M. Krizek
P. Neittaanmaki
R. Glowinski

S.Korotov (Eds.)

Conjug

'_uop,'eJ,ndLuO) |
JJIIULDS




Scientific Computation

Editorial Board

J.-J. Chattot, Davis, CA, USA

P. Colella, Berkeley, CA, USA

W. E, Princeton, NJ, USA

R. Glowinski, Houston, TX, USA
M. Holt, Berkeley, CA, USA

Y. Hussaini, Tallahassee, FL, USA
P. Joly, Le Chesnay, France

H. B. Keller, Pasadena, CA, USA
D.I. Meiron, Pasadena, CA, USA
O. Pironneau, Paris, France

A. Quarteroni, Lausanne, Switzerland
J. Rappaz, Lausanne, Switzerland
R. Rosner, Chicago, IL, USA

J. H. Seinfeld, Pasadena, CA, USA
A. Szepessy, Stockholm, Sweden
M. E. Wheeler, Austin, TX, USA



Springer-Verlag Berlin Heidelberg GmbH



M. Krizek P. Neittaanmaki
R. Glowinski S. Korotov (Eds.)

Conjugate Gradient
Algorithms and Finite
Element Methods

With 93 Figures Including 8 Color Figures,
and 24 Tables

&) Springer



Prof. Michal Krizek

Academy of Sciences
Mathematical Institute

Zitna 25

115 67 Prague, Czech Republic

Prof. Roland Glowinski

University of Houston
Department of Mathematics
University Park

Houston, TX 77004-3008, USA

Prof. Pekka Neittaanmaiki
Dr. Sergey Korotov

University of Jyvaskyld
Department of Mathematical
Information Technology

P.0. Box 35 (AGORA)

40014 Jyviskyld, Finland

ISBN 978-3-642-62159-8 ISBN 978-3-642-18560-1 (eBook)
DOI 10.1007/978-3-642-18560-1
Library of Congress Control Number: 2004104847

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is concerned,
specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting, reproduction on
microfilm or in any other way, and storage in data banks. Duplication of this publication or parts thereof is permitted
only under the provisions of the German Copyright Law of September 9, 1965, in its current version, and permission for
use must always be obtained from Springer-Verlag. Violations are liable to prosecution under the German Copyright
Law.

springeronline.com

© Springer-Verlag Berlin Heidelberg 2004

Originally published by Springer-Verlag Berlin Heidelberg New York in 2004

Softcover reprint of the hardcover 1st edition 2004

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply, even in
the absence of a specific statement, that such names are exempt from the relevant protective laws and regulations and
therefore free for general use.

Typesetting: by the authors/editors

Final data conversion and figure processing by Frank Herweg, Hirschberg-Leutershausen
Cover design: design & production GmbH, Heidelberg

Printed on acid-free paper  55/3141/rm 543210



Most of the arts, such as painting, sculpture, and music, have
emotional appeal to the general public. This is because these
arts can be experienced by one or more of our senses. Such
is not true of the art of mathematics; this art can be appreci-
ated only by mathematicians, and to become a mathematician
requires a long period of intensive training. The community of
mathematicians is similar to an imaginary community of musical
composers whose only satisfaction is obtained by the interchange
among themselves of the musical scores they compose.

Cornelius Lanczos
(1893-1974)






Preface

For more than 50 years already, Conjugate Gradient Algorithms and Finite
Element Methods have been around. There is no doubt that these two meth-
ods have deeply influenced — not to say revolutionized — the way one solves
complicated problems from Science and Engineering. It is interesting to
observe that at their birth both methods were considered no more than sci-
entific curiosities: finite element methods were seen as just particular cases
of the Galerkin method, while conjugate gradient methods were viewed as
something between iterative methods and direct methods for their finite ter-
mination properties. Actually, it took just few years to realize that these two
methodologies had their own merits and that their capabilities were much
beyond what was perceived at their inception. Indeed, applications of both
methodologies are everywhere and many of their potentials still have to be
discovered, this bold statement being based on the fact that new applications
appear almost daily. Having said that, some readers can wonder about the
rational of publishing a volume dedicated simultaneously to both methods.
The answer lies in the complementarity of both methodologies: Clearly, fi-
nite element methods reach maximal efficiency when applied to the solution of
problems enjoying a variational formulation in some Hilbert space, directly,
or after some manipulations (fortunately, many important problems from
Science and Engineering have this property). On the other hand, conjugate
gradient algorithms are more than tools for solving linear problems in finite
dimension; actually, they provide the most general approach to the solution
of linear variational problems in Hilbert spaces of arbitrary dimension (pos-
sibly infinite). The destiny of these two methods was to encounter and their
meeting took place in the sixties. Via the combination of conjugate gradient
algorithms and finite element approximations, practitioners have been able
to solve complicated, direct and inverse, multidimensional problems modeled
by ordinary or partial differential equations and inequalities, not necessarily
linear, optimal control and optimal design being part of these problems. The
objectives of this volume are many-fold; among them:

e Provide historical perspective and the foundations of conjugate gradient
type methods.

e Show the complementarity of the conjugate gradient and finite element
methods.
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e Show that both methods apply to the solution of complicated problems
modeled by linear and nonlinear partial differential equations.

e Provide an in-depth discussion on the implementation aspects of both
methods.

e Provide the readers with numerous references, giving them the possibility
to go to further sources of information in order to learn more about both
methodologies.

e Show that conjugate gradient and finite element methods apply to the
solution of real-life problems.

This volume is structured as follows:

In Part I, one provides the foundations and historical facts on conjugate
gradient methods; their complementarity with finite element methods is also
addressed.

Part II is dedicated to the algorithmic aspects and to implementation
issues, including parallelization and domain decomposition methods.

Part ITI addresses mesh qualitity issues for finite element methods. Spe-
cial geometric conditions on meshes yelding monotone stiffness matrices and
guaranteeing the validity of the discrete maximum principle are examined.

In Part IV, one discusses the application of conjugate gradient and related
techniques to the solution of initial/boundary value problems for linear and
nonlinear partial differential equations (and even inequalities). These are
typical situations where the computer implementation of the above iterative
methods requires coupling with approximation methods such as finite ele-
ments. The conjugate gradient solution of some optimal control problems is
also discussed.

Finally, Part V is dedicated to the finite element approximation and the
iterative solution of highly non-trivial problems from image processing, phy-
sics of nuclear reactors, and computational fluid dynamics, including mul-
tiphase flow in chemical reactors and the solution of the Euler equations
modeling compressible inviscid fluid flow.

Some of the issues discussed in this volume have been addressed at the
International Conference Finite Element Methods: Fifty Years of Conjugate
Gradients, which took place at the University of Jyviaskyld in Finland during
Summer 2002, but additional material has been included in order to broaden
the historical and scientific perspectives. LOGO of the Conference is marked
on page V.

When applying conjugate gradient type methods to the solution of a dif-
ficult problem, the difference between success and failure lies, most often, in
the choice of the preconditioning operator. From that point of view one of our
favorite quotations can be found in J. E. Dennis, R.B. Schnabel: A view of
unconstrained optimization, In: Handbook in Operation Research and Man-
agement Science, Vol. 1, G. L. Newhauser, A. H. G. Rinnooy and M. J. Todd,
eds., North-Holland, Amsterdam, 1-66. It reads as follows (in this quotation
p is the number of iterations necessary to achieve convergence and n is the
dimension of the problem under consideration):
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“It is not unusual for strictly convex quadratics arising from dis-
cretized partial differential equations to be solved with p ~ n/103.
Such spectacularly successful preconditioning nearly always comes
from deep insight into the problem and not from matrix theoretic
considerations. They often come from discretizing and solving a
simplified problem.”

There is little to add to the above quotation, except that one may find
in this volume examples of situations where, indeed, the above approach has
been quite successful.

The editors would like to acknowledge the assistance of many collabora-
tors at their respective institutions and of Ms. Sabine Lehr at Springer. Our
gratitude and warmest thanks go to Professor Wolf Beiglbock for his encour-
agements, and for accepting the publication of this volume in the prestigious
Springer Series in Scientific Computing. We would also like to express our sin-
cere gratitude to Dr. Jan Brandts, Ms. Helena Holovské, Mr. Stépan Kasal,
and Mr. Pavel Kiizek for their invaluable help in preparing these proceedings.
The financial support of the Academy of Finland and Grant No. A 1019201
of the Grant Agency of the Academy of Sciences of the Czech Republic are
gratefully appreciated.

Prague Michal KriZek

October 2003 Pekka Neittaanmdki
Roland Glowinski
Sergey Korotov
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The Founders of the Conjugate
Gradient Method

Alena Solcové

Department of Mathematics, Faculty of Civil Engineering, Czech Technical
University, Thakurova 7, CZ—166 29 Prague 6, Czech Republic

solcova@mbox.cesnet.cz

Better to have an approximate answer to the right question
than a precise answer to the wrong question.

Paraphrased quotation of Tukey J. W. (1915-2000)

1 Introduction

The Conjugate Gradient Method was cited among the “Top 10 Algorithms of
the 20th Century” by Computing in Science & Engineering Magazine, vol. 2,
January 2000. It can be considered as a direct method as well as an iterative
method for solving systems of linear algebraic equations. In this paper we
introduce the fathers of this significant method.

The history started in papers written by Magnus Hestenes and Eduard
Stiefel [10], and also by Cornelius Lanczos [13] who cooperated with the
Institut of Numerical Analysis at the University of California, Los Ange-
les. Hestenes and Lanczos were National Bureau of Standards staff mem-
bers whereas Stiefel was a visitor from the Swiss Eidgenossische Technische
Hochschule (ETH) in Ziirich.

In December 1952, the paper entitled Methods of Conjugate Gradients
for Solving Linear Systems by M. Hestenes and E. Stiefel was published
(see [10]). This was a starting point of a great revolution in the numerical
solution of large systems of simultaneous linear algebraic equations. Lanczos’
fundamental paper [13] is quoted in [10] and appeared in the same journal.
For a historical survey of the conjugate gradient method we refer to [5].

In the early fourties Hestenes worked in function theory. Let us mention
one of his most beautiful results in this field published in [6]. He considers
an arbitrary function f € C*(Q), where k € {0,1,2,...} and Q is a bounded
domain in R? (without any assumptions on the boundary). For such an f he
proves a theorem that states that if it is possible to extend f locally at each
point of the boundary keeping it in the class C*, then there exists a global
C*-extension of f on the whole space R2.

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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Journal of Research of the National Bureau of Standards

Vel. 49, No. 6, December 1952 Research Paper 2379

Methods of Conjugate Gradients for Solving
Linear Systems'’

Magnus R. Hestenes ? and Eduard Stefel 3

An iterative algorithm is given for solving a system Azx==k of n livear equations in =

unknowns. The solution is given in n steps.
case of a very general metbod which also includes Gaussian elimination.
algorithms are essentially algorithms for ﬁlndmg an n di i
1 poly i

are made with the theory of orth

It is shown that this method is a special
These general

i ellipsoid.
Is and d fracti

1. Introduction

Onpe of the major problems in machine computa~
tions is to find an effective method of solving a
system of n slmultaneous equauons in 7 unknowns,
particularly if n is large. There is, of course, no
best methbod for all problems because the goodness
of a8 method depends to some extent upon the
particular system to be solved. In judging the
goodness of a method for machine computations, one
should bear in mind that criteris for a good machine
method may be different from those for a hand
method. By a hand method, we shall mean one
in which a desk caleulator may be used. By a
machine method, we shall mean ome in which
sequence-controlled machines are

A machine method should have the following
properties:

(1) The method should be simple, composed of a
repetition of elementary routines requiring a mini-
mum of storage space.

(2) The method should insure rapid convergence
if the number of steps required for the solution is
infinite. A method which—if ne rounding-off errors
occur—will yield the solution in a finite number of
steps is 1o be preferred.

(3) The procedure should be stable with respect
to roundimg-off errors. If mneeded, a subroutine
should be available to insure this stability. It
should be possible to diminish rounding-off errors
by a repetition of the same routine, starting with
the previous result as the new estimate of the
solution.

(4) Each step should give information about the
solution and should yield a new and better estimate
than the previous one.

(5) As many of the original data as possible should
be used during each step of the routine. Special
properties of the given linear system—such as having
many vanishing coefficients—sbould be_preserved.
(For example, in the Gauss elimination specml
properties of this type may be destroyed.)™

In our opinion there are two methods that best fit
these criteria, namely, (a) the Gauss elimination

t This work was performed on a National Bureau of Standards contract with
the University of California at Los Angeles, and was sponsored (iz part} by the
Office of Naval Research, United States Navy.

* National Bureau of Standards aad Umvemty of Califorpia at Los Angels.

3 University of California at Los Angeles, and Eidgendssische Technische

Boehschule, Zurich, Switzerland.

method; (b) the conjugate gradient method presented
in the present monograph.

There are many variations of the elimination
method, just as there are many variations of the
con]uga.te gradient method here presented. In the
present paper it will be shown that both methods
are special cases of a method that we call the method
of conjugate directions. This enables one to com-
pare the two methods from a theoretical point of
vxew

In our opinion, the conjugate gradient method is
superior to the elimination method as. a machine
method. Our reasons can be stated as follows:

(a) Like the Gauss elimination method, the method
of conj snte gradients gives the solution in 7 steps if
no rounding-off error occurs.

(b) The conjugate gradient method is simpler to
code and requires less storage space.

(c) The given matrix is unaltered during the proc-
ess, so_that a maximum of the original data is used.
The advantage of having many zeros in the matrix
is preserved. The method is, therefore, especially
suited to handle linear systems arising from difference
equations approximating boundary value problers.

(d) At each step an estimate of the solution is
given, which is an improvement over the one given in
the preceding step.

(e) At any step one can start anew by a very
simple device, keeping the estimate last obtained as
the nitial estimate.

In the present paper, the conjugate gradient rou-
tines are developed for the symmetric and non-
symimetric cases. 'The principal results are described
in section 3. For most of the theoretical considera-
tions, we restrict ourselves to the positive definite
symumetric case. No generality is lost thereby. We
deal only with real matrices. The extension to
complex matrices is simple.

The method of conjugate %mdxents was developed
independently by E. Stiefel of the Institute of Applied
Mathematics at Zurich and by M. R. Hestenes with
the cooperation of J. B. Rosser, G. Forsythe, and
L. Paige of the Institute for Numerical Analysis,
National Bureau of Standards. The present account
was prepared jointly by M. R. Hestenes and E.
Stiefel during the latter’s stay at the National Bureau
of Standards. The first papers on this method were

409

Figure 1. The first page of the original paper [10] by Hestenes and Stiefel.

Magnus Hestenes (1906-1991) was born in Bricelyn, Minnesota, USA.
His undergraduate education started at St. Olaf College, and his graduate
work took place at the University of Wisconsin. Later he continued at the
University of Chicago.

In 1947 he accepted a professorship at the University of California in Los
Angeles, where he taught until his retirement. He had 34 Ph.D. students and
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Figure 2. Magnus Hestenes.

was a well appreciated well-loved advisor and teacher. The fields of activities
of M. Hestenes were variational problems, problems of control theory, and
conjugate direction methods. His best known work includes many publica-
tions on the problem of Bolza, and a famous paper on quadratic forms in
Hilbert spaces [7]. The impact of his scientific output has been enormous.
More than 800 papers citing the original paper [10] on the Conjugate Gradi-
ent Method appeared in the period 1983-1999. He was a Guggenheim fellow,
a Fulbright scholar, and also the vice president of the American Mathematical
Society.

Thirty years after the publication of the pioneering paper [10] Magnus
Hestenes expressed his respect to the next significant man in the history
of the Conjugate Gradient Method — his monograph [8] is devoted to the
memory of his colleague E. Stiefel.

Eduard Stiefel (1909-1978) was born in Ziirich, Switzerland. He spent
his youth as a student at the famous ETH, where Albert Einstein worked on
the theory of relativity. Stiefel’s early work was devoted to topology of Lie
groups.

He is connected with the development of one of the first electronic com-
puters Z4 of Konrad Zuse. In 1948 Eduard Stiefel wanted to set up a new
Institut for Applied Mathematics in the ETH Ziirich. His declared goal was
to advance numerical analysis. Accordingly he was looking for a way to
gain access to computing power beyond the level that could be performed by
simple desktop calculators.

In 1947 Konrad Zuse with his family and the computer named Z4 moved
to Hopferau (Bavaria). Two years later Stiefel was informed about the exis-
tence of the Z4 and he was told that the machine may possibly be for sale. He
inspected this computer in Hopferau in 1949. Konrad Zuse explained him its
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Figure 3. Eduard Stiefel.

specifications, which were very convincing. Stiefel gave Konrad Zuse a differ-
ential equation to solve it. Zuse wrote a program for the Z4, created a punch
tape, and the machine worked. The result was correct. Thus, despite the
fact that the Z4 was only barely in operational condition (its construction
was not completely finished), Stiefel decided that the idea of transferring it
to the ETH Ziirich should be by all means tried.

Figure 4. The Z4’s input and output devices and the program construc-
tion unit in Hopferau.

Installation and operation of the Z4 absorbed all the efforts of Stiefel’s
small group. Stiefel did not want to build computers, he just wanted to use
them in an easy way for complex numerical calculations. For this reason, the
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speed of the computer was not the most important to Stiefel. Among other
aspects, the simplicity of programming was very significant to him. The Z4’s
attached program construction unit convinced him to get this computer, be-
cause it allowed scientists to enter programs in less than a few hours. Also
the powerful arithmetic unit with its exceptional handling capability was an
ideal prerequisite for the calculations Stiefel would make.

The use of computers stimulated the development of numerical methods.
The results of Stiefel indicated that numerical methods are very suitable
for high speed machines. The largest linear system with a symmetric ma-
trix that had been solved at that time by the conjugate gradient method
contained 106 difference equations. The computations were done on a Zuse
relay-computer at ETH in Ziirich. The estimate obtained in the 90th step
had an acceptable accuracy (see also [w3]).

Cornelius Lanczos (1893-1974) was a mathematician and physicist. His
papers cover a vast array of disciplines including numerical analysis, applied
mathematics, scientific computation, quantum mechanics, and also general
relativity.

Figure 5. Cornelius Lanczos.

He was born as Kornél Lowy in a family of Jewish origin in Székesfehérvar,
Hungary. His father was a lawyer. Cornelius Lanczos attended a Jewish ele-
mentary school, where he learned several foreign languages. Then he entered
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the local gymnasium which was a catholic school (Order of Cistercians). Af-
ter graduating in 1915, Lanczos was appointed as an assistant at the Tech-
nical University of Budapest. He worked on the theory of relativity and
sent a copy of his dissertation: “Relation of Maxwell’s Aether Equations to
Functional Theory” to Albert Einstein, who replied to him:

I have read your work in as much detail as my present excess of work allows.
I can say that it is sound and original thinking. It makes you worthy of the
doctorate. I am pleased to give you my permission to honour me by dedicating
it to me.

Lanczos spent the next three years in Freiburg, and then moved to Frank-
furt. In the period 1928-1929, Lanczos was Einstein’s assistent in Berlin.
Then he was as a visiting professor at the University of Purdue in Lafayette,
Indiana. His Jewish origin did not allow him to live in Germany and Lanczos
quickly returned to Indiana. There, in 1938 he published his first work in
numerical analysis. Two years later he introduced a new matrix method for
calculating the Fourier coefficients (see [4] and [w2]) which, over 25 years later,
was recognized as the Fast Fourier Transform algorithm by John W. Tukey
(see [2]). The main trick is that a discrete Fourier transform of length 2n can
be written as the sum of two discrete Fourier transforms, each of length n
(see, e.g., Danielson-Lanczos lemma in [15, p. 391]).

Also he continued to work on his first love — the theory of relativity and
corresponded with Einstein both on a scientific level and as a friend.

During the Second World War, Lanczos spent the year 1944 working for
the Boeing Aircraft Company. Later he got a permanent position at Boe-
ing. There he worked on applications of mathematics to aircraft design and
developed new numerical methods to solve associated real-life problems.

In 1949 he moved to the Institute for Numerical Analysis of the National
Bureau of Standards, where he worked on developing digital computers.
In 1950 he published a fundamental paper [13], which has a close relationship
to the conjugate gradient method, see e.g., [1].

During the early fifties the political atmosphere in the USA became un-
pleasant for Lanczos. He accepted an offer from Erwin Schrodinger to head
the Theoretical Physics Department at the Dublin Institut for Advanced
Study in Ireland. Lanczos published over 120 papers and books. He died in
a hospital in Budapest after a sudden heart attack in 1974. His Collected
Papers with Commentaries were published by the North Carolina State Uni-
versity [wl].

Final remarks

The conjugate gradient algorithm of Hestenes and Stiefel and the Lanc-
zos method are examples from a large class of methods, actually a class
of methods known today as Krylov subspace methods. At present Krylov
subspace methods can be used to solve efficiently very large sparse systems
of linear equations and eigenvalue problems. These projection methods are
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called according to the Russian maritime engineer and applied mathematician
A.N. Krylov (1863-1945).

Figure 6. Alexei Nikolaevich Krylov.

It is interesting to hear two distinct voices in the paper [10]. Hestenes came
to the algorithm from the point of view of variational methods and optimal
control. In 1936 he had developed an algorithm for constructing a set of
mutually conjugate basis vectors, but he was advised by a Harvard professor
that it was too obvious for publication [6]. Stiefel, on the other hand, had
a strong orientation toward relaxation algorithms, continued fractions, the
QR-algorithm, and he developed conjugate gradients from this viewpoint.
The conjugate gradient method became popular, when G. Meinardus in [14]
(see also [3], [11]) derived an upper bound for the rate of convergence of
this method. Its proof is based on some old ideas of L. V. Kantorovich (the
Nobel Prize Winner for Economy in 1975). It essentially uses properties of
the Chebyshev polynomials (for a detailed proof in complex arithmetic see,

g., [12]). Today the algorithm of the conjugate gradient method belongs to
standard topics in numerical analysis textbooks.

Acknowledgement: The author thanks Prof. Dr. Lawrence Somer (Wash-
ington, D.C.) for valuable suggestions.
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1 Introduction

Both the finite element method for elliptic partial differential equations, and
the conjugate gradient method for linear systems with symmetric positive
definite system matrix, are instances of Ritz-Galerkin projection on a finite
dimensional subspace. In the finite element method, the problem under ap-
proximation is infinite dimensional, whereas in the conjugate gradient method
it is finite, though usually high dimensional. We will briefly recall both
methods, and then comment on using conjugate gradients to solve the finite
elements system.

1.1 The Ritz-Galerkin method for elliptic PDEs

Consider the standard weak formulation of an elliptic second-order partial
differential equation on a domain 2 with homogeneous Dirichlet boundary
conditions, which is to find u € H{(£2) such that

a(u,y) = (f,y) forall y € Hy(Q). (1)
In this context it is assumed (for more details see also Section 2.1) that
e a: H}(Q)x HE(Q) — R is a continuous, symmetric, coercive bilinear form,
o fecH 71(9),
o (-,-y: H () x HY(Q) — R is the dual pairing.
Given an n-dimensional subspace W C H}(f2), the Ritz-Galerkin approxima-
tion w € W of u is defined by requiring that the residual a(w—u,-) € H~1(Q)
is in the annihilator Ann(W) of W, where

Ann(W) = {ge HY(Q) | (9,6) =0 for all £ € W} (2)

This can be expressed as a(w —u, &) = 0 for all £ € W, or equivalently in the
more familiar form

a(w,&) = (f,&) forall £ W. (3)

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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Let wy, ..., w, be a basis for W and let eq, ..., e, be the canonical basis for
R™. By W: R"™ — W we denote the linear isomorphism defined by We; = w;
for all j € {1,...,n}. Since w € W, there exists a vector z € R™ such that
w = Wax. Substituting this into (3) and choosing for £ the basis functions
w1, - . ., W, consecutively, yields n linear equations for the n unknown entries
of x. These equations can be written as an n X n matrix-vector equation
Az = b, in which the entries (a;;) of A are given by a;; = a(w;,w;), and
b = (b;) with b; = (f,w;). In the following diagram, which symbolizes the
whole procedure, G stands for Ritz-Galerkin approximation.

G w

HL(Q) - W < R"

1.1.1 Finite Elements

In the finite element method, W is usually chosen as a space of piecewise
polynomials relative to a face-to-face partition of the domain, for instance,
the space of continuous piecewise linear functions relative to a partition of
the domain into simplices. For details on the finite element method, we refer
to the three excellent textbooks [3], [6], [7].

1.2 The Ritz-Galerkin method for linear systems

Let A be a real symmetric positive definite n x n matrix and b € R™ and
consider the linear system Az = b. Even though matrices are commonly iden-
tified with linear mappings, it is not often realized that each n x n matrix A
also represents a bilinear form on R™ x R™. In fact, similar as in Section 1.1,
x can be seen as the unique solution of a variational formulation of Az = b,
which is to find € R™ such that

(Az,z) = (b,z) for all z € R", (4)

where (y, z) is the Euclidean inner product on R" with induced norm |[|z||? =
(z,2). The similarity with (3) is obscured by the fact that one usually iden-
tifies R with its dual (R™)*, but notice that we could indeed have worked
with the dual pairing on (R™)* x R™ in the right-hand side of (4).

Observation 1.1. Since A is symmetric positive definite, it has a unique
Cholesky factorization A = U*U, where U has positive diagonal entries
(see [9]). Hence,

(Az,2) = (UUz,z) = (Uz,Uz) = (b, 2). (5)

This takes the role of the usual integration by parts in the finite element

method for the Poisson equation —Au = f with homogeneous Dirichlet
boundary conditions,

(—Au,y) = (= divVu,y) = (Vu, Vy) = (f,y). (6)

Since U is unknown, in practice this step can not be performed. In theory, it
does not need to be performed, since contrary to the finite element method,
it does not weaken the equation.
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Let V be a k-dimensional subspace of R™. The Ritz-Galerkin approxima-
tion of x is the unique x5 € V such that (A(zx —x),-) € (R™)* is in the anni-
hilator Ann(V) of V. Or equivalently, its Riesz representation Az, — b € R™
should be orthogonal to V as depicted in Fig. 1. This orthogonality can be
expressed similarly as in the context of elliptic partial differential equations
as follows: find zp € V such that

(Azy,v) = (b,v) for all ve V. (7)

Let the columns vy, ..., v, of the n x k matrix V form a basis for V, then
x, = Vq for some ¢ € R¥. Substituting this into (7), it can be seen that
q solves the k x k matrix-vector equation T'q = V*b with T'= V*AV. Notice
that similar as in Section 1.1, the entries ¢;; of T are given by t;; = (Av;, vj).
Writing x; as a function of x, we have x;, = Rz with R = VI ~1V*A. Similar
as above, we can depict the method in a diagram as follows.

R” L ) V RF

1.2.1 Conjugate Gradients

Choosing V = K¥(A,b) = span{b, Ab,..., A*¥~1b}, the conjugate gradient
method arises. In its implementation, a basis v1,...,v; is computed recur-
sively: vy is defined as the normalized residual b — Axp_q, where xj_1 is
the conjugate gradient approximation of = in K*~1(4,b), and without loss of
generality we may set xo = 0. By (7), vy is orthogonal to K*~1(A,b). As an
additional advantage, all solutions xj, and basis vectors vg, with k = 1,...,n,
can be computed by means of two coupled two-term recursions in which only
one matrix-vector multiplication with A per iteration is involved.

For details on the conjugate gradient method, we refer to the original
paper by Hestenes and Stiefel [10], and to [5] in Part IT of this volume.

1.3 Ritz-Galerkin projection of a Ritz-Galerkin projection

Suppose now that the linear system Az = b from Section 1.2 is, in fact, the
result of the Ritz-Galerkin discretization of the elliptic problem in Section 1.1.
The space ¥V C R"™ used in Section 1.2 then corresponds, by means of the
isomorphism W, to a k-dimensional subspace Wy, C W C Hg (). As such,
Wy, can also be used to approximate u using Ritz-Galerkin projection, which
results in an approximation wy € Wy, defined by

a(wy,n) = (f,n) forall n € Wy. (8)

A basis for Wy, is already available through the composition U = WV,
ie, u; = Wv; = WVe;. Using this basis to solve (8) results in a k x k



14 J. Brandts

Figure 1. The vector z; € V is such that ry, = b — Axy L V.

linear system similar as in Section 1.1. The long diagonal in the diagram
below symbolizes this procedure. The symbol H stands for the Ritz-Galerkin
approximation (8) in Wy. The other edges of the large triangle are the
methods from the previous two sections. Additionally, »: YW — W, given by
r = WRW ! symbolizes R on the functional level.

Q) —G W W pn
H T R
A — v ©)
U 1%
Rk

The following result is well known and should therefore not come as a
surprise. Loosely speaking, it states that the Ritz-Galerkin projection of a
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Ritz-Galerkin projection equals the Ritz-Galerkin projection on the smallest
space.

Proposition 1.2. We have that H = rG. In other words, wy = Wxy, where
xy, solves (7) and wy solves (8).

Proof. Each n € W), can be written as Wv with v € V, and in particular
wy = Wy, for some T € V. From Section 1.1 we recall that w = Wx. Since
Wy C W, from (3) and (8) we find that a(wy,n) = a(w,n) for all n € Wy,
and thus,

a(Wzp, Wo) = a(Wa,Wv) for all v e V. (10)

Now, by definition of A we have for all y, z € R™ that (Ay, z) = a(Wy, Wz).
From this we conclude that (10) is equivalent to (AZy,v) = (Az,v) = (b,v)
for all v € V and since (7) has a unique solution, we find that & = z5. O

2 Comparing results and theorems in both settings

Both the finite element method and the conjugate gradient method are Ritz-
Galerkin projections in the energy inner product. Hence we may expect that
some of their characteristic properties exhibit similarities. In this section, we
will explore those similarities.

Remark 2.1. In the sequel, we will denote vector norms by ||| - |||« and
function norms by || - ||.. Contrary to common use, but for conformation of
notation, the Sobolev 1-seminorm will be denoted by || - ||1. See Section 2.1
below.

2.1 Céa’s Lemma and a priori bounds

Define the energy norm in the finite element context for all w € H}(Q2) as
lwllf = a(w, w). (11)

As a special case, denote by || - |1 the energy norm corresponding to the
Poisson equation, for which the bilinear form takes the simple form a(w, w) =
(Vw,Vw). This latter norm is usually employed to analyze the behaviour
of the Ritz-Galerkin method for more general elliptic equations. First, it is
proved that the bilinear form a is continuous and coercive in the sense that
there exist constants m > 0, « > 0 such that

Yo,w € Hy(Q),  |a(v,w)] <mlvlillwly and a(v,v) > a?[vl}.  (12)

Using these properties together with the Galerkin orthogonality a(u—w, ) =
0 for all £ € W, we find that

a?llu—wlff < a(u—w,u-w)=a(u—&u—w) <mlu—¢llu—wl, (13)
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with as a result that

m .
Ju—wls < 25 dnt flu—gl. (14)

So, the Galerkin orthogonality shows that w is the energy-orthogonal projec-
tion of w onto W, and hence the best approximation of w in the energy-norm,
whereas (14) shows that in the || - ||;-norm we only have quasi-optimality.
This result is known as Céa’s Lemma [3], [6], [7]. In return for the loss of
optimality, we have that the || - [|;-norm is generally much easier to analyze.

Observation 2.2. Roughly speaking, Céa’s Lemma states that each “de-
cent enough” elliptic equation is “equivalent” to the Poisson equation. This
justifies the fact that the Poisson equation is often studied as model problem.

The conjugate gradient analogue is as follows. Define the A-norm, some-
times also called energy norm, by

12[[[% := 2" Az = (VAz,VAz). (15)

If A does not result from the discretization of an elliptic PDE, then no specific
reference equation (like the Poisson equation above) can be indicated. In that
case we merely find, using the Galerkin orthogonality V*A(x, — z) = 0 and
the Cauchy-Schwarz inequality |y*Az| < ||ly|||a|||z]||a that for all v € V,

lle - 2ull3 = (@ — 20)* Al — 21) = (2 — v)" Al - 21) (16)

< |l = olllalllz = zxla-

The equality ||yl = |[|[Wyl|||a for all y € R™ allows us to define a discrete
version of the || - ||;-norm by

[llzl]1 == (W =] (17)

Similar as in (14), we get that
lla = wllly < =5 inf [[|e = |- (18)

This shows that conjugate gradients, which is clearly optimal in the A-norm
as a result of (16) is quasi-optimal in other “elliptic” norms than the A-norm.

2.1.1 A priori bounds

In both the finite element method and the conjugate gradient method, the
analysis of the error in the energy norm is usually done by explicit con-
struction of an element from the discrete space with suitable approximation
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properties. In the finite element context, £ in (14) is chosen as a local in-
terpolant mu of the exact solution u, turning the problem of finding error
bounds for the method into finding error bounds for an interpolation scheme,

m
o —wlly < 5

(I —mul1. (19)
In the conjugate gradient method, it is observed that each v € K*(A,b) can

be written as
v=P(A)b=P(A)Axz = AP(A)zx, (20)

where P is a polynomial of degree kK — 1 in A. As a consequence of this and
(16) we find that

[z = wllla < [[|(I — AP(A))x][] 4. (21)

In both (19) and (21), the original problem is decoupled from its context of
Ritz-Galerkin projection, and standard approximation theory can be used to
analyze the remaining expressions in the respective right-hand sides.

2.2  Duality estimate, Nitsche trick

In the continuous setting, a bound in the L?mnorm (denoted by || - [|o) is
derived from the energy norm bound by means of the so-called Nitsche trick,
which involves a duality argument. Given the error u—w, an auxiliary elliptic
problem

a(y,p) = (u—w,y) forall y € Hy(Q) (22)

is introduced. Then, using the Galerkin orthogonality of the error and the
Cauchy-Schwarz inequality, we find that

[ —wll§ = (u—w,u—w) =alu—w,p) <|lu—wly inf [[p—&lla, (23)
Eew
which can be rewritten as

= wllo < ||u—w||a<inf M). (24)

cew |lu—wllo

The term between parentheses is the improvement of the L?-bound over the
energy-norm bound. It signifies, relative to the given data in L2, how well
the auxilliary solution p can be approximated in W in the energy norm.
In a typical application with 2 convex and employing continuous piecewise
polynomial finite elements, this term is asymptotically proportional to h(WW),
which, together with d(WV), is defined as

0AvEW [[ylla ozyew Iyl
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and which are called the meshsize and diameter of VW, respectively. The
Poincaré inequality shows that do := d(H3(Q2)) < d(H'(Q)) = oo, whereas
R(HE(Q)) = 0.

Remark 2.3. In the finite element context, h is usually defined as the
largest diameter of an element from the partition of the domain, after which
the discrete inverse inequality ||£]|, < Ch™1||€]|o for all € € W, is derived from
this definition for some constant C' > 0. Here, conversely, we axiomatized
the discrete inverse inequality, in order to be able to associate a parameter h

to arbitrary subspaces W C Hj ().

Proposition 2.4. Let Wy C Wy C - C H3(Q) and set hy = h(W;). Then,

sup (hm inf 7||u—y||a
ue HE (@) \E—ooyEWe llulla

) =0= lim hy =0, (26)
{—o00

showing that hy — 0 is a necessary condition for convergence in the energy

norm of the Ritz-Galerkin method to any possible solution u € H{ ().

Proof. The sequence (h¢)e>o is decreasing and must have a limit hoo.
Thus, for all £ > 0 and all y € W, we have that ||yllo > hoolly|la- Since
h(H§ () = 0 we may choose u € H}(Q) such that |[ufo < Jheol|tlle. Using
the triangle inequality twice, we find that for all / > 0 and all y € Wy,

h
dollu—=ylla = llu=yllo = llyllo = l[ullo = hocllylla = Z=lulla

h
> 22 fulla — hoollu = yla,

and hence, after some rearrangement of terms, that for all ¢ > 0,

. lu—ylla hoo
inf > .
vewe  lulla 7 2(hoo + do)

(27)

This means that if s, does not equal zero, there exists a function u € HJ ()
such, that no sequence (w¢)e>o with we € Wy converges to u in the energy
norm. [

Observation 2.5. We have just shown that Ay — 0 is a necessary condition
for convergence in the energy norm of the finite element method for both
the problem in H}(Q) and the auxilliary problem using the sequence W.
Since the factor between parentheses in (24) is often proportional to hy, the
L? errors for both problems are even of higher order than the energy norm
errors.

We wish to emphasize that with the definition hy = h(W;) as in (25),
the condition number of the matrix A, resulting from discretization of a
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second order elliptic equation in W, is of magnitude (’)(h[Q). This shows that
the notorious ill-conditioning of the finite element method for such problems
results, in fact, from the wish that the method should converge for all possible
solutions u € H}(9).

In the finite dimensional context, and in particular the context of conjugate
gradients, this is different. Given the equation Az = b, the Ritz-Galerkin
subspace K¥( A, b) explicitly depends on b, and this makes conjugate gradients
into an adaptive method. There is no specific reason why K*(A,b) should
contain good approximations of the solution ¢ of the auxilliary problem Ac =
r — x). Of course, we can still write

Iz — 2]l = (Ac, @ —a) < inf [[le = olllalllz = zxll|a, (28)

and similar as before, we find that

o lle— vIIIA)
T — xilllo < | inf ———— |||z — 2|||A- 29
e =l < (ing U2l o — (29)
However, since conjugate gradients specializes in the approximation of Az =
b, the Krylov subspace generally does not have approximation quality for the
equation Ac = x — x; as well.

3 Multilevel methods and conjugate gradients

Even though the conjugate gradient method is our main interest, it is clear
from Proposition 1.2 that no specific property of the conjugate gradient
method is used. Hence, each Ritz-Galerkin projection of the linear system
Az = b on a subspace V gives rise to the relation H = rG in diagram (9). We
recommend Chapter V in [3] for more details on what follows in this section,
including a lucid exposition of the space decomposition analysis by Bramble
et al. [4].

3.1 Coarse grid corrections in the multigrid method

A special case of projection on a subspace is projection of a finite element
system Az = b on the space V for which Wy, is a subspace of finite element
functions belonging to a coarser grid. From Proposition 1.2 it can be con-
cluded that this results in the finite element system belonging to that coarser
grid. This is a central property in the multigrid method. In the multigrid
setting, one works explicitly with a restriction operator r: W — Wy, and a
prolongation operator p: W), — W. Denoting their algebraic counterparts by

R:R" =V, 2= W Wz, and P:V —R" v~ W pWu, (30)
a coarse grid correction aims to find an element x; € R¥ for which

RAPz), = Rb. (31)
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For simplicity of implementation as well as for ease of formulation of con-
vergence proofs, R is usually chosen to be equal to P*, where P is chosen
such that p is the trivial inclusion of Wy in W. In that case, (31) is easily
seen to be a valid Ritz-Galerkin projection on V. But even if P and R are
chosen differently, as long as the column span of both P and R* equal V, the
requirement R(APzxy — b) = 0 still orthogonalizes the residual to V, hence
xy is the same as when R = P*. Notice, however, that (31) needs to be
solved somehow, and that in general only the choice R = P* results in a
symmetric positive definite matrix RAP. Upon completion of a coarse-grid
correction, either smoothing steps with a classical solver can be applied, in
order to prepare the resulting error for another coarse grid correction, or a
correction in a complementary subspace can be performed, as we will briefly
discuss now.

3.2 Schwarz alternating method

Given a subspace V and its functional counterpart W),, suppose that a basis
is available for a complementary space Z, i.e., a space for which

W=Wy & Z. (32)

If Z happens to be orthogonal to W), with respect to the energy inner prod-
uct a, i.e., if
Ywe Wy, VzeZ, alw,z)=0, (33)

then the difference ( := w — wy € Z, and since we assumed that a basis is
available for Z, it can be solved from

a((,z) = alw —wy, z) = (f,z) —a(wy,2) forall z€ Z, (34)

where in fact, in the case of an a-orthogonal Z, the term a(wy, z) vanishes.
Although a basis for the orthogonal complement of Wy, is generally not avail-
able, it is often not difficult to construct a basis for a non-orthogonal com-
plementary space Z. Notice that since w — wy remains a-orthogonal to Wy,
it is not an element of Z anymore. If, however, for such a Z one is able to
prove the following strengthened Cauchy-Schwarz inequality with v < 1,

YweWy, Vz € 2, a(w,2) < ylwlla]lz]la; (35)

the ¢ € Z satistying (34) yields an improved approximation wy + ¢ of w in
the sense that

lw = (wy + Olla <7llw—wyla- (36)
The case 7 = 0 corresponds to Z being the orthogonal complement of W,

in W. Repeating this procedure by solving a correction to wy + ¢ in Wy,
again, results in the Schwarz alternating method, which therefore consists of
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iterated projections on complemetary subspaces. This idea can be applied
recursively.

Remark 3.1. In the finite element method, many results are available on
strengthened Cauchy-Schwarz inequalities in different settings. As an exam-
ple, the splitting of the continuous piecewise linear functions into a space of
coarse grid functions and their hierarchical surplus resulting from uniform
refinement leads to a strengthened Cauchy-Schwarz inequality, and so does
the splitting of the continuous piecewise quadratic functions into linears and
quadratic bubbles. See [1] for details and references.

