Periodic boundary value problem for second-order
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W = () w(0) = ulw), W'(0) = ') | (1)

f:]0,w] x R = R — Carathéodory function

Lower and upper functions

ol (t) 2 f(t,o1(t)) pro te[0,w], 01(0) =01(w), 01(0) = 01(w)
05 (t) < f(t,02(t)) pro te0,w], 02(0) =02(w), 05(0) < o3(w)

Definition.
e p € D(w): v = p(t)u; u(a) =0, u(b) = 0 only = 0 solution Vb —a < w
o D(w) =V~ (w) UVy(w) UVt (w) and D(w) = D(w)

u(t) <0

(resp.u(t) > 0)

° pEVT(w) (resp.p €VI(@)):, oy ig()j ﬁfféﬁ‘(i)u/(w)} -

t .
e p € Vy(w): w(0) = u(w), ¥(0) = u'(w) possesses u > 0 solution

o p(t) € p= Const. V~(w) =0, +oo[, Vo(w) = {0}, V¥ (w) = [~ ,0[
nt

+
e ntD(w) =V (w) UVp(w) UInt VT (w)
p € Int D(w): v’ = p(t)u; u(a) =0, u(b) =0 only = 0 solution Vb —a < w



|’ = f(tw); u(0) = ulw), v/(0) = '(w) | (1)

Theorem 1. Let 301,09 (arbitrarily ordered),

ft,x)sgnx > p(t)|x| —q(t, |z]) pro t€0,w], x €R,
p € Int D(w),
q is a sublinear function (i.e., lim,_, oo £ [* |q(s,7)|ds = 0). Then the
problem (1) has a solution u and 3t,,:
a(ty) < ulty) < B(tu),

where a(t) © min{oy(t), 02(t)}, Bt) ¥ max{o1(t), 02(t)}

Remark. C. De Coster, M. Tarallo, Foliations, associated reductions and
lower and upper solutions, Calc. Var. Partial Differential Equations 15 (2002),
No. 1, 25-44.



W = p(tyu+ ht)|uP sgnu + qltw); u(0) = u(w), u'(0) =w'w) | (2)

o pcE VQ(OJ)
e h£0, A €]0,1[, ¢ — Carathéodory, and lim,_, 4 o T% fow lg(s,7)|ds =0

resonance like case

ug : v = p(t)u; u(0) = u(w), v (0) =u'(w), up >0, and [lug| =1

Theorem 2. Let [ h(s)u)t!(s)ds % 0. Then the problem (2) is solvable.
0 0



"

u” = p(t)u+h®)|ul* sgnu + q(t,u); u(0) = u(w), W'(0) =v'(w) | (2)

o pcE VQ(OJ)
e h£0, A €]0,1[, ¢ — Carathéodory, and lim,_, 4 o T% fow lg(s,7)|ds =0

resonance like case

ug : v = p(t)u; u(0) = u(w), v (0) =u'(w), up >0, and [lug| =1
Theorem 2. Let [ h(s)uy ™ (s)ds # 0. Then the problem (2) is solvable.

Theorem 3. Let A € [,1[, [; h(s)uy™ (s)ds = 0, and

. 1 v .
timsup o [ wol(olate.rlds <

r—+00
2
n*dEf/\mm{/ (/ h(€)up (€ d§> ds:xe[O,w]}.

Then the problem (2) is solvable.




u" = p(t)u+ h(t)|ul* sgnu + q(t);

e peVy(w), A€l0,1[, h#0

Corollary 4. Let either A €]1,1[ o

A €0,31] and /h uy T (s)ds # 0

Then the problem (3) is solvable (for any q).



u" = p(t)u+ h(t)|ul* sgnu + q(t);

e peVy(w), A€l0,1[, h#0
Corollary 4. Let either A €]1,1[ o
A €0,31] and / h(s)uy ™ (s)ds # 0

Then the problem (3) is solvable (for any q).

What happens if

A€]0,4] and / h(s)uy ™ (s)ds =07
0



" = p(t)u+ h(t)\/|u|sgnu + q(t

3
2

e p e Vo(w), fow h(s)ug(s)ds =0

Corollary 5. Let

/0 " o) lg(s)]pds < e,

o[

Then the problem (4) is solvable.

where



u" = p(t)u—+ h(t)/Julsgnu + q(t);  u(0) = u(w), v (0) = v’ (w)

O olee

o p € Volw), [ his)ud (s)ds = 0

Corollary 5. Let
/w uo(s)[g(s)]+ds < c*, /w ug(s)[g(s)]—-ds < ¢*,
0 0

where

Then the problem (4) is solvable.

q is “small enough”

C*d;f%mi {/ (/h ul (¢ d§> ds:xe[O,w]}.



u = p(t)u+ h(t)u* sgnu+ pg(t);  u(0) =u(w), u'(0) = u'(w)

o pcE VQ(W)
o A €0, 3], [ h(s)uyt (s)ds =0

Theorem 6. Problem (5) is solvable YV € R if and only if

/w uo(s)q(s)ds = 0.
0

Remark. Let [ uo(s)q(s)ds # 0. Then 30 < p*(< +00) such that the
problem (5) has no solution V|u| > p*.



u = p(t)u+ h(t)u* sgnu+ pg(t);  u(0) =u(w), u'(0) = u'(w)

o pcE VQ(W)
o A €0, 3], [ h(s)uyt (s)ds =0

Theorem 6. Problem (5) is solvable YV € R if and only if

/w uo(s)q(s)ds = 0.
0

Remark. Let [ uo(s)q(s)ds # 0. Then 30 < p*(< +00) such that the
problem (5) has no solution V|u| > p*.

What happens for “small enough” p?



u” = p(t)u + h(t)[u* sgnu + pg(t);  w(0) = u(w), u'(0) = u'(w)

e pc VQ(W)
o A €]0, 4], [ h(s)uyt (s)ds =0

Theorem 7. Yg 3pq > 0 such that the problem (5) is solvable provided
€] = pg, Hgl -



u” = p(t)u + h(t)[u* sgnu + pg(t);  w(0) = u(w), u'(0) = u'(w)

e pc VQ(W)
o A €]0, 4], [ h(s)uyt (s)ds =0

Theorem 7. Yg 3pq > 0 such that the problem (5) is solvable provided
€] = pg, Hgl -

For A = 1 it is possible to estimate /.



u” = p(t)u + h(t)[u* sgnu + pg(t);  w(0) = u(w), u'(0) = u'(w)

e pc VQ(W)
o A €]0, 4], [ h(s)uyt (s)ds =0

Theorem 7. Yg 3pq > 0 such that the problem (5) is solvable provided
€] = pg, Hgl -

For A = 1 it is possible to estimate /.

Theorem 8. Let q(t) > 0 and ¢ Z0. Then 30 < pu*(< +00) such that the

problem (5) is solvable for p €] — p*, u*[ and has no solution for |u| > p*.



