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Charles-Jean de La Vallée Poussin

(1866-1962) 1914
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Cours d’analyse infinitésimale

1909 : Cours d’analyse infinitésimale, 2nd ed., vol. 1 :

introduces LEBESGUE’s integral
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Cours d’analyse infinitésimale

1909 : Cours d’analyse infinitésimale, 2nd ed., vol. 1 :

introduces LEBESGUE’s integral

1914 : Cours d’analyse infinitésimale, 3rd ed., vol. 1

aim : simpler proofs of the relations between integral and

primitive for Lebesgue integral

If the derivative function f(x) is not bounded, passing to the

primitive function requires more delicate reasonings. The

fundamental theorems have been obtained by M. Lebesgue, but

we will adopt to obtain them a procedure which is different from

his one, that we have introduced in the previous edition of this

course and that we will make a little more precise in this one.

This procedure consists in constructing, as we will do it, auxiliary

functions whose derivatives satisfy everywhere some inequality

conditions
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de la Vallée Poussin’s theorem

Dg(x) = lim infy→x
g(y)−g(x)

y−x , Dg(x) = lim supy→x
g(y)−g(x)

y−x

g : [a, b] → is absolutely continuous if

∀ ε > 0,∃ η > 0,∀ a ≤ a1 < b1 ≤ a2 < b2 ≤ . . . ≤ am <

bm ≤ b :
∑m

j=1(bj − aj) ≤ η :
∑m

j=1 |g(bj) − g(aj)| ≤ ε
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de la Vallée Poussin’s theorem

Dg(x) = lim infy→x
g(y)−g(x)

y−x , Dg(x) = lim supy→x
g(y)−g(x)

y−x

g : [a, b] → is absolutely continuous if

∀ ε > 0,∃ η > 0,∀ a ≤ a1 < b1 ≤ a2 < b2 ≤ . . . ≤ am <

bm ≤ b :
∑m

j=1(bj − aj) ≤ η :
∑m

j=1 |g(bj) − g(aj)| ≤ ε

thm : ∀ f : [a, b] → R L-integrable on [a, b] , ∀ ε > 0 ,

∃ absolutely continuous functions F+, F− : [a, b] → R with

F+(a) = F−(a) = 0, such that, ∀x ∈ [a, b],

1. DF+(x) ≥ f(x), DF−(x) ≤ f(x), when f(x) is finite

2. F−(x) ≤ (L)
∫ x

a
f ≤ F+(x)

3. F+(x) − ε < (L)
∫ x

a
f < F−(x) + ε

F+ (resp. F−) is called a major function (fonction majorante)

(resp. minor function (fonction minorante)) of f on [a, b]
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Oskar Perron

(1880-1975) 1914
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Über den Integralbegriff

1914 : Über den Integralbegriff, Sitzungsber. Heidelberger Akad.

Wiss., Math.-naturwiss. Klasse, A 14, 1-16

aim : new definition of the integral of f : [a, b] → R on [a, b]

Four steps to Kurzweil’s integral – p.6/23



Über den Integralbegriff

1914 : Über den Integralbegriff, Sitzungsber. Heidelberger Akad.

Wiss., Math.-naturwiss. Klasse, A 14, 1-16

aim : new definition of the integral of f : [a, b] → R on [a, b]

tools : minor and major functions

F− ∈ C[a, b] : F−(a) = 0 is a Perron minor function

(Unterfunktion) of f on [a, b] if ∀x ∈ [a, b] : DF−(x) ≤ f(x)

F+ ∈ C[a, b] : F+(a) = 0 is a Perron major function

(Oberfunktion) of f on [a, b] if ∀x ∈ [a, b] : DF+(x) ≥ f(x)
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Über den Integralbegriff

1914 : Über den Integralbegriff, Sitzungsber. Heidelberger Akad.