3.3 Cascadic algorithms: CG and FEM in perfect harmony

A relatively recent combination of conjugate gradients and the use of dis-
cretizations in nested subspaces, is the cascade algorithm of Bornemann and
Deuflhard [2]. The main idea can be illustrated as follows. Suppose that

~~~CW8hCW4hCW2hCWhCH(}(Q) (37)

and that Wj, consists of continuous piecewise linear functions relative to a

partition with mesh size jh. For example, the spaces could be constructed by

uniform refinement of an initial mesh. Denote the matrix corresponding to

Win by Aji and let x5 be its condition number, i.e., the ratio of its largest

and smallest singular value. Write w;;, for the Ritz-Galerkin approximation

of the exact solution u € Hj () in Wj,. Hence, wy, is the approximation on

the finest mesh, wsp, on the next finest mesh, and so on. Typically, we have

that

o limpo [Ju —wajnlla/llu — winlla = 2,

[ ] limh_>0 I{jh/,‘igjh =4.

The main idea in cascade is, to compute approximations yx ;5 of wjj, recursively

as given by steps (C1)—(C4), where (¢;5,); is a sequence of tolerances with

En = O(h)

(C1) Assume that x2;5 € Whjp, is such that ||wan — Xx2jnlla < €2jn-

(C2) Use conjugate gradients to approximate wjx, with X = X2jn as start
function.

(C3) Stop as soon as the k-th iterate x* satisfies ||w;n — X*|la < &jn-

(C4) Set x;n = x*.

The question is, if this sequence can be designed such that the overall com-

putational complexity needed to arrive at the approximation yj, of wy is

optimal. The answer is affirmative, even though at first glance this seems

impossible. Indeed, suppose that we have only two grids, that yop = wap,

and that this has been achieved in optimal complexity. If we use woy, as start

of a conjugate gradient iteration to compute wy, then the standard a priori

bound for conjugate gradients tells us that the iterates x*, with x° = wap,

satisfy
k
k K — 1 0
wh — 0 <2 wh — a- 38
o = 3o < 2( L2 ) o =) (38)
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The initial error ||w, — x°||« then needs to be decreased roughly by a factor
of three, since the mutual distance between wy and ws, may be three times
as big as the error in wy. Moreover, this should be achieved in a number k&
of iterations that is independent of the level (and hence of h). However, the

requirement
o VFE—1\" 1 (39)
VER+1 -3

already leads to k = O(h). This does not give us what we would like, but
that is due to a shortcoming of (38) and not of the cascade idea. The point
is that (38) holds for arbitrary start function x°, whereas the x° in cascade
is very special: it is equal, or close to, the exact solution on the next coarser
grid. As such, the difference wj, — x° € W) is almost orthogonal to Waj,. An
analysis of the convergence of conjugate gradients, starting with the exact
solution on the next coarser level can be performed similarly as for the general
start, using Chebyshev polynomials with carefully designed properties. As a
result, a sequence (¢;5); can be found with the desired properties. Relatively
high accuracy is required on the coarser levels. However, smaller matrices
and condition numbers on the coarser levels guarantee the overall optimal
complexity. We refer to [2], [8] for details.

Figure 2. Cascadic conjugate gradients: Use conjugate gradients to get
close enough to the solution on a certain level, and then go to the next
finer level.

Remark 3.2. Since Wap, L (wp, — wap) € Wy, this initial error is highly
oscillatory in W,. The fact that conjugate gradients quickly reduces this
error shows that it is a good smoother. Also other smoothers can be used
in combination with the multilevel approach, giving rise to other cascadic
algorithms.
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3.4 Conjugate gradients as adaptive method

In the multilevel methods as described above, the subspace V C R™ does
not depend on the operator A nor on the right-hand side b. In the conjugate
gradient method, this is completely the opposite. After all, it uses the Krylov
subspace K (A, b), which is impossible to construct before discretization in a
larger finite element space. As such, conjugate gradients may be seen as an
adaptive method: the residual corresponding to the current approximation is
used to construct an additional dimension of the subspace. Since

ry =b— Az = A(z — xyp,), (40)

the residual contains information about the error, and hence, expansion of the
subspace with r; may be interpreted as an unsuccessful though not unnatural
attempt to expand the space with the error: hopefully, r;, will approximate
r — xj, in some sense. Notice that if the subspace is enriched with the ezxact
error, by linearity it will then also contain the exact solution x, hence xx41 =
x.

Summarizing, we might say that the finite element method and conjugate
gradients are two aspects of the same problem, that of solving a continuous
problem. The finite element method a priori requires a space with sufficient
approximation quality, hence a good approximation exists in this space and
will be the solution of the finite element linear system. The conjugate gradient
method tries to find this solution as quickly as possible, by adaptively building
a subspace of the finite element space that contains good approximations of
the finite element solution.
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A picture is worth
a thousand words.
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1 Introduction

In 1952, M. R. Hestenes and E. Stiefel published the pioneering paper [14], in
which they introduced the conjugate gradient method for solving the system
of linear algebraic equations

Ax = b, (1)
where A = (a;;) is a real symmetric and positive definite n x n matrix,
r € R” is the vector of unknowns, and b = (by,...,b,)T € R" is a given

right-hand side. This method can be considered as direct as well as iterative.
It is similar to the Lanczos method for finding eigenvalues presented in [24]
(which is mentioned in [14, p. 410]).

The conjugate gradient has been unnoticed for a long time, since for dense
matrices it requires 2n® + O(n?) arithmetic operations (for the dense direct
case), whereas the standard Gaussian elimination requires only én?’ +0(n?)
operations as n — oo.

Later it was found out that for matrices A coming especially from technical
applications (e.g., from the use of finite difference or finite element methods)
the conjugate gradient method converges very quickly if it is used as an
iterative method — cf. (18). This observation is based on some old ideas of
L. V. Kantorovich! — see [23] and also [10], [17]. The iteration process is
usually stopped when the iteration error of the conjugate gradient method is
approximately equal to the discretization error of the finite element method
(see [3]). At present, the fast convergence of the conjugate gradient method

L. V. Kantorovich is the Nobel prize winner for economy in 1975.

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004



26 M. Kiizek, S. Korotov

enables us to solve sparse systems (1) with a sufficiently high accuracy for
n up to 10% in a reasonable computational time. Therefore, the associated
algorithm is often considered to be the “algorithm of the century” (see [8]).
It is also commonly used in various optimization techniques (see, e.g., the
monograph by Hestenes [13], which is devoted to Stiefel).

AJ

Figure 1

It is well known that problem (1) is equivalent to the minimization of the
quadratic functional (see Fig. 1)

1
J(x) = E:vTAx —bTx (2)
over the space R™. Geometric interpretations of our considerations and pro-
posed methods will be illustrated mostly for n = 2.
Let 2 be the (unique) solution of (1) and let us set # = 4 s. Then we
get

1 o«
J(z) + bl =

5 (x4 )T Az +5) — b (x + 5) + §bTx = ESTAS.

N =

The hypersurface (compare with Fig. 2)
S={s=(s1,...,sn) | 35" As = const.}

is a hyperellipsoid in the variables sy, ..., s, with the centre at s = 0, i.e., at
. Therefore, the equation J(z) = const. also represents a hyperellipsiod.
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Since A is symmetric, there exists an orthogonal matrix P (i.e., PT = P71)
such that
A1 0
A=PTAP = A <A <. <\
0 An

is a diagonal matrix with the eigenvalues \; of A on its diagonal. Setting
2= (21,...,2,)T = PTs, we immediately observe that the columns of P are
eigenvectors of A and

n
sTAs = 2"z = Z Nzl
i=1
From this it follows that the hyperellipsoid S has its axes in the directions

1
~

of eigenvectors of A. The lengths of these axes are proportional to

i=1,...,n, where \; > 0, since A is positive definite.
1 )
2
ZZ Zl
S
S
Figure 2

Introduce the condition number of A,

max; )\1 >\n

A) = = —.
H< ) mini )\,’ )\1
We see that if K(A) — 1 then the hyperellipsoid S transforms to a hypersphere
and we say that A is well-conditioned. On the other hand, if x(A4) > 1 then
the hyperellipsoid S is more “elongated” and we say that A is ill-conditioned.
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2 Geometric interpretation
of classical iterative methods

Geometric interpretation of iterative methods for solving (1) helps us in bet-
ter understanding the behaviour of the “iteration trajectory” (cf. Figs. 3-10)
and the efficiency of numerical processes, namely, how to compare the com-
putational complexity of particular methods, how to improve or accelerate
their convergence, etc. — see, e.g., [7], [26].
In this section we survey some geometric ideas from [21].

The Jacobi method. Suppose that xy, k € {0,1,2,...}, is already known.
We define the ith component x,(;ll of the vector zj41 so that it is the point
at which the convex quadratic function

J,gi)(y) = J(x,(:), cey x,(f*l),y,xgﬂ), e x,(cn))
1 % :
= Ea”yQ + yz aijx,(cj) — b,y + const.
=1
=

attains its minimum over the space R! (see Fig. 3).

=2

Figure 3

Clearly, a;; > 0, since A is positive definite and a;; = e,iTAe,-7 where e; =
(0,...,0,1,0,...,0)T with 1 on the ith position. Setting 8J,§’)/8y =0, we
get

@ 1 b - ) 1
xk+1_; P — A5y 5 1=1,...,N.
(23 ]=1

J#
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From this we see that the point (;vg), ceey x,ii_l),xzill,x,ii+1), R xi,"))T
lies on the affine hyperplane

afz = b

for all ¢ € {1, ... n}, where a; is the ith row of A (compare with Fig. 3).
This method can be interpreted as a simultaneous minimization of J in the
directions of the coordinate axes, which is especially suitable for computers
with parallel architecture.

Note that the Jacobi method can diverge if A is not irreducibly diagonally
dominant even though it is positive definite (see [31, p. 73]). In this case the
convergence can be achieved by introducing a suitable underrelaxation factor
w € (0,1) like in the SOR method.

The Gauss-Seidel method. The main difference between the Jacobi met-
hod and the Gauss-Seidel method is that in the latter we already use the new

(1) (i—1) (@
values Zpiq,---1 % 1 to compute x4, i€,

; 1 i—1 ) n )
o= o (b= Tl = 3 el
j=1 j

(4

for i = 1, ..., n. This is, in fact, a successive minimization of J in the
direction of the coordinate axes (which can be observed in Fig. 4).

Figure 4

It is well known (see [31, p. 78]) that the Gauss-Seidel method converges
independently of the initial vector xq if A is symmetric and positive definite.
Moreover, it converges faster than the Jacobi method if it is applicable (except
for the trivial case, when A is a diagonal matrix).

Next, we will introduce a famous geometric interpretation of a method for
accelerating the convergence of the Gauss-Seidel method.
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The method of successive overrelaxation (SOR). This method is de-
fined by the relation (see [31])

i—1 n
i i w j j
ziy =2 + (b= Y ayl)y = Y ayay’),
" j=1 j=i

where w € (0,2). We call w the overrelazation (underrelazation) factor if
w > 1 (w < 1). Comparing the above equation with the Gauss-Seidel method,
we find that

0y = 2+ (S5all, — ),

where Gsx,(;}rl denotes iterates obtained by the Gauss-Seidel method. If w =1
we get the Gauss-Seidel method. If w # 1 we do not stop in the point of
minimum of J in the direction (0,...,0,1,0,...,0)T (the digit 1 stands in the
ith position). In particular, for w € (1, 2) we shall “go” a little bit further and
for w € (0,1) we stop before the point of minimum. The associated iteration
trajectory is illustrated in Fig. 5.

Figure 5

The Kaczmarz method. This method is also called the method of or-
thogonal projections [19]. It has a very simple geometric interpretation (see
Fig. 6) and is defined as follows:

Let k € {0,1,2,...} be fixed and assume that zg, ..., z; are already given.
We shall construct xy1. First we set yo = x;, and define

T
_(r— a;a;
yZ - (ZTCL'
; Y

7

b;
)yi—l + oty %

7 Y

successively for ¢ = 1,...,n, where [ is the identity matrix. Then we put

Tr+1 = Yn-
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We can easily check that y; is the orthogonal projection of the point y;_1 to
the affine hyperplane alz = b;. Although the convergence of this method
is, in general, very slow, it converges for any nonsingular matrix A and any
initial vector xg.

I

Figure 6

The convergence of the methods mentioned above can essentially be in-
creased by Aitken’s post-processing, since the corresponding iterates form
“almost geometric sequences” (see [19] for details).

3 Geometric interpretation
of gradient iterative methods

In this section we present further iterative methods in which the functional (2)
is minimized in a given direction vy # 0. First we establish a formula for the
value oy, € R! such that J(xk + agvy) is minimal and then we put

Th41 = Tk + QUL
From (2) we find that

2

1 «
J (xp + agog) = ixEAzk + g} Avg + 7’“1},}1‘4% —bTa, — apb vy

oJ
Since this function is convex and quadratic in oy, from the relation — =

. 8ak
we obtain )1 T .
. — Ve — l‘k Vk _ ’I"k Vk (3)
k v Avy, vf Avy,”
where
T = b— Al’k (4)

is the so-called residual vector.
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,
i

Figure 7

The method of steepest descent. This method originates from the 19th
century by A. L. Cauchy and also by B. Riemann (cf. [27]). It is based on
the natural idea of choosing vy in the direction of the greatest rate of change
of J, namely, in the direction opposite to the gradient (see Fig. 7). From (2)
and (4) we deduce that the gradient of J at x =z, is

grad J(xp) = Az — b= —ry.

Putting vy = 7, we obtain from (3) that

TTT

k k

,,,T 4,,,
k k

(5)

o =

when 7, # 0, i.e., the steepest descent algorithm is then defined as follows:

rgrk
T
T Ary,

Tpi1 = Tk + Tk, k=0,1,.... (6)

Consequently,
A$k+1 —b=Ax, — b+ a,Ar,

and by (4) we find the recurrence formula for the residual vectors
Tha1 = 1k — QpATE. (7)
From this and (5) we easily derive that
Tk =0, E=0,1,...,

i.e., subsequent residual vectors are orthogonal.
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X

&/

Figure 8

The heavy ball method. The movement of a heavy ball on a surface
(cf. Fig. 1) in the gravity field is not, in general, in the direction of steepest
descent due to inertial forces. The instantaneous direction depends on “old”
directions. We use this fact to define the direction v # 0 in the following
manner (see Fig. 8):

Vg =Tk + Br_1Vk—1 (v—1 =0). (8)

According to [30], the parameter ;_1 should be non-negative (appropriately
chosen — cf. e.g. (13)). If By_1 = 0 we get (6), otherwise

T
T Vk
vt Avy,

Tpt1 = Tk + Vk, k=0,1,....

Analogously to the method of steepest descent (cf. (7)) we can derive the
recurrence formula for the residual vectors, i.e.,

Th1 = T — agAvy,
where «y, is defined by (3) and vy, by (8). Therefore, we see that

T
Tk Vi

T
TR T A, =0, k=0,1,....
vEAvkvk Uk

T T
Tk+1vk - Tk} Ve —

The conjugate gradient method. In this method the direction vy is
usually denoted by pg. It is chosen so that the minimum of J is attained in
the plane passing through z; and parallel with r;, and py_1 (see Fig. 9 for
k =1). It is well known that the conjugate gradient method requires only a
finite number of iterations (in exact arithmetic) to reach the true solution,
which immediately follows from (16) below. The method is defined as follows:
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Let
po =10 =b— Axo, (9)
where xq is any vector such that Axy # b, and let
T
T Tk
o = (10)
pL Apg
Thi1 = Tk + kP (11)
Tht1 = Tk — QkApg k=0,1,... (12)
T
Tk+17"k+1
= 13
Br T (13)
Pk+1 = Th+1 + BkPr (14)

until 411 = 0. When the algorithm stops, we set
m==k+ 1.

Clearly, = = x,, is the true solution of (1) and from relation (12) we get

m—1

T =T0+ Y kP (15)
k=0

The vectors py, are called the conjugate directions (see Fig. 9).

Figure 9

From (4) and (9) we see that r( is the residual vector. Using (12), we can
easily derive by induction that the whole sequence r1,79,...,7,—1 is formed
by residual vectors. Moreover, it is well-known that all the vectors 7, are
mutually orthogonal, i.e.,

rirg =0 fork #/, (16)
and the vectors py are A-orthogonal (conjugate), i.e.,

pgApg =0 fork#U/.
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To reduce round-off errors and guarantee the orthogonality (16) in practical
calculations, a multiple-precision arithmetic is sometimes used. It is based
on the Fast Fourier Transform, which requires O(N log N loglog N) bit oper-
ations for multiplication of two N-digit binary numbers, whereas the number
of bit opeartions for standard straightforward multiplication is O(N?).

Notice that the heavy ball method contains its two important special cases,
namely the method of steepest descent (with 5, = 0) and the conjugate
gradient method (with 5 defined as the ratio of squared sizes of subsequent
residua — see (13)).

The conjugate gradient method can be interpreted as an iterative process
of two-dimensional minimizations. It gives us the true solution after a finite
number of steps (at most n), whereas all methods based on one-dimensional
minimizations yield the true solution after infinitely many steps, in general.

The conjugate gradient method is also a special case of the method of
conjugate directions. This method was introduced in [14]. It chooses x;11 =
xp + agvg, where i is given by (3) and vy, vs,... is an arbitrary set of
nonzero conjugate directions (i.e., v Avy = 0 for k # £). By [14, p. 412]
the conjugate direction algorithm terminates in at most n iterations for any
initial vector xg.

Further, let us recall the rate of convergence of the conjugate gradient
method in the energy norm

|z]|a = VaTAx. (17)

First notice that the points x, for which ||z — || 4 is constant lie on a hyperel-
lipsoid (compare with Fig. 9), since by (2) and (17) we have J(x)+ %%TAEZ =
|z — Z||%, where z is the true solution of (1).

If x¢ is arbitrary and A is symmetric and positive definite then for the
algorithm (9)—(14) we have

Kk(A) -1
VE(A) +1
A detailed proof is given, e.g., in [22]. Notice that relation (18) represents
only an upper bound of the error. Let us point out (see [15], [16], [33]) that
the convergence of the conjugate gradient method is generally much faster,

which is called superlinear. The superlinear convergence for general Krylov
subspace methods is investigated in the recent paper [5].

k
||52—xk||A§2< ) |z —zolla VEke{0,1,...,m}. (18)

For k € {1,...,m} introduce the so-called Krylov space
Ky = span(ro, ..., A¥"1rg),
where span denotes the linear hull. It can be shown that
Kk = span(po, . . ., pr—1) = span(ro, 71, ..., Tk—1)

= Span(A(‘% - ‘TO)a e 7Ak(‘% - l’o)),
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where z is the true solution of (1). The following minimization property of
the conjugate gradient method is also well known

|z —zpla= min ||z—zl|a Vke{l,2,...,m}. (19)
rETO+Ki
For geometric aspects of Krylov subspace methods, namely a detailed anal-
ysis of angles between particular vectors, see [11]
Example. Let us illustrate a geometric interpretation of a possible break-

down of the conjugate gradient algorithm when the matrix A is not positive
definite. In Fig. 10 we see parabolic contour lines of functional (2) for

1 2 2
A= 2 4 =2
2 -2 0

and b = 0. Taking xo = (4,4,3)T, we easily find by (9)-(14) that py =
ro = (—18,-18,0)T, z; = (0,0,3)T, r; = (=6,6,0)T, p; = (~8,4,0)T and
pFApy = 0, i.e., the algorithm breaks down. In Fig. 10 we see that there is

no minimum of J in the direction p;.

-D, b=,

— )

Figure 10

4 Convergence of the conjugate gradient method
in the Euclidean norm

First note that the value of functional (2) at z) decreases as k increases
to m, since in each iteration we perform one-dimensional minimization of J
in the line zx + axpr. From (18) we know an upper bound for the rate of
convergence of the error

e = ;L(' — Tk (20)
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in the energy norm. In the next theorem we show (cf. [22, p. 118]) that the

error e, decreases in the Euclidean norm, i.e., in the norm |leg|| =

/T
€1 €k

Theorem. Let {x}} be the sequence defined by (9)—(14). Then there exists

a constant C' € (0,1) such that

1% — 21l < ClI% — zxll V€ {0,1,...,m—1}.

Proof. Using (14) repeatedly, we come to

k-1
Pk =Tk + Be—1Tk—1 + Br—1Bk—2rk—2 + - + (H ﬁj)Tm
j=0

which implies that
r;pk:O for 0<k</t<m.
From this and (14),
PPk = ThTE + BeaTh D1 = TR Tk

According to (14) again and (22) we find that

PiD; =TiDj + Be—1Ph_1P; = Br—1pi_1p; for 0 <j <k,

Thus by induction,
Papj = Br—1 .- Bjllp;|I* > 0.

Moreover, using (20), (11), and (25), we get

Jj=0 J=0
m—1 m—1
T T
= Dk E a;pj = E a;pip; > 0.
j=k+1 j=k+1

Employing (20) again and (12), we obtain
ek =T — Tk =T — Tps1 + WPk = ki1 + WPk
From this and (25) we see that

llexll* = llex+1]1? + 20npi ensr + of[px®
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X
k+1 akpk
ek+l

€

Figure 11

and the last two terms are positive. Hence,
|7 = zirall < Crllz — @

for some Cj, € (0,1). Since the sequence {z}} terminates in a finite number
of iterations, we can set C' = max; C. O

Remark 1. The geometric meaning of relation (27) is illustrated in Fig 11.
By to (26), the angle between the vectors py and ep41 is acute. Therefore,
the angle v in Fig. 11 is obtuse, and thus |lex+1]| < |lex|| (cf. (28)).

Remark 2. According to (4) and (22), we find that
e = Elk? — T = A1y — T = Ailrk‘

Thus, by Theorem 1, we get the monotonic decrease 7“3+1A_27“k+1 < TEA_ZTk.
for every k € {0,1,...,m — 1}. Similarly, (18) gives an upper bound for the
sequence TEA_lTk = egAek., which also monotonically decreases due to (19).
On the other hand, r{ 7 is not monotone, in general.

Remark 3. An upper bound for the rate of convergence of the method of
steepest descent in the Euclidean norm is derived in [18] and in the energy
norm in [3, p. 14].

5 Geometric interpretation of preconditioning

From (18) it is evident that the convergence of the conjugate gradient method
will be fast when the condition number x(A) is close to one. Then the itera-
tion process may be stopped much earlier than after n steps. The condition
number can be reduced by so-called preconditioning, which means that in-
stead of system (1) we solve another system

AF = b,

where 3
A=ptap T
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is symmetric and positive definite, P is a nonsigular matrix, P~T = (P~1)T,

F=PY, b=P ',

and where P is appropriately chosen such that

k(A) < K(A).
Here A is called the preconditioned matriz and P preconditioning matriz
or just preconditioner. In the left part of Fig. 12, we observe a “typical”
spectrum of the matrix A, whereas the right part illustrates the spectrum of
the associated matrix A.

. LI
RO
Figure 12

The matrix P is often chosen so that k(A) < \/k(A), which is considered
as a good preconditioning.

Another geometric interpretation of preconditioning is as follows: We mini-
mize (instead of functional (2)) over the space R™ the following functional

J(&) = %NTA% -7z,

whose contour lines (see the right part of Fig. 13) are less elongated hyperel-
lipsoids than the contour lines of the functional .J (see the left part of Fig. 13).
Straight lines in Fig. 13 correspond to particular equations of systems Ax = b
and Az = b.

Figure 13
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The effect of three standard preconditioning techniques is sketched in

Fig. 14 for
25

vt Ovl vt oI
A= (L(EW* 9: 02 )Tdrd2>.. )

i,7=1

where Q = (0,1) x (0,1) and v* are the Courant basis functions corresponding
to 5 x 5 degrees of freedom. The matrix A arises by discretization of the Pois-
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son equation in an axially symmetric domain (with homogeneous Dirichlet
boundary conditions) using cylindrical coordinates. For a graphical illustra-
tion of the entries of A (see Fig. 14) we used bilinear elements over a square
mesh with 25 x 25 nodal points.

For the first preconditioner we take P = D2 (see [321, p. 20]), where D is
a diagonal matrix containing the main diagonal of A. Each diagonal entry
of the associated preconditioned matrix A = D=2AD~? is thus equal to 1
(compare with Fig. 14).

The second preconditioner is constructed by means of an incomplete Cho-
lesky factorization (see [3, p. 41]). In this case we decompose A so that
A = LLT + R, where f/ij = 0 whenever A;; = 0, and R is a small residual
matrix. Then we set P = L. We observe from Fig. 14 that the preconditioned
matrix A = L-YAL~7T is almost the identity matrix.

Finally, in the third case we set

P=(Grn)(En)

where w is an overrelaxation parameter (w = 1 in Fig. 14) and L is a lower

triangular matrix such that A = L + D + " Such a choice of P leads to
the so-called SSOR preconditioning technique (see [3, p. 51]).

For further details concerning geometric interpretations of preconditioning
(even for nonsymmetric matrices) we refer to [2], [3], [12], [20], [25], [26].
Preconditioning by multilevel or (algebraic) multigrid methods can be found
in [1], [4], [6]. The biconjugate gradient method for systems of linear algebraic
equations in complex variable is investigated in [20]. Generalizations of the
conjugate gradient method for nonlinear problems can be found, e.g., in [9],
21], [28], [29].
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1 Introduction

We start with recalling one of the many definitions of the conjugate gradient
method for the approximation of the solution z of a linear system Az = b with
symmetric and positive definite system matrix A. An advantage of this defi-
nition is that it is easy to state, and that it immediately shows the connection
with the Lanczos method for approximation of eigenvalues of A. A disadvan-
tage is that the actual algorithms for both the conjugate gradients and the
Lanczos method do not follow too easily and require clever combination of
several ingredients.

1.1 Basic relations and definitions

Given a non-singular n X n matrix A and a vector v € R", we denote by
Ki(A,v) the ith Krylov subspace for A with initial vector v, which is defined
for7>1 as

Ki(A,v) = span{v, Av, A%v, ..., A1},

and which consists of the nullvector for i = 0. Let xp be a given initial
approximation for the solution x of Ax = b, and ro = b — Axg the residual
corresponding to this approximation. The conjugate gradient method is an
iterative procedure that results in a sequence (z;);>1 such that

To — X € ICi(A,ro) and b— Ax; =r; L ICi(A,ro).

Even though these two relations already determines (x;);>1 uniquely, we will
give some more details on how it may be obtained. For ease of presentation,
we will assume that all residuals r; are non-zero, which corresponds to not
considering the lucky situation that we find the exact solution.

Since r; € KT1(A,rg) but also 7; L K¥(A,rg), it is clear that rg,...,r;_1
form an orthogonal basis for K?(4, 7). Defining the vectors v; = 7; /|7, we
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get an orthonormal basis. Let for all ¢ > 0, the n X ¢ matrix V; be the defined
by Viej41 = vj, for j € {0,...,i — 1}, where e; is the jth standard basis
vector of R?. So, the columns of V; are vy,...,v;—1, and consequently, any
element from K?(A,7g) can be written as a linear combination of vo, ..., v;_1.
In particular,

xo — T = Viys (1)

for some y; € R, As a result,
ri=0b— Ax; :b—Al‘o—FA(l‘o—J}i) :’I“()—FAVYZ‘y,',

and since 7; is orthogonal to K(A, ), we have that V;*r; = 0, and therefore
y; satisfies

Vit AViy; = =Vi"ro = —ex|[ro]- (2)

Since rg is given, it is now clear (at least in theory) how to compute the
approximations x; for ¢ > 1. First, we set ¢ = 1, then we can compute ||ro||
and VAV, solve y; from (2), after which x; = z¢ + Viy1 according to (1).
The residual for this approximation can be computed and the process can
be continued. As long as the residuals remain non-zero, the matrix V; will
be full rank and the fact that A is positive definite guarantees that y; can
always be solved from (2).

Because A maps K'(A,rg) into KiT1(A,rg) for all i > 1, it follows that
Aw; is a linear combination of vy, ...,v;11. This results in the observation
that for all 4 > 1,

AV, = Vigi T, (3)

and that the entries ¢;; of the (i+1) x ¢ matrix T;11 ; are zero for all i > j+1.
As a consequence, the system matrix from (2) can be found as

VXAV, =V Vi Tivr i = L ivaTiva1 =: Ti, (4)

where I; ;1 represents the trivial embedding R — R’. Since the left-hand
side in (4) is symmetric, also T; must be symmetric. So, t;; = 01if |i —j| > 1,
or, in other words, T;; (and also Tj;1,;) is tridiagonal. This fact lies at
the basis of the efficiency of the conjugate gradient method. The procedure
described below (2) can be reduced to a three-term recursion, and using that
T; is positive definite, even be decoupled into two two-term recursions using
Cholesky factorization. We will not go into detail how this is done, but refer
to other papers in this volume for the actual algorithm.

The Lanczos method. As a suitable conclusion of this section with basic
definitions and relations, we now define approximations of the eigenpairs
of A according to the Lanczos method. For this, we associate to each pair
(2,0) € C™ x C with ||z]| = 1 an eigenvalue residual r = Az — 6z. Given an
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arbitrary, so-called initial vector v € R™, the Lanczos method aims to find
z € K'(A,v) and 0 € C such that

Az —0z =r L K'(A,v). (5)

Let us now suppose that we apply the Lanczos method with the choice v = ry,
the initial residual of the conjugate gradient method described above. Since
z is supposed to be in (A, rg), it can be written as V;y for some y € R’
Then, demanding orthogonality of the residual to K!( A4, v) results in the quest

for pairs y](.i), Oy) such that
Vr (A\/iyj(i) — 9§i)‘/}y§i)) =0, or equivalently, Eiy](i) = Qgi)y](.i),

which shows that the Lanczos approximations for eigenpairs of A, using rg
as startvector are the pairs V,yﬁ
conjugate gradient method. The approximate eigenvalues HJ(-i) are called Ritz-

i), 951) derived from the matrix T;; from the

values, and the approximate eigenvectors V;y](»’) Ritz vectors. We will elabo-
rate on the convergence of Ritz values in Section 3. Before that, we put the
Lanczos method and conjugate gradients in the broader context of subspace
methods.

1.2 CG and Lanczos as instances of more general methods

Suppose V C R"™ and dimV =i < n, and let W = AV. Let V be a full rank
matrix with column spanV and set W = AV. Then both the linear system
Az = b and the eigenvalue problem Az = Az can be approximated in V. We
discuss here two general selection principles, by which we mean strategies to
determine the i free variables that we have to our disposal. The first one
is demanding orthogonality of the residual with respect to V, whereas the
second demands orthogonality with respect to V. In both cases, this gives
i equations for the 7 variables.

V-orthogonal methods. The first principle is to find v € V such that the
residual r, where r = b — Av in case of the linear system, and r = Av — Qv
in case of the eigenvalue problem, is orthogonal to V. As a result, one is
interested in solving

V*Wy=V*h and V*Wy=60V*Vy, (6)

respectively. Indeed, in the first case, Vy can be interpreted as to approx-
imate x, whereas in the second case, (Vy,6) can be seen as an approxi-
mate eigenpair. Note that CG and Lanczos belong to this class of methods,
with V = K?(A,b), whereas coarse grid corrections in MultiGrid [2] and the
Jacobi-Davidson method [12] are instances of such methods in which V is not
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a Krylov subspace. The class is generally known as Rayleigh-Ritz methods,
or V-orthogonal methods.

W-orthogonal methods. A second principle is given by the following
symmetry-argument. If A is invertible, then the eigenvalue problem Az = Az
can be formulated equivalently as A=z = A~1z. Since we have subspaces V
and W at our disposal together with the action of both A and A~! between
these spaces, there is no mathematical reason to prefer either formulation of
the eigenvalue problem. Therefore, interchanging the role of ¥V and W, we
may as well look for w € W and scalars p € C such that A~ 'w — pw L W.
Of course, w can be written as Wy for some y, and using that W = AV the
orthogonality constraint results in

W*Vy = uW*Wy. (7)

In case of the linear system Ax = b, the corresponding formulation becomes
to find w € W such that w — b L. W, which reduces to

W*Wy = W*b. (8)

In this case, Wy can be seen as an approximation of b, and hence A=Wy =
Vy is an approximation of x. In correspondence to the V-orthogonal meth-
ods above, this class of methods is sometimes referred to as W-orthogonal
methods, but also as minimal residual (in case of linear systems) methods or
harmonic Rayleigh-Ritz (in case of eigenvalue approximation) methods.

Similarities in appearance. Notice that we have the freedom to choose
b € V. For ease of presentation, we will assume that this is the case. Thus,
there exists an e € R? such that b = Ve, and using this, a more clear rela-
tion between the two different linear system- and eigenvalue approximation
methods becomes visible:

V*Wy =V*Ve, V*Wy =V*Voy, (9)
W*Wuy =W*Vy, W*Wy=W"Ve.

If A is non-singular and V has full rank, then also W has full rank and
W*W, being a Gramm matrix, is non-singular. Therefore, only the first of
the four problems in (9) needs extra assumptions to result in a well-defined
approximation, of which symmetry and positive definiteness of A is sufficient.

Krylov subspace methods. Choose V = K¥(A,b). Refraining from any
extra assumptions, the first method in (9) leads to the full orthogonalization
method (FOM) for general matrices A, whereas for symmetric A, we arrive
at the Lanczos method for linear systems. Assuming that A is symmetric
and positive definite, which is sufficient for a unique solution in V, results
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in the conjugate gradient (CG) method. If A is merely symmetric, then
the second method is the Lanczos method, whereas for general A it leads to
the Arnoldi method. The third method in (9), corresponding to the second
approach, leads to harmonic Lanczos and harmonic Arnoldi. Finally, the
fourth method in (9) leads for general A to the generalized minimal residu-
als method (GMRES), and for symmetric A to minimal residuals (MinRes).
See [5] for references in on Krylov subspace methods. We stress that we have
only classified the methods according to their mathematical definition. We
did not explain how from these definitions efficient algorithms can be derived.
Generally, in case A is symmetric, algorithms can be derived that infer short
recursions and low, constant memory costs, whereas for general matrices, the
length of the recursions grows linearly with ¢ and the memory costs quadrat-
ically in 7. Finally, we emphasize that different implementations of the same
method may lead to differently behaving algorithms in finite precision arith-
metic.

1.3 Minimization properties for linear systems

Notice that for the linear system Ax = b, the two methods just described are
linear mappings of the exact solution into the approximating space V. Due
to the left equation in (6), the corresponding operator, suggestively called
CG, can be written as

CG:R" = V:xw— V(V*W) 'V*Azx (10)

which can be checked to be idempotent and self-adjoint with respect to the
bilinear form defined by (-,-)a: R® x R" — R: (z,y)a — (Az,y), hence,
if A is symmetric positive definite, CG(x) is the best approximation of x
within V with respect to the associated A-norm. If A is non-symmetric but
coercive, the Lax-Milgram lemma gives quasi-optimality, but we will not go
into detail here.

Secondly, for arbitrary non-singular A, orthogonalization of the residual
to W as in (8), corresponds to an operator, suggestively called MR, that
can be written as

MR:R" = V:x— V(WW) 1WAz, (11)

which can be checked to be idempotent and self-adjoint with respect to
the A*A-inner product defined by (-,-)axa: R" x R®™ — R: (z,y)a%a —
(A*A z,y), hence, MR(z) is the best approximation of z within V with
respect to the associated A*A-norm. Since the A*A norm of the error
r — MR(z) equals the L:norm of A(zx — MR(z)) = b — AMR(x), the
name minimal residuals is explained.

A priori bounds. Similar as, for example, in finite element methods, the
error of the method can now be bounded by the error of another element in
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the same subspace V that is easier to analyze. In finite element methods, one
usually studies the error of some locally defined nodal interpolant. Also in
Krylov methods, an interpolation problem can be formulated and solved in
order to obtain upper bounds on the error. We will show how to do this in
Section 2.

1.4 Circumventing the lack of symmetry

Before concluding the introduction, we would like to comment on several ways
to avoid the long recursions and higher memory requirements that come with
non-symmetric matrices A. The most obvious solution for linear systems is to
consider the normal equations A*A x = A*b and to use a solver for symmetric
positive definite system matrices. Unfortunately, the convergence of conju-
gate gradients, as we will see further on, depends heavily on the condition
number of the system matrix, and the normal equations have a squared con-
dition number, compared to the original ones. Another way to symmetrize
the matrix would be to consider the system

(3 5)6)-6) a

for some symmetric M. This corresponds to solving both the systems Mz +
A*y = ¢ and Az = b simultaneously. An immediate consequence is that
something is computed that may have no use at all. The obvious choice
M = 0 together with the use of conjugate gradients leads to the bi-conjugate
gradient (BiCG) algorithm, which allows short recursions and a low use of
memory. Since for all M, and hence in particular for M = 0 the resulting
matrix is not positive definite, BICG may break down.

An reasonable alternative seems to apply the approach from (8) to the
larger symmetric system (12). This would result in short recurrences, and
would minimize the residual over V. Notice that for given (v*, w*)* € R?",
the squared residual norm equals

2
C M A* (3 o 2 * 2
<b>_(A 0><w> =|b— Av||* + ||c = Mv — A™w||*.  (13)
Not even for the choice M = 0, much can be concluded about the convergence
behaviour of the single component ||b — Av||. But although monotonicity
cannot be guaranteed, clearly, any bound for the minimal residual method

can be applied to the residual in (13). We will discuss this method briefly in
Section 4.2.

A strategy motivated by mixed finite element methods. Another
interesting choice in (12) is M = I together with ¢ = 0. Again, the resulting
system is symmetric indefinite. Choosing subspaces V C R™ and W C R"”,
we can aim to solve (Z,7) € V x W from the following system

(@,v) + (g, Av) =0 for all v €V (14)
(Az,w) = (b,w) for all we W.
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It is well-known from the theory of mixed finite element methods [3] for
which choices there exists a unique solution of this discretized problem. For
example, given V, choosing W = AV is a possibility. Note that we are
solving the “second order” equation AA*y = b by splitting it up into two
“first order” systems x = A*y and Axr = b, and “testing” the equations
in V and W respectively, using “integration by parts” in the first. Instead
of (12), and thinking back to the normal equations, we may also formulate
A*Ax = A*b in this way, by discretizing

(r 0)(2)=- (), m

Here too, the link with mixed finite element methods is obvious, although at
present, we know of no results in this direction.

Outline of the rest of this paper. In Section 2, we will concentrate on
deriving a priori bounds for the conjugate gradient method, as a prototype of
Krylov subspace methods in general. In Section 3 we examine the convergence
of Ritz values in the Lanczos method. Both sections are strongly related.
Finally, in Section 4 we reflect on the application of the techniques developed
in the previous sections to more general Krylov subspace methods.

2 The convergence of conjugate gradients

The conjugate gradient method constructs in the ith iteration step an ap-
proximation x; of x such that zg — z; € K*(4,rq). Since each element from
Ki(A,rg) can be written as Q;_1(A)rg, where Q;_1 is a polynomial of degree
i — 1, we have

ro — T; = Q,’_l(A)’I“O = QZ_1(A)(A.’L‘ — Axo) = AQZ_l(A)(:IJ — .’I,‘()). (16)
Adding = — z¢ to both sides, we see that
x; —x = Pj(A)(xg — x), (17)

for some polynomial P, of degree i with P;(0) = 1. By our observations
in Section 1.3, P; is such that ||x; — x|/ 4 is minimal over all polynomials of
degree ¢ for which P;(0) = 1. If we denote the eigenvalues and the orthonor-
malized eigenvectors of A by A;, z;, where 0 < A\ < --- < A, and write
To = >_; 7%, then we find that

ri=b— Ax; = A(x — ;) = Pi(A)ro = Z'Yjpi()\j)zjv (18)
J

and, hence,

2
"Y.
i — 2]l = —Ajl PE(A)).- (19)
: J
J
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Notice that only those j for which v; # 0 give a positive contribution to
this sum. In particular, if A would have been semidefinite with A; = 0 for
all j < J < n for some J < n, then the minimization problem is still well-
defined as long as the corresponding coefficients v;, j < J in the expansion of
the initial residual are also zero. The situation in which these 7; are small,
for example due to rounding errors, is discussed in [6].

2.1 A priori bounds for the error

A priori bounds for the error in the A-norm are obtained by observing that
the right-hand side of (19) can be bounded as follows. Using (19) itself with
i =0, we find that for each polynomial R; of degree i with R;(0) = 1,

2
Z i LRI0,) < max REOL) Z—J (20)
- J

= m]?%XRi( M)llwo — z|13,

where the maximum, in principle, only needs to be taken over those j for
which v; # 0. Since generally we do not know the location of the eigenvalues
of A, but may have some information on its extremal eigenvalues, and hence
on its condition number k = \,, /A1, we will continue our analysis with the
simple bound
max R?(\;) < max R?(z). (21)
J

TE€[A1,An]

A well-known and descriptive upper bound now results when we choose for R;
the ith degree Chebyshev polynomial C; transformed to the interval [A1, Ay]
and scaled such that its value at 0 is equal to 1, or in other words,

B 2z — (A1 + M) M+ )
R,(m)—C’Z( N )/C’( ).
Uniformly, R;(z) is the best approximation of the zero function on [A1, Ay]

under the restriction that it has value one at zero. The resulting upper bound
for the A-norm of the error is (see [1], [4], [5]):

Z1\*
s — |4 < 2(‘/\?+ 1) 2o — 2la, forall i>1, (22)
K

which shows that we have fast convergence for small condition numbers.

Upper bounds for special situations. Other, though similar bounds can
be obtained by choosing tailor-made polynomials when extra information is
available on the eigenvalue distribution. For instance Axelsson [1] considered
the specific case in which A, is much larger than A, _;. Then the polynomial

i = (1 2o (RO ()
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satisfies R;(0) = 1, R(\,) = 0, and if A, is relatively much larger than A,_1,
then on [A1, \,—1], it is almost equal to the polynomial

O (B )y s (A dna)y,

This results in an improved upper bound, that approximately lags one step
behind the upper bound (22) for a process with a condition number A, _1/A;.

These types of upper bounds show that it is important to have small condi-
tion numbers, or, in the case of larger condition numbers, to have eigenvalue
distributions for which the eigenvalues that cause these large condition num-
bers are well separated. In that case we say that the (remaining) part of the
spectrum is (relatively) clustered. The purpose of preconditioning is to re-
duce the condition number x and/or clustering of the eigenvalues. In [1] the
situation is analysed where the eigenvalues of K ~'A are in disjoint a priori
known intervals.

2.2 Local effects in the convergence behavior

Upper bounds as in (22) show that we have global convergence, but they do
not help us to explain all sorts of local effects in the convergence behavior
of CG. A very well-known effect is the so-called superlinear convergence: in
many situations one observes that the average speed of convergence seems
to increase as the iteration proceeds. As we have seen in Section 1.1, the
conjugate gradient algorithm and the Lanczos algorithm are closely related.
The eigenvalues of the implicitly generated tridiagonal matrix T;; are the Ritz
values of A with respect to the current Krylov subspace. It is known from
