following category:
@ The objects of Ylo are nonempty metric compacta.
@ An arrow from X € Yo to Y € Ylois aretraction r: Y — X.
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Valdivia compacta

Let 2U1o be the following category:
@ The objects of Ylo are nonempty metric compacta.
@ An arrow from X € Yo to Y € Ylois aretraction r: Y — X.

Claim
Ulo has the amalgamation property.
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Valdivia compacta

Let 2U1o be the following category:
@ The objects of Ylo are nonempty metric compacta.
@ An arrow from X € Yo to Y € Ylois aretraction r: Y — X.

Claim
Ulo has the amalgamation property.

Claim
0o is Nq-bounded.
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Valdivia compacta

Let 2U1o be the following category:
@ The objects of Ylo are nonempty metric compacta.
@ An arrow from X € Yo to Y € Ylois aretraction r: Y — X.

Claim
Ulo has the amalgamation property.

Claim
0o is Nq-bounded.

Theorem
CH — $Ulb has an X4 -Fraissé sequence.
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Claim
B0 is not X4 -closed. J
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Claim
B0 is not X4 -closed.

Claim
010 does not have pushouts.
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Claim
010 is not N4 -closed.

Claim
Ulo does not have pushouts.

Question
So how to show the cofinality of an RX;-Fraissé sequence in Uo?
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Claim
010 is not N4 -closed. )
Claim
Ulo does not have pushouts.
Question
So how to show the cofinality of an RX;-Fraissé sequence in Uo?
. .. 'Y ) P [ ]
u .,.4
/ / 77
)_(’ ™ ° e Y e
e
os]
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Solution:
Let F: Ul — Comp™ be the natural functor. Then:
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Solution:

Let F: Ul — Comp™ be the natural functor. Then:
@ Under CH, there exists an X4-Fraissé sequence d in o such that
F[d] is continuous.
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Solution:

Let F: Ul — Comp™ be the natural functor. Then:
@ Under CH, there exists an X4-Fraissé sequence d in o such that
F[d] is continuous.
@ Let K be a Valdivia compact of weight X{. Then there is a
sequence X in Vo such that F[X] is continuous and K = lim F[X].
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Solution:

Let F: Ul — Comp™ be the natural functor. Then:
@ Under CH, there exists an X4-Fraissé sequence d in o such that
F[d] is continuous.
@ Let K be a Valdivia compact of weight X{. Then there is a
sequence X in Vo such that F[X] is continuous and K = lim F[X].

Claim

Letf: X — Z,g: Y — Z be continuous surjections between compact

spaces and assume f is a retraction. Then there are a compact W and

continuous surjections f': W — X, g': W — Y such that the diagram
g/

W

Z<—X

commutes and moreover g’ is a retraction.

v
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The above claim says that:
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The above claim says that:

@ The functor F: Ulo — Comp™ has the amalgamation property, i.e.
for every x, y,z € QYo for every arrow f: z — x in Ul and for
every arrow g: F(z) — F(y) in Comp™ there exist w € LUlo, an
arrow h: F(x) — F(w) in Comp™ and an arrow k: y — w in Bl
such that the diagram

Fly) -~ F(w)

commutes.

(s
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Theorem

Let k > Ng be a regular cardinal and let ®: & — £ be a covariant
functor with amalgamation. Assume that

@ U is a x-Fraissé sequence in &;
@ ®[U] is continuous in £.

Then for every sequence X € G,.+(8) such that ®[X] is continuous in £,
there exists an arrow f: ®[X] — ®[U] in &,.+(£).

4
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Theorem

Let k > Ng be a regular cardinal and let ®: & — £ be a covariant
functor with amalgamation. Assume that

@ U is a x-Fraissé sequence in &;
@ ®[U] is continuous in £.

Then for every sequence X € G,.+(8) such that ®[X] is continuous in £,
there exists an arrow f: ®[X] — ®[U] in &,.+(L).

L

7

4
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We say that a functor ®: 8 — £ does not add isomorphisms if for
every isomorphism h: ®(a) — ®(b) in £ there is an isomorphism H in
K such that h = ¢(H).

s
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We say that a functor ¢: 8 — £ does not add isomorphisms if for
every isomorphism h: ®(a) — ®(b) in £ there is an isomorphism H in
K such that h = ¢(H).

Theorem

Letd: R — £ be a faithful covariant functor which does not add
isomorphisms. Further, let U and vV be x-Fraissé sequences in & such
that ®[U] and ®[V] are continuous in £. Then for every arrows
fra—b,i:a— dandj: b— Vin & there exists an isomorphism of
sequences h: ii — V in &,.+ (&) for which the diagram

h

commutes.

¢
&

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Fraissé sequences Fields Institute, 30-03-2007 27/36



We say that a functor ¢: 8 — £ does not add isomorphisms if for
every isomorphism h: ®(a) — ®(b) in £ there is an isomorphism H in
K such that h = ¢(H).