Wiss., Math.-naturwiss. Klasse, A 14, 1-16

aim : new definition of the integral of f : [a, b] → R on [a, b]

tools : minor and major functions

F− ∈ C[a, b] : F−(a) = 0 is a Perron minor function

(Unterfunktion) of f on [a, b] if ∀x ∈ [a, b] : DF−(x) ≤ f(x)

F+ ∈ C[a, b] : F+(a) = 0 is a Perron major function

(Oberfunktion) of f on [a, b] if ∀x ∈ [a, b] : DF+(x) ≥ f(x)

P−(f) (resp. P+(f)) : set of Perron minor functions

(resp. Perron major functions) of f on [a, b]

P−(f) and P+(f) are nonempty if f is e.g. bounded on [a, b]
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Lower and upper P-integrals

lower P-integral of f on [a, b] :

(P )
∫ b

a
f := supF

−
∈P

−
(f) F−(b) if P−(f) 6= ∅

(P )
∫ b

a f := −∞ if P−(f) = ∅

upper P-integral of f on [a, b] :

(P )
∫ b

a
f := infF+∈P+(f) F+(b) if P+(f) 6= ∅

(P )
∫ b

a f := +∞ if P+(f) = ∅
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Lower and upper P-integrals

lower P-integral of f on [a, b] :

(P )
∫ b

a
f := supF

−
∈P

−
(f) F−(b) if P−(f) 6= ∅

(P )
∫ b

a f := −∞ if P−(f) = ∅

upper P-integral of f on [a, b] :

(P )
∫ b

a
f := infF+∈P+(f) F+(b) if P+(f) 6= ∅

(P )
∫ b

a f := +∞ if P+(f) = ∅

lemma : (P )
∫ b

a
f ≤ (P )

∫ b

a
f ; proof based upon

lemma : if g : [a, b] → and if ∃C ∈: ∀x ∈ [a, b] : Dg(x) ≤ C ,

then ∀ y 6= z ∈ [a, b] : g(y)−g(z)
y−z ≤ C

and corresponding one for Dg; lemma proved, by contradiction,

using Weierstrass thm on achieved bounds
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Perron’s integral

f : [a, b] → is P-integrable over [a, b] if

(P )
∫ b

a f and (P )
∫ b

a f are both finite and equal
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Perron’s integral

f : [a, b] → is P-integrable over [a, b] if

(P )
∫ b

a f and (P )
∫ b

a f are both finite and equal

the P-integral (P )
∫ b

a f is their common value

f primitivable on [a, b] with primitive F

⇒ f ∈ P [a, b] and (P )
∫ b

a f = F (b) − F (a)

f ∈ R[a, b] ⇒ f ∈ P [a, b], with the same integral

f ∈ L[a, b] ⇒ f ∈ P [a, b], with the same integral :

Indeed, although naturally under another formulation, this

theorem has already been proved by M. de la Vallée Poussin in

his Cours d’analyse infinitésimale. What follows is, in its

principle, a reproduction of his reasoning
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Augustus (Gus) John Ward

(1911-1984) 1936
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The Perron-Stieltjes integral

1936 : A.J. WARD, The Perron-Stieltjes integral, Math. Z. 41,

578-604

f : [a, b] → R, ϕ : [a, b] → R

aim : to define a Perron-Stieltjes integral of f with respect to ϕ
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The Perron-Stieltjes integral

1936 : A.J. WARD, The Perron-Stieltjes integral, Math. Z. 41,

578-604

f : [a, b] → R, ϕ : [a, b] → R

aim : to define a Perron-Stieltjes integral of f with respect to ϕ

The Perron integral is defined by means of major and minor

functions, which in turn are usually defined by inequalities relating to

derivates. There would be obvious difficulties in extending such a

definition to the case of integrals with respect to a general function

ϕ, which may attain the same value at an infinite set of points. For

this reason we define the Perron-Stieltjes integral by means of

inequalities concerning the increments of the minor and major

functions and of ϕ directly, and not in terms of the derivates of the

minor and major functions with respect to ϕ
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Ward’s minor and major functions

f, ϕ : [a, b] → R, W± : [a, b] → R, W−(a) = W+(a) = 0

W− is a Ward minor function of f with respect to ϕ on [a, b] if

∀x ∈ [a, b], ∃ δ(x) > 0, ∀ y ∈ [x − δ(x), x + δ(x)] ∩ [a, b] :
(y − x)[W−(y) − W−(x)] ≤ (y − x)f(x)[ϕ(y) − ϕ(x)]