Lanczos theory that these Ritz values converge to the eigenvalues of A, and
that in general the extreme eigenvalues of A are well approximated already
during early iterations [7], [9], [10]. Furthermore, the speed of convergence
depends on how well these eigenvalues are separated from the others (gap
ratio) [10]. This will help us to understand the superlinear convergence be-
havior of the conjugate gradient method (as well as other Krylov subspace
methods). It can be shown that as soon as one of the extreme eigenvalues is
modestly well approximated by a Ritz value, the procedure converges from
then on as a process in which this eigenvalue is absent, i.e., as a process with
a reduced condition number. Note that superlinear convergence behavior in
this connection is used to indicate linear convergence with a factor that is
gradually decreasing during the process, as more and more of the extreme
eigenvalues are sufficiently well approximated.

Example. We consider a linear system of order n = 100 with one isolated
eigenvalue 0.005 and the other 99 eigenvalues equally distributed over the
interval [0.08,1.21]. The right-hand side was chosen such that the initial
residual has equal components in all eigenvector directions. The A-norms of
the error x —x; are plotted on a logarithmic scale in Fig. 1. We observe in this
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figure, that the convergence for the first 8 or so iteration steps is relatively
slow, in agreement with the condition number of A, which is 242.0. After iter-
ation 10 the convergence is noticeably faster: about 4 times faster than in the
earlier phase. This corresponds to a condition number of about 15.1 and that
is the condition number for a matrix with eigenvalue spectrum [0.08,1.21],
that is, the smallest eigenvalue 0.005 seems to have lost its influence on the
convergence behaviour after 10 iteration steps. The smallest Ritz value at
iteration step 10 is 0%10) ~ 0.0061, at iteration step 11: 9%11) ~ 0.0054, and
at step 12: 9&12) ~ 0.0052. Clearly, it is converging to A; = 0.005, but we
see that the faster convergence of CG already sets in when the smallest Ritz
value is still a relatively crude approximation (at step 10 we have an error of
about 20 %). We will now analyze this behaviour in more detail.

superlinear convergence CG
2 T T T T

|
-
T
1

Log error in A-norm
®
T
L

3k 4

_al 4

1 1 1 Il
0 5 10 15 20 25 30 35
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Figure 1. The convergence of CG for one isolated small eigenvalue.

2.3 Derivation of superlinear bounds

The local convergence behavior of CG, and especially the occurrence of su-
perlinear convergence, was first explained in a qualitative sense in [4], and
later in a quantitative sense in [13]. In both papers it was linked to the con-
vergence of eigenvalues (Ritz values) of T}; in (4) towards eigenvalues of A,
for increasing i. We will follow here the exposition given in [13]. The main
idea in that paper is to link the convergence of CG in a certain phase with
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a process in which one or more of the Ritz values are replaced by eigenvalues
of the matrix. To that end we first have to make a link with the Ritz values.
As we have seen in (17), the residual r; can be expressed as

r, = PZ‘(A)T(), (23)

with 7, L K%A,rp). It can be shown [13], that P; is the characteristic
polynomial of T;; from (4), and hence,

det(T:)Pi(t) = (07 —1)(05) —1)--- (6" —1). (24)

We will exploit this characterization to study the convergence of CG from
a certain iteration ¢ onwards. Writing the initial error x — xy as

n
T —To = Z WiZj, (25)
1
on account of (17) we have that
r—X; = Z,ujPl()\j)zj
1

Now, define Ty = z; + p1Pi(A1)z1, and use Ty as the starting vector of an
auxilliary CG process (with the same A and b), of which the initial error
obviously satisfies

x—T0 =Y uiPi(N\)z.
2

This new process generates a_sequence (Zr)k>0, for which the errors are
characterized by polynomials Py of degree k as follows,

w— T = Pu(A)( — Z0) = Y 1 P\ Pi(N)25- (26)

For given k, the product of P, and the polynomial ¢; defined by

M -0OF — )0 1) 6\ —t
a(p) = =% ) : (i)(l )4 ((S Lp,) (27)
PYSREN) M (0 —t)

is of degree k + ¢ and has value one at ¢ = 0. Therefore, it may be used
to bound the error in the A-norm of the (k + i)-th iterate of the original
CG process, hence

lz = wirl% < I Pe(A)ai(A) @ = z0)|% = Y NPu(A)?a(h)?h3. (28)
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Consider the rational factor in (27) representing the quotient ¢;/P;. Assum-

ing that 95") does not equal any of the eigenvalues Ao, ..., \,, the following
maximum is well-defined,

6\
HEATE

A= M
A — 6

b

with as a consequence that |g;();)| < Fi|P;();)| for all j > 2. We can now
further simplify the upper bound in (28) as

lz = wisulla < F2 YA Ps(0)?Pi(Ag) 05 (29)
2

= F/llv — 2%

2 llz — zk|% >

We have now proved a result stated in Theorem 3.1 from [13]. Its inter-
pretation is as follows. First note that when 6} is close to A; for some i then
F; ~ 1. This is illustrated in Fig. 2, where we have sketched the rational
factor from (27). In fact, if \; < 0% < \g, then F; equals the product of
two factors with a simple interpretation: 6% /)1, which shows how good the
approximation ! is, and j\\zz’;i}, which measures the relative position of 6%
in the interval [A1, A2]. We conclude that as soon as Ay is sufficiently well
approximated, we may expect a reduction in the next steps that, apart from
a small multiplicative factor, is bounded by the reduction that we obtain for

1] “"f
0 7\’ e ® @ &
O(A—t)

Figure 2. Qualitative sketch of ¢ — SYCEDR
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a CG process for Ar = b in which \; is missing. If we define the effective
condition number for that process as ko = A\, /A2, we have that

k
Ko — 1
o = wiralla < 26 (Y27 ) o =l

Hence, if 952) ~ A1, then after the i-th step we have a reduction that is
bounded by an expression in which we see the condition number for the
remaining part of the spectrum. In fact, (29) reveils that the approximation
of A1 by the smallest Ritz value does not need to be extremely accurate for
the superlinear convergence to become apparent. For instance, if

(i) _ (i) _
u < 0.1 and o) M

e M
N Ny~ Ob

then we already have that F; < 1.25, which shows that we have from then
on a reduction as for the reduced process except for a very modest factor.
Things cannot be worse from then on, because it can be proved (see also

Section 3) that 9@ is strictly decreasing towards A; for increasing ¢. This
means that also F; becomes smaller in further iterations.

superlinear convergence CG

Log error in A-norm
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Figure 3. CG (—) and the comparison process (+++)

Example (continued). We now return to our earlier example of Fig. 1.
At iteration step 10 we have a value Fjg ~ 1.22. In Fig. 3 we have plotted
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the errors in A-norm for the CG process (the drawn line), and we have also
marked with + the results for the comparison process. In this comparison
process, we have removed at iteration step 10 the error component in the
eigenvector direction corresponding to A; = 0.005, and from then on we have
multiplied the error-norms for the modified process by Fjy. We see that this
comparison process, which has only eigenvalues in the interval [0.08,1.21],
describes the observed convergence behaviour for the original CG process
(with all eigenvalues present) rather well.

In [13] other results are presented that shed more light on all sorts of
special situations, such as almost double eigenvalues in the spectrum of A,
or situations in which more Ritz values have converged to a number of suc-
cessive eigenvalues. Not surprisingly, these results show that after (modest)
approximations of Ritz values for the smallest m eigenvalues, we will see con-
vergence of the CG process from then on, governed by a condition number
Em = An/Am+1. Of course, similar results can be derived for convergence
of Ritz values towards the largest eigenvalues, but usually removal of small
eigenvalues leads to much smaller condition numbers.

3 The convergence of Ritz values

We have introduced the Lanczos method as an algorithm based on finding
pairs (z,60) € K?(A,v) x C such that the corresponding residual r = Az — 20
is orthogonal to the Krylov subspace K(A,v), which was spanned by the
columns of the matrix V;. The defining Rayleigh-Ritz orthogonality relation

V' (Az — 0z) = 0, (30)

led, since each z € K'(A,v) can be written as z = V;y for some y € R?, to
the smaller eigenvalue problem

Tiy = Oy, (31)

for the tridiagonal matrix Tj; from (4). The eigenpairs of Tj; are usually
referred to as Ritz values and Ritz vectors, and are considered as approxima-
tions of eigenpairs of A. Strictly speaking, the first basis vector v of K!(4,v)
may be chosen arbitrarily and need not be an initial residual of an explicit
conjugate gradient process, but note that it can always be interpreted as one,
simply for solving Ay = v with initial approximation yo = 0. This is what we
will do in the sequel in order to analyze the convergence of the Ritz values.

3.1 Monotonicity through the minimax characterization

Notice that for given non-zero z € K'(A,79) we may write the Rayleigh
quotient R(A, z) for z as
Z Az yViAViy YTy

A z) = - - Ti 2
R(A,2) = — vV Viy Yy R{Tis,y), (32)
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where y € R is the vector for which z = V;y. This gives some insight into

how the Ritz values are related to the eigenvalues of A by means of their

minimazx characterization. Indeed, according to the Minimax Theorem, see,
g., [10], the eigenvalues \; of A are equal to

; A
A = SCR" dlm(S) j(or;relgest( 2)); (33)

and the maximum is taken at the corresponding eigenvector(s) z; of A. Sim-
ilarly, the eigenvalues of T;; (the Ritz values) are equal to

o\ — i L 4
i e i (e RATiis y)), (34)

and the maximum is taken at the corresponding eigenvector(s) yj(-i) of Tj;.
Combining (32) with (33) and (34) leads to the interesting observation that
the ordered Ritz values 011) < 9( § 01@ are monotonically decreasing
to the ordered eigenvalues A\; < )\2 < -+ < A, of A. To be more explicit,
with j < i we have that

A= A,
7 scre dlrInl(S') j(ogél?é(sR( Z)) (35)

< min (max R(A,z)) = Gy),
SCKt,dim(S)=j 0#z€S

where the latter equality results from the application of the change in coor-
dinates (32) to (34). This leads, for increasing 4, to

A <0 A <60 and Ay <082 A <08 2y <08 and A5 < 087,

This shows that the 9;2) with j fixed and 7 > j running, are bounded from
below by A;, whereas similar observations can be made for the other extremal
end of the spectrum by considering the maximin characterization (we will not
go into detail). The right-hand side of (35) also shows that for fixed j we
have (n) (n—1) (G+1) ()
n n—
A =0 <o) S...gé)j] §9j]. (36)

Since, in exact arithmetic, the Lanczos process is a finite process, we can
strictly speaking, not regard the sequence of smallest Ritz values as a con-
verging process. However, in finite precision, the process will usually deliver
accurate approximations that cannot be essentially improved, long before the
finiteness of the process would play a role. In this sense, it behaves as a con-
verging process that is terminated when finite precision effects inhibit further
convergence. We will therefore, in the context of Ritz values and Ritz vec-
tors speak of convergence, and we will consider an eigenpair as (practically)
converged when its residual is in norm smaller than some given tolerance.
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3.2 The polynomial characterization

We have seen that the basis vectors v; for the Krylov subpace are scalar
multiples of the conjugate gradient residuals r;. This means that they can
be expressed in terms of the initial vector vg = ro/||7o as

v; = ¢; P;(A)vo,

where P; is the polynomial from (17), (23) and (24), and ¢; = ||rol|/||7:]] to
assure that ||v;||2 = 1. This polynomial characterization permits nice error
bounds. In order to show this, we define R;; as the unique polynomial for

which P;(t) = (t — 9§i))Ri71 and write P;(A)vy accordingly as

1 1 i
Pi(A)vy = mPi(A)TO = m Z()\] — 95 ))Rm()\j)'yjzj,
J

where we have written ro = 3 7;2; as before. Because P;(A)uvo is orthogonal
to all lower degree polynomials in A applied to vy, we have that

0= (P(A)vo)" Ri1(Aywo = > (A — 08V RZ (N))72.

This gives the following relation for 95"):

a2 NRE (M) Az
g) — ZJ,JRZl%)\j;'y?J == where z = R; 1(A)vo. (37)
] J

By combining this with our knowledge that the Ritz values are the (local)

extrema of the Rayleigh quotient, we conclude that this gives us two nice

results: '

1. The Ritz vector corresponding to 9%’) is (apart from a scalar factor) given
by z = R,’J(A)Uo.

2. Because of the minimax property, the above characterization gives us an
excellent means to find a priori upper bounds for 05’), namely, any poly-
nomial of degree i — 1 may replace R; ;, and this will give an upper bound.

3.3 Construction of a related CG-process

From now on we will assume that «; # 0, which is no loss of generality. Note
that expression (37) is scaling invariant with respect to the polynomial R; 1,

and we scale it such that R;1(A\;) = 1, that is we replace R; 1 by

Ri1(A) = Ri1(N)/Rii(M).
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Then we obtain the following expression for the distance of the smallest Ritz
value F)Y) to the smallest eigenvalue Ay (with 7; = 7v;/71):

>0 = AM)RE ()] _ 2N - A R? (M2
> RE()E L+ 300 B2, (V)72

0<6) — )\ = (38)

Since the right-hand side of (38) is, minus a fixed number \;, a Rayleigh
quotient of which we know from (35) that it takes its minimum (over the
Krylov subspace) at precisely the Ritz vector belonging to the smallest Ritz
value, we know that ]3%,1 is the polynomial that minimizes the right-hand
side of (38) over all polynomials of degree ¢ — 1 having value one at A;.

As we will show now, the error in the Ritz value can be interpreted as the
square of the norm of the error of some associated conjugate gradient process
for a system By = d, where d remains to be specified, and with starting
vector yo = 0. For this process, in analogy to (17), we have a relation of the
form

y—yi = —BQi—1(B))(y — yo) = Gi(B)(y — yo) = Gi(B)y, (39)

where G; is such that

ly = willz = |1Gi(B)yll

is minimal over all polynomials of degree 7 that have value one at zero. Hence,
comparing this with (38), we see that the numerator in the right-hand of (38)
can be interpreted as the error, in the B norm, of a CG-process for an (n —
1) x (n—1) matrix B with eigenvalues Ay —\; (j > 1) and with eigenvectors w,
that are unknown, but this is irrelevant since they do not appear explicitly
in the expressions. The solution y can be written as

Y= Z%‘wgv
i>2

With @;_1 the polynomial from (39) that minimizes the B-norm of this CG-
process in step ¢ — 1, this yields an upper bound for the approximation error
in the smallest Ritz value simply by neglecting the denominator, which is
larger than one. In fact, we then have that

0 — A < 300 = M)QE L2 = it — . (40)
j>1

This shows that 95") — A1 is bounded from above by the square of the B-

norm of the error in a related conjugate gradient process. As soon as 051’) has
converged to some modest degree, then (38) implies that

1+ ZR?J()\J')%? ~1,
j>1
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and then the approximation error almost coincides with the CG-error. Or
said in a slightly different way, the same kind (only marginally better) of
convergence behavior that we observe for conjugate gradients (with a reduced
and shifted spectrum) can be observed for the convergence behavior of the
smallest Ritz value.

Convergence History
4 T T T T T T

8l

| 1 | 1
5 10 15 20 25 30 35
iteration number

Figure 4. Ritz error (line) and CG-error (dashed).

Example. We consider the diagonal matrix of order 400 with eigenvalues
A1 = —0.034, Ay = —0.081, \3 = —0.0811, \y = —0.127, A5 = —0.155,
and Ag = —0.190. The other 394 eigenvalues of this matrix are uniformly
distributed in [—1.2, —0.2]. We select a vg that has equal components in all
eigenvector directions: ; = 1. In Fig. 4 we see the values of the error 952) —A1,
and the (squares of the) errors in B-norm of the associated CG-process. We
see that the Ritz errors are nicely below the CG-errors, and ultimately they
almost coincide.

We also see that temporary slow-downs in the convergence behaviour
of CG is reflected by a similar slowdown of the Ritz value, although not
at the same iteration numbers and at the same level. We would like to stress
that the associated CG process is not the CG process that defines the same
Ritz values as the Lanczos process that we have used.

In Section 2.3 we have argued that the conjugate gradient process con-
verges superlinearly, or more precisely, that conjugate gradients converge as
a process from which an extremal eigenvalue has been removed, as soon as
this eigenvalue is modestly well approximated by the Ritz value of the corre-
sponding Lanczos process (that is indeed the Lanczos process defined by the
iteration coefficients of CG).
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In a similar way, we have superlinear convergence for the smallest Ritz
value, as soon as the largest eigenvalue of the shifted reduced problem is
modestly well approximated by a Ritz value. Since the Ritz values are shift
invariant, this implies that we may expect faster convergence in average, for
the smallest Ritz value, as soon as the next Ritz value gets modestly close to
the next eigenvalue.

Proceeding in this way, we see that we may expect an increase of the
average speed of convergence, each time when the next smallest eigenvalue
gets a Ritz value in its neighbourhood. This explains nicely what we see in
practice.

This interpretation also shows that the error can be bounded as an error
in a CG-process, and for this upper bounds have been derived that decay
with a linear factor that depends on the condition number of B, or, in our
case (A, — A1)/(A2 — A1).

The similarity between CG errors and Ritz errors had already been noticed
and analyzed in [11, Section 6]. There it has been shown that the CG-error for
a process with matrix A, characterized by the eigenvalues A\; and weights ;,
can be interpreted as a Ritz value for a related process that is characterized
by eigenvalues j\j, augmented with Ay = 0, and a set of weights 7. They give
explicit formulas for these eigenvalues and weights, and also lower bounds for
the smallest Ritz value of this scheme. The approach in [11] is essentially the
same as ours, but gives slightly more detailed results (at the cost of a more
complicated analysis). We see that this correspondence between Ritz value
convergence and CG-convergence allows us to transfer all the insights that
result from analysis that has been carried out for convergence aspects of
Ritz values (that is, for instance, misconvergence or stagnation, see [14]) to
CG-behavior.

4 The convergence of minimal residuals

We introduced the minimal residual method in Section 1.2 as a specific W-
orthogonal method, i.e., the one in which V = K%(A,rp). In Section 1.3 we
explained its name by showing that WW-orthogonality coincides with minimiz-
ing the A* A-norm of the error, or equivalently, the L?-norm of the residual.
Here we will briefly discuss its convergence behavior, following an exposition
by Wathen et al. [15].

4.1 Bounds for symmetric indefinite problems

Considering the problem Az = b with A symmetric indefinite. The minimal
residual method constructs in the i-th iteration step an approximation x; of x
such that o —z; € K'(A, ), and 7; = b— Az; has minimal Euclidean norm.
Asin (16), we have x; = zo + Q;—1(A)ro for some polynomial @Q);_1 of degree
i — 1 and hence,

r,=b—Ax; =b— Axg— AQi—1(A)rg = (I — AQ;—-1(A))ro = Pi(A)ro, (41)
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where P;(A) is, in this case, the polynomial of degree i with P;(0) = 1 such
that ||P;(A)ro|l is minimal over all such polynomials. Following the same
approach as in Section 2, and writing rg = Zj vj%j, we get

n
Irill® =Y A7 Pi(A)? < m]%lXIPi(Aj)\ZIITollz‘ (42)
j=1

The location of the eigenvalues is unknown, but it may be able to show, in
specific situations, that they lie in a set of the form

E =[-a,-b]U][c,d]

with a, b, c,d positive real numbers. In that case, it will be interested in
finding a polynomial R; of degree ¢ with R;(0) = 1 which is uniformly small
on E. Similar as in conjugate gradients, this would lead to upper bounds of
the error, though this time in the A%2-norm instead of the A-norm (which, for
indefinite A, is not a norm anymore).

Comparison with CG applied to A%z = Ab. It is reasonable to aim for
convergence bounds of the minimal residual method that are better than the
bounds one would obtain by solving the squared system A%z = Ab by the
conjugate gradient method. For this reason, Wathen et al. [15] remark that
a bound based on symmetric Chebyshev polynomials (see [8]) for the special
case that the two intervals containing the eigenvalues have equal length,
ie, a—b = d— ¢ gives no advantage compared to conjugate gradients
applied to the squared system. At the same time, a construction is presented
in [15] showing that whenever the intervals have different lengths, minimal
residuals is to be preferred. This construction is however not within the scope
of this paper.

4.2 Non-symmetric systems

With the above observations in mind, we will briefly return to the methods
proposed in Section 1.4 to circumvent the lack of symmetry. In case A is
not symmetric, we noticed that it may be worthwhile to apply the minimal
residual method to the double-sized symmetric indefinite linear system

M A x c
(& 9)G)-6) ®
Denote the double-sized matrix by C(M), then it is easily seen that C(M)
and C(0) are congruent,

con=(o ) eo (1l 7). (a4)
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and hence, by Sylvester’s law, the inertia of the double-sized matrix is inde-
pendent of the choice of M. Now, consider M = al for some real number «,
possibly zero, then

C(a[)(i)zA(i) ~ C(a[)(_?;):(a—A)(_z), (45)

which can be easily checked by writing out the equations. Therefore, A\ is
an eigenvalue of C(al) if and only if o — A is. Hence, the eigenvalues of
C(al) are symmetrically distributed around éa. Since this is the case also
for @ = 0, and taking into account the constant inertia in «, this means that
there cannot be eigenvalues between zero and «a. Or, in other words, A and
« — A must be on different sides of the origin.

With respect to the convergence of minimal residuals, the eigenvalues
of C(0) are distributed as badly as possible, i.e., symmetrically around the
origin. According to [15], application of minimal residuals to solve the system
would, in fact, be equally expensive as applying conjugate gradients to the
squared system with system matrix C(0)2. This squared system involves the
solution of both the systems A*Ax = A*b and AA*y = Ac. This, in turn, is
more expensive than solving only A* Ax = A*b by conjugate gradients.

For nonzero choices of «, the two intervals containing the eigenvalues are
also of equal length, although it is not clear a priori of which length. It
may be that there exists an optimal value for it, but this issue needs further
research.
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1 Introduction

Solving with the restarted GMRES method the system of linear equations
Az = b, (1.1)

where A € R™ " is a nonsingular matrix and the right-hand side b lies in
R™, is in some cases a laborious task. In the worst case, convergence of the
GMRES method restarting after m iterations, GMRES(m), is not guaranteed
at all for m < n (for some global convergence criteria we refer to [10] and
[11], for criteria in dependency of the restart parameter m of GMRES(m)
see for example [18]). If the process does converge, decreasing of the residual
norms can still be very slow. This is in particular so when during several
steps residual norms remain stationary. If the process becomes unsuitable for
practical use, we shall call this phenomenon stagnation. Popular techniques
to overcome stagnation include preconditioning, especially through spectral
deflation ([2], [3]), augmentation of Krylov Subspaces ([7]) or polynomial
filtration ([13]).

These techniques are based on the idea that the eigenvalue distribution
of the system matrix has an influence on the convergence of GMRES. In
particular, it is assumed that eigenvalues lying comparatively close to the
origin hamper convergence and the mentioned techniques all try, in some way
or another, to eliminate unwanted eigenvalues from the spectrum. Though
many well-known bounds for GMRES generated residual norms do in fact
refer to the spectrum (see, for example, [11]) and in most cases the eigenvalue
distribution does have an influence on the residual norms, it is also known
this is not always true. In [14] it has even been proven one can construct
for whatever spectrum and whatever convergence curve a linear system (1.1)
such that A has that specific spectrum and GMRES applied to (1.1) yields
the prescribed convergence curve.

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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In this paper, we will find for the given right-hand side of (1.1) modifica-
tions of A that yield any desired convergence curve. Moreover, we try to over-
come the problem of a stagnating GMRES(m) by switching to a parameter-
dependent linear system that yields for appropriate parameters if not any
prescribed convergence curve, then at least optimal residual norm decreasing
at every step. The proposed process does not seek to modify the spectrum
of the involved matrix but it consists of an optimization procedure obtained
with the help of the Sherman-Morrison formula.

In the following section we describe the transition from the original system
to the auxiliary system, Section 3 investigates the convergence properties
of the auxiliary system when the GMRES method is applied to it. In the
next section we describe options to make use of the convergence behavior
of the auxiliary system in order to improve the convergence of the original
system. Section 5 proposes a similar but different approach of applying the
Sherman-Morrison formula and we construct an algorithm from it. In the
last section we present some numerical experiments. Throughout the paper,
I, will denote the n-dimensional identity matrix, with I being the zero-
dimensional matrix.

2 The Sherman-Morrison theorem

One of the most powerful techniques to improve poor properties of a linear
system when a certain method is applied to it consists of passing to a precon-
ditioned system. Preconditioning is based on the simple idea of multiplying
both matrix and right-hand side with a specially constructed matrix and the
solution of the preconditioned system is the same as the solution of the ori-
ginal system. The situation gets slightly more complicated when we subtract
a specially constructed matrix from the system matrix instead of multiplying
with it. The solution of the auxiliary system is not anymore equal to the
one of the first system and, as we will see later, finding the wanted solution
can become somehow problematic. But these problems can be overcome by
appropriate choice of the matrix to subtract. The formula that enables us
to change the linear system by matrix subtraction is the Sherman-Morrison
formula for inversion of rank-m updated matrices:

Theorem 2.1 (Sherman-Morrison-Woodbury). Let the matriz A € R™*"
be non-singular and U,V € R™ ™ be matrices with m < n. Then the rank-m
updated matriz A+ UVT is non-singular if and only if the m-dimensional
matriz I, + VT AU is non-singular and its inverse equals

(A+UuvhHt=Aa"t - AU, +vTA~tu)~tvTa~t. (2.)

Proof. For the proof see [8]. O
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In order to switch to an auxiliary system we change the original matrix A
of (1.1) to
A=A-UVT,
for some U,V € R"*™. Then the solution of (1.1) can be written as
AN =(A+UVvTYy o= (A" - AU, + VTATIU) VT A Y.
For m =1, U :=b and V := y € R™, this equation changes to
A= (A+by")o=A"— A" (1 +yTA D) W A . (2.2)
With the auxiliary system being defined by
Az =0, (2.3)
where A
A:=A—byT,
it is clear that we can find the solution of the original system (1.1) by solving
the auxiliary system (2.3) and substituting A=1b in (2.2).

One could also choose m > 1 and thus V would consist of several columns
vi, © < m. On the one side such choice augments the number of free parameter
vectors v;, but on the other hand solving A~!b implies the computation of
AU, that is of more than one linear system. In this paper, we restrict
ourselves to the case m = 1. The one parameter vector y = v; gives enough

possibilities to construct an auxiliary system (2.3) having better convergence
properties then has the original system when GMRES is applied to it.

3 The convergence curve of GMRES
applied to systems with matrices A— by?

We will try to find matrices A=4A- byT such that the GMRES method
applied to (2.3) has highest possible convergence speed. An interesting result
in this context can be found in [14]. From this paper it follows that given
a non-increasing positive sequence fy > f1 > ... > f,—1 > 0 and a right-
hand side b with ||b]| = fo, the residual vectors 1y at each step of the GMRES
method applied to Az = b with vanishing initial guess satisfy ||rg| = f,
0<k<n-—1,if and only if A is of the form

A=WRHWT, (3.1)
where R is a nonsingular upper triangular matrix, W = (w1, ..., w,) is an
orthogonal matrix such that

VI35 - 1

WTh = -
e —fa |

:t fﬁfp
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and H is given by

0 ... 0 1/ (0T wy,)
—(bTwy) /(b w,
o 1 ) (:J (b ):/(b )
0 0 1 (b wn )/ (BTwn)

We are particularly interested in the question whether or not it is possible
to find a vector y € R™ such that A = A — by” belongs to the class of
matrices given by (3.1). In other words choose A such that it can assume the
form A = WRHWT for some upper triangular matrix R and with W and H
satisfying the above equations. This is in fact possible, as we will now prove.
The proof is not based on the above mentioned theory of Strakos et al., but
it works with the Givens rotations used to calculate the approximations of
the GMRES method. The parameters of these rotations have an immediate
influence on the convergence speed of the method.

Definition 3.1. A Givens rotation for the ith row, ¢ > 1, is a rotation
represented by left multiplication with an orthogonal matrix of the form

Iis O .0

: —8i—1 ¢i—1 0
0 ... 0 I,

Consequently, ¢7 ; + s? ; = 1, and ¢;_; is called Givens cosine and s;_1
Givens sine.

Givens rotations for the ith row can be used to zero out the ith element
of a vector g = (g1,...,9,)7. To do so, we will throughout this paper use

the choices
gi—1 i
Cin1 1= ———, $i_1 = ———.
91 97 91 97

Lemma 3.2. The action of k consecutive Givens rotations, from a rotation
for the 2nd row till a rotation for the (k + 1)st row, on a given vector g =

(915, grs1)” yields a vector (gi,..., g5 1)" where
i i—1
g; = S;0i+1 —+ C; ZCj*l (H(Sl)>gj, 7 S k, (32)
=1 I=j
k+1 k
Gy1 = ZCj—l(H(—SzOgjv
=1 1=

with cg := 1.
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Proof. At first, note that a Givens rotation for the ith row changes only
rows (i — 1) and 4. After application of the Givens rotation for the second
row to g, the first element has the form
g1 = 191 + 5192,
and the second element will change to
g5 = —8101 + C102-
Therefore, the third element of this column changes to
g3 = (—52)g5 + c293 = (—s2)(—5191 + c192) + 293
after the rotation for the third row. Simultaneously g5 assumes its final form
g3 = €25 + 8293 = (=191 + c192)C2 + 8293.

It is readily seen that k rotations give a (k + 1)th element of the form

k+1 k
Jey1 = g;g+1 = ch—l (H(—Sl)>gjv

j=1 1=j
and g; can be expressed as
k k—1
G = (Z Cj—1 <H(Sl)>gj>0k + Skgk+1,
j=1 I=j

which proves the lemma. [J

The Givens cosines and sines involved in the computation of a GMRES
approximation can be expressed in values that were calculated during the
Arnoldi orthogonalization process and previously executed Givens rotations:

Corollary 3.3. After the kth step of the GMRES method applied to a linear
system
Axr=b

the Arnoldi process has generated an orthonormal basis vi,...,v; of the

associated k-dimensional Krylov subspace and a Hessenberg matriz H), €
REEDXE ith coefficients

k
T .
hjrk =0 Avg, 1 <j <k, hgpip:= HAvk - Zhj,kvj
i=1
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If this Hessenberg matriz is brought to upper triangular form with the help of
Givens rotations and the rotation for the (i + 1)th row is given by ¢; and s;,
i < k—1, then the rotation for the (k+1)th row has Givens sine sy, satisfying

2
2 hk+1,k
S = )

W2+ () e (ITZ) (=50 hyn)?

with co := 1.

Proof. In the GMRES method the Hessenberg matrix Hj e RK+1)xk
k > 1, can be brought to upper triangular form by means of Givens rota-
tions that zero out all non-zero lower subdiagonal elements. According to
Lemma 3.2, after (k — 1) rotations the kth element of the last column has

the form
k k-1
PR= Y (H(—sﬂ) hyj k-
j=1

i=j
To zero out the last entry hjy1 5 of this column we define a Givens rotation
for the (k + 1)st row with

2
Piet1k

57 =
= — —.
Ra g+ (hgp)?

By introducing the parameter-dependent matrix A—by”, y € R™, we create
the opportunity to modify the values h;; and hence the sines s; according
to our own needs. In the case of an Arnoldi process applied to A — by” with
vanishing initial guess, multiples of the first Arnoldi vector, b, are added to
every Arnoldi vector. Krylov subspaces therefore remain the same as for the
matrix A and the influence of y is simple to control.

Lemma 3.4. The Arnoldi algorithm applied to the matriz A= A- by™,
y € R™, and to the right-hand side b with initial approximation xog = 0
generates Arnoldi vectors v, 1 < k < n, that are independent from the
choice of y. Moreover, for k <n — 1 the values

hyjn = o] A, 2<j <k,
and

k
Rig1,k := HAUk - E hj,kv;

j=1

are independent from the choice of .

Proof. If the initial approximation is zero, then the first Arnoldi vector

v1 = (b— Axg)/||b— Az
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is equal to b/||b||. With the abbreviation a; := y?v; we obtain for the non-
scaled second Arnoldi vector

Uy = Avy; — h171’l)1 = Av; — (U{AU1)U1 —a1b+ 011’0{[)’01

= Av; — (vavl)vl —ay(b— (bTb)/||bHv1) = Av; — (vlTAvl)vl,

independent from o; and hence from y. In general, with ay := y7v;, and
because of the orthogonality of the Arnoldi vectors, the (k + 1)st non-scaled
Arnoldi vector becomes

k
’U~k. = A’Uk. — Z th{Uj
j=1
k k
= Av, — Z(v]»TAvk)vj —ayb+ akvfbvl + Z(vfbak)vj
j=1 j=2
k
= Avy — Z(UJTAvk.)vj — ag(b— (b7D)/||b]|v1)
j=1
k
= Av, — Z(v]»TAvk.)vj,
j=1
independent from «y, and y. With hgyi s = ||Grs1] we obtain the inde-

pendence of hk+1 ky k < n, from y. As for the values h] g, 2 <7 <k, we
have

hjk = v (A—=by" o = v] Aug,
because of the orthogonality of the Arnoldi vectors (b = v1|b]|). O

The previous lemma states, in other words, that only the first row of the
Hessenberg matrix involved in the GMRES process is dependent from the pa-
rameter vector y. Its influence on the Givens sines is given by Corollary 3.3.
We thus have to our disposal an easy to handle tool for manipulating the
associated Givens rotations. It is a well known fact, that in the GMRES
method the residual norm at every iteration can be expressed as the prod-
uct of all previously executed Givens rotation sines and the initial residual
norm. In terms of geometry, the cosine of the angle between one residual
vector and the next one decides about the decreasing of the residual norm.
For our parameter-dependent matrix, this cosine appears to be sensible to
changes of the parameter. In fact, we are able to turn the planes generated
by Aro, .. A ro in such a way that the distance from 7y to these planes
becomes as small as possible, as long as it doesn’t vanish.
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Theorem 3.5. Let fo > f1 > fo... > fn, =0 be a non-increasing sequence
of real values, let the system of linear equations

Ax =10 (3.3)
with ||b]| = fo be given by
A=A-by", yeR,
and let us choose the initial approzimation xqg = 0. If the Arnoldi algorithm
applied to A doesn’t break down before the nth step, then there exists at least
oney € R™ such that the residual vectors 7y, := b— A%y, obtained by application

of the GMRES method to the system (3.3) satisfy

176l = fe, 0<Ek<n.

Proof. In the GMRES method we have the following recurrence formula
for the residual norms (see for example [10], p. 167):

1Pkll = Isk - ..+ 5118,

where [ := ||| = ||b]|. As a consequence,

|71l

The theorem is proven if we show that we can find a vector y € R™ such that
all values |si| satisfy

Ik
fr—1’

|sk| = 1<k<n-1.

The last residuum vanishes automatically.
For k =1, the Arnoldi process yields values hy,; and ho ; and the Givens
sine that zeroes out (together with the Givens cosine c¢1) hg 1 satisfies

Let us denote by a; the value y7v;. Note that ngJ is independent from o
because of Lemma 3.4. As for hy 1, we have

Wiy = (0f (A= by")or)® = (vf Avy = B ).
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Hence ﬁ%l can have whatever non-negative value if we choose a; accordingly.
In other words, |s1| can assume, in dependency from «ay, every positive value
smaller than or equal to 1. In particular it can take the wanted value f1/fo
if we solve

& -
fo h%@ + (vf Avy — Bal)Q,
that is

s f A

-8 ‘
This puts a first condition on the vector y, namely it fixes for the chosen a;
the value of yTv1. Now, let k be greater than 1 and let us assume we have
chosen all values «; := yTv; such that |s;| = f;/fi—1 for i < k. According to
Corollary 3.3,

a1 =

L2
2 _ k+1,k
Sk = P2 % E—1 RS
i1,k T (Zj:l cj—l(Hi:j (=si)hjk)
In this expression, only ill,k: is dependent from the choice of ay := y vy

because of Lemma 3.4. The second term of the denominator, including }ALLk.,
can be written as

(o ()]

=J

- (Bl,k g(—sz‘) + icﬁ‘—l (lﬁ(_sio ﬁj’k>2

i=j

- ((ﬂak + v Avg) I:lj[j( )+ ZCJ ! (kHl )> Bj’kf.

=J

Again, this is a non-negative expression that is dependent from «y, and it can
possibly assume the value 0. Therefore, an appropriate choice of «y yields
the desired equality |sx| = fx/fr—1, 0 < f;{: < 1. Possible choices are given
by

k—1
ap = <:|: %h}ﬁ,l k— U1 AUk }_[1 (34)

- ch i H i) / <5H()>

=Jj
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After n—1 steps we have defined all Arnoldi vectors v, ..., v, and have been
putting n — 1 conditions on the vector y:

yT(vl, ceyUno1) = (@1, .o 1),

There exists at least one y € R™ solving this under-determined linear system.
O

4 Substitution of the solution of the auxiliary system

We now turn our attention to various options of substituting the solution of
the auxiliary system in the Sherman-Morrison formula in order to obtain the
solution of the original system. In case the solution of the second system is
exact, Sherman-Morrison also yields the exact solution of the first system.
A first way to improve the GMRES method with the help of the Sherman-
Morrison formula that comes to mind, is to try to define an auxiliary system
that finds its exact solution earlier then the original system does. This,
unfortunately, is not possible. As soon as the second system has found the
exact solution, the corresponding Krylov subspace has maximal dimension.
But at the same iteration number the Krylov subspace of the original system
would have reached maximal dimension, because the Krylov subspaces of
both systems are identical (see Lemma 3.4).

As a second option, one could substitute only approximate solutions of
the second system in the Sherman-Morrison formula. As we were able in the
previous section to construct auxiliary systems with arbitrary convergence
speed, finding a “good” approximate solution Zj, k < n, for such system
should not be too difficult. Having done so, we could back-transform with
the Sherman-Morrison formula as follows:

A= (A+by")b=A"— A" (1 +yTA D)Ly TA

~a — (L+yTap) a2

as an approximation for the original system. Due to the fact that zj is
only a scalar multiple of Zj, we have Ty € ICk(fl, b). But again the equality
ICk(A, b) = Ki(A,b) prevents any improvement with regards to the classical
GMRES method, because the classical GMRES iterate x; for the original
system already minimizes

|b— Az|| over all z € Kp(A,b) = Ki(4,b).



An application of the Shermann-Morrison formula to the GMRES method 79

Summarizing, application of the Sherman-Morrison formula to the full
GMRES method in the above proposed manner will not improve its con-
vergence and this is essentially due to the identity of the involved Krylov
subspaces. But initially we were interested in overcoming stagnation of the
restarted GMRES method. When we use the restarted version, initial guesses
at the beginning of every restart are nonzero and therefore Lemma 3.4 does
not hold anymore and one can expect some improvement. In fact, we could
use Theorem 3.5 to construct an auxiliary system who’s say k first iterations
do not stagnate and apply GMRES(m), k < m, to that specific auxiliary
system. The philosophy behind this way of doing is that non-stagnation of
the k very first steps might cause non-stagnation during the k first steps of
restarts that follow too. Having found an approximation & of the second sys-
tem, back-transformation with Sherman-Morrison according to (4.1) yields
an approximation to the original system that is perhaps not as accurate as
Z is for the auxiliary system, but it is not unreasonable to expect T to be
a better approximation then the approximations of the original stagnating
GMRES(m).

Let us demonstrate this with an example. It consists of a linear system
that arises from the discretization of the differential equation

—e Y Au+ (10 + ye~ *¥)uy + (10 + ze™ *¥)u, — 60u =1 (4.2)

on the unit square with Dirichlet boundary condition v = 0 on 9([0, 1]?).
Finite difference approximation on a 20 x 20 grid yields the stiffness ma-
trix A € R490x400 and our right-hand side b has only elements which have
the value 0.5. So ||b]] = 10 and we choose z¢ = 0.

When we apply the GMRES method restarted after 30 steps to this system,
the process stagnates. With Theorem 3.5 one could construct an auxiliary
system with non-stagnating initial iterations. For example, let us ask the
first 10 residual norms to fulfill

[oll =10, 71l =9, [72ll =8, 17l =7, [[fall =6, 5] =5,
176l =4, N7zl =3, lI7sll =2, [l7oll = 1.5, [[Froll = 1.

Having defined a vector y forcing such residual norms, we can apply GM-
RES(30) to the resulting system with matrix A — by”?. This process does not
stagnate anymore. Moreover, when we use the approximations of this system
to back-transform according to (4.1), these approximations to the original
system do not yield stagnation either. This is shown in Fig. 1.

Graph GMRES(30) displays the restarted GMRES(30) applied to the first
system and graph GMRES(30)" concerns the auxiliary system. The gap
between the curve for the first system after back-transformation and the
curve for the second system results from the following equation:

A Ta A o o T\ 4 7AA
b—A:‘v—b—A( z >_b+by:v At b (A-by" )z b— A

1+y7% 1+y7% 1+yT2  1+yla’
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Example with auxiliary system A-by~T

1,00 -

Number of restarts

0,00
-1,00 -
-2,00 -
-3,00 -
-4,00 -
-5,00 -
-6,00 -
-7,00 -
-8,00 -
-9,00 -

-10,00 -

y
AV I T T

5 9 13 GMRES(30)

BACKTRANSFORMED GMRES(30)*

-11,00 -

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, GMRES(30)"
Residual norm

reduction (log.)

hence

The loss of

Figure 1. PDE-discretization stiffness matrix.

b~ Az

b— AZ|| = ———.
=A%) = {7

quality after back-transformation grows particularly large when
the scalar 1 + y”# tends to 0. This appears to be the case whenever we
force the auxiliary system to have too fast convergence speed. The proof is
given in the following proposition. The result is not surprising since when
we ask for fast convergence, our parameter vector y will have comparatively
large elements (see equation (3.4)). The matrix A — by’ is then merely

a perturbation of by’ a singular rank-1 matrix.

Proposition 4.1. With the notations of Theorem 3.5, let Z; denote the
ith approximation calculated by the GMRES method applied to the system

and let k <
then

Ax:b7

n. For every e > 0 we can find a § > 0 such that if fi/fr—1 <9,

v a, +1] <e.
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Proof. Let V) denote the matrix whose columns are the first £ Arnoldi
vectors, Hj, denote the upper Hessenberg matrix of dimension (k+1) xk
obtained with the computation of V4 and 8 = ||b||. In the kth step we have
k conditions for y:

vV = (o1, .. ), i<k (4.3)
With a := (a1, ...,ax)T, solutions for y all satisfy
y € Via+ U,

where U is the orthogonal complement in R™ to span{vy, ..., v;}. The kth ap-
proximation has because of the vanishing initial guess the form Vjwy with
wy, € RF minimizing ||fe; — Hyw||. Hence,

yT;fj = (Vka + U)T(kak.) = aka. (4.4)

The vector wy, can be obtained by computing the QR-decomposition of Hy.,
Hy, = Qi Ry,. With Ry, being the upper triangular matrix given by Ry, without
its last row and g being QTﬂel without last element, we have