Theorem

Letd: R — £ be a faithful covariant functor which does not add
isomorphisms. Further, let U and vV be x-Fraissé sequences in & such
that ®[U] and ®[V] are continuous in £. Then for every arrows
fra—b,i:a— dandj: b— Vin & there exists an isomorphism of
sequences h: ii — V in &,.+ (&) for which the diagram

h

commutes. In particular, U ~ V.
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Corollary
Assume CH. There exists a Valdivia compact K such that:
@ The weight of K is N;.
@ Every metric compact is a retract of K.
@ Every nonempty Valdivia compact of weight < X4 is a continuous
image of K.
@ Forevery retractionsr: X — Y, k: K— X and?¢: K — Y, where
X, Y are metric compacta, there exists a homeomorphism
h: K — K such that

=

K"

k

-
~

X ——

~.<

commutes.

<4
n=—=y
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Corollary
Assume CH. There exists a Valdivia compact K such that:
@ The weight of K is X;.
@ Every metric compact is a retract of K.
@ Every nonempty Valdivia compact of weight < X4 is a continuous
image of K.
@ Forevery retractionsr: X — Y, k: K— X and?¢: K — Y, where
X, Y are metric compacta, there exists a homeomorphism
h: K — K such that

K—1s

=

k

-~
~

X ——

~.<

commutes.
Moreover, the above properties describe K uniquely.
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Remark

If BIo has an R4-Fraissé sequence then CH holds.
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Remark
If BIo has an R4-Fraissé sequence then CH holds.

Question
Assume CH and let K be the Valdivia compact from the above
corollary. Is every Valdivia compact of weight 8, a retract of K?
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Retractive pairs

Fix a category &. Denote by 1R the following category:
@ The objects of 1R are the same as the objects of ].

(s
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Retractive pairs

Fix a category K. Denote by 1R the following category:
@ The objects of 1R are the same as the objects of ].

@ Given a,b € i&,anarrow f: a— bin {fis a pair f = (r, e), where
r: b— aand e: a— b are arrows of g such that re = id,.
We shall write r(f) = r, e(f) = e.

(s
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Retractive pairs

Fix a category K. Denote by 1R the following category:
@ The objects of 1R are the same as the objects of ].

@ Given a,b € i&,anarrow f: a— bin {fis a pair f = (r, e), where
r: b— aand e: a— b are arrows of g such that re = id,.
We shall write r(f) =r, e(f) = e.

@ Given compatible arrows f, g in {8, their composition is
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Retractive pairs

Fix a category K. Denote by 1R the following category:
@ The objects of 1R are the same as the objects of ].

@ Given a,b € i&,anarrow f: a— bin {fis a pair f = (r, e), where
r: b— aand e: a— b are arrows of g such that re = id,.
We shall write r(f) =r, e(f) = e.

@ Given compatible arrows f, g in {8, their composition is

Claim
If 8 has pullbacks or pushouts then {8 has the amalgamation property.J

(s
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Given a category R, let : 18 — R be the contravariant “forgetful”
functor, i.e. ®(f) = r(f) for every arrow f in {8.

(s
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Given a category R, let : 18 — R be the contravariant “forgetful”
functor, i.e. ®(f) = r(f) for every arrow f in {8.

We shall say that a sequence X € &,(18) is semi-continuous if ®[X] is
continuous.

(s
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Given a category R, let : 18 — R be the contravariant “forgetful”
functor, i.e. ®(f) = r(f) for every arrow f in {8.

We shall say that a sequence X € G, (18) is semi-continuous if ®[X] is
continuous.

Theorem

Let R be a category and let U and v be semicontinuous Fraissé
sequences in 18 of the same regular length . Then for every arrow
f: uy — V there exists an isomorphism of sequences f: U — V such
that fig = f.

(s

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Fraissé sequences Fields Institute, 30-03-2007 31/36




Given a category R, let : 18 — R be the contravariant “forgetful”
functor, i.e. ®(f) = r(f) for every arrow f in {8.

We shall say that a sequence X € G, (18) is semi-continuous if ®[X] is
continuous.

Theorem

Let R be a category and let U and v be semicontinuous Fraissé
sequences in 1R of the same regular length .. Then for every arrow
f: uy — v there exists an isomorphism of sequences f: U — v such
that fig = f.

—y
A

o

—Cl

-

0

(s
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Given a category R, let : 18 — R be the contravariant “forgetful”
functor, i.e. ®(f) = r(f) for every arrow f in {8.

We shall say that a sequence X € G, (18) is semi-continuous if ®[X] is
continuous.

Theorem

Let R be a category and let U and v be semicontinuous Fraissé
sequences in 1R of the same regular length .. Then for every arrow
f: uy — v there exists an isomorphism of sequences f: U — v such
that fig = f.

—y
A

o

—C

-

0

In particular t ~ V.
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Proper amalgamations

Letf: Z— Xand g: Z — Y be arrows in 8.

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/)

Fraissé sequences




Proper amalgamations

Letf: Z— Xand g: Z — Y be arrows in 8.