W+ is a Ward major function of f with respect to ϕ on [a, b] if

∀x ∈ [a, b], ∃ δ(x) > 0, ∀ y ∈ [x − δ(x), x + δ(x)] ∩ [a, b] :
(y − x)[W+(y) − W+(x)] ≥ (y − x)f(x)[ϕ(y) − ϕ(x)]
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Ward’s minor and major functions

f, ϕ : [a, b] → R, W± : [a, b] → R, W−(a) = W+(a) = 0

W− is a Ward minor function of f with respect to ϕ on [a, b] if

∀x ∈ [a, b], ∃ δ(x) > 0, ∀ y ∈ [x − δ(x), x + δ(x)] ∩ [a, b] :
(y − x)[W−(y) − W−(x)] ≤ (y − x)f(x)[ϕ(y) − ϕ(x)]

W+ is a Ward major function of f with respect to ϕ on [a, b] if

∀x ∈ [a, b], ∃ δ(x) > 0, ∀ y ∈ [x − δ(x), x + δ(x)] ∩ [a, b] :
(y − x)[W+(y) − W+(x)] ≥ (y − x)f(x)[ϕ(y) − ϕ(x)]

apparition of the concept of gauge δ : [a, b] → (0,+∞)

(was hidden in the definition of D,D in Perron’s definition)

W−(f, ϕ) (resp. W+(f, ϕ)) : set of Ward minor functions

(resp. Ward major functions) of f with respect to ϕ on [a, b]
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Lower and upper W-integrals

W-lower integral of f with respect to ϕ on [a, b] :

(W )
∫ b

a
f dϕ := supW

−
∈W

−
(f,ϕ) W−(b) if W−(f, ϕ) 6= ∅

(W )
∫ b

a f dϕ := −∞ if W−(f, ϕ) = ∅

W-upper integral of f with respect to ϕ on [a, b] :

(W )
∫ b

a
f dϕ := infW+∈W+(f,ϕ) W+(b) if W+(f, ϕ) 6= ∅

(W )
∫ b

a f dϕ := +∞ if W+(f, ϕ) = ∅
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Lower and upper W-integrals

W-lower integral of f with respect to ϕ on [a, b] :

(W )
∫ b

a
f dϕ := supW

−
∈W

−
(f,ϕ) W−(b) if W−(f, ϕ) 6= ∅

(W )
∫ b

a f dϕ := −∞ if W−(f, ϕ) = ∅

W-upper integral of f with respect to ϕ on [a, b] :

(W )
∫ b

a
f dϕ := infW+∈W+(f,ϕ) W+(b) if W+(f, ϕ) 6= ∅

(W )
∫ b

a f dϕ := +∞ if W+(f, ϕ) = ∅

lemma : (W )
∫ b

a f dϕ ≤ (W )
∫ b

a f dϕ

proof analogous to the case of Perron’s integral
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W-integral

f is W-integrable with respect to ϕ on [a, b]
(or f dϕ is W-integrable on [a, b]) if

(W )
∫ b

a
f dϕ and (W )

∫ b

a
f dϕ are finite and equal
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W-integral

f is W-integrable with respect to ϕ on [a, b]
(or f dϕ is W-integrable on [a, b]) if

(W )
∫ b

a
f dϕ and (W )

∫ b

a
f dϕ are finite and equal

the W-integral (W )
∫ b

a f dϕ is their common value

f ∈ P [a, b]

⇔ f dI ∈ W [a, b], and (W )
∫ b

a
f dI = (P )

∫ b

a
f

S = Stieltjes, PS = Pollard-Stieltjes, LS = Lebesgue-Stieltjes

f dϕ ∈ S[a, b] or f dϕ ∈ PS[a, b]
⇒ f ∈ W [a, b] with the same integral

ϕ ∈ BV [a, b] and f dϕ ∈ LS[a, b]
⇒ f ∈ W [a, b], with related integrals
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Jaroslav Kurzweil

born in 1926 1957
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Generalizing averaging method