wg = R,:lg.
According to Lemma 3.2, the last column of Ry has elements
i i—1
R =sihiy1k + ¢ ch—l (H(-&)) hjg, @<k,
j=1 I=j

and ¢ has elements
i—1
gi=ciB[(=s1), i<k
1=1
For nonsingular upper triangular matrices the following recurrence formula

holds: L L
Rl — R, -, —-R.;- T/ Rk
k 0 1/ Ry k

with Rj_1 being the left upper (k — 1) x (k — 1) part of Ry and rj the last
column of Ry without its last element Ry x. If g = (9%, gx)”, then

_ i, (Bl B /R (9
k=g = ( 0 1/ Ry gk
_ <Rk11<g* —gkrk/Rk,w)
9r/ Rk ’

and hence

aTwp = (a1, ..., ar—1)R; (9" — grr/Rir) + angr/ Ric k. (4.5)
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Expressions that are dependent on oy, in (4.5) are g7y /Ry i and oggr/Ri k-
We have

sihivin+ e Y5y ¢ 1 (ILZ5 (=)

= T =T —, i<k
Sphiv1k + ck Zj:l ijl(lej (*Sl))hj’k

(r&)i/Rep =

Bearing in mind that only ill,k = v} Avi, — Bay, depends upon «y and dividing
by it yields

Ci H;:%(*Sl) B Ci

lim (Tk)z/Rk,k = — = — , 1< k.
ke allSl (=s)  allS (=)
Hence
i—1 k-1
. * (& —1\—S .
lim (9" = g7/ Bir)i = il [T(=s0 - M =0, @<k,
o =1 =i (—=51)
and
aklinilm(al, oy an—) R (g7 — grrk/Rir) = 0. (4.6)
The second term in (4.5) tends to
lim (akgk)/Rk.’k. (47)
ap—too
. ARGk
= Jm 7 K -1 7
o0 sphpga ke + ek Do 1 (TTZ; (=s1)hyw
gk B [ (—s1)

k—1 k—1
(=P IL=i (=s1) (=B IT,=1 (=s1)
by dividing with ay.
Now let e > 0. From (4.4), (4.5), (4.6) and (4.7) we obtain the existence
of a positive integer N such that
lyTip +1| <e, if |ag| > N.

With (3.4) we can find a § > 0 satisfying

lag| > N, if fi/fe—1 <. O

Thus attempts to overcome stagnation of the restarted GMRES method
become ineffective when we ask for too dramatic residual norm decreasing
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in the auxiliary system. On the other hand, a reasonably defined, non-
stagnating curve of the second system and back-transformation with Sher-
man-Morrison can successfully overcome stagnating, as was seen in the above
example.

Remark. It is possible to use the above theory in case of an original system
with non-vanishing first guess too. One would apply Theorem 3.5 with

b= w1 = (b — Azo) /||’ — Azoll,

b’ being the right-hand side of the original system. Then we obtain whatever
convergence curve for

A=A—uvy"

with right-hand side v1. With (2.2) one could find an approximate solution &
of
Ar = vy,

and hence,
AV — Azo||T + x0) = V.

5 An alternative way
to apply the Sherman-Morrison formula

Because of the difficulties that occurred in the previous sections when the
scalar 1 + y7'& tends to 0, we propose a second way to substitute the appro-
ximate solution of the auxiliary system. It avoids the singularity at y’& =
—1 and moreover, the decreasing of residual norms of auxiliary and original
system will go hand in hand. In contrast with the preceding sections, let us
define the auxiliary matrix A as follows:

A=A—Ady", y,deR™ d+0.
The first condition to put on y is
yTd =, (5.1)
for some scalar v € R, v # 1. Then we have
Ad = (A — Ady")d = (1 —~)Ad. (5.2)

Denoting by & the calculated approximation of the auxiliary system, the
Sherman-Morrison formula yields

A7 = (A+ Ady™) "' (5.3)
=A% — A Ad(1 +yT AT Ad) YT AT
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d yTd\"" .
. ) 3
! 17<+17> v

R d (l—y+y\"1 . TG . =
x_l—'y( T ) y r=21—(y &)d=:1Z.

Q

The singularity at y”d = 1 is excluded because of (5.1). Also, in comparison
with the previous section, the error of the back-transformed solution is far
less sensible to the error at the auxiliary system, because the expression
A~1Ad is known to exactly equal d/(1 — 7). The residual vectors of original
and auxiliary system even appear to be equal if we use (5.3) to compute the
approximation of the first system:

b— Az =b—(A— Ady")i = b— Ai + Ady"# = b— A(z — (y"#)d) = b— AZ.

In fact, this application of the Sherman-Morrison formula can be seen as
right-preconditioning with the preconditioner

M =1, —dy",
satisfying the restriction y”'d # 1. An approximate solution 2 of
AMz =10

yields an approximation Z = M2 = 2 — (yT2)d of the unpreconditioned
system with the same residual norm.

Our aim is now to formulate a process of minimization of residual norms
that is analogous to the construction described in Theorem 3.5. An important
difference with the situation in Theorem 3.5 is, that here Lemma 3.4 is not
valid. Elements of the Hessenberg matrix are not anymore independent from
the parameter vector y and neither are the Krylov subspaces K (A4, ro) and
Ki(A,ro) equal. Instead, we have

ﬁj,k = vjrflvk = UJT(A — Ady")og = hjk — UJTAdOzk, (5.4)
where hjj = vaAvk represents elements of the Hessenberg matrix of the
original system and «ay, := y”v,. The subdiagonal elements change to

k

k
= HAUk — Z hj’k”Uj + (Z(UJTAd)”UJ — Ad> Q|-
j=1

j=1

k
Pit1,k = HAUk E hj kvj
=1

But we can still attempt to influence the residual norms by changing the
Givens sine s; which is given by the expression for s7 from Corollary 3.3,

fLQ
§2 = MLE . (5.5)

B2+ (5 e (T (—50)hj)?
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Minimizing this Givens sine amounts to maximizing

(5 o1 () (i) i)

72
hk+1,k

With w := Z?zl(vad)vj — Ad and because of (w, Avy, — Z?:l hjiv;) =
(w, Avy), the denominator equals

k 2
hivrn = HAvk. — Z hjwvj + axwl|| = hi k4 20k (w, Avg) + ajl|w]]®.

j=1

From (5.4) it can be seen that also the numerator consists of an expression
that is quadratically dependent from the variable «j. In other words, we
have to maximize a value that can be expressed as

alai “+ as20;, + as
biod + baay, + b3’

for some a;,b; € R, 1 <14 < 3. Straightforward computations show that

a10} + azo +as ay (a2b1 — a1ba) oy, + agby — a1bs
blai + by, + b3 b1 alblai + a1bocvy, + a1bs '

Extrema of this expression are the roots of the first derivative of the involved
quotient,

0 (agby — arbz)ay + azby — axbs
dap  arbiod + arbsoy, + aibg
(a2b1 — albg)(bg — blai) — (a3b1 — albg)(bg + 2()10%)
(arbia? + arboay, + aibs)?

(5.6)

=0.

As far as iLkH,k is dependent from «y, it seems reasonable to minimize sy
and hence the corresponding residual norm by taking for «j the smaller root
of equation (5.6) if (azb; —b2ay) is negative and the larger root if (a2b; —a1b2)
is positive. In the exceptional case that iLkH,l’k; is independent from o« we
can force whatever norm reducing (as in the previous section).

In theory one could successively minimize all s; with the help of (5.6) and
define y by solving

yT(vl, coyUno1,d) = (1, ooy Qpe1,7Y)s

which is merely a question of orthogonalizing d against (v1,...,v,—1) and
one matrix-vector multiplication. The resulting convergence curve cannot be
drawn, as in Theorem 3.5, arbitrarily, but it will at every step find steepest
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possible descent (in dependency of the chosen vector d). In practice, as we
aim to avoid stagnation of the restarted GMRES(m) method, we will put
only k, k < m < n, conditions on y. The corresponding algorithm could
have the following form:

ALGORITHM GIVMIN(m, k)-RESTARTED GMRES WITH MINIMIZA-
TION OF GIVENS SINES

1. Input: A... matriz;
b... right-hand side;
€... tolerance for residual norm;
g ... initial guess;
m... number of steps after which GMRES 1is restarted;
k... number of Givens sines to minimize at the beginning of every restart.

2. Initialization: y = 0;
ro =b— Axo; B=|roll; r=ro.

3. while ||7||/||ro|l > ¢ do
doi=1m

A=A— Axogy”

V= A’Ui

do j=1,i
h]ﬂ' = UJTTJZ'
V=0 — hj’ﬂ)j

enddo

if 1 <k then
hi = vl Az
compute a;, minimizing root of (5.6)
hj,i = hj,i — h;f()éi, ] S 7

=17 — ai(Azg) — Zj’=1 hj.iv;

endif

hivi = [oll, vit1 =0/hiy14

if i = k then
”U? a1

compute y € R™ satisfying |y = :

v,j; Qg
oy 0

endif

enddo

compute wy, € R™ minimizing ||fe1 — Hpw||
compute Ty, := xg + Viwm
20 = T — (y" Tm)T0
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y=0
r=>b— Axg.
endwhile

In this version we have chosen v = 0 and the auxiliary vector d to be equal
to the actual approximation. In that way, with convergence, A will tend to
have the form A — by” as was the case in the previous sections.

Note that computational costs of this algorithm are slightly higher than
for GMRES(m). One extra matrix-vector product is needed at every restart
when the vector d is not chosen to be equal to the actual approximation.
During every restart we need to compute k extra values v} Ad and to update
the values h;; and ¥ in dependency of the choice of «;, costing n(k* + 3k)/2
multiplications. To compute y we need 2kn + n operations to orthogonalize
d against v1, ..., v, and one matrix vector-product of dimension n x k. The
minimizer «; can be computed with additional operations that are depen-
dent from n of order 2kn + n(k + 1)k/2. Finally, iteration numbers larger
than k require matrix vector-products with the auxiliary matrix, which costs
2n more multiplications then with the original matrix. As for storage costs,
they will be the same as for GMRES(m) at every restart, except for the stor-
age of three more n-dimensional vectors, y, d and Ad, and k values v} Ad.
Note that it is not needed to compute A after the kth iteration, only matrix-
vector products with A are required. While multiplying with A = A — Ady7,
its special form can be exploited and the advantages of operations with sparse
matrices are preserved.

6 Numerical experiments

At first let us consider an academic example. As stated earlier, the GIVMIN
method avoids to eliminate unwanted eigenvalues from the spectrum of the
involved matrix, but its aim is to take care of linear systems with ‘harmless’
eigenvalue distribution that are hard to solve for the GMRES method. An
extreme case is the following matrix

0 .0 1

1o .. 0
A=10 1

o0 e T

0 ... 0 1 0

with right-hand side b = e; = (1,0...,0)7 and the first guess
xo = (0,...,0,2)7.

(In order to be able to apply the above formulated GIVMIN algorithm we
need a non-vanishing initial guess.) When GMRES is applied to this system,



88 E. J. Duintjer Tebbens

no improvement with regards to the initial residual norm ||ro|| = 1 is made
until the very last iteration, that is, ||r;]| = 1,1 <i<n -1, r, = 0. But
all eigenvalues of A have unit norm. As GMRES converges at the last step,
no restarted GMRES(m), m < n, will ever converge. Moreover, methods
that seek to transform unwanted eigenvalues to eigenvalues with unit norm
won’t bring any improvement to GMRES(m) either, they will stagnate for
all possible initial guesses (except for the exact solution). The GIVMIN-
algorithm however converges after the first iteration for whatever convergence
criterion! Indeed, with the initial guess displayed above, we have

1 2 -1

. T 0 0 0
b—Axg=b— (A — Azxgy” )xo = == | =

0 0 0

having put the condition y”zy = 0. Then, with a; = y” vy, the first step of
the Arnoldi algorithm yields

il171 = U{AUl = U{(A’Ul — Al‘oal) = 20[1, iL271 = ||121v1 — }AL1711}1|| =1.

Here we have the ideal situation from Theorem 3.5 where only hy; depends
upon y. The first Givens sine can therefore assume whatever positive value
smaller than 1:
9 1
S1=— -
1+ (20[1)

For example, with a; = 100, the residual norm reduction ||71|/||ro|| of both
auxiliary and original system are smaller then ¢ = 1071, In this situation,
there is no local minimum for the Givens sine.

Let us come to a more realistic example. The matrix “Steam1”, taken
from the Matrix Market collection, has dimension 240 x 240, 3762 non-zero
entries and its spectrum consists of 160 evenly distributed eigenvalues with
norms ranging from 21711984.3 to 20918.0422 and the last 80 eigenvalues lie
evenly distributed between 19.5655309 and —0.768583444. With right-hand
side b = ey, initial guess xo = (0.01,...,0.01)7 and convergence criterion
e = 1078, the convergence curves of GMRES and GIVMIN are displayed in
Figure 2. We took such a small € because the initial residual norm is rela-
tively large, ||ro|| = 8407. GIVMIN(m, k) denotes the algorithm written out
above with restart parameter m and k sine minimizations at the beginning of
every restart. In this example the eigenvalue distribution of Steam1 certainly
does have an influence on GMRES’s behavior. Stagnation of the restarted
GMRES(m) starts to disappear for m > 60. But GIVMIN with only one
minimization is about 5 times faster than full GMRES itself.

Next we will apply the above algorithm to the 400 x 400 stiffness matrix
that we described earlier (see (4.2)). This matrix has evenly distributed eigen-
values but their norms are all small (< 1 with the exception of the first eigen-
value with norm 1.7), especially the last three ones (~ 0.08). Taking as the
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Steam1
Number of iterations

0 100 200 300 400 500

Logarithm of residual norm reduction
Iy

GMRES(30)

GMRES(80)

GIVMIN(30,1)

Figure 2. GMRES and GIVMIN applied to the matrix “Steam1”.

right-hand side e = (1/2,...,1/2)7 and setting zo = (—1.685, ..., —1.685)T
(this initial guess minimizes the initial residual norm), the full GMRES
method gives after 114 steps a residual norm reduction of 10~°. The restarted
GMRES(m) however, stagnates for all m < 30. Minimizing after every restart
only the first Givens sine with respect to (5.6) sufficiently influences the pro-
cess to overcome stagnation. With such a small parameter k& the amount of
extra work in comparison with GMRES(30) is negligible. It is even possible
to overcome stagnation for m < 30, though convergence is then very slow.
Some results are displayed in Figure 3.

Our last matrix A has the form A = SDS~! with A, D, S € R100x100
is a diagonal matrix, D = diag(1,...,100) and S is bidiagonal with the ele-
ment 1 on the diagonal and 1.1 on the upper subdiagonal. Our initial guess,
minimizing the corresponding residual norm is (3.44 - 107°,...,3.44- 10_5)T7
where b = e. With convergence criterion ¢ = 107?, full GMRES converges
after 58 steps, taking 0.82 seconds. GMRES(25) stagnates and stagnation
can be overcome with GIVMIN(25, k), though minimization of only the first
Givens sine is not sufficient to do so. This example demonstrates some results
in dependency of the choice of the parameter k. The method GIVMIN is com-
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Differential equation matrix 400x400
Number of iterations

200 400 600 8!
0.5 \\ \\ \\

GMRES(30)
-1 4
-1,5
-2
Logarithms
of
residual 2,5
norm
reduction
-3 4
-3,5
-4 4
-4,5
-5

GMRES GMRES(40) GIVMIN(30,1) GIVMIN(25,1)

00

Figure 3. PDE-discretization matrix with GMRES and GIVMIN.

pared with, PGMRES(m, k1, k2, ...), is described in [3]. At the ith restart
of this method the system is preconditioned by right multiplication with
a matrix modifying k; eigenvalues from the spectrum of the original matrix.
The construction of the preconditioner is based on addition of Ritz vectors.
This method starts to converge when we add at least 4 Ritz vectors: PGM-
RES(25,4) converges after 0.24 seconds. This is faster then GIVMIN(25,6)
taking 0.39 seconds. On the other hand, adding very few Ritz vectors at every
restart seems to be less advantageous. PGMRES(25,2,2,1) needs a few less
iterations then GIVMIN(25,2) to convergence, but it is significantly slower
(0.58 instead of 0.35 seconds). The curves are shown in Figure 4.

7 Conclusions and open questions

The foregoing examples were meant to only give a first impression of the
possibilities and of the restrictions of Givens sine minimization in GMRES.
From them it seems to be worth investigating options to improve the de-
scribed basic GIVMIN algorithm. For example, it would be useful to know,
for a given linear system, what vectors d in A = A — Ady7T yield the best
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100x100 matrix of the form SDS”-1

Number of iterations

o 100 200 300 400 500

GMRES(25)

os 1 | N\
-1 4+
_1 ‘5 €
PGMRES(25,2,2,1)
-2 4+
Logarithm
of
residual -2,5 +
norm GIVMIN(25,2)
reduction
-3
_3,5 =+
-4 +
-4’5 —+
PGMRES(25,4) GIVMIN(25,6)
-5

GMRES

Figure 4. Comparison of GMRES, GIVMIN and PGMRES for matrix
taken from Erhel [3].

minimization possibilities. Another choice we make is the choice of the con-
crete y € R™ for whom we have only k& < n conditions. We do not have to our
disposal a criterion yet to select this y in such a way that it stimulates the
convergence of the residual norms ||7;||, ¢ > k. Also, one would expect the
Sherman-Morrison formula gets more profitable when we make use of more
than one parameter vector, that is V€ R™"*™ m > 1in (2.1), but research in
this direction hasn’t yet been done. Finally, it might be possible to make use
of the Sherman-Morrison formula in order to change the eigenvalue distribu-
tion of matrices too. As we are able to adapt the elements of the Hessenberg
matrix H = VTAV according to our needs, it seems reasonable to try to
change the eigenvalues of H. They are approximate eigenvalues of A.
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1 Introduction

Methods based on overlapping Domain Decomposition (DD) are very con-
venient for the construction of black-box parallel solvers on unstructured
meshes. Considerations of parallel efficiency require the minimal overlap
of subdomains equal to element size. The minimal overlap implies a sim-
ple technology of automatic partitioning for unstructured meshes, minimal
inter-processor exchanges and avoiding a double arithmetical work. Another
advantage of the overlapping DD is that the interface between subdomains
may be not matching with jumps in the diffusion coefficient. The basic over-
lapping DD preconditioner is the additive Schwarz preconditioner [10] which,
in the case of minimal overlap, is just a block diagonal matrix whose blocks
are preconditioners to respective diagonal blocks of the stiffness matrix. For
problems with self adjoint second order elliptic operators, the condition num-
ber of thus preconditioned system matrix depends on the subdomain diameter
(~ 1/H?), the width of the overlap (~ 1/§) and the diffusion coefficient jump
(~ max p/ min p). If the additive Schwarz preconditioner is equipped with a
coarse subspace, the condition number estimate is reduced to C(p) (1+ %)2 [2]
and in the case of a smooth coefficient p it may be improved to C'(1+ %) 3],
[12].

In this paper, we consider a method based on the additive Schwarz algo-
rithm which provides independence of the condition number of the diffusion
coefficient in the region of the overlap and the estimate C' (1 + %) The core
of the method is the particular construction of the coarse subspace based
on the aggregation in subdomains [1], [5]. The aggregation is non-smooth
since the coarse subspace basis functions may be non-smooth. The number
of degrees of freedom in the coarse subspace is far greater than the number
of subdomains: the subspace incorporates fine mesh basis functions which
are nontrivial in the overlap region. On the one hand, it makes the coarse
subspace (aggregated) problem harder to solve. On the other hand, it allows
us to eliminate the dependence of the coefficient. The approximate solution

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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with the aggregated matrix is performed by a few BSOR sweeps which are
rather efficient, since the aggregated matrix is not very stiff. Moreover, the
iterative solution is easily parallelized. A practical feature of the proposed
method is a simplicity of its implementation on unstructured meshes, both
sequential and parallel [7]. Another peculiarity of the preconditioner is its
hybrid form [8], [12], where the additive structure on the level of subdomains
(for the sake of parallelism) is followed by the coarse subspace multiplicative
correction (for the sake of better convergence).

The contents of the paper is as follows. A description of the model problem
and assumptions on the domain decomposition in Section 2 are followed by
a presentation of the method in Section 3. Numerical experiments illustrate
the basic features of the method in Section 4.

2 Finite element problem

Let a polyhedral domain Q C R3, with a Lipschitz boundary 92 be decom-
posed into m overlapping regular shaped subdomains €2;, with an overlap
width § and diameter H, i.e., Q@ = [J;~, ;. Each subdomain is partitioned
into the interior part €; ot and the overlapping part ; ov::

Qor =% (UY), 2umN(U) =0
i#j i#j

We denote by J(i), i = 1,...,m, the set of indices of 2; such that Q;NQ; # 0.

Let QF be a conformal simplicial regular triangulation of Q;, i =1,...,m.
We assume that in ; oy, the mesh O matches with Q?, j € J(i). Therefore,
Ui, QP defines a conformal triangulation Q" of . Furthermore, we assume
that all the nodes of Qﬁovr belong to 0€); ovr. This implies that we shall
use an overlapping domain decomposition with the minimal (one element)
intersection of subdomains (see Fig. 1). We denote by V" the space of P,
conforming finite elements on triangulation Q" with zero trace on 9€.

Let the bilinear form a and the functional [ are given by

a(-,-): HY(Q) x HY(Q) — R,
a(v,w) = Z ai(v, w),
i=0

ag(v,w) := /Q\U’” . pVov - Vwdz,

a;(v,w) := / pVu - Vwdz,
Qi int
I(): HY@) — R,
l(v) == d Q
©)i= [ ode, 1€ La@)
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where p(x) > 0 and p(x) is a piece-wise constant function defined on Q".
The finite element problem: find w € V" such that

a(w,v) =1(v), veVh (1)
is reduced to the linear system
Au=f (2)

with a sparse symmetric positive definite matrix A € R"*™. The solution
entries are assumed to be associated with the mesh nodes.

3 Two-stage preconditioner

The preconditioner is based on a two-stage DD-method proposed in [7], [15].
At the first stage, the conventional additive Schwarz preconditioner is applied.
We partition the entries of a vector u into m disjoint subsets associated with
the meshes Qﬁim, i=1,...,m. The matrix A admits a block representation
associated with the above partitioning:

Apn ... A
A= : . :
Aml (R Amm

The diagonal blocks A;; € R™*™i 4 = 1,...,m, correspond to boundary
value problems in the subdomains with the Dirichlet boundary conditions on

interior boundaries.
Let B;; = B > 0 be a preconditioner for A;;, i = 1,...,m:

al(B;ilu, u) < (Aju,u) < a2(Bi;1u,u), (3)
with positive constants a1, as. Define a block diagonal matrix

B11
By = . (4)
Bmm

The matrix Bj is the additive Schwarz preconditioner for A with the minimal
overlap of subdomains. It is a very simple preconditioner for A and can
be easily parallelized. However, its efficiency is affected by the number of
subdomains m, the width of the overlap § and the diffusion coefficient p.
Both numerical evidence and theoretical considerations [4], [12] show that
cond(ByA) ~ 1/§, cond(B1A) ~ 1/H?, cond(B1A) ~ max, p(z)/ min, p(z).
In order to decrease the effect of the overlap and eliminate the dependence
on the number of subdomains and variations of p(z), we apply a correction
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step. The resulting two-stage preconditioner B is implicitly described by its
action on a vector u € R™. Setting v = Bu, we have

w = Biu, v=w+ Bz(u— Aw), (5)

where Bs is a preconditioner described below. Formally, B may be presented
as follows:
B = B;+ Bx(I — ABy). (6)

Clearly, it is the non-symmetric matrix even when A = A' and B; = B,
i = 1,2. Therefore, for symmetric positive definite matrices the precondi-
tioned conjugate gradient (PCG) method with preconditioner (6) may not
be directly applied. However, if the initial vector ug in the PCG method is
corrected as follows:

ug = ug + Ba2(f — Auo),

the method will converge provided By has a general form (9) with B =
A1, The reason is that the evaluation of the preconditioner B on the PCG
residuals is equivalent to a symmetric three-stage algorithm (see, for example,

8], [9]):
U= Byu, w=Bij(u— Av), v=w+ Ba(u— Aw), (7)
whose operator form is
By, = By(I — ABy) + Bo(I — ABy (I — AB)). (8)

We choose the preconditioner By as follows. Let the number of nontrivial
rows in the matrix 4; = [Ai1,... , Aii—1, Aiit1s .-, Aim] (without the di-
agonal block) be 71;. We define o = Y ;" 7; + m and assume that rows of
the matrix A are ordered in such a way that in each matrix A; the nontrivial
rows go first. Then the local aggregation matriz Ty; € R™*(%+1) is given by

_ I 0 o t n;—mn;
O P

where I; is the identity matrix. We define the global block diagonal aggrega-
tion matrix T by
T

T =
Tmm

and the aggregated stiffness matrix A by

A=T'AT, AecR™",
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Figure 1. Mesh associated with the additive Schwarz (left) and the
correction (right).

Let B be the conventional BSOR smoother [11], [16] for A. Then, the
preconditioner By is defined implicitly by

By =TBT". 9)

Note that B is a smoother in a subspace of aggregated vectors V = {ve
R": v = T%, 9 € R"}. We motivate its construction as follows. The draw-
back of the additive Schwarz preconditioner Bj is that it damps the error
locally in subdomains but it does not control the error propagation on the
global scale (dependence on H) and does not coordinate the error damp-
ing between neighboring subdomains (dependence on §). The approximate
BSOR inversion of the aggregated matrix A coordinates the mean subdo-
main values, matches the local errors in overlapping strips (see Fig. 1) and
eliminates the sensitivity of cond(B;A) to variations of p.

More precisely, if the diffusion coefficient p(x) is smooth out of the region of
the overlap: p1,; < p(z) < p2i, T € Q; ins, and both Band By, i=1,...,m,
precondition A and A;; with constants of equivalence ay, as, then for the
method (8) the estimate holds [14]:

[e%) P2,i H
<922 LA uil
cond(BjA) < 2a1 (1 +2C 1§%§1/(P1,i) 5 ) (10)

Here C is a generic positive constant. We notice that (10) holds true for a
diffusion coefficient which is strongly varying and even heterogeneous in the
region of the overlap U:’;l Qi ovr- The numerical evidence shows that the
requirement of the smoothness of p(x) in €; in¢ is not necessary.

Typically, a few sweeps of BSOR are enough for preconditioning A since
the matrix A is much less stiff than A. The number of iterations is not
sensitive to variations of the coefficient p(x). The techniques for searching the
optimal relaxation parameter have been developed since 70’s [6], [16]. Parallel
realizations of BSOR are discussed, for example, in [11]. The constituents
of the method make it very convenient for parallel implementation and for
applications on unstructured meshes [7].



98 Yu. V. Vassilevski
4 Numerical experiments

In the first part of this section we show that the presence of the smoother B
in (6) damps the sensitivity of the method to the number of subdomains. We
set the mesh to be a uniform tetrahedralization of a cubic grid in Q = (0,1)3,
h =26 consisting of Ny = 1572864 elements. The ideal case is studied:
By = A;', B = A~'. Along with the problem (1) with p(z) = f(z) = 1

(Case 1), we consider the problem (Case 2)

—Au+u = (14 37%) cosmry cosmry cosmrz in €, (11)
0
8_Z =0, on 0f.

Table 1. Two-stage DD method versus additive Schwarz, number
of PCG iterations for different decompositions.

Preconditioner B, B
decomposition \ problem | Casel | Case2 | Casel | Case 2
m=4x4x4 54 90 19 18
m=6x6x6 88 182 17 18
m=16x1x1 76 170 30 53

In Table 1 the number of PCG iterations required for the 10°-fold reduc-
tion of the initial residual is exhibited. Two methods are compared, the
additive Schwarz preconditioner By and the two-stage DD preconditioner B.
We remark that for shape regular domain decompositions the method (6) is
insensitive to the number of subdomains, whereas for irregular decomposi-
tions the smoother application damps the dependence.

The next example is the parallel solution of the diffusion equation (1) in
the unit cube = (0,1)3. We study three choices for p(z). First, we take the
uniform isotropic case with p(x) = 1. Second, we consider the checkerboard-
like jumps in the diffusion coefficient:

1, $691UQQU93UQ4,
p(x) = .
1000, otherwise,

where ; = (0,0.5)3, Qy = (0.5,1)2x (0,0.5), 23 = (0.5,1) x (0,0.5) x (0.5, 1)
and Q4 = (0,0.5) x (0.5,1)2. Third, we consider the piecewise constant quasi-
random diffusion coefficient given by

1, sin(1000z;; + 300022 + 50002;3) > 0,

P(@)les = { 1000, otherwise,

where x; = (z;1, Ti2, 2;3) is the barycenter of the tetrahedron e;. We consider
a uniform tetrahedralization of the cubic grid with h = 275, Ny = 196608.
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In addition, we artificially split the mesh elements between processors either
by the plane x; = 0.5 (for m = 2), or by the planes 1 = 0.5 and x5 = 0.5
(for m = 4), or by the planes x; = 0.5, 23 = 0.5 and 23 = 0.5 (for m = 8).
Therefore, the corresponding subdomains in the Schwarz method overlap
along interfaces, where p(x) has jumps. The subdomain preconditioner is
chosen to be the algebraic multigrid method (one V-cycle of AMGIRS5 [13])
and B is the result of three BSOR iterations for the aggregated system. Ta-
ble 2 shows that the convergence rate of the PCG method does not depend
on the jumps in the diffusion coefficient and on the number of subdomains.
Moreover, in all cases, the solver exhibits the good parallel properties. The
time measurements have been performed on a Compaq TruCluster with pro-
cessors cadenced to 667 MH.

Table 2. Number of PCG iterations and root’s CPU time.

Case 1 Case 2 Case 3
m | #iter PCG | sec | #iter PCG | sec | #iter PCG | sec
2 14 1.22 12 1.02 13 1.13
4 14 0.58 12 0.58 14 0.62
8 14 0.38 13 0.35 13 0.33

Table 3. Number of PCG iterations and root’s CPU time for m = 4
on adaptive unstructured meshes.

Nr 9452 | 19802 | 28754 | 36810 | 52893 | 101344 | 164184
#iter PCG 8 | 11 | 12 | 13 | 14 17 20
sec 0.05| 0.10 | 0.12 | 0.15 | 0.22 | 0.53 | 0.88
Terda s 107 66 | 46 | 35 | 31 | 3.0 | 3.1 2.7

Finally, we consider the equation (1) in a domain with a reentrant corner,
Q = (0,1)3\[0,0.5]%, and a singular right hand side f(z) = m where
xo = (0.5,0.5,0.5). The solution possesses anisotropic edge singularities and
a strong singularity at the reentrant corner point. We consider a sequence of
adaptive unstructured meshes with local isotropic (towards the corner point)
and anisotropic (towards the reentrant edges) refinements, see Fig. 2.

For this example, four BSOR sweeps are used for the approximate inversion
of A and one V-cycle of the AMG method for the evaluation of B;;. In Table 3
the convergence rate and the arithmetical complexity of the PCG method is
shown for 4-processor runs.

‘We note that the number of iterations grows as the number of elements N
is increased. However, the dependence on N7 is moderate: 10-fold increase
in Nt only doubles the number of PCG iterations (#iter PCG). It is attribut-
able to the two-fold feature of the method (6). On the one hand, the smaller
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Figure 2. An example of the adaptive mesh in the domain with the
reentrant corner.

order of Bj;, the better cond(B;;Aii), i = 1,...,m, is. On the other hand,
for uniform meshes cond(BA) depends on the mesh size h reciprocally (10),
ie., #iter PCG ~ h~1/2. In our experiments, the meshes are not uniform
but a weak dependence of #iter PCG on Ny is observed as well. The arith-
metical complexity per iteration per element is decreased and saturated as
Nrp grows, resulting in a very good parallel scalability on the fine mesh. This
is due to reduction of relative weight of interprocessor communications for
large Nr.

In Table 4 we compare the convergence rate of the parallel solver for three
types of adaptive meshes with Ny ~ 10°%: (1) quasi-uniform meshes, (2)
roughly adapted (towards the corner point mostly), (3) well adapted to prob-
lem singularities (Fig. 2). The most important observation is that the number
of PCG iterations is almost insensitive to both the structure of the mesh and
the number of processors.

Table 4. Number of PCG iterations for Ny ~ 10°.

Mesh type \m | 2 | 4 | 6 | 8
1 1516 | 17 | 17
2 17119119 19
3 18 120 |20 |19

Conclusion

The iterative solution of the diffusion equation with highly varying diffu-
sion coefficients was addressed. Being unsymmetric, the proposed two-stage
preconditioner may be used in the PCG algorithm provided a proper initial
guess is chosen. The preconditioner is based on the overlapping Domain De-
composition framework. Its coarse subspace is associated with the space of
aggregated vectors. It has as many degrees of freedom in the region of the
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overlap as the original finite element space but only one degree of freedom for
the remaining parts of each subdomain. Numerical robustness of the condi-
tion number cond(BA) is shown with respect to the number of subdomains m
and variations of the diffusion coefficient p in the region of the overlap. The
weak dependence of the convergence rate on mesh unstructureness and irreg-
ularity is shown numerically. The method is easily parallelized and exploits
the nonzero structure of the stiffness matrix only. This gives the framework
for a parallel black-box solution algorithm.

Acknowledgement. The author is grateful to Professors M. Garbey and
D. Tromeur-Dervoux for fruitfull discussions, and to Dr. K. Lipnikov for the
assistance in performing numerical experiments.
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1 Introduction

Large linear systems are solved for modelling many scientific and engineer-
ing applications. Often these systems result from a discretization of model
equations using Finite Elements, Finite Volumes or Finite Differences. The
systems tend to become very large for three dimensional problems. Some
models involve both time and space as independent parameters and there-
fore it is necessary to solve such a linear system efficiently at all time-steps.

In this paper we only consider symmetric positive definite (SPD) matri-
ces. Presently, direct methods (such as an LU-decomposition) and iterative
methods are available to solve such a linear system. However, for large sparse
coefficient matrices fill-in causes a loss of efficiency (in computer memory and
number of floating point operations). For such a case iterative methods are
a better alternative. Furthermore, if a time integration is necessary, then the
solution of the preceding time-step can be used as a starting vector for the
algorithm to get the result on the next time-step. This too supports the use
of iterative methods.

Iterative methods such as Gauss-Seidel, Jacobi, SOR, and Chebyshev-
methods can be used, however, convergence is in general slow and it is often
very expensive to determine good estimates of parameters on which they
depend. To avoid these problems, the conjugate gradient method is used. We
deal with an application from transport in porous media where we encounter
extreme contrasts in the coefficients of the partial differential equation. The
large contrasts are caused by the layered domain where neighbouring layers
in Fig. 1 extreme contrasts in mobility. Here a preconditioning is necessary
and we use a standard incomplete Cholesky factorization as a preconditioner

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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Q high

92 low
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low

\/\/\
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Figure 1. An example of the geometry of the domain with high and low
permeability regions.

for the conjugate gradient method (ICCG) to improve convergence behavior.
Furthermore, deflation is applied to get rid of remaining extremely small
eigenvalues that delay convergence. Vuik et al. [17] proposed a scheme based
on physical deflation in which the deflation vectors are continuous and satisfy
the original partial differential equation on a subdomain. A different variant
involves the so-called algebraic deflation with discontinuous deflation vectors.
Here convergence is speeded up. This was also subject of [16]. In that paper a
comparison is given between physical deflation vectors and algebraic deflation
vectors. Two choices of algebraic deflation vectors are applied:

e algebraic deflation vectors restricted to high permeability layers,
e algebraic deflation vectors for each layer.

From numerical experiments it follows that the second choice gives faster
convergence. Furthermore, this option turned out to be more efficient for
many applications than the use of physical deflation vectors. Therefore, we
limit ourselves to the use of algebraic projection vectors for each layer.

For references related to the Deflated ICCG method we refer to the over-
view given in [17] and [16]. The DICCG method has already been success-
fully used for complicated magnetic field simulations [2]. A related method is
recently presented in [11]. In [4] deflation is used to accelerate block-IC pre-
conditioners combined with Krylov subspace methods in a parallel computing
environment.

The DICCG method is related to coarse grid correction, which is used in
domain decomposition methods [6], [11]. Therefore insight in a good choice
of the deflation vectors can probably be used to devise comparable strategies
for coarse grid correction approaches.

We assume that the domain €2 consists of a number of disjoint sets {1, j =
1,...,m, such that Q = U;n:1 Q;. The division in subdomains is motivated
by jumps in the coefficients and/or the data distribution used to parallelize
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the solver. For the construction of the deflation vectors it is important which
type of discretization is used: cell centered or vertex centered.

original domain

° ° ° ° ° ° ° °
° ° o ° ° o ° °
° ° ° ° ° ° ° °
° ° ° ° ° ° ° °
subdomain 1 subdomain 2

Figure 2. Domain decomposition for a cell centered discretization.

Cell centered

For this discretization the unknowns are located in the interior of the finite
volume. The domain decomposition is straightforward as can be seen in
Fig. 2. The algebraic deflation vectors z; are uniquely defined as:

( ) { 1, for (x17yz) S Qj,
Zi\Ti, Yi) =
iy 0, for (x;,y:) € Q\Q;.

Vertex centered

If a vertex centered discretization is used the unknowns are located at the
boundary of the finite volume or finite element. Two different ways for the
data distribution are known [12]:

e Element oriented decomposition: each finite element (volume) of the
mesh is contained in a unique subdomain. In this case interface nodes
occur.

e Vertex oriented decomposition: each node of the mesh is an element
of a unique subdomain. Now some finite elements are part of two or
more subdomains.

For Finite Elements only the last option is commonly used. Note that the
vertex oriented decomposition is not well suited to combine with a finite
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element method. Therefore, we restrict ourselves to the element oriented
decomposition, see Fig. 3. As a consequence of this the deflation vectors can
overlap at interfaces.

original domain

subdomain 1 subdomain 2
Figure 3. Domain decomposition for a vertex centered discretization.
The grey nides are the interface nodes.

In our previous work we always use non-overlapping deflation vectors.
In [17], [18] the interface vertices are only elements of the high permeability
subdomains, whereas in [4] no interface vertices occur due to a cell centered
discretization. The topic of this paper is: how to choose the value of the
deflation vectors at interface points in order to obtain an efficient, robust
and parallelizable black-box deflation method.

First we briefly present the mathematical model that we use to compare
the various deflation vectors. Subsequently we give the algorithm and de-
scribe different versions of deflation. This is followed by a description of the
numerical experiments.

2 The mathematical model

We denote the horizontal and vertically downward pointing coordinates by x
and y. Flow in porous media is often modelled by the following coupled
scaled problem:

g—f +V-(gS)=V-(D(S)VS),

Vq:()a (PO)

1
;qufogSey:O‘
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The above equations are supplemented with appropriate initial and boundary
conditions. In above equations S (-), ¢ (m/s) and p (Pa) are the unknown
saturation, discharge and pressure respectively. The unit vector in the y-
direction is represented by e, and the contstant of gravity is denoted by g.
The time is denoted by ¢ (s) and o is the (known) mobility. Porous media
mostly consist of several layers where the mobility varies between several or-
ders of magnitude. In this work we take o as a (piecewise) constant function.
For an overview of the equations that occur in modeling flow in porous media
we refer to the books of among others Bear [1] and Lake [9].

For the 2-dimensional case it is favourable [3], [13] to introduce the stream
function ) such that ¢ = V X 9. Since here V and q respectively work
and are given for the (x,y) plane only, it follows that 1 only has a non-
constant z-component, i.e. ¥ = (0,0,%). For more mathematical details on
the existence of such a stream function, we refer to the book of Temam [14].
Further, 0.(-) = 0 and hence after taking the curl over the third equation of
(Po) we are faced with

()

If one imposes no-flow conditions over the boundary of €2, then it follows that
Yv=0onT,

where I" represents the boundary of 2. This implies that the equations in
(Po) change into

as oY oY

bt st S =V-(D

= +< 5 8m> VS =V (D(S)VS),

1 as (P1)
v (5Ve) =95

for (z,y) € Q. We focus on the solution of the second equation of (Py) by

a Finite Element Method, and hence consider a variational formulation:

Find v € HE(Q) (¥|r = 0) such that

1 P
/W LSV dA :/gﬁv dA for all v € HL(Q). (P2)
Q g o Oy

In problem (P3) o is allowed to be piecewise continuous and hence, the so-
lution v is only piecewise smooth. This problem is solved by the use of
a standard Galerkin Finite Element Method, with ¢ = Z?zl Y (vilr = 0),
with piecewise linear element functions v;. In our examples we take a layered
domain with o

Omax = 107, (2,y) € Q2j41,

Omin — 1a (Cﬂ,y) S Q2ja

o) = {
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where we suppose that the closed domain € consists of the union of m closed
subdomains Q1, ... ,Q,, (see Fig. 1). In some applications, the high and low
mobility (o) respectively correspond to sand and shale layers. We will also
use this terminology to refer to the high and low permeability layers. From
the Galerkin discretization it follows inmediately that accross an interface
the coefficients in the discrete equation varies several orders of magnitude.

Discretization by the use of Galerkin’s method results into a matrix-vector
equation of type

Az =0,

where A € R"*" x € R™, and b € R", respectively, represent the discretiza-
tion (or stiffness) matrix, solution vector, and right-hand side vector. Using
a FEM approach the discretization matrix is sparse, symmetric and positive
definite (SPD). Furthermore, the discretization is chosen such that the in-
terfaces between consecutive layers coincide with gridpoints. For the case of
large jumps in the coefficient o the condition of the discretization-matrix is
very large. The remainder of the paper is devoted to the efficient solution of
the above matrix-vector equation when n is large.

3 Solution of the matrix equation

Since A is symmetric and positive definite, the conjugate gradient method
is a natural candidate to solve the matrix equation. After k iterations the
I - lla-norm (]| - [|4 := /(:, A.)) of the error is bounded from above by the
well-known result of Luenberger, which can also be found in [5]

VE—1
VE+1

where x denotes the condition number of the matrix A and z is the exact
solution of the system. Further, in the above expression, z, and z;,, respec-
tively, represent the initial estimate of the solution z and the result after k
conjugate gradient iterations. For the || - |[o-norm (]| - |2 := /(+,*) ), it can

be proven that
Vmin[ - ll2 < 11+ 4 < VAmax] - [l2- (2)

The above inequalities are combined with expression (1) to obtain

k
e - zella < 2(E5) llz - zolla, (1)

e - el < 2VR(E) e - ol )

This estimate is standard and can be found in the book of Golub and van
Loan [5]. It gives an upper bound for the error for the || - ||2-norm.

Vuik et al. [17] observe that the number of small eigenvalues (order 10~7)
of A is equal to the number of gridnodes in the low mobility layer (¢ = 10~7)
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plus the number of high permeability layers that have a low permeability layer
on top. The conjugate gradient method converges to the exact solution only
once all small eigenvalues have been ‘discovered’. The number of eigenvalues
is reduced by the use of a preconditioner (Incomplete Cholesky decomposition
or even a diagonal scaling). However, still a number of small eigenvalues
remain for the preconditioned matrix. These small eigenvalues persist due
to the fact that at each interface between low-and high permeability layers
a homogeneous Neumann condition is effectively adopted by the sand-layer.
This makes the blocks of the discretization matrix that correspond to the
sandwiched sandlayers almost singular. This observation is formulated in
terms of the following theorem, which is proven by Vuik et al. [17]:

Theorem 1. Let ¢ := 222 pe small enough, D = diag(A) and let r be

Omax
the number of layers with & of order one between low o layers. Then the
diagonally scaled matric D=Y2A D=2 has exactly r eigenvalues of order e.

We remark here that Theorem 1 is extended to an incomplete Cholesky
