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The integral form of the neutral FDE on time scales is given by

x(t):x(to)—f—/ttf(x;“,s)As—k _OrAe[n(t,e)]x*(t—Fe)

- /_Or AoM(k,0)]9" (1o +6)

x(t) =0(t), t€[to—r,t]r.
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Our goal: Establish a correspondence between the solutions of the
following equations:

Neutral FDEs on

>
<:| FDEs time scales

GODEs

Measure| = > Neutral
<A

and to obtain the results about:
@ Existence and uniqueness of solutions

@ Continuous dependence on parameters
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Generalized ODEs
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Definition
A tagged division of [a, b] C R is a finite collection of point-interval
pairs (7, [si—1,Ssi]), with

a=s5<s<..<sx=b and T;€[si_1,s],

fori=1,2,...,|D|.

| A

Definition
Given a function & : [a, b] — (0,+<0) (called gauge of [a, b]), a tagged
division D = (t;,[si_1, si]) is d-fine, whenever

[si—1,8i] € (7 —8(1:), T + 8(T:)),

fori=1,2,...,|D|.
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Definition

A function U(t,t) : [a,b] x [a,b] — X is Kurzweil integrable over
[a,b], if 3! I € X such that V € > 0, 3 a gauge d of [a, b] such that
V &-fine tagged division d = (1}, [si—1, si]) of [a, b],

< €.

HZ[U(T"vSI) —U(tj,8i-1)] =1

b
In this case, l:/ DU(t,t).
a
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Let X be a Banach space, O C X be open, [a, ] C [a,+o0) and
Q=0x|o,B]

Definition
A function x : [a,, B] — X is a solution on [a., B] of the GODE

adx
= = DF(x,t
at (x.0)

whenever (x(t),t) e QV t € [a,B] and

x(v) = x(y) + /Y "DE(x(x),8), v, ve Bl
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Measure neutral FDEs
as GODEs
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A measure NFDE has the following integral form

WO = v+ [ 1(09)0(s)

+ [ ain(t0)v(e+9) [ cbin( )1y (1o +0)
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Hypotheses:
@ OC G([to—r,ty+0c],R") open;
@ P={y; y€ O, telty,ty+0o]} c G([-r,0],R™;
@ f:Px|ty,ty+0] = R"
@ g:[t,t + 0] — Ris nondecreasing.
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(H1) V y € O, d the Kurzweil-Henstock-Stieltjes integral
fo+o
[RNCLEG
0

(H2) I M: [th, t + o] — R Lebesgue-Stieltjes integrable with respect

to g s.t.
t
INCECIE
0

VyeP,Vte [ty ty+ o]
(H3) 3 L: [to, th + 0] — R Lebesgue-Stieltjes integrable with respect to
g st

' M(s)dg(s).

[ 19~z 9lag(s)

< ' L($)ly — 2ll-da(s)

Vy,ze P,VtEeE [ty,ty+ 0]

Jaqueline G. Mesquita Jaroslav Kurzweil 90



For the normalized functionn : R x R — R"*", we assume:
(H4) m(t,-) is left continuous on (—r,0), BV on [—r,0] and
Varjs on(t,-) = 0, as s — 0.

(H5) 3 C: [to, o + 0] — R Lebesgue integrable s.t. V
S1,8 € [to,to—l—G] andV z € O,

' 1 0 don(sz,0)2(s2+0) — O den(s1,0)2(s; +6)

So 0
< [“c(s) [ ds.8)l2(s+6)as.
51 —r
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The measure NFDE has the integral form

WO = v+ [ 1(09)dg(s)

+ [ aotn(e.0)y(e+0)~ [ chino, O)lv(t-+0),

and a regulated solution y : [ty — r, ) + 6] — R”, can be regarded as
a GODE of the form

ax
— = DG(x,t
dt (x:1), J

where x : [to, o + 6] — O C G([to —r,to + ], R").
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The function G : O X [ty, ty + 6] — X on the right-hand side of
ax

— = DG(x, t) is defined b

e (x,t) is defined by

Gly, 0)(9) = F(y, )(9) +J(y, 1)(9), J
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whereVy e OandV t € [ty, o+ O]

OytO_rSﬂSlb?

B
f(ys,s)dg(s), tp <O <t<tfh+o0,
O ACEL T :

t
/ f(ys,s)dg(s), t <O <th+o
)

0,tp—r<9<t,

J(y, )(®) = /Or do[N (9, 0)]y (V0 +6) — /or do[N(0,0)]y(fo +6), ...