1957 : JAROSLAV KURZWEIL, Generalized ODE’s and continuous

dependence on a parameter, Czech. Math. J. 7 (82), 418-449

aim : generalization of averaging method in ODE’s

u′(x) = f(u(x), x)
with conditions on

F (u, x) :=
∫ x

a f(u, s) ds

for y near x :

u(y) − u(x) =
∫ y

x f(u(s), s) ds ≃
∫ y

x f(u(x), s) ds

= F (u(x), y) − F (u(x), x)
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Generalizing averaging method

1957 : JAROSLAV KURZWEIL, Generalized ODE’s and continuous

dependence on a parameter, Czech. Math. J. 7 (82), 418-449

aim : generalization of averaging method in ODE’s

u′(x) = f(u(x), x)
with conditions on

F (u, x) :=
∫ x

a f(u, s) ds

for y near x :

u(y) − u(x) =
∫ y

x f(u(s), s) ds ≃
∫ y

x f(u(x), s) ds

= F (u(x), y) − F (u(x), x)

suggests to associate an integral to functions of two variables

U : [a, b] × [a, b] → R, (x, y) 7→ U(x, y)

P-integral : U(x, y) = f(x)y
W-integral : U(x, y) = f(x)ϕ(y)
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Kurzweil minor and major functions

U : [a, b] × [a, b] → R

V− : [a, b] → R is a Kurzweil minor function of U on [a, b] if

∀x ∈ [a, b], ∃ δ(x) > 0, ∀ y ∈ [x − δ(x), x + δ(x)] ∩ [a, b] :
(y − x)[V−(y) − V−(x)] ≤ (y − x)[U(x, y) − U(x, x)]

V+ : [a, b] → R is a Kurzweil major function of U on [a, b] if

∀x ∈ [a, b], ∃ δ(x) > 0, ∀ y ∈ [x − δ(x), x + δ(x)] ∩ [a, b] :
(y − x)[V+(y) − V+(x)] ≥ (y − x)[U(x, y) − U(x, x)]

K−(U) : set of Kurzweil minor functions of U on [a, b]
K+(U) : set of Kurzweil major functions of U on [a, b]
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Lower and upper KW-integrals

lower KW-integral of U on [a, b] :

(KW )
∫ b

a
DU := supV

−
∈K

−
(U) V−(b) if K−(U) 6= ∅

(KW )
∫ b

a DU := −∞ if K−(U) = ∅

upper KW-integral of U on [a, b] :

(KW )
∫ b

a
DU := infV+∈K+(U) V+(b) if K+(U) 6= ∅

(KW )
∫ b

a DU := +∞ if K+(U) = ∅

Four steps to Kurzweil’s integral – p.17/23



Lower and upper KW-integrals

lower KW-integral of U on [a, b] :

(KW )
∫ b

a
DU := supV

−
∈K

−
(U) V−(b) if K−(U) 6= ∅

(KW )
∫ b

a DU := −∞ if K−(U) = ∅

upper KW-integral of U on [a, b] :

(KW )
∫ b

a
DU := infV+∈K+(U) V+(b) if K+(U) 6= ∅

(KW )
∫ b

a DU := +∞ if K+(U) = ∅

lemma : if K−(U) and K+(U) are non empty, then

(KW )
∫ b

a
DU ≤ (KW )

∫ b

a
DU

with respect to PERRON and WARD, KURZWEIL introduced a new

technique to prove this lemma
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Subdivision subordinate to a gauge

let δ : [a, b] → (0,+∞) be a gauge on [a, b]

S = {(a0, a1, . . . , am−1, am; x1, x2, . . . , xm) :
a = a0 < a1 < . . . < am = b, aj−1 ≤ xj ≤ aj (1 ≤ j ≤ m)}
is a (Riemann) subdivision of [a, b] subordinate to δ if