preconditioning, see Vuik et al [18]. The preconditioning aims at improv-
ing the condition of the matrix. However, for this case r small eigenvalues
persist. In experiments we use an incomplete Cholesky decomposition as
a preconditioner for the symmetric positive definite discretization matrix.

In the next section we consider the DICCG-method as proposed by Vuik et
al. [17] for the Laplace problem with extreme contrasts of the coefficients. The
aim is to get rid of the remaining very small eigenvalues of the preconditioned
matrix A = L~ TL1A, where L~TL~! ~ A~! is the IC-preconditioner.

3.1 Deflation

In this subsection we analyze the elimination of the small eigenvalues of A
by deflation. Therefore, we first prove that, if the deflation matrix is con-
structed by eigenvectors of A, then its corresponding eigenvalues are trans-
formed into zero for the product of the deflation matrix and the discretization
matrix A. Here we need properties like symmetry and that the deflation ma-
trix is a projection. These properties are proven first. Suppose that \; and z;,
1€ {1,...,n}, respectively represent eigenvalues and orthonormal eigenvec-
tors of the symmetric discretization matrix A € R"*" (such that z Z; = 4;;),
and define the matrix P € R"*" by

m
. > T
P.—I—E ZiZ; , m < n.
j=1

Then
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m m
PAZ=Az - ZETAZ =A% — MDY 57 % = Mk
j=1 j=1
Ve {m+1,...,n}.

Hence, we state the following result:

Theorem 2. Let P := I — Z:il 7z, where Z; and \; are respectively
orthogonal eigenvectors and eigenvalues of the matriz A. Then
1. PA, for j > m, and A have the same eigenvalues )\;, and the corre-
sponding eigenvalues of A given by A\; for 7 < m are all zero for the
matriz PA;
2. the matriz P is a projection.

Proof. The first statement is proven by the argument above Theorem 2.
To prove the second statement, we compute

m m m
- T - ST - T
:I—QE zzzl—|—<g z,zl>(2 zizl>
i=1 i=1 i=1
m
=7 — 7725 =P
i=1

The second last equality results from orthonormality of the eigenvectors.
Hence, the matrix P is a projection. [J

From Theorem 2 it follows that P and PA are singular. Now we introduce
the matrix P for a general choice of deflation vectors:

Definition 1. The deflation matrix P is defined by
P:=1 —AZ(z"Az) ' Z7.

We show that P can be written as P when the columns of Z are eigenvectors
of A.

Theorem 3. Let Z € R"*™: Z = (Z1,...,Zny) where Z; are the orthonor-
mal eigenvectors with eigenvectors \; of the matriz A and let P be defined as

in Definition 1. Then P = P. Moreover, P is a projection for all choices of
Z e R,
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Proof. f P=1 — A Z (ZTA Z)~*Z7, then

P=1I —A(Z,...,%n) DA (ZL . Em) :
=T ZT
m m
zlAzl Z’{A gm - er
=1 —(AZ,...,AZ) : : :
ZnA . ZTmA Zm ZTm
. Z
—1 = (i A ding (o) |
A A
_{1‘
Z'VYL

This proves the first statement. The second statement is proven by direct
multiplication:

P =1 —2AZ(ZTA 2) ' 2T 4+ AZ(ZTAZ) 2T Az(ZzT AZ)" ' ZT = P.

Hence P is a projection. [
Corollary 1. The matriz PA is symmetric positive semi-definite.

Proof. Since AT = A, the symmetry of PA is established by
(PA)Y' =(A —AZ(ZTAZ) ' ZTA)T = A —AZ(ZTAZ)'ZT A = PA.

Further, P is a projection and A is symmetric positive definite; hence from
Lemma 2.1 by Frank and Vuik [4] it follows that PA is positive semi-definite.
O

Furthermore, the matrix PA, where P := 1 — AZ(ZTAZ)~1Z7 is singu-
lar, since

PAZ =AZ —AZ(Z"AZ)'ZT"AZ =AZ —AZ =0.

This is also shown in Theorem 4.1 in Vuik et al [17]. Consider a matrix A
with eigenvalues {A1,... , A, A1, ..., A} and let Z = (Z1,... , Z;,,) where
AZ; = NiZi, i € {1,...,m} are eigenvectors of A that correspond to eigen-
values {\1,..., A\, }. Then with P, according to Definition 1, it follows that
PA has eigenvalues {0,...,0, Apg1, .-+ 5 Ant-
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Theorem 4. Let P € R™*™ be defined as in Definition 1 with Z = (Z1,...
Zm). Then the null-space of P is spanned by the independent set {A 21, ...,
A Zyn}, i.e. null(P) = Span{AZ1,... , A Zn}.

Proof. Since PAZ = 0, it follows that AZ; € null P and hence dim null P >
m. If V := Span{Z},...,Zy}, then from the Direct Sum Theorem (see for
instance [8]) it follows R” =V @ V1, where V+ = {ff € R": i L V}. Hence,
dim V+ =n — m. Suppose 7 € V*, then

Py=4—-AZ(ZTA 2)" 177§ =7.
Hence, dimcol P > n — m. Since dim null P + dim col P = n, this implies
dimnull P < m.

Consequently, using dimnull P > m, we have dimnull P = m. Since {4 7,
..., AZy} represents a linearly independent set of m vectors in null P and
dim null P = n, it follows from the Basis-Theorem (see for instance [10]) that

null P = Span{Azy,... ,AZ,}.

This proves the theorem. [J

The matrix P is referred to as the deflation matrix. The vectors 27, ... , Zin
are referred to as the projection vectors and they are chosen such that their
span approaches the span of the small eigenvectors of A. The advantage of
working with the matrix PA rather than with A is that the smaller eigen-
values of A are transferred to zero eigenvalues of PA which do not influence
the convergence of the CG-method.

3.2 Deflated incomplete Cholesky preconditioned
conjugate gradients

The elimination of the small eigenvalues of A takes place by using the pro-
jection matrix P. We then solve

PA & = Pb, (4)

with the ICCG-method, where PA is singular. The solution of the above
equation is not unique. We obtain the solution of the matrix-equation AZ = b
by

i= (1 - PHi+ PTz. (5)

Note that # is the solution of equation (4). In this paragraph we first es-
tablish uniqueness of the above PTf, given any 7 that satisfies equation (4).
Therefore, we first need to establish that for the projected solution we have
PT# = PTF and that hence PTZ is unique. Equation (4) is written as



Deflation in preconditioned conjugate gradient methods 113

P(A & —b) =0, where AZ — b € null P. Since PA Z =0, the vectors AZ
are in the null-space of P, i.e. AZ; € null P. Since, we know from Theorem 4
that null P = Span{Azi,...,A Z,}, the vectors in the null-space of P can
be written as linear combinations @ = 2111 ;A Z;. Therefore, it can be

seen that one can write for the vector :

=ATNN+ AT B = AT+ Y i (6)

i=1

IS

Since A is not singular, the first term in the right-hand side is uniquely
determined. We investigate the result obtained from multiplication of the
second term in the right-hand side with the matrix P”. For convenience we
look at the product PTZ:

P'Z =(1 —Z (Z"A2)"Z"A)z =2 - Z (ZTAZ)'ZTAZ =0.

Hence, this product is zero and the second term of the right-hand side of
equation (6) vanishes after multiplication with P7, since Z = (Z1,... , Zm).
Hence, the vector PT# is unique and we have

P77 = pTA s = P71
For the first term of the right-hand side of equation (5) we note that
(I —PNY&=2(ZTAZ)" ' ZA% = Z2(ZT AZ) " Zb.

Hence, this term is also uniquely determined and since the dimension of the
matrix ZT AZ is small, the computation of this term is relatively cheap. This
is summarized in the next theorem:

Theorem 5. Let P be defined as in Definition 1 and T as in equation (4).
Then

1. PT% is unique and PT7 = PT%
)

2. the unique solution of AT = b can be written by
T=27(ZTAz)" 2T+ PT,
where T is a solution of equation (4).
We further note that (I — PT)Z = Z(ZTAZ) ' ZT AZ = Z. Hence,
(I —PTY)(z1,... . 20) = (Z1,... . Zm).
From this it follows that Span{Zi,...,Z,} =1 V C R is in the eigenspace

of eigenvalue A\ = 1 of the matrix (I — PT).
For completeness, we present the algorithm of the deflated ICCG.
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Algorithm 1 (DICCG [17)):

k=0, 7= Pro, pr = 20 = L~TL™'7
while |[|7x||2 > ¢

k=k +1
=T
o Tp—17k—1
k= S
prPA P
T = T—1 + apk
T =Tr—1 — i PA D
Zr = L_TL_lfk
=T
Tk Zk
Bk = =
Tk—1 #k—1
Drk—1 = Zk + Brbk
end while

The conjugate gradient method is reported to converge for symmetric pos-
itive definite matrices. However, Kaasschieter ([7], Section 2) notes that
eigenvalues of a symmetric positive semi-definite matrix that are zero do not
contribute to the convergence of the CG-method. Furthermore, he concludes
that the singular system can be solved by conjugate gradients as long as sys-
tem (4) is consistent (Pb € Col(PA)). Van der Sluis and van der Vorst [15]
note that the convergence may be much faster than bounds (1) and (3) pre-
dict when eigenvectors are clustered.

3.3 Choice of deflation vectors

We apply several choices for the deflation vectors to solve the following prob-

lem:
-V (k v¢) = 07 (%y) € Qa

=1 r
¢ ) (37, y) € D, (PB)
oy
— =0, , I'y.
on (@y) €Ty
The domain € is divided into subdomains Q; such that Q = [J*, Q; and
N C {1,...,m} denotes the set of indices that correspond to subdomains

with high permeability, i.e.,

kmax - 17 (xvy) € ij j S N?
kmin:57 (l‘,y)EQj, 36{177m}\N

ko) = {

Further, we assume that if §; N ﬁj # () then the value of k in Q; is not
equal to the value of k in ;. We take e = 10~7. For each subdomain €; we
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introduce a deflation vector z; as follows:

0 for (z,y) € Q\ Q;,
zj(z,y) =4 €1[0,1]  for (z,y) € O \ (U (T NQY)),
1 for (z,y) € Q;.

Note that in the finite element formulation the Dirichlet boundary points do
not participate in the solution of the matrix-vector equation. An example of
the geometry is shown in Fig. 1. We investigate the following choices where
Z; is varied for (z,y) € Q; \ (Q; U (Tx N8y)).

1. non overlapping projection vectors:

1 for (z,y) (
0 for (z,y) (

2. complete overlapping projection vectors:

), JEN,

€\
Gﬁj\ )v je{la"'vm}\Na

(z.9) { Q;ul

zi(z,y) =

oy Qurl
2z (®) =1 for Q; \ (Q;UT), je{l,...,m},

3. average overlapping projection vectors of the subdomains:

1 _
Z](f)zi for Q]\(Q] UF), jE{l,...,m},

4. weighted overlapping projection vectors of the subdomains:

kmax -_ )
—— for Q;\ (Q;UD), jeERN,
z(m y) _ kmax + kmin
! ’ B kmin — .
e h or AN UD), JEe{l o mEAR.

Note that weighted overlap is approximated by no overlapping when ki, <
kmax and by average overlapping whenever ki, = kpax. After some theoret-
ical results we investigate the four choices by numerical experiment for both
the case that kyin < kmax and kmin = kmax. Subsequently, we apply the
deflation principle to parallel computation.

We consider the case that constrasts are large, i.e. kmin < Kkmax, € = 1077,
We now show that the choice of average overlap is not suitable for this case
where cond(A) = O(i) In the next theorem we refer to areas with ki, and
kmax as low mobility and high mobility layers, respectively. Now we will show
that the average overlapping projection vectors do not approximate the span
of the eigenvectors that belong to eigenvalues that are of the order O(e).

Assumption 1. We assume that the finite element discretization is consis-
tent, which means that discretization error is zero for a constant function.
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We further assume that the off-diagonal entries of the discretization matriz A
are non-positive.

Let «,, denote the position of grid point m. A consequence of the above
assumption is

n
> ;=0 for @, cQ\Tp. (7)
j=1

Before we state the theorem we introduce the index set II; C {1,...,n} as

the set of indices of ¥; (which is the projection vector that corresponds to
subdomain €2;) that correspond to grid points, which are on the boundary
between two consecutive subdomains with k& = kpnax = 1 and & = kpin = <.
Further, we denote the neighbouring grid points of index set II; (located

Theorem 6. If the finite element discretization satisfies Assumption 1 and
if the discretization matriz is irreducible, then for D = diag(aii ...ann,) we
have

1. |D7YA @||c ~ 1 for all i, regardless the value of k in the subdomain,
for average overlapping delation vectors,

2. ||[D7YA 7|00 = O(g) for all i corresponding to the subdomains €2; N
I'p = 0 with k = kmax = 1, for the cases of non-overlapping, com-
pletely overlapping and weighted overlapping deflation vectors,

3. |D7YA ¥i|lee ~ 1 for all values of i that are not incorporated in
part 2, i.e., k= kmin =€ or Q;NTp # 0 and k = kmax = 1.

Proof. We start with ,, € Q;U(Q;NTy) and m € {1,...,n}\ (II; U II,),
where @, is not a neighbouring point of a Dirichlet point, then (v;), is equal
to its neighbours. From consistency of the discretization it follows

(A’UZ)mZO mE{l,,n}\(HZUfIZ),

regardless the value of k in the subdomain i. For m € II; we split its
neighbours into the sets J and J | respectively denoting the neighbouring
gridnodes in the high and low permeability layers. Further, we introduce the
set J! representing the set of indices corresponding to neighbours of point m
with index in IT;. We proceed with m € II;, then for the discretization matrix
we have

amj ~1 forje JH,
amj = O(e) for j e Jk.

Multiplication of A with vector v; gives for component m

(Av)m =D mj(0i); = Qmm@)m + D am;(vi);.

j=1 jeJEUIHUIL,
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Since apm = —Z?:Lj#m am; ~ 1 and (v;)y, = (v;); for j € JI when the
subdomains are layered, the above relation implies

(Avi)m = D> ami((v:); = (vi)m)- (8)

jeJLuJH

m m

Now, we estimate (Av;),, by the use of equation (8) for the three cases in
the theorem.
1. Consider average overlapping deflation vectors. Then

> ami((vi); — (Wi)m) = O(e).

jegL

m

Further, note that from irreducibility of the matrix A it follows that a,,; ~ 1
for at least one j € JH # (). Hence, we have

3" i (v); — Wim) ~ 1.

jeJk

Therefore, with Dy = amm ~ 1, it follows after using equation (8) that
|D7*A #|loo ~ 1, for all subdomains.

This proves part 1 of the theorem.
2. Consider 4 corresponding to subdomain Q;NI'p = @ with k& = kmayx = 1.
Then for m € II; we have for all cases of overlap

> ami((vi); — (i)m) = O(e),

jeJk
and

O(e) for weighted overlap,
5 (00— ()) = §

jeqm 0 for complete and no overlap.

Substitution of the above relations into equation (8) gives
(A’Ul)m = O(E)

Since D, ~ 1, it follows for non-overlapping, complete overlap and weighted
overlap that

(DflA vi)m = O(e) for subdomains where k = kpax = 1.
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For subdomains €; where Q; NT'p = 0 and k = kmax = 1, it follows, with
(Avi)m =0 for m € {1,... ,n} \ II;, that
ID7'A vi]|ee = O(e).
This proves part 2 of the theorem.

3. Now we consider Q; where k = kyax = 1 and with Q; NT'p # 0, then
for a certain grid point m that neighbours a Dirichlet grid point, we do not

satisfy equation (8), but
n
> ami~ 1,
j=1

since k = kmax = 1. This implies that

n
D am;(vi); ~ 1,
j=1

and hence
D7 A vi|loo ~ 1, for ©;NTp #0 and k = kpax = 1.

For m € II; we have for a subdomain, where k = ¢,

Z am;((vi); — (vi)m) = O(g) for no overlap and weigthed overlap.
Jj=1

Since amm = Dipm ~ € for m € II; when k = £, we obtain
|D7'A vi]|oo ~ 1, for no overlap or weighted overlap.

For m € II; we have for a subdomain, where k& = ¢,

Z am;((vi)j — (Vi)m) ~ 1 for complete overlap.
jeJH

m

For complete overlap, we also have D,,,,, ~ 1 for m € II; and hence, one
obtains
ID-1A vi|lcc ~ 1 for complete overlap,

whenever ¢ corresponds to a subdomain where k& = knin, = €. This proves the
theorem. [

An important conclusion here is that the average overlapping deflation vec-
tors with ¢ < 1 do not approximate the span of eigenvectors corresponding
to the small eigenvalues of D~ 'A. The above theorem is proven for diago-
nal scaling. We extend the result to an incomplete Cholesky decomposition
for algebraic projection vectors with weighted and complete overlap and no
overlap. A similar theorem is proven by Vuik et al [18] for physical deflation
vectors. This is formulated in the following theorem:
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Theorem 7. If the finite element discretization is consistent under Assump-
tion 1, then
|IL~TL™ A Gif|2 = O(e)

for non-overlapping, completely and weighted overlapping projection vectors.

Proof. The proof is based on Theorem 6.
IL-TL YA @|la = |IL"TL™ DDA Gill2 < Apax(L™TL7ID)||[D™1A @ |2.

Vuik et al [18] (Theorem 2.2) prove that A(L~TL~!D) is bounded also for
e — 0. Further, since ||D~*A%;||2 < /n|| D~ A% || s, We obtain

1L L7 A 6|2 < Amax(L™" LT D)v/nl| D™ A oo
Since we know from Theorem 6
D7 ATl < O(e)
for non-, completely and weighted overlapping projection vectors, we obtain
IL7TL7 A @il < Amax(L™TL7ID)/n O(e).

This proves the assertion. [

Note that the above theorem does not say anything for the case of incom-
plete Cholesky preconditioning and average overlapping projection vectors.
The result in Theorem 6 is expected to hold for average overlapping with
incomplete Cholesky preconditioning as well. This is also observed by nu-
merical experiments.

4 Numerical experiments

For the experiments we consider test-problem (P3) for a rectangular do-
main . It easily follows that the solution of this test-problem is ¢ = 1.
The problem is solved by the use of a Finite Element method. We have
done experiments with the different overlapping between subsequent subdo-
mains. The parameter k is allowed to have large jumps. To illustrate the
need for deflation, when k has large jumps, we start with the setting where
we have horizontal layers of alternating permeability where ¢ = 10~7. Here
we take seven layers and 3200 (80 x 40) elements per layer and show a con-
vergence result obtained from a Cholesky preconditioned conjugate gradient
method when no deflation is applied in Fig. 4. It can be seen in the graph of
the residual ||5 — AZy||2 that convergence is fast at the early stages. Subse-
quently, a non-monotonic behaviour is observed which is due to the presence
of three eigenvalues that are of the order of 10~7 in accordance to Theorem 1.
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These eigenvalues are due to the three sand layers that are sandwiched be-
tween low permeability shale layers. The convergence speed of the exact error
|Zx — Ziruell2, however, is slow at the early stages and hence the solution has
a poor quality then. Further for the sake of illustration, we plot the smallest
eigenvalue of the preconditioned discretization matrix as a function of the
iteration number. Only after ‘discovery’ of all the (small) eigenvalues con-
vergence sets in. We see that although the problem is small, convergence is
poor. To illustrate the increase of speed of convergence by the use of defla-
tion, we present the results from deflation for the same problem in Fig. 5.
Here physical deflation has been used, where only for each high permeability
layer, i.e. sand layer, that is surrounded by shale-layers a deflation vector is
used. From the results it can be seen that the smallest eigenvalue is of the
order of 0.01 and that convergence of the residual is monotonous. Further,
the exact error converges fast from the start. The computation has been
finished in about 99 iterations instead 290 iterations in Fig. 4. So it is clear
that deflation increases the convergence speed. Similar results can be found
in the paper of Vuik et al [17].

exact error x=x 1,

residual

107

/

1072 L L ! L ! L L
0 50 100 150 200 250 300 350 400

number of iterations

smallest eigenvalue

Figure 4. Convergence behavior of the incomplete Cholesky precon-
ditioned CG-method for 7 subdomains with large jumps of the coeffi-
cient k in (P3). The || - ||2-norm of the residual and error have been
presented. The number of elements is 3200 per layer.

4.1 Algebraic deflation vectors

We consider a comparison between deflation with algebraic projection vectors
without overlap and deflation with physical projection vectors when contrasts
in the permeability are very high ¢ = 10~7. The results have been plotted in
Figs. 5 and 6. From both figures it is clear that algebraic deflation without



Deflation in preconditioned conjugate gradient methods 121

> smallest eigenvalue

exact error Ihx=x_ Il
true |2

10° | / g

residual

. L
0 50 100 150
number of iterations

Figure 5. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient k& in (P3). The || - ||2-norm of the residual and error have
been presented. Here results obtained by the use of physical deflation
are shown. The number of elements is 3200 per layer.

exact error 9

hx=x 1,

smallest eigenvalue

™

residual

-10 L L L !

L L L L
0 10 20 30 40 50 60 70 80 90
number of iterations

Figure 6. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient k in (P3). The || - ||2-norm of the residual and error have
been presented. Here results obtained by the use of algebraic deflation
are shown. Algebraic deflation is here by no overlap for the projection
vectors. The number of elements is 3200 per layer.
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overlap, where for each layer there is a projection vector, requires fewer itera-
tions than physical deflation. In Table 1 we present the number of iterations
needed and computing time to obtain convergence for different number of
elements per subdomain.

Table 1. Computation time and speed of convergence for physical and
algebraic deflation vectors for several mesh-sizes.

Physical deflation | Algebraic deflation
Number of elements Time (s) Time (s) Nphys | Nalg
50 0.02 0.02 16 15
200 0.07 0.07 28 26
800 0.46 0.39 52 44
3200 3.49 2.92 99 84
12800 24.20 18.72 173 | 140
41200 171.18 129.61 298 | 255

smallest eigenvalue

error

X =% ol

residual

!
0 20

L L
40 60

L L !
80 100 120

number of iterations

140

Figure 7. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient k in (P3). The || - ||2-norm of the residual and error have
been presented. Here results obtained by the use of algebraic defla-
tion are shown. Algebraic deflation is here by complete overlap for the
projection vectors. The number of elements is 3200 per layer.

From Table 1 it follows that algebraic deflation vectors without overlap
gives a better convergence than physical deflation vectors, especially when
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the number of elements becomes large. Furthermore, the CPU-time is larger
for physical deflation vectors, which is due to solving the homogeneous partial
differential equation when the projection vector is determined. Note, how-
ever, that the number of projection vectors is larger for algebraic deflation.

From Fig. 5 and 6 it can also be seen that the smallest absolute value of
the non-zero eigenvalues is less small when algebraic deflation is used. This
is assumed to be the cause for the increase of speed of convergence when
algebraic projections vectors are used.

smallest eigenvalue

100k lr I, —

residual

14 L L L L

0 50 100 150 200 250 300
number of iterations

Figure 8. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient k in (P3). The ||-||2-norm of the residual and error have been
presented. Here results obtained by the use of algebraic deflation are
shown. Algebraic deflation is here by average overlap for the projection
vectors. The number of elements is 3200 per layer.

For the sake of illustration we show the evolution of the residual, smallest
eigenvalue and error during the conjugate gradient iterations for the various
implementations of deflation. In Fig. 7 we show the convergence for a system
of seven subdomains with 3200 triangular elements. Here the projection
vectors are chosen with complete overlap at the interface points. From Figs. 6
and 7 we see that the choice of complete overlapping projection vectors gives
a slower convergence than non overlapping projection vectors. Subsequently,
we show convergence with deflation vectors chosen with average overlap at
the interfaces in Fig. 10. It can be seen that the smallest eigenvalue for
average overlap is in the order of 10~8 by which convergence is deteriorated.
From Figs. 6, 7 and 8 it is concluded that no overlapping deflation vectors
give the best choice when contrasts are huge. Furthermore, average overlap
gives the worst convergence behaviour. This is further illustrated by Fig. 9,
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where the exact error is plotted for the different options of deflation during
the iterations. Computations with weighted overlapping projection vectors
give the same results as for no-overlap in the case of sharp contrasts in the
permeability, which follows from the definition of the several overlappings.

complete overlap

no deflation

—
) \ average overlap 3

no overlap

'

physical delfation

-6 | L
0 50 100 150
number of iterations

Figure 9. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains with large jumps of the
coefficient k in (P3). The ||-||2-norm of error is presented for the various
choices of deflation. The number of elements is 3200 per layer.

Similar computations, without sharp contrasts, ¢ = 1, are presented in
Fig. 10. This figure indicates that average overlap gives the best results,
although the differences are not as striking as for the case where there are
large contrasts. Note that weighted overlap and average overlap are equiv-
alent here. This difference is small due to the absence of extremely small
eigenvalues. Further, the computations with complete overlap gives the poor-
est convergence. From the figures and computations with weighted overlap,
whose results are omitted in this paper, it is concluded that weighted overlap
always gives a good convergence, since it mimics no overlap when constrasts
are high and average overlap when constrasts do not exist. This is an impor-
tant insight for future parallelization of the deflated preconditioned conjugate
gradient method. We further note that computations with weighted overlap
give the same results as for average overlapping for the case of no contrasts
of the permeability.

We conclude that weighted overlap is most robust and this will always give
the best choice for use in a ‘blackbox’ algorithm.
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Figure 10. Convergence behavior of the deflated incomplete Cholesky
preconditioned CG-method for 7 subdomains without large jumps of the
coefficient k in (P3). The || - ||2-norm of the error is presented for the
various choices of deflation. The number of elements is 3200 per layer.

4.2 Parallelization

The deflated preconditioned conjugate gradient method is very suitable for
parallelization. Parallelization is still a topic of research. The first results are
given here, which have been computed for a layered domain as in Fig. 1. In
the first series of numerical experiments, we show the convergence behaviour
when the number of subdomains is increased, using a constant number of grid
points, so the total number of gridnodes increases. Subsequently, we show
the convergence behaviour for the case that the number of blocks increases
such that the total number of gridnodes remains constant.

4.2.1 Increase of the size of the domain of computation

Here we consider a rectangular domain 2" that consists of the equisized
subdomains Q1,...,Q,, Q'=0,U...U Q. Q=0 UQ, 1. In this
section we take the permeability constant over the whole domain. Further
we use algebraic projection vectors with average overlap. We compare the

results from the following computation methods:

1. Sequential ICCG without deflation (SICCG);
2. Sequential ICCG with deflation (SDICCG);
3. Parallel ICCG without deflation (PICCG);
4. Parallel ICCG with deflation (PDICCG).

The number of iterations needed for convergence is plotted as a function
of the number of subdomains for all four approaches in Fig. 11. The number
of grid points per subdomain is 80 x 80. It is seen that the parallel ICCG
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Figure 11.

3
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number of blocks

The number of iterations as the number of subdomains

increases for the various methods of computation.

(PICCG) requires more iterations than the sequential ICCG (SICCG). This
is a common observation. For both cases the number of iterations needed
for convergence increases rapidly as the size of the domain of computation
increases. However, for both deflated methods the number of iterations is
lower than for the non-deflated methods. Further, as the number of subdo-
mains, i.e. the size of the domain of computation, increases the number of
needed iterations becomes independent of the number of subdomains.

no deflation seq.

== deflation seq.

no deflation par.

— deflation par.

Wall clock time

Figure 12. The wall-clock time as the number of subdomains increases

4
number of blocks

for the various methods of computation.
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As a further illustration we show the wall-clock time for the four different
approaches in Fig. 12. The wall-clock time is measured on a Beowulf cluster.
It can be seen from this figure that the wall-clock time is significantly smaller
for the deflated ICCG (SDICCG) for the sequential computation. So, for
sequential computations deflation is attractive to increase the speed of com-
putation. Further, parallelization gives a significant speed-up, but as the
number of subdomains increases, the wall-clock time continues to increase
when no deflation is used (PICCG). However, if deflation is used in the par-
allel computations, the wall-clock time decreases and even becomes almost
independent of the number of added subdomains. It is therefore concluded
in this section that deflation accellerates computation in both a sequential
and parallel computer environment, if the solution of an elliptic problem as
in (P3) is computed.

4.2.2 Increase of the number of deflation vectors in a given domain

Given a square domain, we increase the number of deflation vectors. Further,
we assume that the permeability is constant over the whole domain. We use
150 x 150 elements over the domain.

We present the results of the computations in Table 2 where we use the
methods SDICCG, DICCG and PDICCG (sequential with deflation, paral-
lel without deflation and parallel with deflation) for the cases of 3 and 6
blocks. The number of iterations for the convergence of the SICCG method
(sequential, without deflation) is 142 iterations.

Table 2. Number of iterations for a square domain
with 150 x 150 elements.

Number of blocks | SDICCG | PICCG | PDICCG
3 106 198 141
6 101 198 138

We remark that we used average overlap for the projection vectors in the
deflated method. From the above table it is seen that deflation gives a re-
duction of the number of required iterations for the sequential computations
(compare column 2 with the 142 iterations for the SICCG method). Fur-
ther, the number of iterations increases when a parallel method is applied.
However, deflation applied in a parallelized method reduces the number of
iterations again. Hence, deflation is again recommended to use in both se-
quential and parallelized computations.
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5 Conclusions

We investigated various choices of deflation vectors, which are used in the
Deflated ICCG method. It is found that the choice of the deflation vectors
at the interfaces plays a crucial role in the convergence rate. Summarized,
the following is concluded so far:

e As the domain is divided into more subdomains, the number of itera-
tions needed for convergence decreases. This effect has been observed
for ¢ = 1. Furthermore, this observation does not depend on the
choice of the values of the deflation vectors at the boundaries. Fur-
ther, deflation makes the parallel preconditioned conjugate gradient
method scalable: the wall-clock time becomes invariant with respect
to the number of blocks if the number of blocks is increased and the
number of gridnodes per block is constant.

e For the case of no contrasts of the permeability between subsequent
layers, it is observed that average overlap between subsequent defla-
tion vectors is superior to no overlapping. Here the use of complete
overlapping projection vectors is unsuitable. Whereas, for cases with
large contrasts of permeability the use of average overlapping projec-
tion vectors is not suitable. This is caused by the fact that the span
of the projection vectors approximates the span of the eigenvectors
that belong to the small eigenvectors badly.

e We introduce the method of ‘weighted overlap’, which mimics average
and no overlap for respectively the cases of no contrasts and very large
contrasts of the permeability. It is observed that this choice gives the
best convergence behavior for both the presence and absence of sharp
contrasts until now.
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1 Introduction

In this contribution, we are concerned with a general nonlinear programming
problem:

(NP): Find the minimum of function f(z) on the set given by constraints
cr(z) <0 and cg(x) =0, where f: R* — R, ¢;: R* — R™ and ¢g: R" —
R™E are twice continuously differentiable mappings (¢; < 0 is considered by
elements), I ={1,...,ms;},and E={m;+1,...,mr + mg}.

Necessary conditions (the KKT-conditions) for the solution of problem
(NP) (if gradients of active constraints are linearly independent) have the
following form

g($7 u) = 07
cr(z) <0, wuy >0, UCr(zx)e=0, (1.1)
ce(z) =0,

where

g(z,u) = Vf(r)+ Zuchi(x) + Zuchi(a:)

il i€E
=Vf(z)+ Ar(@)ur + Ap(x)ug

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
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and Aj(z) = [Ve(x): i € I], Ag(x) = [Ve(x): i € E]. Here uy € R™,
up € R™# are vectors of Lagrange multipliers, Uy = diag(u;: ¢ € I), Cr(x) =
diag(c;(z): i € I), and e is the vector with unit elements.

The second set of conditions in (1.1), the so-called complementarity condi-
tions, can be transformed to equations using the Fischer-Burmeister function

Y(a,b) = Va2 +b? — (a+),

which is zero if and only if ¢ > 0, b > 0 and ab = 0. Therefore, complemen-
tarity conditions are satisfied if and only if ¢ (u;, —c¢;(z)) = 0, € I, and (1.1)
can be replaced by the nonlinear system

g(x,u) =0,
¢1(U1,—CI(.’I})) =0, (1.2)
cg(z) =0,

where 7 (ur, —cr(z)) = [¥(ui, —ci(x)): i € I]T.

The Fischer-Burmeister function (a,b) is continuously differentiable at
a point where |a| + |b] # 0 and is semismooth if |a| + [b] = 0. Moreover,
the function 1% (a, b) is continuously differentiable everywhere [2]. Therefore,
(1.2) is a system of semismooth equations, which can be solved by the Newton
method [10], [2], [8]. The gradient and the Clarke subdifferential of the
Fischer-Burmeister function are given by formulas

a

S |
Vb = | VY L a4l 2o, (1.3)

Vair
0¢(0,0) = conv U {Z?ﬁz: ” . (1.4)

¢€[0,27]

Formula (1.4) implies that [—1, —1]7 € 9¢(0,0). Therefore, setting 7(a,b) =
va? + b2 for |a| + |b] # 0 and r(a,b) =1 for |a| + |b] = 0, we obtain

a

r@f)i € 9Y(a,b). (1.5)

r(a,b)

Linearizing system (1.2) by using (1.5), we obtain a step of the Newton
method

G Ajp Ag Ax g
(R; +C1R; AT —(R; —UnR;Y 0 Aup | =— ||, (1.6)
Ag 0 0 AUE Cg
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where

G =G(a,u) =V f(z) + ZUiVZCi(fE) + ZuiVQCi(x)a

el i€EE

Ar = Ar(z), Ap = Agp(z), Cr = Ci(z), Uy = Ur(z), R = diag(r(ui,
—ci(x)):i e 1), g = g(z,u), vr = Yr(ur,—cr(x)), and cg = cg(x). Note
that linear system (1.6) is not suitable for iterative solvers in general since it
is nonsymmetric and can have unsuitable diagonal elements. Therefore, an
equivalent system is constructed and solved as is shown in Section 2.

The algorithm of a nonsmooth equation method can be roughly described
in the following form. For given vectors z € R", u;y € R™, up € R™F we de-
termine direction vectors Az, Auy, Aug by solving linear system equivalent
to (1.6). Furthermore, we choose step-length « > 0 and set x := x + aAx,
uy = uy + aAuy, up := ug + cAug. Individual parts of the algorithm
require more detailed explanation.

The use of the Fischer-Burmeister function for solving dense medium-size
nonlinear programming problems is studied theoretically in [3] and [4]. Un-
fortunately, no computational experiments are presented. The aim of this
paper is an application of the nonsmooth equation approach to the solution
of large sparse problems and, especially, the use of the indefinitely precondi-
tioned conjugate gradient method in this case.

2 Direction determination

System (1.6) is nonsymmetric with the dimension n+mj +mg. This system
can be symmetrized by the multiplication of a diagonal matrix and reduced
by the elimination of inactive constraints. In the subsequent text, we use
the simplified notation ¢; = ¢;(z), r; = r(ui, —ci(x)), i = P(u;, —ci(x)) =
i — (ui — ¢i) 80 O /Ou; = (ui — 13) /1, O/ Dci = (¢i + 1) /i

Definition 1. Let 0 < g9 < 1/2. We say that the constraint with index
1 € I is active, if

—81/11/81% S 6081[11/801, (21)

which can be written in the form

ri —u; < eo(ri +¢i). (2.2)

Lemma 1. Let the constraint with index i € I be active. Then u; > 0 and
(4/5)eg < (ri + ¢i)/ri; < 2. Furthermore, there exist positive numbers €1 and
€2 such that the constraint with index i € I is active if u; > 0 and |¢;| < e1u;
and inactive if u; <0 or |¢;| > eau;.

Proof. (a) Obviously, 0 < (r; —w;)/r; < 2 and 0 < (r; + ¢;)/ri < 2.
Assume that u; < 0. Then (r; — u;)/r; > 1 which together with the previous
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inequalities implies (r; — u;)/(ri + ¢;) = ((ri — w;) /i) (ri/(rs + ¢i)) > 1/2,
which is in contradiction with (2.2), since g9 < 1/2. Using (1.5), we obtain

(1 — 8¢Z/8CZ)2 + (1 + 8’(/&/871»2 = 721 =1 (23)

so O, /0c; and —0;/Ju; lie on the unit circle centred at point [1,1]. If the
constraint with index i € I is active, then (2.2) implies that —d;/0u; lies
under the line defined by (2.1) (with equality), see Fig. 1.

Figure 1

Denote by (x1,y1) and (z2,y2) intersections of the circle (2.3) and the line
defined by (2.1) (with 21 < x2). Then y = g9z and

(1+ed)a® —2(1+eo)z+1=0.
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If the constraint with index i € I is active, then

% 2 1= M > éEO
Jc; 1+¢j 5
(we used the inequality g9 < 1/2).

(b) Obviously, y1 = gox1 > 0. Furthermore, (2.3) implies zo < 2, which
gives ya = goxa < 1. If —0;/0u; < y1, then (2.1) holds and the constraint
with index i € I is active and if —0t;/Ou; > yo, then (2.1) cannot hold and
the constraint with index ¢ € I is inactive. We have proved above that the
constraint with index ¢ € I is inactive when u; < 0. Assuming u; > 0, we
can write

Ot

(2.4)

(173 1
W -
Vu+ c? \/1+)\Z27

where \; = |¢;|/u;, ¢ € I. Since the function on the right-hand side of (2.4)
is increasing (with the value 0 for A; = 0 and the limit 1 for A\; — o0), there
exist positive numbers €1 and €9 such that —0v;/0u; < yq if |¢;|/u; < 1 and
—8’(/%/8’11,@ > Y2 if |Cz|/uz >e9. O

Theorem 1. Let the pair z* € R™ and uj € R™ solve (1.1) and the strict
complementarity conditions u} + |c;(z*)| > 0 for all i € I hold. Then there
exist neighbourhoods N' C R™ and M; C R™ of x* and uj such that the
constraint with index i € I is active when c;(x*) = 0 and inactive when u} =0
whenever x € N and uy € M;. Moreover, if x — z* and u;y — uj, then
(ri —u;)/(ri +¢;) — 0 for all active constraints and (r; —w;)/(r; + ¢;) — o0
for all inactive constraints.

Proof. Let w} > 0. Since ¢;(z*) = 0 and function ¢;(z) is continuous,
there exist neighbourhoods N; C R™ of z* and M; C R of u} such that
w; > uf/2if u; € M; and |¢;(2z)| < equf/2 if @ € N, so the constraint with
index 7 € I is active by Lemma 1. Let uf = 0. Since ¢;(2*) < 0 and the
function ¢;(z) is continuous, there exist neighbourhoods A; C R™ of z* and
M; C R of uf such that |¢;(z)| > |¢;(*)]/2 if & € N; and u; < |e;(x*)]/(2€2)
if u; € M; so the constraint with index ¢ € I is inactive by Lemma 1. If we
set N' = [),c; Ni and put M equal to the Cartesian product of M;, i € T,
then the constraint with index ¢ € I is active if ¢;(z*) = 0 and inactive if
uf = 0 whenever z € N and u; € M;. Moreover, if + — z* and u; — uj,
then u; — u} > 0 and ¢; — 0 for all active constraints, implying r; — u;} and
(ri —u;)/(ri +¢;) — 0. Similarly, u; — 0 and ¢; — ¢;(z*) < 0 for all inactive
constraints, implying r; — |¢;(z*)] and (r; —w;)/(r: + ¢;) — o0. O

Let us denote active quantities by u;, ¢, 75, z/;l and inactive quantities
by 4;, ¢, i, ;. Eliminating equations corresponding to inactive quantities
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from (1.6), we obtain

Aiy = M7 (R + Cr) ™' Rpyjr + AT Az, (2.5)
where M; = (R; + Cr)~Y(R; — U;) and
G A Ap| [ Az 9
AT —M; 0 Aty | == [ (R1+Cr) 'Rvy | (2.6)
AL 0 0 Aug ce

where M[ = (R[ + C’[)*l(R[ — 0]) and

G= G—&-A[Mfl/i?,

g=9+AM; (Rr + Cr) " Ry
Condition (2.2) guarantees that the matrices M . and M I3 1 are bounded.
Therefore, also G is bounded (if G and A are bounded). Moreover, Theorem 1
insures that M; — 0 if 2 — x*, ur — uj and the strict complementarity
conditions hold at the solution point. The property M; — 0 is very useful,
since system (2.6) can be efficiently preconditioned by the way described
in [5] if M; has small elements. The second set of equations of (2.6) was
obtained after multlplymg correspondmg set of equations of (1.6) by the
diagonal matrix (RI + C[) RI whose elements lie in the bounded interval
[1/2,5/(4e0)] by Lemma 1. If £9 has a reasonable value (usually £9 = 1/10),
then this scaling does not influence the final inexact solution of (2.6).

Vector Aty is determined by solving system (2.6) and vector Aty is com-

puted from (2.5). System (2.6), which is symmetric and indefinite of order
n—+mr+mg, can be solved either directly by using the sparse Bunch-Parlett
decomposition or iteratively by using preconditioned Krylov-subspace meth-

ods for symmetric indefinite systems. Motivated by [5] and [7], we will inves-
tigate the preconditioner

D A Ag
C=|AT -M; o0 |, (2.7)
AL 0 0

where D is a positive definite diagonal matrix derived from a diagonal of G.
Let us denote the matrix of system (2.6) by K. Then the following theorems
are proved in [9].

Theorem 2. Consider preconditioner (2.7) applied to system (2.6). Then
matric KC~' has at least My + 2mp unit eigenvalues but, if G — D is non-
singular (the usual case), then at most 1y + mpg linearly independent eigen-
vectors corresponding to these eigenvalues exist. The other eigenvalues of the
matrizr KC~1 are ezactly eigenvalues of matriz ZTG'ZE(ZTDZE)* , where
[ZE,AE] s a nonsmgular square matriz, Z A =0, Z Zr =1 and where
G=0a —I—AIM IA?, D=D+ AIM 1AT If ZTGZE is positive definite
then all eigenvalues are positive.
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Theorem 3. Consider preconditioner (2.7) applied to system (2.6) and as-
sume that G — D is nonsingular. Then Krylov subspace

K = span{r, KO~ 7, (KC™)*F,...},

where ¥ € RMT™ITME  has q dimension of at most min(n + 1,n —mpg + 2).

Theorem 4. Consider conjugate gradient method with preconditioner (2.7)
applied to system (2.6). Assume that initial estimation of the solution is
chosen in such a way that hr =0 and hgy = 0 at the start of the algorithm
(ha, iu and hg are parts of the residual vector). Let matric ZgéZE be
positive definite. Then:

(a) Vector A*z (the first part of the solution) is found after n — mpg itera-

tions at most.
(b) The algorithm cannot break down before A*x is found.
(¢c) Error ||Ax — A*x|| converges to zero at least R-linearly with quotient

VE—1
VE+ 1

where r is the spectral condition number of matriz Z5GZp(ZEDZg) ™ .
(d) If Az = A*z, then also Aty = A*iy and A*ug can be determined by
the formula

Aup = Aug + (AED Y AR) tALD h,.

Theorem 2 shows that the efficiency of a Krylov-subspace method pre-
conditioned by (2.7) does not depend strongly on the choice of active and
inactive variables (matrix G is the same for every splitting). Nevertheless,
the splitting significantly influences the resulting solution since the equations
corresponding to inactive variables are solved precisely and only active vari-
ables are obtained by the inexact iterative process.

Although the Fischer-Burmeister function has good theoretical proper-
ties, we finally used the modified Fischer-Burmeister function in our algo-
rithm, since it was more efficient in computational experiments. The mod-
ified Fischer-Burmeister function ¢°(a,b) = va? + b2+ 2 — (a + b), where
€ is a sufficiently small positive number, is differentiable everywhere and
r = +va? + b? + &2 is continuous at the origin. The following theorem char-
acterizes inaccuracy, which appears in the complementarity conditions if the
modified Fischer-Burmeister function is used.

Theorem 5. Let ¢°(a,b) =0 and |a|] < |b|. Then

la] < 2|8 ++/[e2 —62|/2,

1
lallb] < 5 (e + 3]6]) max(le — o], [a] + [b]).
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Proof. Let ¢°(a,b) = 6. Then

Vvaz+b2+e2—a—-b=94

SO
A+ +e?=(a+b+6)? =a®+b>+ 6%+ 2ab+ 2(a +b)d

or
2lallb] < le* 6| + 2(|al + [b])[d]. (2.8)

This implies

g2 — 62 la g2 - §?

so |a| lies between roots of the quadratic equation 2|a|? —4|a||d| —|e2 —6%| = 0
which have opposite signs. Therefore,

1
laf < 18] + 5 /457 + 27 = 37|
1
< 18] + 5 (218] + V2 = 7)) = 208 + V[ = &2

Using (2.8) again, we obtain
2|alp] < |e —6|(le| + [0]) + 2(lal + |b])]d].

Substituting max(|e — d], |a| + |b]) for both |e — | and |a|+ |b|, we obtain the
second assertion of the theorem. [

There are two important cases. First, if ¢)°(a,b) = 0, then § = 0 and,
therefore, |a| < £/v/2, |a||b| < (¢/2) max(e, |a| + |b]). On the other hand, if
|0] = € then |a| < 2e, |a]|b] < 2¢(]al + |b]).

The use of the modified Fischer-Burmeister function is advantageous, since
the case when |a| + |b| = 0 is not exceptional. Moreover, the use of the basic
Fischer-Burmeister function can lead to difficulties caused by computations
in the finite precision arithmetic. We have tested both these possibilities