(e o (t+6)~ [ auln(t &) +6), .
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Theorem - Federson, Frasson, Mesquita, Tacuri

Consider B, = {z € G([to — r,to + ©],R"); ||z — X|| < ¢}, with ¢ > 1,
O € P.={x; xE€Bg, te€[ty,th+0]}, g: [to, b+ 0] — R nondecreasing
and (H1), (H2), (H3), (H4), (H5) fulfiled. Let G : B, x [fy, f + 0] —
G([to —r,ty +©],R") be as defined and y € P, be a solution of the
measure NFDE in [y, t + ©]. Define, for t € [ty —r, &y + 0],

y(ﬂ), ﬂE[to—r,t],
(1), DEtto+o].

x(1)(0) = {

dx
Then x : [ty, {y + 6] — B is a solution of the GODE == DG(x,t).
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Theorem - Federson, Frasson, Mesquita, Tacuri

Let B.={ze€ G([ty —r,to +o],R");||z—X|| < ¢}, withc > 1, ¢ €

P.={z;z€ B, t € [ty,ty+0]}, g: [to, o + 0] — R nondecreasing

and (H1), (H2), (H3), (H4), (H5) fulfiled. Let G : B, X [to, o + 0] —

G([to —r, ty+ ©],R") as defined and x : [ty, t + 6] — B be a solution
ax

of the GODE i DG(x, t), with initial condition x(t) (%) = ¢(9) for

B E [ty—r, 1], and x(1)(¥) = x(t) (1) for © € [ty, to+0]. Then y € B,
given by

J(0) = {x(toxﬁ), b-r<9<t,
x(9)(®), b<V<tfh+o.

is a solution of the measure NFDE in t € [ty —r, ) + O].
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Neutral functional dynamic equations on
time scales
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Time scales calculus

Time scales calculus
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Historical overview

1988: Stefan Hilger, Ein Makettenkalkdil mit Anwendung auf
Zentrumsmanningfaltigkeiten, PhD thesis, Universitat Wiirzburg.

Bernd Aulbach (1947-2005) Stefan Hilger
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Motivation

@ Unify the discrete and continuous cases;
@ Unify other different cases, depending on the time scale set;

© Applications to economic problems;
F. M. Atici, D. C. Biles, A. Lebedinsky, An application of time
scales to economics, Mathematical and Computer Modelling, 43,
718-726 (2006)

© Applications to population models;
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Motivation

@ Unify the discrete and continuous cases;
@ Unify other different cases, depending on the time scale set;
© Applications to economic problems;

© Applications to population models;
F. B. Christiansen and T. M. Fenchel, Theories of populations in
biological communities, vol. 20 of Lectures Notes in Ecological
Studies, Springer-Verlag, Berlin, 1977.
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Definition

A time scale is a nonempty and closed subset of the real numbers.

Z, R, Cantor set, closed intervals, among others are examples of time
scales.
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Time scale - Basic Concepts

Define the following operators:

p(t)=sup{seT:s<t} and o(t)=inf{s€T:s>t},

where p is called backward jump operator and ¢ is called forward
jump operator.

Definitions | ¢t |

right-dense | o(t) =t
right-scattered | o(t) >t

left-dense p(t)=t
left-scattered | p(t) <t
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Definition

We define the graininess function u: T — [0, o) by

Definition

A function f: T — R is called rd-continuous if it is regulated on T and
continuous at right-dense points of T.
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Definition

Define the set T as follows

T* — T\(p(supT),supT], if supT < eo,
B T, if  supT = co.
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Definition
Let f: T — R and t € T¥, define f2(t) to be the number (provided it
exists) satisfying Ve > 0, 38 > 0 such that

|f(s(1)) — £(s) — 2 ()[o(t) — 8| < elo(t) — 5|

forall s € (t—3§,t+8)NT. We call f2(t) the delta (or Hilger)
derivative of f at t. )
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Properties of delta-derivatives

If fis continuous at t and t is right-scattered, then f is differentiable at
t with

If t is right-dense, then f is delta-differentiable at t, if and only if, the

limit ” .
MOEIC)
s—t t—s

exists as a finite number. In this case,

0= i =0
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Definition - A. Slavik

If t € Ris such that t < sup T, define:

t*=inf{seT;s>t}.

v

Definition - A. Slavik

Define

T — (—co,sup T, if supT < oo,
(—o0,0), otherwise.
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Definition - A. Slavik
Given a function f : T — R", we define its extension * : T* — R" by:

F(t) = £(t"), teT"
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Let —r,0€ T, n: T X [-r,0]r > R™"and ¢ : [-r,0]r —» R"a
regulated function, g a nondecreasing function. Then the
Kurzweil-Henstock A-integral [° [Agn(t,0)]0(8) exists if, and only if,
the Kurzweil-Henstock-Stieltjes integral [° [don*(t,8)]¢" () exists, for
t € T. In this case, both integrals have the same value.

4
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Neutral functional dynamic equations on
time scales as measure NFDEs
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Theorem - Federson, Frasson, Mesquita, Tacuri

Letty € T. If x : [to — r, ty + G]r — B is a solution of neutral FDE on
time scales

x(t) =x(to) + ttf(x;‘,s)As—k/_()rAe[n(t,G)]x*(t+9) (2)

0
— | Ben(t,0)]x" (1o +6) (3)
X(t) :(p(t)7 te [tO =, tO]T’ (4)

then x* : [ty — r, {y + 6] — B is a solution of the measure NFDE

YO =y(0)+ [ 105 dg(s) + [ ol Oy +9)

- [ @606 +0) ®

*

Yto:(P ° (7)
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Theorem - Federson, Frasson, Mesquita, Tacuri

Conversely, if y : [to — r, ty + 0] — B satisfies (6) and (7), then it must

have the form y = x*, where x : [to — r, {o + 6] — B is a solution of (3)
and (4).
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Open and Developing Problems
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Congratulations, Jaroslav Kurzweil!
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