∀ j = 1, 2, . . . ,m : [aj−1, aj ] ⊂ [xj − δ(xj), xj + δ(xj)]
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Subdivision subordinate to a gauge

let δ : [a, b] → (0,+∞) be a gauge on [a, b]

S = {(a0, a1, . . . , am−1, am; x1, x2, . . . , xm) :
a = a0 < a1 < . . . < am = b, aj−1 ≤ xj ≤ aj (1 ≤ j ≤ m)}
is a (Riemann) subdivision of [a, b] subordinate to δ if

∀ j = 1, 2, . . . ,m : [aj−1, aj ] ⊂ [xj − δ(xj), xj + δ(xj)]

KURZWEIL proves (with Borel-Lebesgue’s lemma) what is called

Cousin’s lemma : For each gauge δ on [a, b], there exists a

subdivision S of [a, b] subordinate to δ
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Kurzweil’s proof of
∫ b

a
DU ≤

∫ b

a
DU

let V− ∈ K−(U), V+ ∈ K+(U), gauges δ−, δ+ on [a, b] :

(y − x)[V±(y) − V±(x) T (y − x)[U(x, y) − U(x, x)]

∀ y ∈ [x − δ±(x), x + δ±(x)]

take δ = min(δ−, δ+) and S subordinate to δ : ∀ 1 ≤ j ≤ m

V−(aj) − V−(xj) ≤ U(xj , aj) − U(xj , xj)
V−(xj) − V−(aj−1) ≤ U(xj , xj) − U(xj , aj−1)

V−(aj) − V−(aj−1) ≤ U(xj , aj) − U(xj , aj−1)

Four steps to Kurzweil’s integral – p.19/23



Kurzweil’s proof of
∫ b

a
DU ≤

∫ b

a
DU

let V− ∈ K−(U), V+ ∈ K+(U), gauges δ−, δ+ on [a, b] :

(y − x)[V±(y) − V±(x) T (y − x)[U(x, y) − U(x, x)]

∀ y ∈ [x − δ±(x), x + δ±(x)]

take δ = min(δ−, δ+) and S subordinate to δ : ∀ 1 ≤ j ≤ m

V−(aj) − V−(xj) ≤ U(xj , aj) − U(xj , xj)
V−(xj) − V−(aj−1) ≤ U(xj , xj) − U(xj , aj−1)

V−(aj) − V−(aj−1) ≤ U(xj , aj) − U(xj , aj−1)

similarly V+(aj) − V+(aj−1) ≥ U(xj , aj) − U(xj , aj−1)

hence V−(aj) − V−(aj−1) ≤ V+(aj) − V+(aj−1)
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Kurzweil’s proof of
∫ b

a
DU ≤

∫ b

a
DU

let V− ∈ K−(U), V+ ∈ K+(U), gauges δ−, δ+ on [a, b] :

(y − x)[V±(y) − V±(x) T (y − x)[U(x, y) − U(x, x)]

∀ y ∈ [x − δ±(x), x + δ±(x)]

take δ = min(δ−, δ+) and S subordinate to δ : ∀ 1 ≤ j ≤ m

V−(aj) − V−(xj) ≤ U(xj , aj) − U(xj , xj)
V−(xj) − V−(aj−1) ≤ U(xj , xj) − U(xj , aj−1)

V−(aj) − V−(aj−1) ≤ U(xj , aj) − U(xj , aj−1)

similarly V+(aj) − V+(aj−1) ≥ U(xj , aj) − U(xj , aj−1)

hence V−(aj) − V−(aj−1) ≤ V+(aj) − V+(aj−1)

summing : V−(b) ≤ V+(b), (KW )
∫ b

a
DU ≥ (KW )

∫ b

a
DU
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Kurzweil’s proof of
∫ b

a
DU ≤

∫ b

a
DU

let V− ∈ K−(U), V+ ∈ K+(U), gauges δ−, δ+ on [a, b] :

(y − x)[V±(y) − V±(x) T (y − x)[U(x, y) − U(x, x)]