and obtained better results with the modified Fischer-Burmeister function.
Note that all equations used in this section hold for the modified Fischer-

Burmeister function if we set r; = \/c? + u? + £2.
3 Step-length selection
Step-length o > 0 can be determined in many ways. Basic requirement for

the selection of step-length is the satisfying of a suitable goal criterion. This
criterion is usually a merit function which is a combination of the objective
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function and a measure of constraint violation. Motivated by [5] and [7], we
use the following merit function

P(a) = f(z + aAzx) + (ur + Aup) P er(z + aAx)
+ (up + AuE)TcE(x + aAx)
o 2 (31)
+ §||1/J1(u1 + aAur, —cr(z + aAx))||

g
+ 5lles(z + adn)|?,

where ¢ > 0, which is a generalization of the merit function introduced in [5].
The following theorem holds.

Theorem 6. Let Az, Au;, Aug be obtained by an inexact solution of (2.6)
such that

G A Ap Az A g ha
AT =My 0 | | Adr |+ | (Rr+Cr) 'Rpr | = | hr |,
Ag 0 0 Aug CE hg

where hg, fLI, hg are parts of the residual vector and let Auy is given by
(2.5). Then

P'(0) = — (A2)"GAz — o(|[vr]* + [lexl*)

PR NN 3.2
+ (Az) ' hy + o(PT (Rr + Cr)R; P hr + chhi). 3.2)
If
(Ar)TGAx
o> —— 3.3
Tl + ewT? 3.3)

and if (2.6) is solved with a sufficient precision, namely, if

(A2)"hy +0 (7 (Rr+Cr) Ry hy +cphp) < (Ax)TGAz+o(|[vr|* + [lex®),
(3.4)
then P'(0) < 0.

Proof. Differentiating (3.1) by «, we find that
P'(0) = (Ax)T(Vf + Ar(ur + Aup) + Ap(up + Aug))
+ o] (Rr + Cr)Ry ' AT Ax — (R — Ur) Ry ' Auy) (3.5)
+och ALAz.
Using (2.5) and (2.6), we obtain equalities
(Ax)T(Vf + Ar(ur + Aug) + Ag(up + Aug))
= — (A2)TGAz + (Az) T hy,
U1 ((Rr + Cr)Ry A7 Az — (Ry — Ur)Ry ' Auy)
= —l9rl® +4F (B + Cr) Ry hy,

chgA:v = — ||cE||2 + cghE,
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which after substituting into (3.5) give (3.2). If (3.3) holds, then the right-
hand side of (3.4) is positive so if (2.6) is solved with a sufficient precision,
then (3.4) holds and P’(0) < 0 by (3.2). O

Condition (3.3) restricts the choice of parameter o weakly. If the ma-
trix G is positive semidefinite, any value ¢ > 0 satisfies this condition. In-
equality (3.4) gives one possibility for the computation of parameter o, which
implies the inequality P’(0) < 0. But it is usually more efficient for practical
computation to choose parameter o as a constant and replace the matrix G
by a positive definite diagonal matrix if condition P’(0) < 0 does not hold.

To improve local convergence properties of the method, we can use another
merit function

1
Q) = 5llg(z + alz,ur + alur,up + aAug)|? (3.6)
1
+ 51 (ur + alug, —er(z + aAzx))|?
1
+ EHCE(JI-I—QAJJ)”Z

This function is a natural criterion for nonlinear equation solvers. Since the
square of the Fischer-Burmeister function is continuously differentiable, the
same property has the function Q(«). The following theorem characterizes
properties of this function.

Theorem 7. Let the assumptions of Theorem 6 be satisfied. Then
Q'(0) = ~llgl* = lrl* = lleal® + 9" ha + &F (Rr + Cr) Ry hr + cphi. (3.7)
If (2.6) is solved with a sufficient precision, namely if
9 he + 97 (Rr + Cr)R; Yhr + cphe < gl + [0r])? + lleel?, (3.8)
then Q'(0) < 0.
Proof. Differentiating (3.6) by «, we obtain

Q'(0) = ¢" (GAz + ArAus + ApAup) (3.9)
+ T ((Rr + Cr)R; P AT Ax — (Rr — Ur) Ry Aug) + ch AL Az,

Using (2.5) and (2.6), we obtain equalities
g (GAx + ArAus + ApAug) = —g7 g+ 9" ha,
o1 (Rr + Cr)Ry M Af Az — (R — Up) Ry Auy)
= —[lv1]1* + 47 (Rr + Cr) Ry b,

cpARAT = —|lcpl* + cphp,
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which after substituting into (3.9) give (3.7). The right-hand side of (3.8)
is always positive so if (2.6) is solved with a sufficient precision, then (3.8)
holds and Q'(0) < 0 by (3.7). O

Both functions P(«) and Q(«) have some advantages and disadvantages.
Function P(«) is more closely related to the optimization problem. Using
restarts, this function decreases the probability to find the saddle point of the
objective function on the feasible set. Unfortunately, function P(«) is not suf-
ficient to prove the global convergence. On the other hand, function Q(«) can
be used in the globally and superlinearly convergent Newton method [2], [8].
Unfortunately, this method converges to a KKT point satisfying (1.1), which
may not be the required minimum if the second order sufficient conditions do
not hold. We have implemented and tested four different strategies for step-
length selection. All of these strategies use function P’(0) for restarts. Using
a sufficiently small value of o, we compute P’(0) and if P’'(0) > 0, then
we replace matrix G by some positive definite diagonal matrix and repeat
the direction determination. In the first strategy, using the Armijo proce-
dure with initial estimate o = min(1, A/||Az||), we accept the first value for
which P(«) < P(0) (since function @(«) is not used, the first derivatives
need not be computed during the step-length selection). In the second strat-
egy, the value « is accepted if at least one of the conditions P(«) < P(0) and
Q(a) < Q(0) is satisfied. In the third strategy, the condition P(a) < P(0) is
used after restart and the condition Q(a) < Q(0) is used otherwise. In the
fourth strategy no condition for step-length selection is used, i.e., the initial
estimate o = min(1, A/||Az||) is always accepted.

4 Description of the algorithm
The above considerations can be summarized in the algorithmic form.
Algorithm 1.

Data: Parameter for the active constraint definition 9. Minimum precision
for the direction determination 0 < @ < 1. Line-search parameter
0 < B < 1. Step bound A > 0.

Input: Sparsity pattern of matrices V2F and A. Initial choice of the vec-
tor x.

Step 1: Initiation. Choose o > 0 (e.g. 0 = 1). Fori € TU E set u; := 0.
Compute the value f(z) and vectors cr(z), cg(x). Set k:=0.

Step 2: Termination. Compute the matrix A := A(xz) and vector g :=
g(x,u). If conditions (1.1) are satisfied with a sufficient precision,
then terminate the computation. Otherwise set k := k + 1.

Step 3: Approzimation of the Hessian matriz. Compute approximation G
of the Hessian matrix G(z, ) by using the differences of gradient
g(z,u) as in [1].
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Step 4: Direction determination. Split constraints into active and inactive
and build linear system (2.6). Determine positive definite diagonal
matrix D as an approximation of the diagonal of G and determine
a representation of preconditioner (2.7) (Bunch-Parlett decomposi-
tion or Schur complement based representation, see [7]). Writing
system (2.6) in the form Kd = b, set w = min(||b||,1/k,@) and de-
termine direction vectors Az, Ai; and Aug as an inexact solution
of (2.6) (with the precision ||[Kd—b|| < w||b||) by the preconditioned
Krylov-subspace method. Compute vector Au; by (2.5). Compute
the directional derivative P’(0) of the merit function P(«) by (3.5).

Step 5: Restart. If P'(0) > 0, determine a positive definite diagonal matrix D
by the procedure given in [7], set G = D and go to Step 4.

Step 6: Step-length selection. Find the minimum integer [ > 0 using one
of the following strategies. Strategy 1: P(3') < P(0). Strategy 2:
P(3Y) < P(0) or Q(B") < Q(0). Strategy 3: P(8') < P(0) after
restart and Q(ﬁl) < Q(0) otherwise. Strategy 4: [ =0, (i.e., a = 1).
Finally, set a = B,z = x4 alz, ur == ur + aAug, ug = up +
aAug, compute value f(x) and vectors ¢;(x) and cg(z) and go to
Step 2.

5 Numerical experiments

Algorithm 1 was tested by using five sets each containing 18 test problems.
These sets were obtained as a modification of test problems for equality
constrained minimization given in [6], which can be downloaded (together
with report [6]) from the page http://www.cs.cas.cz/ luksan/test.html.
In the first set, equalities ¢(x) = 0 are replaced by inequalities ¢(z) > 0. In
the second set, equalities c¢(xz) = 0 are replaced by inequalities c¢(z) < 0.
The third set was generated from the first set by adding box constraints
x > 0. The fourth set was generated from the second set by adding box
constraints z < 0. The fifth set contains inequalities —1 < x < 1 and
—1 < ¢(x) < 1. All problems used contain 1000 variables (vector x has
the dimension 1000). The results of the tests are listed in Table 1-Table 4,
where NIT is the total number of iterations, NFV is the total number of
function evaluations, NFG is the total number of gradient evaluations (NFG
is much greater than NIT, since second order derivatives are computed by
using gradient differences), NCG is the total number of CG iterations, NRS
is the total number of restarts and NFAIL gives the number of failures for a
given set (the number of problems which has not been solved).
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Table 1. Nonsmooth equation method — Strategy 1.

Set | NIT | NFV | NFG | NCG | NRS | TIME | NFAIL
1 | 1091 | 1444 | 10176 | 23958 | 89 | 21.78 —
2 723 | 1657 | 5142 | 17790 | 188 | 20.91 1
3 691 | 1216 5220 | 56643 91 | 22.12 —
4 341 931 2571 1483 72 7.99 2
5 580 | 897 | 4387 | 7196 | 137 | 12.59 —
Table 2. Nonsmooth equation method — Strategy 2.
Set NIT | NFV | NFG | NCG | NRS | TIME | NFAIL
1 1323 | 1691 | 13858 | 29288 | 182 | 30.84 —
2 764 | 1595 | 6996 | 18113 | 196 | 22.19 1
3 735 | 1249 | 6660 | 68421 90 | 25.92 —
4 399 | 1261 | 4217 | 1938 84 | 10.29 2
5 500 | 705 | 4445 | 6149 86 | 10.53 —
Table 3. Nonsmooth equation method — Strategy 3.
Set | NIT | NFV | NFG | NCG | NRS | TIME | NFAIL
1 | 863 | 3843 | 9408 | 61887 | 78 | 23.78 2
2 | 630 | 2957 | 6822 | 19748 | 121 | 15.63 3
3 | 613 | 2533 | 6842 | 38612 | 114 | 20.21 1
4 | 480 | 2137 | 5340 | 5182 92 | 13.70 3
5 | 526 | 2163 | 5605 | 4467 | 82 | 12.42 1
Table 4. Nonsmooth equation method — Strategy 4.
Set | NIT | NFV | NFG | NCG | NRS | TIME | NFAIL
1 | 1111 | 1112 | 10295 | 38876 | 111 | 23.96 —
2 | 1386 | 1386 | 9794 | 31914 | 306 | 49.71 —
3 | 1621 | 1622 | 16566 | 31784 | 175 | 37.28 1
4 709 | 791 | 5311 | 35419 | 232 | 36.10 3
5 | 1395 | 1396 | 10170 | 11515 | 292 | 29.13 1
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For a comparison, Table 5 and Table 6 contain results obtained by using
the interior-point method described in [9].
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Table 5. Interior-point method — Strategy 1.

Set | NIT | NFV | NFG | NCG | NRS | TIME | NFAIL
740 | 1059 | 5477 | 45935 98 | 27.24 —
736 | 1895 | 5321 | 58664 | 215 | 41.26 1
720 | 1378 | 5260 | 31350 82 | 28.33 -
378 | 538 | 2788 | 12666 20 | 19.50 3
570 | 723 | 4276 | 5876 55 | 14.48 —

T W N =

Table 6. Interior point method — Strategy 4.

Set | NIT | NFV | NFG | NCG | NRS | TIME | NFAIL
786 | 786 | 5691 | 25602 95 | 15.08 —
717 | 717 | 5092 | 20289 | 119 | 24.07 —
907 | 907 | 6816 | 25639 84 | 22.66 —
458 | 458 | 3405 | 20793 | 49 | 22.76 3
609 | 612 | 4292 | 4183 21 | 12.24 1

T o W N =

6 Conclusions

In this contribution, we describe an implementation of the nonsmooth equa-
tion method for solving large and sparse general nonlinear programming prob-
lems. Computational experiments show that this approach is very reasonable.
Nevertheless, KKT equations belong to the class of problems which are dif-
ficult for application of the Newton method (this observation is also known
from the equality constrained optimization, see [5]). For this reason, the use
of natural merit function @Q(«), which has the best theoretical properties [2],
is not efficient for practical computations, see Table 3. The simple merit
function P(«), which was chosen to give negative directional derivative for
a broad class of directions obtained as inexact solutions of system (2.6), has
better practical properties. Unfortunately, this function does not allow us
to prove the global convergence in general. Surprisingly good results were
obtained without using a merit function, see Table 4. However, parameters p
and A have to be chosen more carefully in this case. Another conclusion,
which follows from our computational experiments, is that the nonsmooth
equation method based on the Fischer-Burmeister function (with Strategy 1)
is competitive with the interior-point method described in [9], see Table 5.
The main advantage of the nonsmooth equation approach is that no slack
variables are used and the matrix M 1 is positive definite independently of the
signs of Lagrange multipliers. Therefore, a special strategy for step-length
selection ensuring positivity of slack variables and Lagrange multipliers need
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not be used. The nonsmooth equation method is relatively sensitive to the
choice of parameters p and A and the system (2.6) is frequently ill-conditioned
due to the linear dependence of gradients of the active constraints (the num-
ber of active constraints can be greater than the number of variables).

Acknowledgement. This work was supported by grant No. 201,/00/0080
of the Grant Agency od the Czech Republic.
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1 Introduction

Throughout the paper, we consider conforming planar triangulations of a
given polygon into triangles, i.e., the union of all triangles of any particular
triangulation is always equal to the polygon, and any two different triangles
in any particular triangulation may only have a common edge, or a common
vertex, or no common point (cf. [12]). In most of cases namely such conform-
ing triangulations are used in the finite element modelling and analysis.

A planar triangulation is called nonobtuse if all interior angles of all tri-
angles in the triangulation are less than or equal to 7. This condition was
first introduced in [4] and [16], where it was particularly used to get the
monotone stiffness matrix and prove the discrete maximum principle for the
piecewise linear finite element approximations to the 2D Poisson equation
with the Dirichlet boundary condition. Later this condition was generalized
and imposed on the interior angles between faces of tetrahedra in tetrahe-
dral triangulations, and it was again used to prove the discrete maximum
principle for the finite element solutions to one class of 3D nonlinear elliptic
problems for which the continuous maximum principle holds, see [13], and
also [14]. Nonobtuse triangulations are also employed to provide the validity
of the discrete maximum principle for the parabolic problems [6] and to de-
rive L*°-convergence of the finite element method for a linear problem with
trailing boundary conditions [5].

Note that in nonobtuse triangulations, all triangles satisfy the maximum
angle condition with the same constant, 7. This condition is very important
for the finite element analysis, since the optimal interpolation properties of
the finite elements are preserved [12, Chapter 4].

The construction of a conforming triangulation of a polygon into arbitrary
triangles is, obviously, simple; moreover, there are proofs of the existence of
nonobtuse conforming triangulations of arbitrary polygons [1], [7]. Thus,

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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a) red refinement b) yellow refinement

Figure 1

having a nonobtuse initial triangulation, and applying the standard red re-
finement [2] and/or the standard yellow refinement [9] (see Fig. 1) we can
easily build a family of globally refining triangulations where no obtuse an-
gles occur.

Nevertheless, in practice, the initial triangulation of the polygonal solution
domain is usually performed by some “black-box” grid generator, and it is
most probably that such an “unpredictably made” (initial) triangulation is
not a nonobtuse one. One way to change such an “undesirable” triangulation
into a nonobtuse one is to move locally several vertices in it in order to
get locally nonobtuse triangles. Another approach, presented in [11], is to
use special nonobtuse refinement techniques for small polygonal zones in the
initial triangulations around the obtuse triangles, where each such a zone is
made of the obtuse triangle and several nonobtuse triangles adjacent to it.
The nonobtuse refinement of such a zone shall only use the midpoints of the
edges bordering the zone and several points inside of it together with the
original vertices of the zone, therefore we can use the standard red and/or
yellow refinements for the other (nonobtuse) triangles outside of such zones.
It means that after one global (overall) refinement step, we obviously get a
nonobtuse conforming triangulation of the solution domain.

In this paper, we consider two types of such special zones with correspond-
ing refinement techniques. In Section 2, we describe the yellow-red refinement
of a quadrilateral made by an obtuse triangle and a nonobtuse triangle ad-
jacent to the obtuse one along its longest edge. In Section 3, we analyze
the case of a zone which is a union of an obtuse triangle and three adja-
cent to it nonobtuse triangles, and introduce the quasi-red and quasi-yellow
refinements. For both the cases, the conditions on when the corresponding
refinements can be used are given in terms of coordinates of the vertices
involved.

Remark 1.1. We note that the nonobtusity condition is only sufficient to
prove the discrete maximum principle: it is possible to observe its validity also
in situations when certain interior angles in triangulations are slightly obtuse.
This issue, leading to so-called weakened acute type conditions, is addressed
in [15] and [10], for the two and three-dimensional cases, respectively.



Nonstandard nonobtuse refinements of planar triangulations 151

Remark 1.2. Another known refinements of triangles are green [2], and
blue [8], they are used for local refinement procedures. For a comprehensive
survey of various topics in grid generation, we refer to monograph [3].

2 Yellow-red refinement

First, we give a simple criterion for a triangle to be nonobtuse, and introduce
the idea of the yellow-red refinement.

Let ABC denote a triangle with the vertices A = (x4,y4), B = (zB,yB),
and C = (z¢,yc) (see Fig. 2).

Lemma 2.1. The triangle ABC' is nonobtuse iff the following inequalities
hold

(xa — 225+ xc)* + (ya — 2y + yc)* = (e — va)* + (yo — ya)?,
(xc —2x4+25)% + (yo — 2ya +yB)? > (v5 — 2c)? + (Y5 — yo)?,
(xp —2xc +x4)° + (yg — 2yc +ya)? > (xa —28)* + (ya — yB)>.

Proof. For the proof see [11] (the geometrical interpretation of these rela-
tions is given in Fig. 2a). O

Figure 2

2.1 Yellow-red refinement of a nonobtuse triangle

The red refinement (cf. Fig. la) involves the midpoints of the sides of a
triangle: connecting them, we get four subtriangles similar to the original
one; the red refinement can be applied to any triangle.
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The idea of the yellow refinement essentially uses the assumption that
the center of the circumscribed circle of the triangle lies in the closure of it.
Using this center and the midpoints of sides of the given triangle, we get
a partition of it into four or six right subtriangles, depending on the value
of the maximum angle in the given triangle (cf. Fig. 1b). Thus, the yellow
refinement can only be applied to a nonobtuse triangle.

We shall now show that it is possible to “combine” both refinement tech-
niques inside of a (single) nonobtuse triangle. The idea of such a construction
is illustrated in Fig. 2b. Let K, L, M be the midpoints of the sides AC, BC,
AB, respectively, let the dashed line via point M be the mid-perpendicular to
side AB, let points X, Y, Z be the midpoints of AK, BL, K L, respectively
(these three points are also centers of three dotted circles having AK, BL,
and KL as their diameters). If we can take point S from trapezoid AKLB
(C ABC), lying on the mid-perpendicular via M, so that it lies outside of
all three (dotted) circles, then triangle ABC can, obviously, be partitioned
into six nonobtuse subtriangles - KLC, KSA, KLS, LSB, SM A, and SM B
(the last two are, moreover, right ones at the vertex M). We shall call such
a partition of the nonobtuse triangle ABC' as the yellow-red refinement.

Remark 2.2. In general, there exist many choices of the point S. Never-
theless, there can also occur a situation when the only possible choice of S
is to be at point M, it happens e.g. if ABC is the right triangle. In this
case, the yellow-red refinement coincides with the standard red refinement of
triangle ABC, and produces only four subtriangles.

2.2 Nonobtuse refinement of a zone
formed by two adjacent triangles

Let us consider two adjacent triangles, where (in denotations of Fig. 3a) the
triangle ADB is obtuse at D = (xp, yp) and the triangle ABC' is nonobtuse.
Let X = (zx,yx), Y = (zy,yy), and Z = (zz,yz) be the midpoints of AK,
BL, and K L, respectively.

Lemma 2.3. The coordinates of X, Y, and Z are given by the formulae

= 5 + ! = 5 + L ; (2 1)
rx = 496A 49607 Yyx = 4yA 4yC» .
3 1 3 1
_ 2 - = e 2.2
Ty 4$B + 4$c, Yy 4yB + 4yCa (2.2)
- 1 + 1 n 1 - 1 n 1 n 1 (2.3)
Tz = 2$C 4$A 4$B, Yz = 2yc 4yA 4yB- .

Further, let S = (xg,ys) be a center of the circumscribed circle of ADB,
which lies outside of ADB.
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Lemma 2.4. The coordinates of S are given by the formulae

(yB —yp)(@% +vi — =5 — yb)

rg = 2.4
Nwn = 20)um — o) — (@m —op)a— g0l O
(yp —ya) (@} +yi — 2} —yB)
2[(xa —2p)(yp —yp) — (B — 2p)(ya — yp)]’
_ 2 2 .2 _ .2
I 0 E B ) o
[(za —2zp)(ys —yp) — (B —2D)(ya — yp)]
(za —zp)(@p +yb — 25 — YD)
2[(xa —2p)(ys —yp) — (B —2D)(ya — yp)]
The calculation in both above lemmas is straightforward.
Further, the following theorem holds, where | - | denotes the standard

distance between two points in R2.

Figure 3

Theorem 2.5. Let the triangle ABC, adjacent to the obtuse triangle ADB,
be nonobtuse. Let P and @Q be the midpoints of the sides AD and DB,
respectively. If

(e —za)(ya —yB) + (yo —ya)(zp —z4)] (2.6)
1

Xl(s = 5(0 + @) (ya — ym) + (g5 — 5 (e + ) — )] <0

and
1 1 1
SX| > 71ACI, 157> 714B], |8Y] > 3IBC], (2.7)
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where coordinates of points S, X, Y, and Z are given by (2.1)—(2.5), then
the triangles KLC, KSA, KLS, LSB, SAP, SPD, SDQ, and SQB are
nonobtuse (last four are, moreover, right triangles).

Proof. The proof is presented in [11]. O

Remark 2.6. If the conditions of Theorem 2.5 are fulfilled, we can refine
the quadrilateral ADBC' into nonobtuse triangles employing its vertices, the
midpoints K, P, @, and L of its sides, and the point S inside of the quadri-
lateral.

Remark 2.7. Obviously, the conditions of Theorem 2.5 cannot be fulfilled in
a general case. For example, in Fig. 3b, two adjacent (obtuse and nonobtuse)
triangles are such that the point S is completely outside of the quadrilateral
formed by the triangles. Therefore, a partition of the quadrilateral in the
manner similar to Fig. 3a is not possible.

Remark 2.8. One of another possibilities to get nonobtuse triangles, par-
ticularly, for the case illustrated in Fig. 3b, would be to use the swapping of
diagonals in the quadrilateral. Thus, in ADBC we may consider two trian-
gles ACD and BCD (which could be both nonobtuse) instead of ABC and
ABD. However, the analysis of such an approach, is beyond the scope of the
present paper.

Remark 2.9. The nonobtuse partition of a quadrilateral in a manner of
Fig. 3a is also called yellow-red refinement.

3 Quasi-red and quasi-yellow refinements
In this section, we introduce the ideas of quasi-red and quasi-yellow refine-

ments of triangles (see Fig. 4), which present natural generalizations of the
standard red and yellow refinement techniques.

a) quasi-red refinement b) quasi-yellow refinement

Figure 4
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3.1 Quasi-red nonobtuse refinement of a triangle

As mentioned in Section 2.1, the standard red refinement emploies the mid-
points of the sides of a triangle (see Fig. 1a). But, under certain circum-
stances, we could use, for example, one, or two, or even three points, on sides
of the given triangle, which are different from the midpoints. A refinement
of “red-type” (called quasi-red refinement) could be applied to such a case as
well, producing four nonobtuse subtriangles (cf. Fig. 4a).

In this paper, we employ the idea of quasi-red refinement for the case
when only one auxiliary point is allowed to be taken arbitrarily (and the
other two are still the midpoints of two sides of the triangle). Our purpose is
to find the set of points from which this third auxiliary point can be taken,
so that the quasi-red refinement, applied to a nonobtuse triangle, produces
four nonobtuse subtriangles.

I

*

[ b 7
D, D,(=P) p'(=1L) D

Figure 5

Lemma 3.1. Let ABC be a nonobtuse triangle with vertices A = (za,ya),
B = (xp,yp), and C = (zc,yc) (see Fig. 5), and let E and F' be midpoints
of AC and CB, respectively. We define four real numbers ki, ka, k*, and k?
as follows

1(ze —za)(@p —2a) + (Yo — ya)(ys — ya)
F1 = 2 (xB —24)?+ (yp —ya)? ’ 3.1)
b lap +ac —2xa)(@p —zc) + (yB + Yo — 2ya)(yB — yc)
72 (zp —za)(xp —20) + (YB — Ya)(YB — YC) ’ (3.2)
Pl l(xB +ac —2za)(xp —xa) + (Y + Yo — 2ya)(ys — ya)
2 (v —wa)>+ (yB —ya)? ’ (3.3)
g2 L (zc —24)* + (yc — ya)? (3.4)

" 2(p —2a)(wc —2a) + (yp — ya)(yo — ya)’
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If (xp —za)(zB —2c) + (Y —ya)(ys — yc) = 0, we set ky = —oo,
if (xg —xa)(xc —2a) + (yB —ya)(yo —ya) = 0, we set k* = +o0.
Let
1
k= 5(k:1 + &Y, k. =max{ki,ko} and k*=min{k' K%},
we define
P = (k*xB—|—(1—k:*)xA,k:*yB—l—(l—k*)yA), (3.5)
L= (k'zp+ (1 —k")za, k"yp + (1 — k")ya), (3.6)
and require, in addition to the nonobtuseness of ABC, that scalar product
(DE,DF) > 0, where the point D := (kxp + (1 — k)xa, kyp + (1 — k)ya).

Then, for any point R € PL (C AB), the triangles AER, ERF, FRB, and
CEF are nonobtuse.

Proof. The proof is straightforward (cf. Fig. 5). O

3.2 Quasi-yellow nonobtuse refinement of a triangle

As far as it concerns the “yellow-type” refinement (see Fig. 4b), it is obvious,
that if we do not necessarily have to use only midpoints for the refinement into
right subtriangles, we can, in fact, employ some point in the given triangle,
for example, a centre of the inscribed sphere, and three projections of this
point onto the sides, and get again a partition of the triangle into six right
subtriangles (cf. Fig. 4b). This way of partitioning is referred to as quasi-
yellow refinement. Actually, we are able to define the set, called admissible
area of triangle, of points in the triangle so that the above-described partition
is possible. In case of a nonobtuse triangle, this admissible area coincides
with the whole triangle; if there is an obtuse angle in the triangle ABC (see
Fig. 6a), then the admissible area is the subtriangle AEF', where the points F
and F' are taken on the segment C'B in such a way that AF is perpendicular
to AB, and AF is perpendicular to AC' (cf. Fig. 6b).

C C

Figure 6

Obviously, in the case when ABC is nonobtuse and O is the centre of
circumscribed sphere, the quasi-yellow refinement coincides with the standard
yellow refinement.
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3.3 Nonobtuse refinement of a zone formed by four triangles

Let BAG be an obtuse triangle at vertex A, surrounded by three adjacent
nonobtuse triangles ABC, AGE, and BGD (see Fig. 7a).

Using Lemma 3.1, we are able to find coordinates of points L = (z,,yr)
and P = (xp,yp) (using the coordinates of the vertices A, B, ('), so that for
any point from the segment LP and the midpoints F' and E, the quasi-red
refinement of ABC produces nonobtuse subtriangles.

Figure 7

We can similarly find the points N = (zn,yn) and M = (xp,yn) for
the triangle AGFE; and the points O = (z0,y0) and Q = (zg,yq) — for
the triangle BGD. Our goal is to find conditions on all the vertices A, B,
C, G, E, and D, under which there exists some point X € OQ, so that its
orthogonal projection Y on the side AB belongs to LP, and its orthogonal
projection Z on the side AG belongs to N M. It shall mean then that we can
conformly divide the zone formed by the triangles ABC, AGFE, BGD, and
BAG using the quasi-red and the quasi-yellow refinements, into nonobtuse
subtriangles (see Fig. 7b).

To find conditions on the existence of such point X, we define point L
as the intersection of perpendicular to BA at point L with side BG, and
point P as the intersection of perpendicular to BA at point P with side BG.
Similarly, let N denote the intersection of perpendicular to AG at point N
with side BG, and M — the intersection of perpendicular to AG at point M
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with side BG. In this way, we get six points on side BG: L, P, N, M, O,
and Q.
Using Lemma 3.1, we can easily find representations
0= (qrec+ (1 -q)rs, ayc+ (1 —a)ys),
Q=("za+(1—q"Y25, ¢'va+ (1 —q")yn),
where ¢; and ¢' are some real numbers. Analogously, we have
L= (g + (1 —q)xB,qyc + (1 — q2)yp), (3.9)
N = (gzze + (1 — g3)2B, g3y + (1 — ¢3)yB), (3.10)
P=(¢zc+ (1 - ¢rs, ¢’ ye + (1 — ¢*)ys), (3.11)
M = (Pzg + (1 - ¢*)en, ¢*ve + (1 — ¢*)yn), (3.12)

where the precise values of g2, g3, ¢> and ¢> are presented below in Lemma 3.3.

Lemma 3.2. Let ¢ = max{qi,q2, g3} and ¢ = min{q', ¢ ¢*}. If ¢ < q, then
point X (cf. Fig. Tb) always exists; for example, one proper choice is

X =(dzg + (1 —d)xp,dyc + (1 — d)yg), (3.13)

where d = (g + q).
Lemma 3.3. The values of numbers in (3.9)—(3.12) are

<
s+]

|
S
N

rp—xa)+ (YL —yn

)( ) + )

© = o —wn)n —aa) t o —vp)p —ya) Y

o _ (@p—xp)(xp —xa)+ (yp —yB)(YB — Yya) (3.15)

(¢ —xB)(xp —2a) + (Yo —yB)(YB — Ya)’ ’

0= (xn —zB)(xe —za) + (yv —yB)(Ya — ya) (3.16)
(e —zB) (e —2a) + (Yo — yB)(Ye —ya)’

3 _ (xpr — ) (xe —xa)+ (yvr —yB)(Ya — ZUA). (3.17)
(g —zB)(xa —2a) + (Yo — yB)(Yya — ya)

Proof. The proofs in both above lemmas are straightforward. O

4 Nonobtuse refinement of the coarse triangulations

In this section, we shortly describe how the ideas of the previous sections can
be used to make a nonobtuse triangulation out of the initial triangulation,
containing obtuse triangles.

1) First, using the criterion from Section 2, we check all the triangles for
being nonobtuse and mark all obtuse ones up.
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a) obtuse triangle is inside b) obtuse triangle is adjacent
of the solution domain to the boundary
Figure 8

2) If the marked obtuse triangle is adjacent to the boundary along its
longest edge (see Fig. 8b), we let the perpendicular from the interior vertex
of this triangle onto the boundary, and add a new node and two righ-angled
triangles to the triangulation.

3) Further, if we have an obtuse triangle inside of the solution domain (see
Fig. 8a), then we try the ideas of Section 2 or Section 3 in order to extract
and nonobtusely refine a certain polygonal zone around such a triangle.

4) For all the remaining (nonobtuse) triangles outside of the polygonal
zones, made in the previous step, we use the standard red and/or the standard
yellow refinement techniques.

If Step 3 is performable for all the obtuse triangles, then in view of the way
of partitioning, the resulting triangulation will be nonobtuse and conforming.

Remark 4.1. The above-procedure seems to work the most effectively in
the case when the obtuse triangles are “isolated” in the initial triangulations,
and do not have very big obtuse angles.
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1 Introduction

Let @ ¢ R% d € {1,2,...}, be a bounded domain with a Lipschitz bound-
ary 0f). Consider the problem

—Au=f inQ, (1.1)
u=0 on 0Q, (1.2)

where f € L?(Q). It is well known that the weak solution u of (1.1)—(1.2)
satisfies the maximum principle, i.e., if f < 0 then the maximum (essential
supremum) of u over (2 is attained on the boundary 9. A similar maximum
principle holds for a wide class of nonlinear second order elliptic problems [9)].

From now on assume that the domain € is polytopic (in particular, polygo-
nal for d = 2 or polyhedral for d = 3). By [4, p. 150], linear nonobtuse
triangular elements guarantee the validity of the discrete maximum principle.
This result can be generalized into three-dimensional space. Namely, in [15]
linear finite tetrahedral elements are used to solve a relatively large class
of nonlinear second order elliptic problems. It is shown that if all dihedral
angles between triangular faces are nonobtuse, then the discrete maximum
principle holds. In particular, for problem (1.1)—(1.2) we have: if f <0 then
the standard Galerkin approximation u, of u attains its maximum on the
boundary 99Q. According to [15], the associated stiffness matrix is irreducibly
diagonally dominant (and hence, monotone) even if a numerical integration
is employed for a class of nonlinear elliptic boundary value problems. This
property is a consequence of the following lemma (see [15, p. 63]).

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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Lemma 1.1. Let T C R? be an arbitrary tetrahedron with vertices A, B, C,
and D. Let p and q be two linear functions such that

p(4) =1, p(B)=p(C)=p(D)=0,
q(B) =1, q(A) =q(C)=q(D)=0.

Then
Vp-Vq= —Crcosp,

where C > 0 depends on T, and ¢ is the inner angle between the faces AC D
and BCD.

In view of this lemma, we observe that the contribution to off-diagonal
entries of the element stiffness matrix associated to T will be nonpositive if
 is nonobtuse.

Note that the discrete maximum principle can be preserved even if some
dihedral angles between faces are slightly bigger than 90° (see [14]). Any-
way, the condition number of the stiffness matrix essentially depends on the
maximum angle in a given partition. Generally speaking, the smaller the
maximum angle is, the smaller the condition number is for a fixed number of
interior nodes (degrees of freedom). Therefore, it is important to investigate
partitions, where no large angles appear.

If we replace equation (1.1) by —Au + bu = f, where b € L>(Q) and
b > 0, then acute triangles are required to guarantee the validity of the
discrete maximum principle (see [4, p. 150]). The term bu yields positive
contributions to off-diagonal entries of the associated stiffness matrix [10].

2 Preliminaries

Consider an arbitrary tetrahedron 7' C R®. The six inner angles between its
four faces are called dihedral. Inner angles between edges of any face of T" are
called solid.

A tetrahedron is said to be acute if all its six dihedral angles are acute
(i.e., less than 90°). Similarly, we say that a tetrahedron is nonobtuse if all
its dihedral angles are nonobtuse (i.e., not greater than 90°).

Lemma 2.1. Let T be an acute tetrahedron. Then all its solid angles are
also acute.

Proof. Let A, B, C, and D be vertices of an acute tetrahedron 7. Assume
that w is an arbitrary solid angle in one of the four triangular faces of T,
say, the angle between the edges DB and DC. Let a, 8, and = be the
dihedral angles between the pairs of faces of T' that have common edge DA,
DB, and DC, respectively. Considering a sufficiently small sphere with the
centre D and radius less than min(|DA|,|DB|,|DC), the Cosine Theorem
for the angles has the form (see [19, p. 85])

cosa = —cos B cos~y + sin Fsiny cosw. (2.1)
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Since «, (3,7 are positive and acute angles, we conclude that cosw > 0, and
thus, w is positive and acute as well. [

Remark 2.2. The converse implication in Lemma 2.1 is not true. To see
this consider the tetrahedron with vertices A = (-1,0,0), B = (1,0,0),
C =(0,-1,¢), and D = (0,1,¢) for an € € (0,1). Then all solid angles of all
triangular faces are acute, whereas the dihedral angle between the two faces
at the edge AB and also at the edge C'D is obtuse.

Lemma 2.3. Let T be a nonobtuse tetrahedron. Then all its solid angles are
also nonobtuse.

The proof can be done in a similar way as for Lemma 2.1 (see also [2],
[15]). The converse implication in Lemma 2.3 again does not hold. To see
this it is enough to consider the same tetrahedron as in Remark 2.2.

Remark 2.4. According to (2.1), all solid angles of any tetrahedron are
uniquely defined by its six dihedral angles.

Throughout the paper we shall consider only face-to-face partitions (of
bounded polytopic domains or of the whole space R?) into d-simplexes, which
will be called for simplicity just partitions. For d = 3 such a partition is called
a tetrahedralization.

Definition 2.5. A tetrahedralization 7 is said to be acute (nonobtuse) if all
tetrahedra from 7 are acute (nonobtuse).

Remark 2.6. It is evident that in any acute (nonobtuse) tetrahedralization
each inner edge is surrounded by at least five (four) tetrahedra.

Lemma 2.7. Let o, 3,7, 9,¢€, ¢ be all the dihedral angles of an acute tetrahe-
dron in any order. Then we have a+ 3+~ > 90°, a4+ G+v+J > 180°, and
a+B+y+86+e> 2700

Proof. Assume to the contrary that o + 8 + v < 90°. It is well known
that the sum of all the dihedral angles in an arbitrary tetrahedron lies in
the interval (360°,540°). Consequently, 6 + € + ¢ > 270°, and thus at least
one of the dihedral angles has to be greater than or equal to 90°, which is a
contradiction.

The other cases can be investigated analogously. [

Remark 2.8. For a nonobtuse tetrahedron the strict inequalities in Lem-
ma 2.7 change to nonstrict.
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3 Why do acute and nonobtuse tetrahedralizations
differ so much?

In Fig. 3.1 we observe dissections of an obtuse triangle (see [17]) and the unit
square (see [7]) into acute triangles. We can easily generate uniform partitions
consisting of congruent acute triangles, since each triangle is a plane filler.
Note also that each quadrangle is a plane filler and it can be divided into two
triangles. The famous Penrose rhombic tiles (see [18]) can be divided into
two acute isosceles triangles that can be used to get a nonperiodic tiling of
the plane by triangles with the maximum angle 72°. Bern et al. introduced
in [3] an efficient algorithm which generates two-dimensional partitions with
maximum angle at most 80°. In [8] another algorithm is given that enables
us to divide special polygonal domains into almost equilateral triangles with
angles not exceeding 72°. We easily find that each inner vertex of such
partitions (i.e., the vertex which does not lie on the boundary 9Q) has to be
surrounded by at least 5 triangles (cf. Fig. 3.1). On the other hand, each
inner vertex of a partition consisting of nonobtuse triangles is surrounded by
at least 4 triangles.

Figure 3.1

To generate acute or nonobtuse tetrahedralizations is considerably more
difficult than in the case d = 2. Typical difficulties are described, e.g., in [10],
[12]. Theorems 3.1 and 3.2 below show why an inner vertex of an acute
tetrahedralization cannot be surrounded, e.g., by 18 or 31 tetrahedra.

Theorem 3.1.

a) In any acute tetrahedralization each inner vertex is surrounded by at least
20 tetrahedra.

b) In any nonobtuse tetrahedralization each inner vertex is surrounded by at
least 8 tetrahedra.

c) These numbers are attainable.

Proof. a) Let A be an arbitrary inner vertex of a given acute tetrahe-
dralization and let A be surrounded by ¢ tetrahedra Ty, T5, ..., T; from this
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tetrahedralization. Define a polyhedron P by the formula

p=|JT. (3.1)
i=1

Assume that P has v vertices. Since T; are acute tetrahedra, faces of P are
evidently triangles. Their number is obviously ¢ and let ¢ be the number of
all edges on the surface OP. Then we have

3t=2e, (3.2)

since each triangle has 3 edges and each edge is shared by exactly two trian-
gles.
The polyhedron P is evidently convex, and thus the well-known Euler
formula holds:
v+t=e+2. (3.3)
Since each vertex has to be surrounded by at least 5 triangles (compare with
Remark 2.6), we have
5v < 3t. (3.4)
From this, (3.2), and (3.3) we get
t=6t—5t>10v+10t—15¢t=10v+ 10t — 10e = 20. (3.5)

b) Consider now a nonobtuse tetrahedralization with an inner vertex A.
Let P be again defined by (3.1). We divide 9P into triangles such that each
triangle is a face of only one of the tetrahedra T7,...,T;. Since each vertex
on the surface 9P is surrounded by at least 4 triangles (cf. Remark 2.6), we
find as in (3.4) and (3.2) that

4v<3t=2e¢
holds. From this and (3.3), we obtain
t=3t—2t>dv+4t—6t=4dv+4t—4de=S8. (3.6)

Figure 3.2
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c¢) Consider the regular icosahedron with faces Fy, Fy, ..., Fy (cf. Fig. 3.2)
and let A be its centre of gravity. Setting

T; = conv{A4, F}}, (3.7

we deduce that 7 = {T;}29, forms an acute tetrahedralization of the icosa-
hedron into congruent tetrahedra. Note that three dihedral angles of each T;
are exactly 72° and the remaining three dihedral angles are acute (approxi-
mately 69°).

The regular octahedron can be similarly subdivided into 8 congruent non-
obtuse tetrahedra. Note that three dihedral angles of each tetrahedron are
exactly 90° and the remaining three dihedral angles are acute (approxi-
mately 55°). O

Theorem 3.2. In any tetrahedralization each inner vertex is surrounded by
an even number of tetrahedra.

Proof. Apply equality (3.2). O

Example 3.3. Let 7. be a tetrahedron with vertices (0,0,0), (1,¢,¢),
(e,1,¢), and (g,e,1) for € € [0,1). Consider a nonobtuse tetrahedraliza-
tion containing 7. such that the point (0,0, 0) is its inner vertex. According
to Theorem 3.1, this point can be surrounded by 8 nonobtuse tetrahedra
when € = 0. On the other hand, if ¢ — 07 then 7. is arbitrarily close to Ty,
but at least 20 tetrahedra have to surround the point (0,0, 0) to get an acute
tetrahedralization.

Theorem 3.4. In any acute and nonobtuse tetrahedralization each inner
vertex is shared by at least 12 and 6 edges, respectively.

Proof. According to (3.3), (3.2), Theorem 3.2, and (3.5), for an inner
vertex of an acute tetrahedralization we find that

t 20
v + 52 + 5
Analogously, for a nonobtuse tetrahedralization we have that v = 2+¢/2 >

6 thanks to (3.6). O

Remark 3.5. It is known that the three-dimensional Euclidean space R3
cannot be filled by regular tetrahedra, even though Aristotle in his book On
the heaven (350 BC, Vol. 3, Chapt. 8) asserted that this is possible and that
each edge in such a tetrahedralization is surrounded by 5 tetrahedra. How-
ever, this would require that the dihedral angle between any two faces of the
regular tetrahedron is 72°. This mistake was repeated until the 16th century,
when it was found that this angle is arccos :1,), which is approximately 71°.

Remark 3.6. To the authors’ knowledge there is no algorithm which would
generate an acute tetrahedralization of the whole space R3. On the other
hand, there are several efficient techniques concerning how to construct non-
obtuse tetrahedralizations (see, e.g., [1], [2], [11], [12], [13], [15]).
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4 Extensions to R

A d-simplex from RY is said to be acute (nonobtuse) if all dihedral angles
between its (d — 1)-dimensional faces are acute (nonobtuse). A partition 7 is
said to be acute (nonobtuse) if all d-simplexes from 7 are acute (nonobtuse).
By [2, Sec. 1.2] no large angle at a (d — i)-face implies no large angle at a
(d—1i—1)-face for i =2,...,d — 1 (cf. Lemma 2.3).

Remark 4.1. The regular d-simplex is a space filler only for d < 2. This
follows from the fact that the dihedral angle & = a(d) between its two (d—1)-
dimensional faces satisfies for d > 1 the relation

1
a(d) = arccos 7 < 90°.

Therefore, a(2) = 60° < a(3) < 72° < «(4) ~ 76°. Since {a(d)}32, is an
increasing sequence, it is true that ka(d) # 360° for any d > 2 and any
integer k.

Remark 4.2. The unit d-cube [0,1]? can be partitioned into d! nonobtuse
d-simplexes S, for 0 € X¢, where ¥ is the symmetric group of all d! per-
mutations of the numbers 1,2, ..., d and

Sa:{x:(xla"'7xd)€Rd‘ngo(l)S"’Smo(d)Sl}'

The space R? can be thus partitioned into nonobtuse d-simplexes. Note that
any d-rectangle can also be partitioned into d! nonobtuse d-simplexes as the
unit d-cube. Other examples can be found in [6].

Remark 4.3. According to [20], there does not exist any tiling of the whole
space RY, d ¢ {2,4}, by regular polytopes except for d-cubes. On the other
hand, the space R? can be, moreover, partitioned into equilateral triangles
and also into regular hexagons. The space R* can be partitioned into congru-
ent regular 4-orthoplexes (the four-dimensional analogue of the regular oc-
tahedron), and also into congruent regular 24-cells whose three-dimensional
faces are regular octahedra. Since these two kinds of regular polytopes can
be partitioned into nonobtuse 4-simplexes, there exist other partitions of R*
into nonobtuse 4-simplexes than the one described in Remark 4.2 (see also
the proof of Theorem 4.5 below).

Remark 4.4. In planar partitions each inner vertex is surrounded by at least
5 acute triangles or by at least 4 nonobtuse triangles. From Theorem 3.1 we
know that for d = 3 this ratio is bigger, namely 20:8. However, for d = 4
this ratio seems to be even much bigger, namely 600:16. Below we prove
that these numbers are attainable (see Theorem 4.5 and Remark 4.7).

To this end first consider the Euler-Poincaré formula (see [16, p. 147])
which is a generalization of (3.3). This formula states that

fo—fitfo— (1) oo =14 (-1)4, (4.1)
where f,, is the number of m-dimensional faces of a convex d-dimensional
polytope. For instance, we have fo = f3 = 5 and f; = f» = 10 for any
4-simplex.
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Theorem 4.5. In any nonobtuse partition in R* each inner verter is sur-
