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Reaction-diffusion equations

Classical reaction-diffusion equation:
oru(x, t) = koxxu(x, t) + f(u(x, t))
Spatial discretization (lattice differential equation; x € Z, t € Rg):
oru(x,t) = k(u(x+1,t) —2u(x,t) + u(x —1,1)) + f(u(x, t))
Spatial and temporal discretization: (x € Z, t € Np)

u(x, t+1)—u(x, t) = k(u(x+1, t)=2u(x, t)+u(x—1, t))+f(u(x, t))



Some references

B. Zinner, Existence of traveling wavefront solutions for the discrete Nagumo equation, J. Differential Eq. 96
(1992), 1-27.

B. Zinner, G. Harris, W. Hudson, Traveling wavefronts for the discrete Fisher's equation, J. Differential
Eqg. 105 (1993), 46-62.

S.-N. Chow, W. Shen, Dynamics in a discrete Nagumo equation: spatial topological chaos, SIAM J. Appl.
Math. 55 (1995), 1764-1781.

S.-N. Chow, J. Mallet-Paret, Pattern formation and spatial chaos in lattice dynamical systems, |EEE
Trans. Circuits Syst. 42 (1995), 746-751.

S.-N. Chow, J. Mallet-Paret, W. Shen, Traveling waves in lattice dynamical systems, J. Differential Eq. 149
(1998), 248-291.

B. Wang, Dynamics of systems of infinite lattices, J. Differential Eq. 221 (2006), 224—245.

B. Wang, Asymptotic behavior of non-autonomous lattice systems, J. Math. Anal. Appl. 331 (2007), 121-136.

T. Caraballo, F. Morillas, J. Valero, Asymptotic behaviour of a logistic lattice system, Discrete
Contin. Dyn. Syst. 34 (2014), no. 10, 4019-4037.

C. Hu, B. Li, Spatial dynamics for lattice differential equations with a shifting habitat, J. Differential Eq. 259
(2015), 1967-1989.

H. Hupkes, E. Van Vleck, Travelling Waves for Complete Discretizations of Reaction Diffusion Systems,
J. Dyn. Diff. Equat., 2015, DOI: 10.1007/s10884-014-9423-9.




Time scales — basic definitions

@ Time scale: closed set T C R
@ op(t)=inf{seT;s>t},teT
@ [a,blr={teT,a<t<b}
@ A-derivative:
lim A0 it or(t) = ¢,
(L) =

Hoe@=H0 i op(f) > t.



Lattice reaction-diffusion equation with general time

We study the equation
UA(x,t) = au(x +1,1) + bu(x, t) + cu(x — 1, 1) + f(u(x, t), x, 1),

where a,b,c e R, x € Z, t € [ty, T]T, T C R is a time scale, and
u? denotes the delta derivative with respect to time.
We consider the initial-value problem with the condition

where u® = {10} <z is a bounded real sequence.



Conditions (H1)—(H3)

UA(x, ) = au(x +1,1) + bu(x, t) + cu(x — 1, 1) + f(u(x, t), x, 1)

(H1) fis bounded on each set B x Z x [{y, T]r, where B C R is
bounded.

(H2) fis Lipschitz-continuous in the first variable on each set
B x Z x [ty, T]r, where B C R is bounded.

(H3) For each bounded set B c R and each choice of ¢ > 0 and
t € [fo, T]r, there exists a 6 > 0 such that if
se(t—0o,t+0)N|[ty, T]r, then |f(u,x,t) — f(u,x,s)| < e
forallue B, x € Z.



Examples

1) Fisher-type equation

uA(x, t) = au(x+1, ) +bu(x, t)+cu(x—1, H)+iu(x, t) (1 — u(x, t))

2) Nagumo-type equation

U (x, t) = au(x+1, H)+bu(x, ) +cu(x—1, )+ u(x, t) (1 ~u(x, t)z)
3) Logistic population model with variable carrying capacity
uA(x, 1) = au(x+1, H)+bu(x, t)+cu(x—1, )+ u(x, H)(d(x, )—u(x, 1))

Conditions (H1)—(H3) hold e.g. in the following cases:
@ d(x,t) = e(t), where e : R — R is continuous and periodic
(

@ d(x,t) = e(x —~t), where e : R — R is continuous,
monotone, and bounded



Local existence

Assume thatf : R x Z x [fy, T]r — R satisfies (H1)—H3). Then
for each u° € (>=(Z), the initial-value problem

uA(x,t) = au(x +1,1) + bu(x, t) + cu(x — 1, 1) + f(u(x, 1), x, ),
u(x, ) =u, xez,
has a bounded local solution defined on Z x [y, ty + 0]
The solution is obtained by letting u(x, t) = U(t)x, where
U: [f, fo + d]r — ¢>°(Z) is a solution of the abstract dynamic
equation
UA(t) = o(U(1), 1),  U(to) = u°,

with & : £°°(Z) x [ty, T]r — ¢>°(Z) being given by

O({Ux}xez, t) = {@Ux+1 + bux + cux_1 + f(Ux, X, 1)} xez.