∀ y ∈ [x − δ±(x), x + δ±(x)]

take δ = min(δ−, δ+) and S subordinate to δ : ∀ 1 ≤ j ≤ m

V−(aj) − V−(xj) ≤ U(xj , aj) − U(xj , xj)
V−(xj) − V−(aj−1) ≤ U(xj , xj) − U(xj , aj−1)

V−(aj) − V−(aj−1) ≤ U(xj , aj) − U(xj , aj−1)

similarly V+(aj) − V+(aj−1) ≥ U(xj , aj) − U(xj , aj−1)

hence V−(aj) − V−(aj−1) ≤ V+(aj) − V+(aj−1)

summing : V−(b) ≤ V+(b), (KW )
∫ b

a
DU ≥ (KW )

∫ b

a
DU

hidden generalized Riemann sums∑m
j=1[U(xj , aj) − U(xj , aj−1)] appear in this proof !

Four steps to Kurzweil’s integral – p.19/23



KW-integral and KS-integral

U : [a, b] × [a, b] → R is K-integrable on [a, b] if

(KW )
∫ b

a DU and (KW )
∫ b

a DU are finite and equal

the KW-integral (KW )
∫ b

a DU is their common value

f dϕ ∈ W [a, b] ⇔ f(x)ϕ(y) ∈ KW [a, b], same
∫
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KW-integral and KS-integral

U : [a, b] × [a, b] → R is K-integrable on [a, b] if

(KW )
∫ b

a DU and (KW )
∫ b

a DU are finite and equal

the KW-integral (KW )
∫ b

a DU is their common value

f dϕ ∈ W [a, b] ⇔ f(x)ϕ(y) ∈ KW [a, b], same
∫

U is KS-integrable on [a, b] if ∃ J ∈ R :

∀ ε > 0,∃ δ : [a, b] → (0,∞),∀S subordinate to δ :

|
∑m

j=1[U(xj , aj) − U(xj , aj−1)] − J | ≤ ε
∑m

j=1[U(xj , aj) − U(xj , aj−1)] : generalized Riemann sum

for U and subdivision S

J is unique : KS-integral of U on [a, b], (KS)
∫ b

a
DU

U ∈ KS[a, b] ⇔ U ∈ KW [a, b], with the same integral
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KW-integral and KS-integral

U : [a, b] × [a, b] → R is K-integrable on [a, b] if

(KW )
∫ b

a DU and (KW )
∫ b

a DU are finite and equal

the KW-integral (KW )
∫ b

a DU is their common value

f dϕ ∈ W [a, b] ⇔ f(x)ϕ(y) ∈ KW [a, b], same
∫

U is KS-integrable on [a, b] if ∃ J ∈ R :

∀ ε > 0,∃ δ : [a, b] → (0,∞),∀S subordinate to δ :

|
∑m

j=1[U(xj , aj) − U(xj , aj−1)] − J | ≤ ε
∑m

j=1[U(xj , aj) − U(xj , aj−1)] : generalized Riemann sum

for U and subdivision S

J is unique : KS-integral of U on [a, b], (KS)
∫ b

a
DU

U ∈ KS[a, b] ⇔ U ∈ KW [a, b], with the same integral

a definition of Riemann-type for the generalized Perron integral !
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A most fruitful integral

the KS-integral is nowadays a widely used tool known under the

names of generalized Perron, S-, sum-, Riemann-complete,

Kurzweil, Kurzweil-Stieltjes, Henstock, Kurzweil-Henstock,

Henstock-Kurzweil, generalized Riemann, Riemann-type,

gauge integral,...

it has inspired many variants and generalizations

it has completely changed the picture of real analysis in the second

half of XXth century

it has provided striking applications in differential and integral

equations, harmonic analysis, probability theory and quantum

mechanics

it has renovated and refreshed the teaching of integration

it has been the subject of more than 50 monographs
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Two books to read

1980 2012

Four steps to Kurzweil’s integral – p.22/23



Kurzweil’s integral has surpassed

de La Vallée Poussin and Perron’s ones.

I wish to Jaroslav also to surpass
La Vallée Poussin and Perron in longevity !

Happy 90th birthday anniversary
on behalve of all your Belgian friends !
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