We say that arrows h: X — W, k: Y — W provide a proper
amalgamation of f, g if hf = kg and moreover i(g)r(f) = r(k)i(h),
i(f)r(g) = r(h)i(k) hold.
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Proper amalgamations

Letf: Z— Xand g: Z — Y be arrows in 8.

We say that arrows h: X — W, k: Y — W provide a proper
amalgamation of f, g if hf = kg and moreover i(g)r(f) = r(k)i(h),
i(f)r(g) = r(h)i(k) hold.

k k k k

We()Y Wf() W’() We()
e(h)T TG(Q) f(h)l if(g e(h) TG(Q) r( h)l if(g

X e(f) X r(f) X r(f) X e(f)

(s
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Proper amalgamations

Letf: Z— Xand g: Z— Y be arrows in {R.

We say that arrows h: X — W, k: Y — W provide a proper
amalgamation of f, g if hf = kg and moreover i(g)r(f) = r(k)i(h),
i(f)r(g) = r(h)i(k) hold.

e(k) f(k) r(k) e(k)

e(h)T Te(g) r( h)l ir(g e(h) e(g) r(h) ir(g
e(f) e(f)
X~—Z7 X *> 4 X *> 4 X~——Z

We say that 18 has proper amalgamations if every pair of arrows of {8
with the same domain can be properly amalgamated.
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Claim
If & has pullbacks or pushouts then {1 ] has proper amalgamations. J

s
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Claim
If & has pullbacks or pushouts then {1 ] has proper amalgamations. )
Proof.
f f
7 r(f) x e(f) 7
e(9)
e(9) Y
Y r(g)
r(9)
f f
7 r(f) % e(f) 7
]
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Claim
If & has pullbacks or pushouts then {1 ] has proper amalgamations. )
Proof.
f f
7 r(f) x e(f) 7
e(9)
e(9) Y
r(9)
v f
r(f) X e(f) 7
]
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Claim
If & has pullbacks or pushouts then {1 ] has proper amalgamations. )
Proof.
f f
7 r(f) x e(f) 7
e(9)
e(9) Y
Y~——W r(9)
r(9) h
f f
7 r(f) X e(f) 7
]
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Claim
If & has pullbacks or pushouts then {1 ] has proper amalgamations. )
Proof.
f f
7 r(f) x e(f) 7
idx e(9)
e(9) Y
Y~——W r(9)
r(9) h
f f
7 r(f) % e(f) 7
]
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Claim
If & has pullbacks or pushouts then {1 ] has proper amalgamations. )
Proof.
e(9)
r(g)
]

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Fraissé sequences Fields Institute, 30-03-2007 33/36



Claim
If & has pullbacks or pushouts then {1 ] has proper amalgamations. )
Proof.

]
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Claim
If & has pullbacks or pushouts then {1 ] has proper amalgamations. )
Proof.

]

W.Kubi$ (http://www.pu.kielce.pl/~wkubis/) Fraissé sequences Fields Institute, 30-03-2007 33/36



Claim
If & has pullbacks or pushouts then {1 ] has proper amalgamations. )
Proof.

]
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Claim
If R has pullbacks or pushouts then 1! has proper amalgamations.
Proof.
f f
7 r(f) X e(f) 7
e(9)
e(g) e(r') 14
/ %
y L9 ()
r(9) lr(f’)
f f
r(f) X e(f) 7
DJ
os|
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Theorem

Let R be a category such that 1! has proper amalgamations. Assume
U is a semi-continuous rx-Fraissé sequence in 1 8.

(s
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Theorem

Let R be a category such that 1! has proper amalgamations. Assume
U is a semi-continuous rx-Fraissé sequence in 1 8.

Then for every semi-continuous sequence X € S,.+(1R) there exists an
arrow of sequences f: X — U in {A.

(s
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Theorem

Let R be a category such that 1! has proper amalgamations. Assume
U is a semi-continuous rx-Fraissé sequence in 1 8.

Then for every semi-continuous sequence X € S,.+(1R) there exists an
arrow of sequences f: X — U in {f.

Corollary

Assume CH. Then there exists a Valdivia compact K of weight X such
that every nonempty Valdivia compact of weight < N4 is a retract of K.

v

(s
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Banach spaces

Let By, be the category of separable Banach spaces, with arrows
being linear transformations of norm < 1.

(s
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Banach spaces

Let By, be the category of separable Banach spaces, with arrows
being linear transformations of norm < 1.

Claim
By, has pushouts and is R -closed. J

(o]
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Banach spaces

Let By, be the category of separable Banach spaces, with arrows
being linear transformations of norm < 1.

Claim
By, has pushouts and is R -closed.

Theorem
Under CH there exists a Banach space E of density X such that
@ E has a projectional resolution of the identity (PRI);
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Banach spaces

Let By, be the category of separable Banach spaces, with arrows
being linear transformations of norm < 1.

Claim
By, has pushouts and is X4 -closed.

Theorem
Under CH there exists a Banach space E of density X such that
@ E has a projectional resolution of the identity (PRI);

@ every Banach space of density < Wy and with a PRI is linearly
isometric to a one-complemented subspace of E.
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