rounded by at least sizteen 4-simplexes. This number is attainable.

Proof. Setting v = fo, e = f1, t = fo, and s = f3, the Euler-Poincaré
formula (4.1) for d = 4 has the form

v+t=e+s. (4.2)

Let A be an arbitrary inner vertex of a given nonobtuse partition. Consider
a bounded convex polytopic four-dimensional domain P defined as in (3.1),
where tetrahedra are replaced by 4-simplexes. Its three-dimensional sur-
face OP is thus covered by s tetrahedra (each tetrahedron being the exterior
three-dimensional face of the corresponding 4-simplex). It is easy to see that

t=2s, (4.3)

since each triangular face is shared by exactly two tetrahedra and each tetra-
hedron has 4 triangular faces. Hence, the Euler-Poincaré formula (4.2) re-
duces to the form

v+s=e. (4.4)

By a contradiction argumentation, we find that for a nonobtuse partition
at least 6 edges meet in each vertex of OP. This yields that v > 7 and
6v < 2e, i.e.,

3v<e. (4.5)

We shall distinguish two cases (excluding the first case):

1) Let v = 7. Then the associated graph is the complete graph K7, which

has -
t = =
( 3) 35

triangular faces. Since this is an odd number, this case is impossible due to
(4.3).
2) Let v > 8. Then by (4.5) we conclude that

e—v>2v>16,

and by (4.4) we get s > 16.
For the regular 4-orthoplex we have v =8, e = 24, t = 32, and s = 16. Its
three-dimensional surface is thus covered by 16 regular tetrahedra (see [20]),

and hence, it can be partitioned into 16 nonobtuse 4-simplexes defined as
in (3.7). O

Remark 4.6. By (4.3) the total number of triangular faces of the three-
dimensional surface P from the above proof is always even (cf. (3.2)).

Remark 4.7. There exists the regular four-dimensional 600-cell (see, e.g., [5],
[20]) for which v = 120, e = 720, t = 1200, s = 600, and its three-dimensional
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faces are the regular tetrahedra. It can be, therefore, partitioned into 600
congruent 4-simplexes defined as in (3.7). An easy calculation shows that
these 4-simplexes are acute.

Remark 4.8. For each d > 1 there exists exactly one integer n(d) such
that each inner vertex in any nonobtuse partition is surrounded by at least
n(d) simplexes and this number is attainable. Similarly we can define a
number a(d) (possibly infinite) for acute partitions in R?. Clearly,

Note that an analogue of the regular octahedron exists in any dimension
d > 1. It is defined via the formula

d
P= {x:(ml,...,xd)Zmi g1}.
=1

Since it can be partitioned into 2¢ nonobtuse congruent d-simplexes, we
have n(d) < 2? for d > 1, and the converse inequality can be obtained by a
contradiction argumentation.

From Theorem 3.1 and Remarks 4.4 and 4.7, we conclude that

a(2) =5, a(3)=20, a(4) < 600.

Open problem: Which are the values of a(d) for d > 47
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1 Introduction

A posteriori error estimation plays an important role in the modern numerical
analysis. The direction from which this topic initially started was the estima-
tion of the computational error in global (energy) norm. Concerning various
approaches for this type of estimation we refer to works [1], [2], [3], [4], [5],
[6], [13], [15], [16], [17], [18]. For approximations of linear elliptic problems,
they examine error estimates in the global (energy) norm and suggest error
indicators/estimators that are further used in various mesh adaptive proce-
dures (see, e.g., [10]). Global error estimates give a general presentation on
the quality of an approximate solution and a stopping criteria.

However, for engineering purposes, such an information is often not suf-
ficient. In many cases, analysts are mainly interested not in the value of
the total error, but in errors (so-called “quantities of interest”) over vari-
ous “zones of interests”: certain subdomains, lines, or at special points. A
possible way of estimating such errors is to introduce a linear functional ¢
associated with a “quantity of interest” and to obtain an estimate for the
value of (¢,u — v), where u is the exact solution and v is an approximate
one. The methods developed so far (see, e.g., [1], [7], [8], [14]) find estimates
of (¢,u — uy) for a Galerkin approximation uj by employing an additional
(adjoint) problem, whose right-hand side is formed by the functional ¢. If
the Galerkin approximation of the adjoint problem is computed on the same
mesh as wup, then the quantity (¢,u — up) is expressed via a certain inte-
gral functional, which can be estimated by using, e.g., “equilibrated residual
method” (see, e.g., [1], [14]).

A new way of estimation of “quantities of interest” was recently proposed
in [11]. Tt is based on two principles: (a) the original and adjoint problems are
solved on non-coinciding meshes, and (b) the term presenting the product of
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errors arising in the primal and adjoint problems is estimated by the gradient
recovery technique widely used in various applied problems (see [9], [12],
[17], [18]). This differs the approach in [11] from the others, where it is
usually assumed that the Galerkin approximations of the primal and adjoint
problems are computed on the same finite-dimensional subspaces. However,
the question of choice of optimal (computationally cheap and reliable) mesh
for solving the adjoint problem (so-called adjoint mesh) appears. In [11], it
was suggested to build the adjoint meshes by local refining the primal meshes
(meshes used for solving the primal problems) in the neigbourhoods of the
corresponding “zones of interest”. This idea is justified numerically in the
present paper for one and two-dimensional model problems of elliptic type.

2 The test problem and the error estimator

2.1 Formulation of the test problem

The test problem in a classical setting reads as follows: Find a function u
such that

—div(AVu) = f in Q, (2.1)
u=0 on 0f,

where € is a bounded polygonal domain in R? with a Lipschitz boundary
012, the matrix of coefficients A = {aij(x)}?’jzl is symmetric and meets the
conditions

aij(z) € Loo(Q), A(@)E-£>C|¢I> VEeR?  fora e zeQ. (2.3)

It is also assumed that
f € La(2). (2.4)
We formulate first the primal and adjoint problems as follows.

Primal Problem (P): Find u € Vp := H}(2) such that
/ AVu-Vwdz = / fwdz Yw e Vp. (2.5)
Q Q

Let & € Vy be an approximation of u, and assume that we are interested in
the value of the following “quantity of interest”:

(lu—a) = / o(u —a)dz, (2.6)
Q
where ¢ € Ly(2) and supp ¢ C w C Q. Estimation of such a quantity for one

(or several) a priori given functions ¢ gives information about the behaviour
of u — @ in a subdomain w, which is called later on as zone of interest.
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Adjoint Problem (P,): Find v € Vj such that
/ AVv-Vwdzr = ({,w) Yw € V. (2.7)
Q

Let now V};, and V, be two finite-dimensional subspaces in Vj, constructed
by the Courant type finite element discretization on triangular meshes 7},
and 7, of the solution domain €, respectively. Consider the corresponding
finite-dimensional problems:

Problem (P"): Find u; € Vj, such that

/ AVuy, - Vwp dz = / fwpdx Ywp € Vy, (2.8)
Q Q

and

Problem (P]): Find v, € V; such that
/ AVu, - Vw,dz = ({,w;) Yw, € V,. (2.9)
Q

Then, as proved in [11],

(,u — up) =t E(un, vr) = Eo(un, vr) + E1(un, vr), (2.10)

where
Eo(up,vs) = /vaT dx — /QAV’UT - Vup, dz, (2.11)
Er(un, vs) = /QAV(v ;) V(u—up) da. (2.12)

In a particular case of V;, = V., the term Eg(up,v,;) = 0 due to the orthog-
onality condition in (2.8). Thus, if the meshes used in Problems (P") and
(PT) coincide, then equality (2.10) has only one term containing the prod-
uct of the (unknown) energy errors. On the contrary, using non-coinciding
meshes leads to another equality that has two terms. Obviously, the directly
calculable term Ey(up,v,) dominates if v, is “sufficiently close” to the exact
solution v of Problem (P,), and, thus, in this case, Eo(up,v;) contains the
major part of the “quantity of interest”.

2.2 Construction of the estimator

Finding a sharp approximation for the solution of the adjoint problem may
require high computational costs. A more economical way is to use an ap-
proximate solution of the adjoint problem having approximately the same
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size as the approximate solution of the primal one and recover unknown
functions Vu and Vv by some post-processing techniques.
On 7}, we define the gradient averaging operator

Gn: [Loo( Q) — W3 ()2

as the operator that defines a vector-valued piecewise linear function by set-
ting each its nodal value as the mean value of Vuy on all elements incident
with the corresponding nodal point. The averaging operator G : [Loo(Q)]? —
[W4(Q)])? is defined in the same manner. Such averaging procedures are
widely used in the mathematical modelling (see, e.g., [1], [4], [9], [12], [17]),
and found to be very efficient if the superconvergence phenomena take place.

Further, we replace E(up,v;) by the functional
E(un,v;) := Eo(up,vy) + By (un, vr), (2.13)

where

Ey(up,vr) = /ﬂ A(Vup, — Gr(Vu)) - (Vo — Go(Vu,)) da. (2.14)

The functional E (up,v,) is directly computable once the approximations wuy,
and v, are defined. N

We further observe that Ey = O(h), Ey = O(ht), and Ey = O(ht). The
following result is proved in [11].

Theorem 1. Under usual assumptions leading to superconvergence of the

averaged gradients (see, e.g., [9]), we have for sufficiently small h and T
(T <h)

| By (un,vr) — By (un, vy))| (2.15)
< C’(th +7’h3 + hT(h+T)é77}L +72) + p(h, 1),

where m is any positive integer greater than 2, u(h,T) contains higher order
terms, and the constant C' does not depend on h and T.

In view of Theorem 1, it follows that the procedure of changing F (up, vr)
to El(uh,vT) is assymptotically correct, and the following computational
strategy can be proposed:

a) Define V; taking into an account the nature of the functional ¢ and

calculate v, ;

b) Define V}, and calculate up;

c¢) Calculate Eg(up,v;) directly and use post-processed values of Vuy, and

Vo, to estimate Fj(up,v,) replacing gradients by the averaged gradi-
ents.

This strategy has been first checked in [11]. However, not much efforts
was devoted to numerical justification of item a), therefore, in the present
work, we test numerically the idea of construction of the adjoint mesh by
local refinements of the corresponding primal mesh in the neighbourhood of
the zone of interest, which is equivalent to putting extra trial functions in a
subdomain associated with it.
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3 Numerical experiments

The effectivity index is defined as follows

| E(un, vr)|

7‘%“7“}1”. (3.1)

Ieff =

This index shows the effectivity of the estimation, the closer it is to 1, the
better the estimate is.

In what follows, we always denote the number of nodes in the primal mesh
by N, and the number of nodes in the corresponding adjoint mesh by M.

0.8

0.6

0.4

0.2

o

Figure 1. The shapes of the righ-hand side functions for problem (3.2).

3.1 One-dimensional case

Test Problem 1: Find « such that

—u" = f in (0,1), (3.2a)
u(0) = u(1) = 0. (3.2b)

The function ¢ in (2.6) is defined to be 1 in “zone of interest” wy = (0,0.125)
and 0 outside of it in all one-dimensional computations. In the corresponding
series of tests, we employ 4 types of adjoint meshes (see Fig. 2). The first
adjoint mesh coincides with the primal one, thus giving Ey = 0. In the
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second case, we perform double refinement in the zone of interest and make
mesh coarsening outside of it. The third adjoint mesh is obtained from the
primal one by single refining only in the zone of interest. The fourth adjoint
mesh is obtained by uniform global refining the primal one. We also vary the
right-hand side function f in (3.2) (see Fig. 1). Note that we need to solve
the adjoint problem only once for each type of the adjoint meshes and use it
for various choices of the right-hand side function f.

Primal mesh — first adjoint mesh
© o © o6 ®© 0o © 0o ©® 0o © 0 © o 0o o o
Second adjoint mesh
Gotetete® L L] L [ ] L] [ ] L]
Third adjoint mesh
o000 o o o ® e e e e o e o e o L
Fourth adjoint mesh

Figure 2. Primal and adjoint meshes.

Table 1. The results of Test la: f = e~10(z=0-1)%,

N | Adj. mesh | M | E, E, E | (bu—up) | Lg
17 Ist 17 | 0.00e-0 | 4.02e-5 | 4.02e-5 | 3.97e-5 | 1.01
17 2nd 16 | 3.72e-5 | 2.71e-6 | 3.99e-5 | 3.97e-5 | 1.01
17 3rd 19 | 2.98¢-5 | 8.90e-6 | 3.87e-5 | 3.97e-5 | 0.97
17 4th 33 | 2.98¢-5 | 8.78¢-6 | 3.85¢-5 | 3.97e-5 | 0.97

Table 2. The results of Test 1b: f = e~ 10(@=05)°,

N | Adj. mesh | M | E, E, E | (bu—up) | Lg
17 Ist 17 | 0.00e-0 | 5.94e-6 | 5.94e-6 | 6.20e-6 | 0.96
17 2nd 16 | 5.81e-6 | 1.33e-7 | 5.94e-6 | 6.20e-6 | 0.96
17 3rd 19 | 4.65¢-6 | 1.19¢-6 | 5.84e-6 | 6.20e-6 | 0.94
17 4th 33 | 4.65¢-6 | 1.44e-6 | 6.09¢-6 |  6.20e-6 | 0.98

Table 3. The results of Test 1c: f = e~10(=0.9)%,

N | Adj. mesh | M | E, E, E (Uu—up) | Lg
17 1st 17 | 0.00e-0 | 2.80e-8 | 2.80e-8 | 4.38¢-8 | 0.64
17 2nd 16 | 4.00e-8 | 8.92¢-9 | 3.11e-8 | 4.38e-8 | 0.71
17 3rd 19 | 3.20e-8 | 1.77e-9 | 3.37e-8 | 4.38¢-8 | 0.77

17 4th 33 | 3.30e-8 | 9.35e-9 | 4.23e-8 | 4.38e-8 | 0.97
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The results of the tests are exposed in Tables 1-3. It is immediately seen
that the calculations performed on coinciding meshes give vanishing term Ej
as expected. The best results in the one-dimensional case are obtained for
the fourth adjoint mesh, i.e., when % ~ 2. However, sufficiently reliable
results are obtained on adjoint meshes with considerably smaller ratio A—I\f ~
0.95 — 1.1, which clearly demonstrate the high effectivity of our estimator. It
is obvious that the ratio can be even more close to 1 if the length of the zone
of interest is smaller with respect to the length of the solution interval than
in the tests presented here. Moreover, the tests with the second mesh show
that a clever choice of the adjoint mesh can provide with a reasonably cheap
estimation (number of nodes in the adjoint mesh is less than the number of
points in the primal one).

3.2 Two-dimensional case

In the results below, we expose the performance of our estimator for the
standard cases of the problems posed in square and L-shaped domains.

Test Problem 2: Find w such that

—Au=f in Q, (3.3a)
u=0 on 09, (3.3b)

where Q = (0,1) x (0,1) and f = 1.

Figure 3. No local refinement (left), local refinement done 1 time (cen-
ter), local refinement done 2 times (right) for Test Problem 2.

The function ¢, defining the “quantity of interest” is equal to 1 in the
“zone of interest”

wy = (0.0,0.25) x (0.0,0.25),

and is equal to 0 ouside of it. In Fig. 3, we present the construction of the
adjoint meshes from the primal ones by local refining one and two times in
the neigbourhood of the zone of interest.

From the tests presented in Table 4, we observe that the meshes chosen as
adapted to the zone of interest give very good results for reasonably cheap
price. Thus we get the effectivety index between 1.04 and 1.44 with ratio
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% ~ 1.25, which is obtained by a single local refinement. As could be
expected, more local refinements give better results.

Table 4. The results of calculations for Test Problem 2.

N | Loc. ref. | M | E E, E | (lu—up) | Lg
25 - 25 | 0.00e-0 | 1.84e-4 | 1.84e-4 | 8.50e-5 | 2.16
25 | 1time | 32 |6.12e-5 | 6.03e-5 | 1.22¢-4 | 8.50e-5 | 1.44
25 | 2 times | 57 | 4.84e-5 | 4.73e-5 | 9.56e-5 | 8.50e-5 | 1.12

81 - 81 | 0.00e-0 | 4.95e-5 | 4.95e-5 3.591e-5 1.41
81 1 time | 101 | 1.91e-5 | 1.92e-5 | 3.83e-5 3.51e-5 1.09
81 | 2times | 172 | 2.07e-5 | 1.49e-5 | 3.57e-b 3.51e-5 1.02
289 - 289 | 0.00e-0 | 1.27e-5 | 1.27e-5 1.03e-5 1.23

289 | 1 time | 353 | 5.28e-6 | 5.38e-6 | 1.07e-5 1.03e-5 1.04
289 | 2 times | 588 | 6.23e-6 | 4.06e-6 | 1.03e-5 1.03e-5 1.00

Test Problem 3: We solve the problem (3.3) in L-shaped domain

Q=(0,1) x (0,1)\ (0.75,1) x (0.75, 1),

with f = 1.
The function ¢, defining the quantity of interest, is equal to 1 in the
subdomain

ws = (0,0.25) x (0.75,1),
and is 0 ouside of it. The zone of interest is, thus, far from the re-entrant

corner, where the solution are know to behave “badly”. In Fig. 4, we present
the construction of the adjoint meshes.

Figure 4. No local refinement (left), local refinement done 1 time (cen-
ter), local refinement done 2 times (right) for Test Problem 3.
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Table 5. The results of calculations for Test Problem 3.

N | Loc. ref. | M E, Fy E (ou—up) | Lg
21 - 21 | 0.00e-0 | 2.67e-4 | 2.67e-4 | 1.34e-4 | 1.99
21 | 1time | 28 | 4.77e-5 | 1.16e-4 | 1.64e-4 | 1.34e-4 | 1.22
21 | 2 times | 53 | 8.88e-5 | 5.21e-5 | 1.41e-4 | 1.34e-4 | 1.05

65 - 65 | 0.00e-0 | 1.05e-4 | 1.05e-4 7.92e-5 1.33
65 1 time 85 | 4.38e-5 | 3.54e-5 | 7.91e-5 7.92e-5 1.00
65 | 2 times | 156 | 5.74e-5 | 2.28e-5 | 8.02e-5 7.92e-5 1.01

225 - 225 | 0.00e-0 | 3.31e-5 | 3.31e-5 3.02e-5 1.10
225 | 1time | 289 | 1.81e-5 | 1.15e-5 | 2.96e-5 3.02e-5 0.98
225 | 2 times | 524 | 2.29e-5 | 7.49e-6 | 3.04e-5 3.02e-5 1.01

Test Problem 4: We solve the problem (3.3) in L-shaped domain
Q=1(0,1) x (0,1)\ (0.75,1) x (0.75, 1),

with f = 1.
The function ¢ is equal to 1 in the zone

ws = (0.375,0.625) x (0.375,0.625) \ (0.5,0.625) x (0.5,0.625),

and 0 ouside of it. Now, the zone of interest covers the re-entrant corner. In
Fig. 5, we illustrate the construction of the adjoint meshes from the primal
ones.

Figure 5. No local refinement (left), local refinement done 1 time (cen-
ter), local refinement done 2 times (right) for Test Problem 4.

The observations on the performance of the estimator for the above two
problems are actually the same as for Test Problem 2, and clearly demon-
strate the effectivity of the optimal choice of adjoint meshes as adapted to
the defined “quantity of interest”.
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Table 6. The results of calculations for Test Problem 4.
N | Loc. ref. | M Ey E, E | (u—up) | Lg
65 - 65 | 0.00e-0 | 1.87e-4 | 1.87e-4 1.96e-4 0.95
65 1 time 84 | 1.27e-4 | 5.19e-5 | 1.78e-4 1.96e-4 0.91
65 | 2 times | 153 | 1.63e-4 | 2.76e-5 | 1.91e-4 1.96e-4 0.97
255 - 225 | 0.00e-0 | 7.43e-5 | 7.43e-5 6.90e-5 1.08
255 | 1 time 281 | 4.28e-5 | 2.08e-5 | 6.36e-5 6.90e-5 0.92
255 | 2 times | 484 | 5.68e-5 | 9.84e-6 | 6.66e-5 6.90e-5 0.97
833 - 833 | 0.00e-0 | 2.65e-5 | 2.65e-5 2.44e-5 1.09
833 | 1 time | 1017 | 1.51e-5 | 7.61e-6 | 2.27e-5 2.44e-5 0.93
833 | 2 times | 1704 | 2.04e-5 | 3.24e-6 | 2.36e-5 2.44e-5 0.97

Acknowledgements. The authors would like to thank Prof. S. Repin for
the valuable discussions and comments during preparation of the paper. The
authors were supported by the Agora Center under Grant InBCT of TEKES,

Finland.

References

[1] M. Ainsworth, J.T. Oden, A Posteriori Error Estimation in Finite
Element Analysis, John Wiley & Sons, Inc., New York, 2000.

[2] I Babuska, W.C. Rheinbold, Error estimates for adaptive finite ele-
ment computations, SIAM J. Numer. Anal. 15 (1978), 736-754.

[3] I Babuska, W.C. Rheinbold, A posteriori error estimates for the finite
element method, Internat. J. Numer. Methods Engrg. 12 (1978), 1597
1615.

[4] I Babuska, T. Strouboulis, The Finite Element Method and its Relia-
bility, Oxford University Press Inc., New York, 2001.

[5) W. Bangerth, R. Rannacher, Adaptive finite element methods for dif-
ferential equations, Lectures in Mathematics ETH Ziirich, Birkh&user-
Verlag, Basel, 2003.

[6) R.E. Bank, A. Weiser, Some a posteriori error estimators for elliptic
partial differential equations, Math. Comp. 44 (1985), 283-301.

[7]  R. Becker, R. Rannacher, Weighted a posteriori error control in finite
element methods, Preprint 96-1, SFB 359, Heidelberg, 1996.

[8]  R.Becker, R. Rannacher, A feed-back approach to error control in finite

element methods: Basic approach and examples, East-West J. Numer.
Math. 4 (1996), 237-264.



[9]

A posteriori error estimation 181

I. Hlavacek, M. Kiizek, On a superconvergent finite element scheme for
elliptic systems. I. Dirichlet boundary conditions, Apl. Mat. 32 (1987),
131-154.

S. Korotov, M. Ktizek, Global and local refinement techniques yielding
nonobtuse tetrahedral partitions, Comput. Math. Appl. (to appear).

S. Korotov, P. Neittaanméki, and S. Repin, A posteriori error estima-
tion of goal-oriented quantities by the superconvergence patch recovery,
J. Numer. Math. 11 (2003), 33-59.

M. Kiizek, P. Neittaanméki, Superconvergence phenomenon in the fi-
nite element method arising from averaging gradients, Numer. Math.
45 (1984), 105-116.

P. Ladevéze, D. Leguillon, Error estimate procedure in the finite ele-
ment method and applications, STAM J. Numer. Anal. 20 (1983), 485—
509.

J.T. Oden, S. Prudhomme, Goal-oriented error estimation and adap-
tivity for the finite element method, Comput. Math. Appl. 41 (2001),
735-756.

S. Repin, A unified approach to a posteriori error estimation based on
duality error magjorants, Math. Comput. Simulation 50 (1999), 305
321.

S. Repin, A posteriori error estimation for variational problems with
uniformly conver functionals, Math. Comp. 69 (2000), 481-500.

R. Verfiirth, A Review of A Posteriori Error Estimation and Adaptive
Mesh-Refinement Techniques, Wiley-Teubner, 1996.

0. C. Zienkeiewicz, J.Z. Zhu, A simple error estimator and adaptive
procedure for practical engineering analysis, Internat. J. Numer. Meth-
ods Engrg. 24 (1987), 337-357.






Part IV

Applications to the Solution of Linear
and Nonlinear Partial Differential Equations






Inversion of Block-Tridiagonal Matrices and
Nonnegativity Preservation in the Numerical
Solution of Linear Parabolic PDEs

Istvan Faragé,! Sergey Korotov?

!Department of Applied Analysis, E6tvés Lorand University, P.O. Box 120,
H-1518, Budapest, Hungary faragois@cs.elte.hu

?Department of Mathematical Information Technology, University of Jyvaskyla,
P.O. Box 35, FIN-40014 Jyvéskyld, Finland korotov@mit.jyu.fi

1 Introduction

Besides the covergence, another natural requirement in the process of numeri-
cal solution of partial differential equations, is a presevation of basic quali-
tative properties of the original (physical) solution, assuming that they are
inherent to the continuous mathematical model. As an example, consider the
advection-diffusion-reaction equation arising, e.g., in the large air-pollution
modeling [17]:
% = —div(ve) + div(Dgrade) + R(c), t€[0,L], ¢(0,2) =co(z), (1)
where the vector-valued function c(¢,z) denotes the concentration of com-
pounds, v = v(t,z) presents the current velocity of the medium, D is the
so-called diffusion coefficient matrix, and the function R describes the chem-
ical reactions between the compounds and includes the parametrized depo-
sition and emission. (As a rule, we use equation (1) in the componentwise
sense.) We solve the above problem by suitably chosen numerical method.
Since ¢ denotes the concentration, which is always nonnegative, it is natural
to require the nonnegativity from the numerical approximations of ¢ as well.
The technique, often used to solve problems like (1) (based on several
physical processes) is the so-called operator splitting method, see e.g. [4], [7]:

we choose a suitable time-step At > 0, and for j = 1,2, ..., solve the sequence
of subproblems
ouy” Gy ) (-1
8t = - div(vulj )a ulj ((j - 1)At7$) = u3j ((.] - 1)Ata x)a (2)
ouy) Gy ) ()
5 = div(D gradus’), us’((j — 1)At,z) = uy”’ (jAt, z), (3)
ou? i N i
a?t’ = R(ugj)), ugj)((j — DAt z) = uéj)(jAt,x), (4)
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on the intervals [(j — 1)At, jAt], where ugo)(O, x) = co(x). In this procedure,
) yields an approximation to c¢(jAt, z).
For numerical solution of each of the above subproblems, we can choose
a certain suitable numerical method (naturally, all three may be completely
different each from other). Obviously, if all numerical techniques used for
solving (2)—(4) are nonnegativity preserving, then the whole computational
scheme, used for solving (1), is nonnegativity preserving.

In the above sequence of subproblems (2)—(4), the central role belongs to
subproblem (3), which, in the simplest setting, has the following form

(J
U3

%:Au in QL =(0,L) x Q, (5)
u=0 on I'y =(0,L) x 09, (6)
ult—o =ug on €, (7)

where 2 C R? is a segment (d = 1, and the problem is reffered to as the
one-dimensional), or a rectangle (d = 2, and the problem is called two-
dimensional), the symbol A denotes the Laplace operator, and ug is the
initial function defined from the splitting procedure.

This equation has an importance of its own. For instance, it describes the
heat conduction process, therefore hereafter we refer to it as the heat con-
duction equation. For this equation, the nonnegativity preservation principle
reads as follows: for any nonnegative initial function ug, the solution u has
to be nonnegative in the whole Qr, as well, see, e.g. [15].

A typical numerical technique for solving (5)—(7) presents a combination of
separate discretizations in space and time. For the first one, we can employ
the finite element method (based e.g. on the linear elements in the one-
dimensional case, and on bilinear elements — for the two-dimensional case),
or the standard finite difference method with the mesh-size h. As a result,
we get the following Cauchy problem for the semidiscrete solution up,

duh

—r ()= Dwun(t), t€(0.L), (8)

where the initial value uy(0) is given and A}, denotes the corresponding
discrete Laplace operator (represented by a matrix). Applying some suitable
time discretization method with the time-step 7 and parameter 6 to the
problem (8), we finally arrive at the fully discretized problem, presenting the
following algebraic iterative procedure

Xyt = Xoy, 9)

where X; and X, are given matrices, and the vector 3’ represents the ap-
proximation to wup(j7).

Our aim is to formulate, for a fixed 6 € [0, 1], such conditions on h and
7, under which the corresponding semidiscrete and fully discretized solutions
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preserve the nonnegativity property. This problem for both kinds of fully
discretized problems (FEM and FDM) is studied in the one-dimensional case
and the exact (necessary and sufficient) conditions with respect to 7 and h
for any fixed 6 are found, see e.g. [5], [8]. The obtained results are based on
finding the exact represenation of the matrix X = X, 1X2, where the crucial
point consists of finding the inverse X, L

In the two-dimensional case, a similar problem is obviously more difficult,
due to more complicated structures of the corresponding matrices. A certain
sufficient condition is given in [8], and it is based on the following require-
ments: Xo > 0 and X7 is a monotone matrix. However, finding the necessary
and sufficient condition is still an open problem.

In our paper, we first analyse the nonnegativity preservation for the semi-
discrete solutions of (8), and additionally establish a direct connection of
the nonnegativity preservation for the semidiscrete solutions (8) between the
one and two-dimensional cases. Further, we shall derive explicit formulae
for the calculation of entries of the matrix X ! appearing in the numerical
scheme for solving the two-dimensional problems. Our results make possible
the exact calculation of the entries of the iteration matrix X = XX
in (9), which is a basic point in obtaining the exact (necessary and sufficient)
conditions for the nonnegativity property.

Finally, we note that the nonegativity preservation also follows from the
discrete maximum principle, which is addressed, e.g., in [11], [16] — for the
parabolic problems, and in [12], [13] — for the elliptic problems.

2 Nonnegativity preservation
for the semidiscrete solutions

In this section, we consider the nonnegativity preservation for the Cauchy
problem (8), where A} arises from the space uniform discretization of the
Laplace operator on rectangular mesh. The solution has a form

up(t) = exp(Apt)ug, t € (0,L), (10)

where exp(Apt) denotes the exponent of the matrix Apt. Therefore, the
problem of the nonnegativity preservation is equivalent to finding conditions
on dicretization methods for which the matrix exponential exp(Apt) is non-
negative.

The following lemma holds (cf. [1, p. 172]).

Lemma 2.1. Let A be an arbitrary square matriz with the entries a;;. Then
exp(At) is nonnegative for any t > 0 iff

ai; >0 for all i # j. (11)

Proof. By the definition of the exponential, we have

exp(At) =T+ At+ ...,
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where I denotes the identity matrix. This series immediately shows the
necessity of condition (11). Let now s be a scalar such that A + sl is a
nonnegative matrix. Then, obviously, exp((A + sI)t) is nonnegative if ¢t > 0.
Moreover, exp(—s/t) is also nonnegative, and the matrices (A + sI)t and
—sIt commute. Therefore, due to the identity

exp(At) = exp((A + sI)t — sIt) = exp((A + sI)t) - exp(—slt),
the sufficiency of condition (11) is also proven. [

In the following we consider the application of this lemma to the one-
dimensional case.

2.1 One-dimensional case

If problem (5)—(7) is considered in the one-dimensional case, the structure of
the matrix A}, is well-known for the both finite difference and finite element
(space) discretizations. Namely, using the standard denotations

1
Q = tridiag(1,-2,1), M = 6 tridiag(1,4,1), (12)

we have:
for the finite difference method

Ah = %Q7 (13)

for the linear finite element method

1

Ah:ﬁ

M~Q. (14)
The matrix A, from (13) obviously satisfies the condition (11), at the
same time, the matrix A from (14) (which can be computed explicitly) is
known to have its entries changing the sign chessboard-likely [9], i.e., it does
not satisfy the condition (11).
Thus, using Lemma 2.1, we obtain the following result.

Theorem 2.1. For the one-dimensional problem (8), the semidiscrete nu-
merical solutions, obtained by the finite difference discretization, preserve the
nonnegativity property. However, this property is not preserved, in general,
for the numerical solutions resulting from the linear finite element discretiza-
tion.

Remark 2.1. The lumped mass method for the linear finite element method
results in the semidiscrete problem which coincides with the finite difference
semidiscrete problem. Therefore, this approach makes possible to improve
the qualitative property of the finite element discretization.
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Remark 2.2. In [3] there is given the condition of the positivity of the
time derivative of the semidiscrete solutions. Clearly, this condition can be
regarded as a sufficient condition of the nonnegativity preservation of the
semidiscrete solutions.

Remark 2.3. Let us introduce the following denotation
Tl(p) = tridia‘g(lapa 1)> (15)
where p € R, i.e., Q = T1(—2). Then, the semidiscretization in the form

duh
W(t) =T (p)uh(t)v te (Oa L)a (16)
is nonnegativity preserving for any value of the parameter p. Therefore,
instead of (5), we can consider a more general equation

%:Au—&—ku in Qr =(0,L) x Q, (17)

where k is an arbitrary constant, and prove that the finite difference semi-
discretization for such an equation is nonnegativity preserving, because the
approximation of the new term effects only the diagonal elements of the
matrix in (16).

Remark 2.4. However, the nonnegativity property is known to hold only
for some k > kg for the original continuous problem (see, e.g., [15]), and,
of course, the preservation of this property in the numerical realization is
somewhat meaningless for certain values of k.

2.2 Two-dimensional case

We now consider problem (5)—(7) in the two-dimensional case.
We introduce the following denotation

T»(p) = tridiag(Z, T1(p), 1) (18)

for a block tridiagonal matrix (from R”QX”Z), where p € R.

We consider the both semidiscretization methods. Clearly, if we apply
the usual finite difference method, then in the Cauchy-problem (8) the ma-
trix A, has the form A;, = T»(—4), that is, all its off-diagonal elements
are nonnegative. If we use the linear finite element method, then we get
A = M~'Ty(—4). Here M denotes the corresponding block tridiagonal
nonnegative mass matrix. Due to its structure, its inverse consists of a nega-
tive off-diagonal block. Therefore, in the above approximation the disccrete
Laplacian has some negative off-diagonal entries. Summarizing the above
results, on base of Lemma 2.1, we obtain
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Theorem 2.2. For the two-dimensional problem on rectangular mesh, the
semidiscrete numerical solution, obtained by the regular finite difference dis-
cretization, preserves the monnegativity property. However, this property is
not preserved, in general, for the linear finite element discretization.

In what follows, we establish the relation between the exponentials of the
matrices T4 (p) from R™*™ and T»(p) from R" an, i.e., the matrix exponential
between the 1D and 2D discrete Laplacians. Using the denotation

A(p) = tridiag(1,p + 2,1) = T1(p) + 21, (19)

we have

Ty(p) = tridiag(I, A(p) — 21, I) = diag(A(p)) + tridiag(I, —21I,1)
(20)
=I®Ap) +Q &I,

where ® denotes the Kronecker product of matrices, see e.g. [10], [14]. In
order to attribute the matrix exponential of the matrix T5(p) € R™ X"’ to
the matrix exponentials of the matrices A(p) and @ from R™*", i.e., the

two-dimensional problem to the one-dimensional one, we prove the folowing
lemma.

Lemma 2.2. For the matrices Ta(p), A(p), and Q, the relation

exp(T2(p)) = exp(Q) @ exp(A(p)) (21)
holds.
Proof. For any matrices A, B, C, D of the same size, we have [10, p. 228],
(A® B)(C ® D) = AC ® BD. (22)
Therefore
(@ AP)(Qe®I)=Q® Alp), (23)

(QaI)I®Alp) =Q® A(p).

Consequently, the corresponding exponential can be written by use of the
binomial rule as follows

exp(Ta(p)) = exp((I © A(p)) + (Q ® I)) (24)
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On the other hand, by the definition of the tensor product, we have

exp(@) ® exp(A(p) = Y- 50 @ Y- < AGY

Since the right-hand side is equal to the right-hand side of (24), we get
relation (21). O

Obviously, the tensor product of two matrices is nonnegative iff both
involved matrices are nonnegative. Moreover, exp(Q) is nonnegative and
exp(A(p)) is nonnegative iff exp(71(p)) is nonnegative. This repeatly shows
the validity of Theorem 2.2.

Remark 2.5. Clearly, the statement of Theorem 2.2 is also valid for the
more general equation (17).

3 Inverting the block-tridiagonal matrices

Applying some simple but efficient method to the numerical solution of the
semidiscrete problem (8) (like the well-known #-method), we get a system of
linear algebraic equation in the form

Xy = Xoy, (25)

where X; and X, are given matrices with special structures, and gy’ is the
approximation to uy(j7). In order to analyse the nonnegativity preservation
for the fully discretized problem (25), the main task is the inversion of the
matrix X;. For the one-dimensional case this matrix is a uniformly tridiago-
nal, and in the two-dimension case, it is a uniformly block-tridiagonal matrix.
The inversion for the first case is well-known (see, e.g., [6], [8], [14]), and it is
natural to ask whether the second (block-tridiagonal case) is related to the
first (scalar) case? In this section, we establish the relation between these
two cases.

3.1 Tridiagonal and block-tridiagonal matrices

We introduce a new denotation
T(p) = tridiag(—1, p, —1), (26)

which differs from the similar denotation in (15) in the sign. In the sequel,
we always assume that the matrix T'(p) is invertible, i.e., its eigenvalues are
(see, e.g., [14])

Ak =p—2cos #0, k=1,2,...,n. (27)

n+1
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Following the standard technique of matrix inversion, each entry of the
inverse for T'(p) is calculated as a fraction of two polynomials

o PEDP)
(T(p) )ij = gij(p) = ()’ (28)

where pj’ (p) is the determinant of the adjoint matrix with respect to the
element (T'(p))i;, and ¢"(p) denotes the determinant of T'(p).
In fact, using the [-th Chebyshev polynomials of the second kind

I—Fk\ ,_
i) =311, a2,
k=0
the entries in (28) can be expressed explicitly as folows from [14, p. 49],

Ui—1(p) - Un—;(p)

, i<y,
Un
(T(p)™ )iy = B
Un(p) ’ .

The block-tridiagonal matrices present, in some sense, the generalization
of the tridiagonal matrices. Thus, we consider the matrix

B(T) = tridiag(—1I, T, —I) € R* *™" (29)

where T is defined in (26). (We remark that, in general, the blocks in the
block tridiagonal matrices need not be square matrices, but we will consider
only the latter case). In our case, the hypermatrix B(T') consists of the
commutative blocks, i.e., B(T);; - B(T) = B(T)w - B(T)s; for all i, 7, k,l =
1,2,...,n. Similarly to the scalar matrices, the representation

Hdet (B(T)) = > (=1)'B(T)10, B(T)2u, - - - B(T ).,
(n!)

where vy, € {1,2,...n}, can be introduced and it is called the hyperdetermi-
nant of the hypermatrix B(T).

Obviously, Hdet (B(T')) € R"*™, i.e., it is a matrix itself. Further, the
determinant of the block tridiagonal matrix B(T') is equal to the determinant
of the hyperdeterminant Hdet (B(T)):

det B(T) = det(Hdet (B(T)). (30)

The proof can be found in [14, p. 324].
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3.2 Inverting the block-tridiagonal matrices

We consider the inversion of the block-tridiagonal matrix B(T"). The idea is
to show that the operator calculus works in the following sense: substituting
the argument p by the matrix 7 in scalar formula (28), we obtain the (7, j)-th
block of the inverse matrix.

First of all, we have to show that ¢™(7T) is invertible under the assump-
tion (27). Obviously, due to the definitions, the equality

Hdet (B(T)) = ¢"(T)
holds. Using (30), we get
det ¢"(T) = det B(T),

which means that, if B(T)~! exists, i.e., det B(T') # 0, then det ¢"(T') # 0.

Theorem 3.1. Assume that B(T) is an invertible matriz, then B(T)™! con-
sists of the blocks of size n X n, having the form

(B(T)™Y)ij = gi5(T) = piy(T)(¢" (D)™}, 4, =1,2,...,n. (31)

Proof. For simplicity, we shall omit in the proof the superscripts for the
functions g, p and q.

Let G denote the block-matrix {g;;(T)}};_;, and, for the later use, for
i=0,j=0,i=n+1, j =n+1 we define the matrices g;;(T") as the zero
matrix of the size n x n.

We will show the following: multiplying the i-th block-row of B(T") with
the j-th block-column of G, we get the identity matrix I for ¢ = j, and the
zero matrix for ¢ # j. Obviously,

—1I-gi—1,;(T)+ T gi(T) — I git1,;(T)
=—0i-1,;(T) + T gij(T) — gi+1,;(T)
= (=pi-14(T) + T - pij(T) = pir1(T)) - a(T)~".
According to (28), we have

g i (8) 4 5 gin(5) — giay s(s) = —Rimra () H 8 Py (9) = i1y (8)
glfl,j( )+ gzg( ) gZJrl,j( ) q(s)

_{0, if @ # j,
L1, ifi=j,

for all s, if det(T") = ¢(s) # 0. So, for i # j, we have

Pi(s) = —pi—1,j(5) + 5-pij(s) — pit1,5(s) =0,
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and, for i = j we get

Py(s) = —pi—1,(s) + 5 - pij(s) — pir1,5(s) —q(s) = 0.

Since the previous formulae are valid for all s except for a finite number
of values (we have to exclude those values of s for which ¢(T') = 0) and each
polynomial has only a finite number of roots, we can see that both, Pj(s)
and P»(s) are zero polynomials. If we use the matrix T instead of a scalar
variable, this property remains valid, since the scalar zeros are obviously
replaced by its matrix equivalent.

Thus, we can prove that the matrix G is the right-hand inverse of B(T).
Using the fact that B(T) is made of commutative blocks and the commu-

tativity of real numbers, we easily get a similar result by calculating the
product GB(T). O

4 Conclusions

In this paper, we have considered the nonnegativity preservation property
for the linear parabolic PDEs. We established the direct connection of the
nonnegativity preservation for the semidiscrete solutions between the one and
two-dimensional cases. Namely, we proved that the two-dimensional problem
has this property if the corresponding one-dimensional problem is nonnega-
tivity preserving. The conditions posed are satisfied for all arbitrary (linear
FEM and FDM) methods. Moreover, we gave the explicit formula for the
inversion of the block-tridiagonal matrices with scalar tridiagonal matrices
placed along their diagonals. This result may be useful in obtaining some
sharper sufficient condition on the choice of the time discretization param-
eter in order to preserve the nonnegativity property of the fully discretized
problems.

Acknowledgement. The first author was supported by Hungarian Na-
tional Research Fund OTKA No. T031807 and No. T043765. The second
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in Semidiscrete Parabolic Problems
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1 Introduction

Certain physical quantities, as concentration, density, absolute temperature
etc., naturally attains only nonnegative values. This fact is mirrored in the
mathematical formulation of a particular physical problem. We take advan-
tage of maximum and comparison principles in these situations. Maximum
and comparison principles are fundamental properties of partial differential
equations of second order. There are different formulations of these princi-
ples. They hold for a variety of linear and nonlinear problems, see e.g., [1],
3, 4], [10], [13], [16], [17], [20].

The term nonnegativity conservation (or preservation), has a tight con-
nection to the comparison principle and will be defined below. Papers [5],
[6], [7], [12], [14] deal with fully discrete schemes and give conditions under
which the nonnegativity of numerical solution is conserved. Our work is de-
voted to the question whether the comparison principle is satisfied also for
semidiscrete approximations.

Let us choose as a model problem the following prototype of a linear para-
bolic problem with the homogeneous right-hand side and Dirichlet boundary
condition:

Opu(x,t) — Au(x,t) =0 in Qx(0,7), (1.1)
u(z,t) =0 on 002 x [0,T],
u(z,0) =up(z) in £,

where 0; denotes the partial derivative with respect to ¢, T' > 0, and the un-
known function u and the initial condition ug are supposed to be sufficiently
smooth. The initial and boundary conditions are considered to be consistent.
The domain Q C R?, d = 1,2, 3, is assumed to be polyhedral, for the sake of
simplicity.

It is well known that problem (1.1) satisfies the following comparison prin-
ciple.

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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Theorem 1.1 (Comparison principle). Let uy, us be two classical solutions
of (1.1) corresponding to the initial conditions uo1, w2, respectively. If ugy <
ugz in , then uy < ug in Q x (0,7).

Proof. It follows from the classical maximum principle for parabolic prob-
lems, see, e.g., [16, p. 161]. O

Definition 1.1. We say that problem (1.1) satisfies the nonnegativity con-
servation (or conserves monnegativity) if any nonnegative initial condition
yields a nonnegative solution of (1.1), cf. [5], [7], [12].

It is obvious that the comparison principle and nonnegativity conservation
are equivalent for linear problem (1.1). Note that this equivalence does not
hold, in general, for nonlinear problems.

We obtain the semidiscrete solution by the method of lines. The spatial
variable is discretized by the standard finite element method of the first order
and the time variable is kept continuous. We will call this procedure the finite
element method of lines.

The definition of the semidiscrete solution is based on the weak formula-
tion: find u € L2([0,T], H}(Q)) with d;u € L*(Q x (0,T)) such that

/ 8tuvdx+/ Vu-Vodr =0 Yvec Hi(Q), fora.a. tel0,T],
Q Q
u(z,0) = up(z) a.e. in Q,

with the initial condition ug € Hg ().

Let the space X0 C H}(Q) be a finite element space consisting of piece-
wise linear continuous functions based on a face-to-face simplicial partition of
the domain 2. Denote by IV the dimension of X and by ¢;,j =1,2,..., N,
the standard finite element basis functions. Let us emphasize that ¢; are

nonnegative. -
The semidiscrete solution U € C1([0,T7], Xp0) is defined by the following
Galerkin problem

/atUde+/vU~Vde:o YV € X, (1.2)
Q Q
U(z,0) = Up(z) in €,

where Uo(z) is the elliptic projection of ug into Xpg, given by the problem:
find Uy € X} such that

/VUQVVdCﬂ:/VUQVde YV € Xpo.
Q Q

The semidiscrete solution U(z,t) can be written as a linear combination of
the basis functions ¢; with time dependent coefficients y;(?), i.e.,

N
U(a,t) =Y yi(t)ps (). (1.3)
j=1
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Substituting (1.3) into (1.2) and taking V' = ¢;, we obtain

N N
Zyj(t) /Q wip;de + Zyj(t) /Q Vi -Ve;dz =0, (1.4)
j=1

Jj=1

yi(0) =yoi;, 1=1,2,... N,

where the dot stand for the time derivative. This is a system of ordinary
differential equations with initial condition given by Uy (z) = Z;V:1 Yojp;(x).
System (1.4) can be rewritten in a vector notation as follows,

Mi(t) + Ay(t) = 0, (15)
y(O) = Yo,

where y(t) = (y1(t),y2(t),... ,yn(t))" is a vector of unknown coefficients,

Yo = (Yo1,%02, - - -, Yon) | is a vector of the initial condition, M and A are the

mass and stiffness matrices, respectively, with entries

Mij:/wi(x)apj(x)dx, i,j=1,2,... N,
Q
Ajj = / Voi(z) - Ve(x)de, i,j=1,2,... N.
Q
System (1.5) is linear and has the following solution

y(t) = exp(—=M "' At)yo, t >0, (1.6)

