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Statement of the Problem

u′′ = h(t)g(u); u(0) = u(T ), u′(0) = u′(T )

h ∈ L
(
[0,T ];R

)
g ∈ C 1

(
R+;R+

)
nonincreasing, R+ = (0,+∞)

lim
x→0+

∫ 1

x
g(s)ds = +∞

Solution: u ∈ AC 1
(
[0,T ];R+

)
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Statement of the Problem

u′′ =
h(t)

uλ
; u(0) = u(T ), u′(0) = u′(T ) (1)

h ∈ L
(
[0,T ];R

)
, λ ≥ 1

Observation

If there exists a solution to (1) then

h+(t) 6≡ 0, h−(t) 6≡ 0,

∫ T

0
h(s)ds < 0

∫ T

0
h(s)ds =

∫ T

0
u′′(s)uλ(s)ds = −λ

∫ T

0
u′2(s)uλ−1(s)ds < 0
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Motivation

Trapping mechanism for a neutral atom in the vicinity of a charged
wire

r ′′ =
L2

M2r3
− 4αq2(t)

Mr3
, q(t) = Q cos(ωt/2)

L. V. Hau, M. M. Burns, J. A. Golovchenko, Bound states of
guided matter waves: an atom and a charged wire, Physical
Review A 45 (1992), No. 9, 6468-6478

Ch. King, A. Leśniewski, Periodic motion of atoms near a
charged wire, Letters in Math. Physics 39 (1997), 367-378

J. Lei, M. Zhang, Twist property of periodic motion of an
atom near a charged wire, Letters in Math. Physics 60 (2002),
9-17

Robert Hakl Periodic Solutions



Motivation

Trapping mechanism for a neutral atom in the vicinity of a charged
wire

r ′′ =
L2

M2r3
− 4αq2(t)

Mr3
, q(t) = Q cos(ωt/2)

L. V. Hau, M. M. Burns, J. A. Golovchenko, Bound states of
guided matter waves: an atom and a charged wire, Physical
Review A 45 (1992), No. 9, 6468-6478
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History

u′′ =
h(t)

uλ
; u(0) = u(T ), u′(0) = u′(T ) (1)

h(t) =

{
h+ for t ∈ [0, a),

−h− for t ∈ [a,T ],
λ = 3

J. L. Bravo, P. J. Torres, Periodic solutions of a singular
equation with indefinite weight, Adv. Nonlinear Stud. 10
(2010), 927-938
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History

u′′ =
h(t)

uλ
; u(0) = u(T ), u′(0) = u′(T ) (1)

A. J. Ureña, Periodic solutions of singular equations, Topol.
Methods Nonlin. Analysis, to appear.

h is piecewise constant, λ ≥ 1

h ∈ C 1
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History

u′′ =
g1(t)

uλ
− g2(t)

uµ
+ f (t); u(0) = u(T ), u′(0) = u′(T )

g1, g2, f ∈ L
(
[0,T ];R

)
g1(t) ≥ 0, g2(t) ≥ 0 for t ∈ [0,T ]

R. Hakl, P. J. Torres, On periodic solutions of second-order
differential equations with attractive-repulsive singularities, J.
Differ. Eq. 248 (2010), 111-126

Conditions in the plane (λ− µ, f ) except (0, 0)
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Main Result

Theorem

Let λ ≥ 1, [ak , bk ] ⊂ [0,T ] (k = 1, . . . , n) pairwise disjoint,

h(t) ≥ 0 for a. e. t ∈
n⋃

k=1

[ak , bk ],

h(t) ≤ 0 for a. e. t ∈ [0,T ] \
n⋃

k=1

[ak , bk ].

Let ck ∈ (ak , bk) (k = 1, . . . , n) be such that∫ bk

t

h(s)

(s − t)λ
ds = +∞ for t ∈ [ak , ck ] (k = 1, . . . , n),∫ t

ak

h(s)

(t − s)λ
ds = +∞ for t ∈ [ck , bk ] (k = 1, . . . , n).

Then (1) has a solution if and only if h < 0.
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Main Result

Corollary

Let λ ≥ 1 and let there exist pairwise disjoint intervals
[ak , bk ] ⊂ [0,T ] (k = 1, . . . , n) and α > 0 such that

h(t) ≥ α [(bk − t)(t − ak)]λ−1 for a. e. t ∈
n⋃

k=1

[ak , bk ],

h(t) ≤ 0 for a. e. t ∈ [0,T ] \
n⋃

k=1

[ak , bk ].

Then (1) has a solution if and only if h < 0.
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Sketch of the Proof

u′′ = h(t)gδ(u);

gδ(x) =

{
x−λ for x > δ,

δ−λ for x ≤ δ
(2)

u′′ =
[
µh(t)− (1− µ)h

]
gδ(u) + (1− µ)h, µ ∈ [0, 1] (3)

µ = 0 : u′′ = h
(
1− gδ(u)

)
Theorem

Let h < 0, 0 < δ < ε < 1,

V =
{
u ∈ CT

(
[0,T ];R

)
: ε < u(ck) (k = 1, . . . , n)

}
.

If, for each µ ∈ [0, 1], there is no solution to (3) on ∂V , then (2)
has at least one solution in V .
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has at least one solution in V .

Proof.

u ∈ V =⇒ u ∈ B(0;Rδ)

Ω = V ∩ B(0;Rδ), ∂Ω ⊆
(
∂V ∩ B(0;Rδ)

)
∪
(
V ∩ ∂B(0;Rδ)

)
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Sketch of the Proof

u′′ =
[
µh(t)− (1− µ)h

]
gδ(u) + (1− µ)h, µ ∈ [0, 1] (3)

∫ bk

ck

h(s)

(s − ck)λ
ds = +∞∫ ck

ak

h(s)

(ck − s)λ
ds = +∞

 =⇒ u(ck) 6= ε

Consequently,

u′′ = h(t)gδ(u); u(0) = u(T ), u′(0) = u′(T )

has a solution u such that

u(ck) > ε for k = 1, . . . , n.
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Sketch of the Proof

∫ bk

t

h(s)

(s − t)λ
ds = +∞ =⇒ u(t) ≥ δ for t ∈ [ak , ck ]

∫ t

ak

h(s)

(t − s)λ
ds = +∞ =⇒ u(t) ≥ δ for t ∈ [ck , bk ]

Consequently,

u′′ =
h(t)

uλ
; u(0) = u(T ), u′(0) = u′(T ) (1)

has a positive solution.
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