Global uniqueness

Even in the linear case f = 0, the solutions of the initial-value
problem are not unique. To get uniqueness, we restrict
ourselves to the class of bounded solutions.

Assume thatf: R x Z x [ly, T]r — R satisfies (H1) and (H2).
Then for each u° € (>(Z), the initial-value problem has at most
one bounded solution u : 7 x [ty, T]r — R.




Towards the maximum principle

Given an initial condition u® € ¢>°(7Z), let

m=infu®, M=supul.
XEL X€Z

If u:Z x [ty, Tlr — R is a bounded solution of our initial-value
problem, is it true that

m<u(x,t) <M

forall x € Z, t € [ty, T]r?

Additional assumptions are needed to derive this result.



Conditions (H4)—(H®6)

Denote

o = Mmax t)—1t).
tem’m(a() )

(H4) a,b,ce R aresuchthata,c>0,b<0,anda+b+c=0.
(H5) @y < —1/b.

(H6) There existr, R € R such thatr < m < M < R, and one of
the following statements holds:

@ i =0and
f(R,x,t) <0< f(r,x,t)

forx € Z, t € [ty, T]r.
Q 7 >0and

(1/pr + b) (r — u) < f(u, x,t) < (1/pp + b) (R — u)

foruelr,Rl, x €Z,te [t Tlr.



Condition (H6) — geometric meaning

® iy >0, (1/py +b) (r—u) < f(u,x,t) < (1/pr + b) (R—u)
@ up =0, f(R,x,t) <0< f(r,x,t)

Note: (H4), (H5) = 1/ap+ b >0



Maximum principle and global existence

Assume that (H1)—H6) hold. If u : Z x [ty, Tt — R is
a bounded solution of the initial-value problem, then

r<u(x,t)y<R forall xeZ, telt,T]r.

If U € ¢>(Z) and (H1)—(H6) hold, then the initial-value
problem has a unique bounded solution u : Z x [ty, T|T — R.




Maximum principle — proof outline

@ Establish the maximum principle for discrete time scales
(isolated points only)

© Prove that solutions depend continuously on the choice of
the time scale

© Use continuous dependence to extend the maximum
principle to all time scales



Extension of time scale functions

Let gr : [, T] — R be given by
or(t)y=inf{se[tp, Tlr; s>t}, telbh, T

Each function x : [fy, T]T — X can be extended to a function
x*: [ty, T] — X by letting

x*(t) = x(gr(1)), telto, T].
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Continuous dependence with respect to time scale

Theorem

Let X be a Banach space, B C X. Consider an interval

[to, T] C R and a sequence of time scales {T}5° , such that

fo € Thandsup T, > T foreachn € No, T € Ty, and gr, = 9gr,
on [ty, T]. Denote T = |~ Th.

Suppose that ® : B x [ty, T]t — X is continuous on its domain
and Lipschitz-continuous with respect to the first variable. Let
Xn : [to, T]t, — B, n € Ny, be a sequence of functions satisfying

x2(t) = d(xa(1), 1), teto, T]r,, ne N,

and xn(ty) — xo(f). Then x; = x5 on [y, T].




Continuous dependence — a more general result

Theorem

Let X be a Banach space, B C X. Consider a sequence of
nondecreasing left-continuous functions gy, : [ty, T] — R,

n € Ny, such that g, = go on [ty, T]. Assume that

® : B x [ty, T] — X is Lipschitz-continuous in the first variable.
Let x, : [, T] — B, n € Ny, be a sequence of functions
satisfying xn(fy) — Xo(ty) and

t

Xo(t) = xalto) + | @(a(s).)dgn(s), € [l T], e Mo
fo

where the integral is the Kurzweil-Stieltjes integral. Suppose

finally that the function s — ®(xo(S), ), S € [lo, T], is regulated.
Then x, = X on [f, T].




Approximation by discrete time scales

Theorem

IfTg C R is a time scale with ty, T € Tg, there exists a
sequence of discrete time scales {Tx}°  with T, C To,
minT, = t, maxT, = T, and such that gr, = gr, on [ty, T].
The sequence {T,}°° , can be chosen so that

@ iffip, >0, then iy, = Ty, for alln € N;

@ ifpup, =0, thenlimp_, fig, = 0.
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