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u′′ = f(t, u); u(0) = u(ω), u′(0) = u′(ω) (1)

f : [0, ω]× R→ R – Carathéodory function

Lower and upper functions

σ′′1 (t) ≥ f(t, σ1(t)) pro t ∈ [0, ω], σ1(0) = σ1(ω), σ′1(0) ≥ σ′1(ω)

σ′′2 (t) ≤ f(t, σ2(t)) pro t ∈ [0, ω], σ2(0) = σ2(ω), σ′2(0) ≤ σ′2(ω)

Definition.

p ∈ D(ω): u′′ = p(t)u; u(a) = 0, u(b) = 0 only ≡ 0 solution ∀ b− a < ω

D(ω) = V−(ω) ∪ V0(ω) ∪ V+(ω) and D(ω) = D(ω)

p ∈ V−(ω) (resp. p ∈ V+(ω)):
u′′(t) ≥ p(t)u(t)

u(0) = u(ω), u′(0) = u′(ω)

}
⇒ u(t) ≤ 0

(resp.u(t) ≥ 0)

p ∈ V0(ω):
u′′ = p(t)u

u(0) = u(ω), u′(0) = u′(ω)
possesses u > 0 solution

p(t)
def
= p = Const . V−(ω) = ]0,+∞[ , V0(ω) = {0}, V+(ω) = [−π2

ω2 , 0[

IntD(ω) = V−(ω) ∪ V0(ω) ∪ IntV+(ω)
p ∈ IntD(ω): u′′ = p(t)u; u(a) = 0, u(b) = 0 only ≡ 0 solution ∀ b− a ≤ ω
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u′′ = f(t, u); u(0) = u(ω), u′(0) = u′(ω) (1)

Theorem 1. Let ∃σ1, σ2 (arbitrarily ordered),

f(t, x) sgnx ≥ p(t)|x| − q(t, |x|) pro t ∈ [0, ω], x ∈ R,

p ∈ IntD(ω),

q is a sublinear function (i. e., limr→+∞
1
r

∫ ω
0
|q(s, r)|ds = 0). Then the

problem (1) has a solution u and ∃tu:

α(tu) ≤ u(tu) ≤ β(tu),

where α(t)
def
= min{σ1(t), σ2(t)}, β(t)

def
= max{σ1(t), σ2(t)}

Remark. C. De Coster, M. Tarallo, Foliations, associated reductions and
lower and upper solutions, Calc. Var. Partial Differential Equations 15 (2002),
No. 1, 25–44.



u′′ = p(t)u+ h(t)|u|λ sgnu+ q(t, u); u(0) = u(ω), u′(0) = u′(ω) (2)

p ∈ V0(ω)

h 6≡ 0, λ ∈ ]0, 1[ , q – Carathéodory, and limr→+∞
1
rλ

∫ ω
0
|q(s, r)|ds = 0

resonance like case

u0 : u′′ = p(t)u; u(0) = u(ω), u′(0) = u′(ω), u0 > 0, and ‖u0‖ = 1

Theorem 2. Let
∫ ω
0
h(s)uλ+1

0 (s)ds 6= 0. Then the problem (2) is solvable.

Theorem 3. Let λ ∈ [ 12 , 1[ ,
∫ ω
0
h(s)uλ+1

0 (s)ds = 0, and

lim sup
r→+∞

1

r2λ−1

∫ ω

0

u0(s)|q(s, r)|ds < η∗,

η∗
def
= λ min

{∫ ω

0

1

u20(s)

(∫ s

x

h(ξ)uλ+1
0 (ξ)dξ

)2

ds : x ∈ [0, ω]

}
.

Then the problem (2) is solvable.
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u′′ = p(t)u+ h(t)|u|λ sgnu+ q(t); u(0) = u(ω), u′(0) = u′(ω) (3)

p ∈ V0(ω), λ ∈ ]0, 1[ , h 6≡ 0

Corollary 4. Let either λ ∈ ] 12 , 1[ or

λ ∈ ]0, 12 ] and

∫ ω

0

h(s)uλ+1
0 (s)ds 6= 0

Then the problem (3) is solvable (for any q).

What happens if

λ ∈ ]0, 12 ] and

∫ ω

0

h(s)uλ+1
0 (s)ds = 0 ?
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λ = 1
2

u′′ = p(t)u+ h(t)
√
|u| sgnu+ q(t); u(0) = u(ω), u′(0) = u′(ω) (4)

p ∈ V0(ω),
∫ ω
0
h(s)u

3
2
0 (s)ds = 0

Corollary 5. Let∫ ω

0

u0(s)[q(s)]+ds < c∗,

∫ ω

0

u0(s)[q(s)]−ds < c∗,

where

c∗
def
=

1

2
min

{∫ ω

0

1

u20(s)

(∫ s

x

h(ξ)u
3
2
0 (ξ)dξ

)2

ds : x ∈ [0, ω]

}
.

Then the problem (4) is solvable.

q is “small enough”
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u′′ = p(t)u+ h(t)|u|λ sgnu+ µq(t); u(0) = u(ω), u′(0) = u′(ω) (5)

p ∈ V0(ω)

λ ∈ ]0, 12 ],
∫ ω
0
h(s)uλ+1

0 (s)ds = 0

Theorem 6. Problem (5) is solvable ∀µ ∈ R if and only if∫ ω

0

u0(s)q(s)ds = 0.

Remark. Let
∫ ω
0
u0(s)q(s)ds 6= 0. Then ∃0 < µ∗(< +∞) such that the

problem (5) has no solution ∀|µ| > µ∗.

What happens for “small enough” µ ?
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u′′ = p(t)u+ h(t)|u|λ sgnu+ µq(t); u(0) = u(ω), u′(0) = u′(ω) (5)
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Theorem 7. ∀q ∃µq > 0 such that the problem (5) is solvable provided
µ ∈ ]− µq, µq[ .

For λ = 1
2 it is possible to estimate µq.

Theorem 8. Let q(t) ≥ 0 and q 6≡ 0. Then ∃0 < µ∗(< +∞) such that the
problem (5) is solvable for µ ∈ ]− µ∗, µ∗[ and has no solution for |µ| > µ∗.
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