where the matrix exponential is defined in a standard way (cf. Definition 2.2).
The nonnegativity conservation of semidiscrete Galerkin problem (1.2) is
equivalent to the nonnegativity conservation of system (1.5) in case of lin-
ear finite elements. This is clear because the elliptic projection of a non-
negative initial condition ug(x) into Xpo gives nonnegative coefficients yo;,
7 =1,2,...,N. This can be easily shown in one dimension. The initial
condition yg given by the elliptic projection of ug can be computed as

-
yozA_lﬁ;, where ﬁ):(/Vuo-thldx,...,/Vuo-Vadem) .
Q Q

The components fo; of the right-hand side vector f(; can be easily computed
in one-dimensional case as follows:

wj 1 it 1
foj:/uggogdx:/ ugfdxf/ ugh' dz
Q x J z; J+1

_ L, (; )+(i+i>u(m)Lu (zj41)
hy Ty )

= ajj—1uo(2j—1) + ajjuo(z;) + ajjt1uo(Tj+1),
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where z;, j = 0,1,..., N + 1, stand for the nodes of the partition, h; =
xj —xj—1, and a;; are the entries of 4, 4,5 =1,2,..., N. Denoting

ﬁo = (’U,o(l‘l),uO(xg), . ,uo(xN))T,
we have f(; = Atip, which implies
yo = A1 fo = o > 0.

Thus, the question is whether any positive initial condition g leads to a pos-
itive solution y(t) of system (1.5).

This question is answered in Section 3. Section 2 consists of several pre-
liminary results especially from the matrix theory. An illustrative coun-
terexample which shows that semidiscrete problem (1.5) does not conserve
nonnegativity is given in Section 4. Several suggestions how to satisfy the
nonnegativity conservation are presented in Section 5.

2 Preliminaries

In this section we present several results from the matrix analysis, which we
will use in the following sections. Note that all matrices are supposed to be
real in this paper.

Definition 2.1. We say that a matrix or a vector Q) is nonnegative (positive)
if all its entries are nonnegative (positive), and we write @ > 0 (Q > 0).

Definition 2.2. Let @ be a square matrix. The matriz exponential is given
by the series

=1
expQ =3 —Q"
n=0

Theorem 2.1. Let Q) be a square matriz. The matriz exponential exp(tQ) is
positive for allt > 0 if and only if all off-diagonal entries of Q) are nonnegative
and Q) is irreducible.

Proof. See [19, p. 257, Th. 8.1]. O

Theorem 2.2. Let A and B be two symmetric and positive definite N x N
matrices. Then their product, matriz BA, has all eigenvalues real and pos-
itive. Moreover, for each eigenvalue there exists a real corresponding eigen-
vector.

Proof. This theorem is proven, e.g., in [11] using the square root of a ma-
trix. It is also a direct consequence of the known facts from the matrix theory,
which can be found in [9, Sec. X.7, p. 286]. We give here a different proof.
Let A = A, + i\ and v = v, 4+ iv; # 0 be the complex eigenvalue and
the corresponding eigenvector of the matrix BA. Thus, we have BAv = v,
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which can be rewritten as Av = AMwv, where M = B~!. This equality can
be split into the real and imaginary part:

Av, = M Mo, — \\Muy, (2.1)
Avy = MMy + N\ Mo,. (2 2)

Let us multiply (2.1) by v; and (2.2) by v,:
(Avy,v1) = A (Moy, vi) — Mi(Mus, vy), (2.3)

Ar
(Avi, vy) = Ae(Mog, vr) + Nj(Muy, vr),

where (-,-) is the Euclidean scalar product. Because A and M are real
and symmetric, we have (Awvi,v;) = (vi, Avy) = (Avp,v;), and similarly
(Muvi,vp) = (v, Mvy) = (Muy,v;). Thus, we obtain from (2.3) and (2.4)
that

Mi[(Muog,vy) + (Mg, ;)] =0

holds. The positive definiteness of the matrix M gives us (Mz, x) > 0 for all
x € RN, 2 # 0, and we, therefore, conclude that \; = 0.
Thus, we know that A is real and we can rewrite (2.1) and (2.2) as follows:

Av, = M Moy, (2.5)
Avi = )\rM”Ui.

The equality (Avy,v,) = A\(Moy,v;) together with the positive definiteness
of A and M give us A; > 0.

We know that v, # 0 or v; # 0, and thus, (2.5) or (2.6) imply the existence
of a real eigenvector. [

Theorem 2.3. Let QQ be nonsingular square matriz. Then Q is irreducible
if and only if Q7' is irreducible.

Proof. We prove tha (@ is reducible if and only if Q! is reducible. If
Q@ is reducible N x N nonsingular matrix, then there exists a permutation

matrix P such that
A B
T _ 1
PQPT — ( ; A2> ,

where A; are N; x N;, i = 1,2, nonsingular matrices with N; > 0 and
Ni + No = N and B is a N1 X No matrix. It is easy to calculate the inverse
matrix:
—-1 —1p 4—1
(PQPT)_I _ P—TQ—IP—I _ Al Al EAQ .
0 A;

Consequently, Q! is also reducible. [
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Theorem 2.4. Let P and @ be two nonnegative N X N matrices. If P is
irreducible and if all diagonal entries of QQ are positive, then both PQ and
QP are irreducible.

Proof. It is well known that a matrix is irreducible if and only if its
associated directed graph is strongly connected, see e.g. [19]. Denote by D the
diagonal matrix D = diag{Q11, Qa22,... ,@nn}. It is clear that the directed
graphs of the matrices P, DP, and PD are the same. Adding any positive
off-diagonal entry to the matrix D can results, due to the nonnegativity of P,
only to another edge in the directed graph. Thus, the directed graph of the
matrices PQ and QP contains, possibly, more edges than the directed graph
of B. Consequently, if the directed graph of P is strongly connected then the
directed graphs of PQ and QP are strongly connected, too. [

Theorem 2.5. Let M be a nonnegative and nonsingular N x N matriz. If
there exists a positive off-diagonal entry in M, then there exists a negative
entry in matriz M 1.

Proof. Take indices i # j, i,j € {1,2,..., N}, such that M;; > 0. Assume
that M~1 = (ng), k.l € {1,2,... ,N}, and let My, > 0 for all k,¢ €
{1,2,...,N}. Choose any m # i, m € {1,2,..., N}. The equality

N
0= (MM?l)im = Mij Mjm + Z My Mpm
>0 g;} >0 >0

can be satisfied only if Mjy, = 0 for all m € {1,2,... SN, m # 4. If
Mj; = 0 then M _i is singular, which is a contradiction. If M;; > 0 then
0= (M"*M);; = Mj;M,; > 0, which is again a contradiction. [

Definition 2.3. Let us define the following set of square matrices:

Z={A;A isan N x N matrix and A4;; <0, i# j, N € N}.

Definition 2.4. We say that N x N matrix A is M-matrix if A € Z, A is
nonsingular and A~! > 0. The set of all M-matrices is denoted by K.

Theorem 2.6. Let A € Z be N X N matrixz. Then A € K if and only if all
real eigenvalues of A are positive.

Proof. See [8, Th. 5.1]. O

Theorem 2.7. Let A € Z be irreducible N x N matriz. Then the following
conditions are equivalent:
(i) A=t >0,
(ii) there exist vector x > 0 such that Az > 0,
(i) A e K.
Proof. See [8, Th. 5.12]. O
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Theorem 2.8 (Perron-Frobenius). Let A be a nonnegative and irreducible
N x N matriz. Then its spectral radius

o(A) = max{|A|, X is an eigenvalue of A}

is a single positive eigenvalue of A with a positive corresponding eigenvector.
Proof. See e.g. [8, Th. 4.8]. O

Theorem 2.9. Let M be a nonnegative and irreducible N x N matriz. If
there exists a zero entry in M, then there exists positive off-diagonal entry

in M=t e, M~1 & 2.

Proof. Denote K = M~!. According to Theorem 2.8 there exist A > 0
and v > 0 such that Mv = Av, i.e., M~'v = A~1v. Thus, we have v > 0
such that Kv > 0. Clearly K= > 0 but K % 0. Moreover, K is irreducible.
Therefore, Theorem 2.7 gives K ¢ Z. [

3 Does the method of lines conserve nonnegativity?

By (1.6), the nonnegativity of y(t) for all yo > 0 and all ¢ > 0 is equivalent
to the nonnegativity of the matrix exp(—M ~tAt) for all ¢ > 0.
According to Theorem 2.1,

exp(—MtAt) >0 Vt>0

if and only if
M™1AeZ and M~'A is irreducible. (3.1)

Thus, we have to examine the matrix M ~!A.

First, let us assume that the used triangulation satisfies the so-called acute
type condition, which in two dimensions requires that all angles in the trian-
gulation are not greater then m/2 and in three dimensions that all dihedral
angles between faces of all tetrahedra are not greater then 7/2. The stiffness
matrix A is M-matrix under this condition. For details see [2] and [15]. Note
that no assumption on partition is needed in one dimension and the stiffness
matrix A is always M-matrix in this case.

Let us survey the most important properties of M and A.

e M > 0 due to the positivity of finite element basis functions.

e Both M and A are the Gramm matrices. Thus, they are nonsingular,
symmetric, and positive definite, (i.e., their diagonal entries are positive).

e Matrices M and A are irreducible and sparse provided that the mesh is
sufficiently fine.

e All off-diagonal entries of A are nonpositive due to the acute type condi-
tion.

e The stiffness matrix A is M-matrix under the acute type condition, see
Theorem 2.6. Consequently, using Theorem 2.7, we obtain A~! > 0.



204  T. Vejchodsky

e Set K = M~!'. Although the matrix K has many properties like M-
matrices, mainly nonnegative inverse matrix and positive definiteness, it is
not M-matrix, because it is not in Z, see Theorem 2.9. Using Theorems 2.5
and positive definiteness of M !, we obtain that there are both positive
and negative off-diagonal entries in M 1.

Now, we present the list of properties of M ~1A.

e The matrix M ' A is not symmetric, in general. Anyway, there are several
exceptions. Matrices A and M commute, for example, when A and M
correspond to a one-dimensional equidistant partition — see [21, p. 394],
or to a triangulation with equilateral triangles in two dimensions. In both
these cases M = c11 — ca A with suitable constants ¢; and ca.

e The matrix M ~! A is not positive definite, in general, but all its eigenvalues
are real and positive, see Theorem 2.2.

e The inverse matrix to M 1A is nonnegative: A-1M > 0.

e The matrix M~'A is irreducible: A irreducible ==* A=1 jrreducible
T2 A1)/ irreducible "22° M1 4 irreducible.

e The matrix M 1A exhibit many important properties of M-matrices, but
it is not, unfortunately, M-matrix, in general, since it is not in Z. The
situation is similar as for the matrix M ~!. A one-dimensional example is

given below.

These properties can be utilized in condition (3.1). The matrix M 1A
is irreducible, but M~'A ¢ Z, in general. Therefore, there exists t > 0
such that exp(—M ~!At) has a negative entry and, consequently, there exists
a nonnegative initial condition yo such that at least one component of y(¢) is
negative.

Thus, we conclude that the finite element method of lines does not conserve
nonnegativity.

4 Counterexample of nonnegativity conservation
First, let us find another expression for the solution of system (1.5). Accord-

ing to [11, p. 40, Rem. 2.10.7], the product of two positive definite matrices is
real diagonalisable. Therefore, there exist NV linearly independent eigenvec-

tors v, ve, ..., vy corresponding to the positive eigenvalues A1, Aa,... , Ay of
M~YA. Let us introduce the diagonal matrix A = diag{\1, A2,... ,An} and
the square nonsingular matrix V' whose columns are formed by vy, va, ..., vN.

Clearly, M~'AV = VA, which is equivalent to M ~*A = VAV ~!. Substitu-
ting this into (1.6), we obtain

y(t) = exp(=VAV 1 t)yo = Vexp(—At)V Lyy = VE)V 1y, (4.1)

where E(t) = diag{e”\lt, et 7e—>\Nt}.
Note that rows of V! are the eigenvectors of the matrix M A~! corre-
sponding to its eigenvalues /\fl, )\gl, cee )\;7 because MA=1V-T=1-TA-1
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holds. It also worth noting that system (1.5) can be decoupled by the sub-
stitution z(t) = V~1y(¢).

Let us consider one dimensional problem (1.1) with Q@ = (0,4). The parti-
tion of € consists of four elements separated by three inner points: {1,2,3}.
Using the standard continuous and piecewise linear basis functions, we get
the following mass and stiffness matrices:

L[4 10 2 -1 0
M=cf1 4 1) A=[-1 2 -1
0 1 4 0 -1 2

We introduce the inverse matrices to M and A just to illustrate that A=! > 0
and that M ! has really both positive and negative off-diagonal entries:

1 45 —12 3 13 21
M‘lzﬁ -12 48 -—12 ], A—lzZ 2 4 2
3 —12 45 1 2 3

To find the exact semidiscrete solution by the finite element method of
lines according to (4.1), we have to calculate the matrix

1 51 —36 9
M—lA:ﬂ -36 60 —36 |,
9 —-36 51

its eigenvalues
6 6
A1:5(5—3ﬁ), Ay = 3, /\3:?(5+3\/§),

and the associated eigenvectors, which form columns of the matrix V:

R V2 1
V= 3 V20 V2| =Vl
1 V2 1

Equality (4.1) can be now rewritten componentwise
3
yit) = Y vike M, i=1,2,3.
k=1

The coeflicients ~;x are given by the entries of matrices V' = {v;; } and V-1l=
{¥1;} and by the entries of the initial condition vector yo = (Y01, Yoz, Yo3) "

3

Yik :vikzl_}kijja Z7k: 132>3'
j=1
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40
30
20 u0(x)
10
0
0 1 2 3 4

Figure 1. Continuous piecewise linear initial condition ug(z) € H}(0,4)
with values 1, 1, 200 at the points 1, 2, 3, respectively.

The solution y;(t) would be definitely nonnegative, if the coefficients v;, were
nonnegative, but there is no reason for this. There really exists a positive
initial condition yg such that some component of the semidiscrete solution is
negative. For example, we can take

yo = (1, 1,200).
This choice of the initial condition vector corresponds to the function
uo(x) = @1(7) + () + 20005() (4.2)
sketched in Fig. 1.

The three components of the semidiscrete solution are shown in Fig 2. We
can see that the first component

_ 201+ \/ie_m 199 e 201 \/ie_m

t
yl() 4 9 4

is negative in a small time interval near zero, which is in contradiction with
the comparison principle.

Note that the finite element approximation of initial condition (4.2) is
exact and even in spite of this fact the nonnegativity is not preserved.

5 How to satisfy nonnegativity conservation?

The situation with conservation of nonnegativity in semidiscrete case is not
as hopeless as it seems. Although there exists a counterexample, the non-
negativity conservation is usually conserved. It seems that a strong gradient
in the initial conditions and a quite coarse mesh are necessary to obtain
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200 1

150

100

N A OO © O

50

0 1 2 3 4 5 0 0.1 0.2 0.3 0.4 0.5

Figure 2. Three components y1(t), y2(t), and y3(¢) of the semidiscrete
solution. The interesting part is zoomed on the right.

a counterexample to nonnegativity conservation. It does not hold that the
semidiscrete solution y(¢) is nonnegative for all ¢ > 0 for any nonnegative
initial condition, but we are able to prove, that there exists a time t¢ such
that for all ¢ > to the inequality y(¢) > 0 holds for all nonnegative initial
conditions yg. The exact formulation with a proof follows.

Theorem 5.1. Consider problem (1.1) and the finite element method of
lines based on linear elements. The semidiscrete solution y(t) is given by
system (1.5). Assume that A=' > 0. Then there exists to € R such that
y(t) > 0 holds for all t > to and all initial conditions yo > 0.

Proof. To prove the theorem we use formula (4.1). We know that A='M >
0 and that it is irreducible. Thus, Theorem 2.8 says that the largest eigen-
value of A~'M is single and positive and that the corresponding eigenvector
is also positive. Consequently, the eigenvector of the matrix M 1A corre-
sponding to the smallest eigenvalue of M ~!A is positive, i.e., the first column
of V is positive, and hence v;; > 0,7 =1,2,... ,N. The same argument for
the matrix M A~ > 0 gives that the first row of the matrix V' ~! must be pos-
itive, i.e., v1; > 0, j = 1,2,..., N. The components of the matrix V E(t)V !
can be written in the following form:

N
VE@)V i = vabye M+ vibie ™, ij=1,2,...,N.
oy k=2

It is clearly seen that for a large time ¢ the first term dominates, because
A1 is the smallest of all A\g, k = 1,2,...,N. Thus, the positivity of v;171;
for all 7,7 = 1,2,..., N ensures the positivity of all entries of the matrix
VE(t)V =1 for a sufficiently large t. Consequently, there exists tg € R such
that y(t) = VE(t)V ~lyo is nonnegative for all yo > 0 and all t > t5. [

Remark 5.1. We calculated the value of ¢y in the example from Section 4.
All solutions are nonnegative for all nonnegative initial conditions if ¢ > 0.213.
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The other and very simple way to save the nonnegativity conservation of
a semidiscrete problem is to utilize convergence of the finite element method
of lines. We know that continuous problem (1.1) satisfies the comparison
principle. Therefore, it also conserves the nonnegativity. Taking a sufficiently
fine partition of Q, we can get the semidiscrete solution U arbitrarily close
to the exact solution u, which is positive for any positive initial condition.
Thus, also the semidiscrete solution must be positive if it is sufficiently close
to the exact one.

The numerical experiments indicate that this behaviour is usually achieved
already for quite coarse partitions, e.g., in the example from the previous sec-
tion it is enough to divide every element into four equal parts. The resulting
semidiscrete solution will be positive for all ¢ > 0 as it is indicated in Fig. 3,
where we can also see unpleasant oscillations of some components y,(t) of
the semidiscrete solution.

200 25
150 2
\ 15
100
;
50 0.5
0\/
0 -
0 1 2 3 4 5 0 005 01 015 02 025

Figure 3. The graphs of coefficients y;(t),y2(t), ... ,y15(t) of semidis-
crete solution (see (1.3)). The detailed view of region around zero shows
that all components y;(t), i« = 1,2,...,15 are positive. It also reveals
unpleasant oscillations of some components of the semidiscrete solution.

The last and most often used way of ensuring the nonnegativity conserva-
tion is the mass lumping — for details about this method see, e.g., [18]. This
method consists in replacing of the mass matrix M in (1.5) by a diagonal
matrix D = diag{di1,d22,... ,dyn} with d;; = Z;\f:l mij, l.e., we sum up
all entries in a row of M and put the result on the diagonal. The semidiscrete
solution is then in the form

y(t) = exp(—D~" At)yo.

The matrix D~1A has clearly all off-diagonal entries negative (if linear
finite elements and acute type condition are used). Thus, according to Theo-
rem 2.1, the matrix exp(—D~!At) is positive for all t > 0, and consequently
y(t) > 0 for all yo > 0 and all ¢ > 0.
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1 Introduction

The 3D Maxwell equations, which describe the behavior of time-dependent
electromagnetic fields, in the absence of free charges and currents, can be
written in the form

-V xH+ e0E =0, (1)
V xE+ uo:H =0, (2)
V(¢E) =0, (3)
Y (1H) = 0, (4)
where

E= (Ez(tvxvyaz)ﬂEy(tvxayvz)sz(tvxvyaz)) (5)

is the electric field strength,
H= (Hz(t,x7y,z),Hy(t,x,%z),HZ(t,x,%z)) (6)

is the magnetic field strength, e is the electric permittivity and p is the
magnetic permeability (see [7] and [13] for more details). The two material
parameters can depend on the spatial coordinates. It is well-known that the
divergence equations (3) and (4) follow from the curl equations (1) and (2)
if we suppose that the fields in question were divergence-free at the initial
point of time. This means that we must solve only the curl equations applying
divergence-free initial conditions for E and H.

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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A lot of numerical Maxwell solution methods are known. Some of them are
the finite difference method, the variational method, the method of moments,
the finite element method, the transmission line matrix method, the Monte
Carlo method and the method of lines ([7], [11], [13]). In this paper we
investigate those finite difference methods that employ the staggered spatial
discretization in definition of a system of linear first order ordinary differential
equations.

Az f E

Figure 1. Standard Yee cell.

In order to obtain the above mentioned semi-discretized system we define
a rectangular mesh with the step-sizes Ax, Ay and Az for the electric field
and another staggered (by Az/2,Ay/2 and Az/2) grid for the magnetic
field in the computational domain. The building blocks of these meshes are
the so-called Yee-cells (see Fig. 1). The staggered grid structure was firstly
successfully applied by Yee ([16]) in 1966.

Let us consider the

€ L xi(\/ﬁH)
QVeR) = ¥ x ™)

0,(/H) = —#v X (\{f),

rearranged form of the curl equations. Discretizing these equations at the
points shown in Fig. 1, we arrive at the system of ordinary differential equa-
tions

(8)

d¥(¢)
dt
(see [1] for details). ¥(t) € RSN N is the number of the Yee-cells in the com-

putational domain, gives the approximations of the components \/eE,, ...,

V/IiH, at the discretization points at the time instant t. Every row of A €
RON x6N

=AY¥(t), t>0, ¥(0) is given 9)

A-), that is A is a sparse matrix. Moreover, A is a skew-symmetric ma-
trix (AT = —A). Because of the skew-symmetry of A the eigenvalues can
be written in the form +i\g, where £k = 1,...,3N, Ay > 0 and i = /—1.
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Applying the Gerschgorin theorem we obtain the upper bound |\;| < 4¢/h
(k=1,...,3N), where h = min{Axz, Ay, Az} and c is the maximal speed of
light in the computational domain (¢ = max{1//g/}).

We know from the theory of ordinary differential equations that the solu-
tion of (9) can be written in the form

U(t) = exp(tA)T(0), (10)

where exp(tA) denotes the matrix exponential and it is well-defined with the
Taylor-series of the exponential function. This matrix exponential cannot be
computed directly because A is, in real life problems, a very large matrix.
According to the form (10), the numerical methods for the Maxwell equations
are based on some approximation of the matrix exponential exp(tA). With
the choice of a time-step At > 0

U(t+ At) = exp(AtA)T(t) (11)
follows from (10). Using this equality the one-step iteration
Tt = U, (AtA)T", B s given (12)

can be defined, where U, (AtA) is the approximation of the exponential
exp(AtA) (this approximation may depend on n) and ¥U" is the approxi-
mation of the function ¥ at the time-level nAt.

In this paper we investigate several time-integration schemes for (9). These
methods will differ only in the definition of the exponential approximation
Un(AtA). At the end of this paper we will compare the schemes from the
point of view of computational speed, stability and accuracy.

2 Time integration schemes for the semi-discretized
Maxwell equations

In this section we list some possible time-integration methods for (9). In
order to compare the methods, we calculate the number of operations per one
iteration step, moreover, we discuss the question of stability of the methods.
We call the numerical solution method stable, when the relation [[¥™]2 <
K - ||¥9)|5 is valid for some fixed constant K and for all natural number n.
Let us introduce the notation ¢ = cAt/h.

2.1 Explicit Euler method

The most evident method, the explicit Euler method, is investigated first.
The method approximates the exponential exp(AtA) by the first two terms
of the series of the exponential function. That is, U, (AtA) = I+ AtA. The
matrix I denotes the identity matrix. This iteration method is very fast (the
number of operation per time-step is 36/N), but the method is not stable, so
it is not usable in practice.
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Theorem 2.1. The numerical solution of the Mazwell equations using stag-
gered spatial discretization and explicit Euler time-integration is unstable.

Proof. It is sufficient to show that the modulus of the eigenvalues of T + AtA

are greater than one. We have

Ar]? =1 HiAN2P =1+ AN > 1. O (13)

2.2 Implicit Euler method

The second solution method is the implicit Euler method, where we employ
the approximation U, (AtA) = (I — AtA)~1L.

Theorem 2.2. The numerical solution of the Mazwell equations using stag-
gered spatial discretization and implicit Fuler time-integration is uncondi-
tionally stable.

Proof. The unconditional stability can be shown with the inequality

Y2 = (T — AtA) 1072 < (T — AtA) 2|3 || o2 (14)
1

_ T2 < || on2. O
R R e et L R L

Naturally, in practice, we do not compute the inverse of I — AtA, but we
solve a system of linear algebraic equations in the form

(I - AtA)I"H = gn (15)

in every time-step. Because the coefficient matrix of the system is a sparse
one, we prefer the iterative solution method. Let us choose the simple gradi-
ent iteration
1 1 1
Uity = (- o)+ wAtAJ W™, 1=0,1,..., TGt =T", (16)
where w is a suitably chosen positive constant. The method is convergent if

and only if the spectral radius of the iteration matrix is less than one. So,
we obtain the necessary and sufficient condition of the convergence

2

0<w< :
YSTEAL maxy—1,. 3n{A}}

(17)

The smaller the spectral radius of the iteration matrix, the faster the conver-
gence. Analyzing the second order (in w) form of the spectral radius we can
find that to achieve the fastest convergence the parameter w must be chosen
according to the equality

1
YTITAR maxy—1, 3N{\{}

(18)
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Inserting this parameter into the expression of the spectral radius we have

o([(1 — w) I+ wAtA]) (19)
:\/w2(1 + At?) i

2 1-2
7?77(3]\[{)‘1@} + w

1 1
= 1 _— < 1 - .
1+ At?maxp—1,. sn{\2} ~ 1+ 1642

Although the implicit Euler method is unconditionally stable, which would
make possible the choice of arbitrarily large time-steps, increasing At the
iteration method will be slower because of the relatively large spectral radius.
When we would like to solve the system of linear equations decreasing the
error of the initial approximation with a factor of 10, then we have to perform
about 75 iterations (choosing ¢ = 1/+/3, which will be the maximal value for ¢
in the Yee-method). So we would have 75 -7 - 6N = 3150N operations per
time-step. This number of operations increases dramatically increasing the
time-step (for ¢ = 2 we have 18816V operations per time-step).

2.3 The Yee-method

Yee derived the first efficient finite difference solution method for the Maxwell
equations in 1966 (see [16]). This method uses a so-called leap-frog time
integration scheme, for which the electric field at ¢ = 0 and the magnetic
field at ¢ = At/2 must be given. Now we show that the Yee-method is also
based on the matrix exponential approximation. Let us define two matrices,
A1y and Asy, as follows. The matrix Ayy is composed from the matrix A
changing the rows belonging to the electric field variables to zero rows. Asy
can be derived, in similar manner, zeroing the rows belonging to the magnetic
field variables. It can be easily shown that A;y and Asy do not commute
and that the relations A = A1y + Agy, exp(AtA1y) = I+ AtA;y and
exp(AtAgy) = I+ AtAgy are fulfilled. In the case of the Yee-method we can
apply the exponential approximation U, (AtA) = (I+ AtA1y)(I+ AtAsy),
which comes from the relations

exp(AtA) = exp(At(A1y + Agy)) (20)
~ exp(AtAiy) exp(AtAgy ) = (I+ AtAq1y)(I+ AtAgy).

It can be proven applying Von Neumann analysis, that the Yee-method can
be kept to be stable choosing the time-step sufficiently small.

Theorem 2.3 (e.g. [13]). The numerical solution of the Mazwell equations
using staggered spatial discretization and leap-frog time integration is stable
if and only if the condition

1

A B T A T A @)

18 fulfilled.
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From the theorem we obtain the upper bound ¢ < 1/\/§ The number of
operations is 36 N in one time-step, that is the same like in the explicit Euler
method. Thus this method is very fast, but because of the strict stability
condition it proceeds relatively slowly.

2.4 The Namiki-Zheng-Chen-Zhang method

A lot of effort has been invested during the last decade to bridge the stability
problem of the Yee-method. The main goal was to construct methods, where
At can be chosen based on accuracy considerations instead of stability rea-
son ([3], [4]). The first papers that described unconditionally stable methods
were written by Namiki and by the triple Zheng, Chen and Zhang ([9], [15]).

The Namiki-Zheng-Chen-Zhang (NZCZ) method is based on the explicit
and implicit Euler method. Let us define the matrices Ay and Asy such
a way that Ay comes from the discretization of the first items in the curl
operator, and Asy comes from the second ones. Then we can define the
iteration process

\I,n+1/2 _yn
TAma = AWTT 4 Ay, (22)

gntl _ \I,n-&-l/Q
A2 AN U2 A B (23)

which gives the exponential approximation

Un(AtA) = (I — (At/2)Asn) " - (T+ (At/2)A1y) (24)
(L= (At/2)A1n)"" - (I + (At/2)Asy).

The unconditional stability of the method was previously demonstrated on
test problems or its proof was given that used computer algebraic tools.
Applying the fact A1y + Aoy = A and the skew-symmetry of the matrices
A;n and Aoy, a pure mathematical proof of the stability was given in [5].

Theorem 2.4 (see [5]). Let h = min{Az, Ay, Az} and let ¢ = cAt/h be
an arbitrary fixed number. The numerical solution of the Mazwell equations
is unconditionally stable using staggered spatial discretization and using the
Namiki-Zheng-Chen-Zhang time integration method.

Let us notice that the constant ¢ must be chosen according to the inequal-
ity ¢ < 1/4/3 (here h = Az = Ay = Az) in 3D problems in the case of the
classical Yee-method to guarantee the stability of the method. According
to the previous theorem in the NZCZ-method the parameter ¢ can be set
arbitrarily, which shows the unconditional stability of the method.

In every time-step we have to apply the explicit and implicit Euler method
twice. The implicit method is used with a symmetric tridiagonal matrix, so
the solution can be obtained by the so-called Thomas algorithm. The number
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of operation is 144N in one time-step. The NZCZ-method is four times slower
than the Yee-method for a fixed time-step At. Because the NZCZ-method is
unconditionally stable, we can choose time-steps beyond the stability bound
of the Yee-method. Thus in the long run the NZCZ-method can be faster
than the Yee-method.

2.5 The Kole-Figge-de Raedt method

Kole, Figge and de Raedt noticed (see [6]) that it is possible to split the
matrix A into the sum of skew-symmetric matrices, for which the matrix
exponential can be computed exactly (KFR-method). When we have such
splitting in the form A = A; +--- 4+ A, (p € N), then we have U, (AtA)
as a product of exactly computed exponentials exp(&;, AtA;), where &;, is
some suitable constant (i € {1,...,p}). The computation of the matrix
exponentials is based on the equality

0 « cosa  sina
exp({_a 0]>_{—Sina cosa]’ (25)

where « is an arbitrary constant. Since the matrices Aq,..., A, are skew-
symmetrical and only the products of the exponents of these matrices are
used in the approximation, the iteration matrix will be orthogonal. That
is its 2-norm is exactly one. Thus the KFR-method is also unconditionally
stable.

Theorem 2.5 (see [6]). The numerical solution of the Mazwell equations
using staggered spatial discretization and using products of exactly calculated
matriz exponentials of skew-symmetric matrices in the time integration is
unconditionally stable.

With the splitting A = A; +--- + A, we can define, for instance, the
approximation

Ufll)(AtA) = exp(AtAq) exp(AtAs) - ... - exp(AtA,), (26)

which is called KFR1-method, because this method has order one. A second
order approximation can be achieved with

At \\T At
2) — (pw(_ 2t (uw (2t
UD (AtA) (Un ( > A)) (Un ( > A)) (27)
(KFR2-method), while we get a fourth order method with
UM (AtA) = UD (0ALA) - UPD (OALA) - UP ((1 — 40)AtA)  (28)
x U (OALA) - U (0ALA),

0 = 1/(4 — V/4) (KFR4-method). For more details regarding the splitting
methods consult [8] and [14].
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The number of operations per time-step is 108 N for the KFR1-, 216N for
the KFR2-, and 1080N for the KFR4-method.

2.6 The Krylov-space method

In the previous methods we approximated the matrix exponential exp(AtA)
and used this approximation to generate a matrix iteration. Changing the
philosophy of the matrix exponential approximation we can proceed as fol-
lows. We do not approximate the matrix exponential itself but the product
of the matrix exponential and the previous state vector ([1], [2], [10], [12]).

Let us suppose that an initial vector ¥° and a fixed natural number m are
given. We are interested in finding the best approximation to exp(AtA)¥°
from the Krylov-space

K(AtA, T m) = span{T° AtAT° ... (AtA)" 100} (29)

(span{} denotes the set of all possible linear combinations of the vectors).
Because A is skew-symmetric, it is possible to find an orthonormal matrix
V., and a skew-symmetric tridiagonal matrix T, such that the relation

V) AV, =T, (30)

is satisfied. The matrices V,,, and T, can be calculated applying the modi-
fied Arnoldi-method. With the help of these matrices the best approximation
for exp(AtA)¥° can be written in the form

Ul = BV, exp(AtT,,)es, (31)

where 3 = ||[¥°|5 and e; is the first unit vector. This method is also uncon-
ditionally stable.

Theorem 2.6 ([5]). The numerical solution of the Mazwell equations using
staggered spatial discretization and using the Krylov-method with a modified
Arnoldi orthogonalization in the time integration is unconditionally stable.

The main advantage of the method is that choosing m relatively small
(m < 6N) we need to compute the matrix exponential only for the small
matrix AtT,, and we get the next approximation as a linear combination of
the m columns of V,,,. The number of operations per time-steps is 72mN (if
we neglect the number of operations in the computation of exp(AtT,,)).

Remark 2.7. Let us suppose that dim(K(AtA, U0 m)) = mg < m. Then
in the above relations we must use mg instead of m. Moreover, in this case
AP0 ¢ span{ WY AtATO ... (AtA)mo~1WO0} and ! gives the exact value
of exp(AtA)¥° which means that exp(AtA)¥° can be computed exactly for
arbitrary time-steps. This shows that the Krylov-method in special cases
(mo < 6N) can be a very efficient one.
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Remark 2.8. Considering Theorem 4 in [2] we can give an estimation for
the error of this method in the form

I exp(AtA)\IIO — BV, exp(AtT,,)e1]|2 (32)

2eq

< 12e*<2q>2/m( ) m > 4q (¢ = cAt/h).

m
With this relation we are able to choose m or At to guarantee a certain
accuracy level of the computations.

3 Comparison of the methods

In this section we compare the previously listed numerical schemes for the
Maxwell equations. We are not going to present numerical tests here. Instead
of this we summarize our experience in the use of the methods (see papers [1],
[5], 6], [9], [10], [13]). We consider the Yee-method as a standard solution
method, so we compare the methods with the Yee-method. Table 1 shows the
number of operations per one time-step (100% = Yee-method) and indicates
the stability properties for the methods.

Table 1. Number of computations and stability.

Euler explicit 100% | unstable

Euler implicit | min. 8750% | stable

YEE 100% | stable iff ¢ < 1//3
NzZCZ 400% | stable

KFR1 300% | stable

KFR2 600% | stable

KFR4 3000% | stable

Krylov 200m% | stable

The explicit Euler method is unstable so it cannot be used in practice.
The implicit Euler method is also unpractical because of the expenses of the
computations.

The NZCZ-method is stable, so the time-step can be chosen arbitrarily.
Of course, the increasing time-step decreases the accuracy of the method.
We have to find the appropriate balance between the accuracy and the com-
putational speed. We have found that with acceptable accuracy the NZCZ-
method can be faster with a factor 10 than the Yee-method.

The KFR-method seems to be a very efficient one, because, like in the
Yee-method, it computes the matrix exponentials exactly. Instead of this,
the method appears to be very inaccurate. In order to lift the accuracy of
the method we have to apply the fourth order version of it, which makes it
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slower than the Yee-method in the long run. However, because the 2-norm of
the iteration matrix is exactly one, the method behaves nicely in spectrum
computations.

The number of operations of the Krylov-method is about 2m times greater
than in the Yee-method (the number of the iterations m can be estimated
from Remark 2.8). As we noticed in Remark 2.7 if mg is sufficiently small,
then we can obtain the exact solution of the semi-discrtetized system for
all At step-sizes with an acceptable computational time.
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1 Introduction

Conjugate gradient was introduced in the early 50s (see refs. [1], [2]) as an ite-
rative method for the solution of finite dimensional linear systems associated
to matrices with special properties such as symmetry and positive definite-
ness. If round-off errors are not taken into account, the conjugate gradient
method enjoys the finite termination property, namely: for any initialization,
conjugate gradient algorithms will converge in d iterations at most, assum-
ing that the matrix of the linear system, one is trying to solve, is a d x d
one. Actually, for large problems (let say as soon as d > 102) the finite ter-
mination property has no practical interest, unlike an estimate of the speed
of convergence involving the square-root of the condition number. In fact
conjugate gradient algorithms can also be applied (theoretically, at least) to
the solution of linear problems in Hilbert spaces and by the late 60s a solid
foundation for the convergence properties of such algorithms was in place
(see [3] and the references therein). Such development was most important,
since it opened the door to the efficient iterative solution of optimal control
problems and of large classes of linear partial differential equations via an ap-
propriate variational formulation in a well-chosen Hilbert space. Examples
of such applications can be found in, e.g., [4]-[7], and of course, in various
parts of this volume.

Our goal in this article is to describe (in Section 2) the conjugate gradient
solution of linear variational problems in Hilbert spaces and to apply the
resulting methodology to the iterative solution of:

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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(i) A boundary control problem for the wave equation (Section 3).

(ii) A generalized Stokes problem which arises naturally when solving nu-
merically the Navier-Stokes equations modeling incompressible viscous
flow (Section 4).

Since this volume is dedicated to both conjugate gradient and finite ele-
ment methods, here is the right place to mention that it is — almost always —
by combining both methodologies that these variational problems in Hilbert
spaces have been solved in practice.

2  On the conjugate gradient solution of variational
problems in Hilbert spaces

2.1 A family of linear variational problems in Hilbert spaces

Our goal is to address the iterative solution, by conjugate gradient algorithms,
of linear variational problems such as:

ueV }
a(u,v) = L(v), Yv eV,

where, in (LVP), we have:

e U is a real Hilbert space equipped with the scalar product (-,-) and the
corresponding norm || - ||

e a: V xV — R is bilinear, continuous and V-elliptic, the last property
meaning that there exists a positive constant « such that a(v,v) > «af|vl?

for allv e V.

e L:V — Ris linear continuous.

It follows from the Lax-Milgram theorem (see, e.g., refs. [7]-[10]) that
(LVP) has a unique solution. The conjugate gradient solution of (LVP) will
be discussed in Sections 2.2 (a(,-) symmetric) and 2.3 (a(-,-) possibly non-
symmetric).

(LVP)

2.2 Conjugate gradient solution of (LVP):
(I) The symmetric case

Suppose that functional a(-,-) is symmetric, i.e., a(v,w) = a(w,v) for all
v,w € V. We have then equivalence between (LVP) and the following mini-

mization problem
uev,

J(u) < J(v), YveV, }

with J(v) = a(v,v)—L(v) for all v € V. Concerning the solution of problem
(LVP)—(M), we advocate the following conjugate gradient algorithm:

(M)

Step 0: Initialization

u® is given in V. (2.1)
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Solve
o (2.2)
(9%, v) = a(u®,v) — L(v), Yv € V; _
- 19°l .
if W < tol. take u = uo; otherwise, set
max ||u%]], o
w® = ¢°. (2.3)

Let n > 0, and assume that u™, g" and w™ are known, with g™ and w™ both
different from 0. Then:

Step 1: Steepest descent

Solve
grev, (2.4)
(g",v) = a(w™,v), Yo eV, '
and compute
lg™|1?
"= 2.5
P =) (2.5)
u™t =y — ptu", (2.6)
gn+1 _ gn o pngn
Step 2: Convergence testing and updating
of the descent direction
g™+ ey .
If 10T < tol. take u = u™7"; otherwise compute
g
llg™*1?
V=S (2.8)
llg™(I?
and update w™ via
wt = g" T 4y (2.9)

Set n =n+ 1 and return to (2.4).

Despite its seeming simplicity (2.1)—(2.9) is one of the most powerful and
versatile algorithms of Scientific Computing. It has been applied to the so-
lution of a large variety of problems and new applications are found almost
daily. Concerning the convergence of algorithm (2.1)—(2.9) the following re-
sults are proved in, e.g., [7, Chapter 3]:

Theorem 2.1. Suppose that tol. = 0 in algorithm (2.1)—(2.9). Then for all
u® € V we have
liIJIrl |lu™ — ul| =0, (2.10)
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where, in (2.10), u is the solution of problem (LVP). Moreover, if V is finite
dimensional with dimV = d, algorithm (2.1)—(2.9) converges in d iterations
at most.

Actually, we have more since (cf., e.g., [3]) the following estimate holds:

| 2n
a(u™ —u,u”™ —u) < 4(%) a(u® —u,u® —w), ¥Yn>1, (2.11)
VVa

where, in (2.11), v, is the condition number of functional a(-, ), namely,

Ve = SWres a0, 0) (2.12)

inf,csa(v,v)’

with S ={v eV | ||v|| =1} in (2.12). Let A be the symmetric isomorphism
from V onto V, uniquely defined (via the Riesz representation theorem for
Hilbert spaces) by (Av,w) = a(v,w) for all v,w € V; we have then v, =
I A A7, where

| B|| = sup || Bv||, VB € L(V,V).
veS

There is much to say concerning the choice of u°, tol. and ¢; a detailed
discussion of these important issues can be found in, e.g., [7, Chapter 3] (see
also the references therein).

2.3 Conjugate gradient solution of (LVP):
(ITI) The general case

Suppose that a(-,-) is no longer symmetric. In order to solve (LVP) by a
conjugate gradient algorithm we may proceed as follows:
(i) Observe that (from the Riesz representation theorem) (LVP) is equiv-

alent to
Au =1, (2.13)

where A (resp., 1) is the unique isomorphism from V onto V' (resp.,
the unique element of V) such that (Av,w) = a(v,w) for all v,w € V
(resp., (I,v) = L(v) for all v € V).

(ii) Denote by A! the transposed of A (defined for example by (Alv,w) =
a(w,v), v,w € V); since A? is also an isomorphism, problem (2.13) is
equivalent to (its normal equation):

At Au = A'l. (2.14)
A variational formulation of (2.14) is given by:

u €V,

(AU,AU) = (Z’Av)’ Vo e V. } (2.15)



Iterative solution of linear variational problems 227

Problem (2.15) is clearly a linear variational problem in space V. Since
L |Q, Av)l < il [ Al [jo, o€V,
2. |(Av, Aw)| < [[A[]* o[ [w]l, Yo,w € V,
3. (Av, Av) = [ Av]]2 > | A=V [2[o], Vo€V,
4. the bilinear functional (v, w) — (Av, Aw) is symmetric,
problem (2.15) can be solved by the conjugate gradient algorithm (2.1)—(2.9).
We obtain then

u® is given in V; (2.16)
solve
0
ev,
g . . (2.17)
(¢°,v) = (Au® — 1, Av), Vv € V;
0
% < tol. take u = u®; otherwise, set
max(||u]], o)
w® = g0 (2.18)
For n > 0, u", ¢" and w" being known, with ¢” and w" different from 0,
solve: n eV
G eV,
g_ (2.19)
@".v) = (Aw", Av), VoV,
and compute
lg"|I”
oo = oI (2.20
(g™, w™) )
=y — p"w”, (2.21)
gn+1 _ gn _ pngn. (2.22)
n+1
" Hﬂ ol ! < tol. take u = u™*'; otherwise compute
g
n_ g™
= (2.23)
lg™II?
and update w™ via
Wt = gnHl g, (2.24)

Set n = n+ 1 and return to (2.19).

Algorithm (2.16)—(2.24) has a major drawback for it involves operator A
and vector [, explicitly. A simple way to remove this difficulty is to observe
that an equivalent formulation of the above algorithm is given by

u® is given in V; (2.25)
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solve
Yy ev, } (2.26)
(4,0) = a(a®, ) — L(v), Yo € V; |
and then
9’ eV, (2.27)
(6°0) = alv,5?), e V; |
0
w < tol. take u = u®; otherwise, set
max(||u]], o)
w? = g0 (2.28)
For n > 0, u", g" and w" being known, with ¢g" and w" different from 0,
solve:
eV, } (2:29)
(7",0) = a(w",0), Yo eV, |
and
grev, } (2.30)
(5", 0) = a(v, 5", Vo€V, '
and compute
lg"1I”
A U 2.31
SERNTINTD .
umt =y — g, (2.32)
g™t = gn — pngn. (2.33)
n+1
! ”!|J| o || < tol. take u = u"™"!; otherwise compute
g
lg"* 12
N e (2.34)
and update w™ via
W = gl A, (2.35)

Set n = n+ 1 and return to (2.29).

We observe that algorithm (2.25)-(2.35) does not require the explicit
knowledge of A, A*, A’A and I. On the other hand, each iteration requires
the solution of two linear variational problems associated to the scalar pro-
duct (-, ).

Remark 2.1. Problems (2.14) and (2.15) correspond, respectively, to the
operator and variational formulations of the following least squares problem:

ueV,
< i, wev ) (L50)
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with j(v) = 1[|Av —{||%. The least squares/conjugate gradient solution of
linear and nonlinear variational problems in Hilbert spaces has been discussed
in, e.g., [7, Chapter 3], [10] and [11] (see also the references therein); the three
above references contain many applications, to fluid mechanics problems in
particular.

3. Application to the boundary control
of the wave equation

3.1 Formulation of the control problem

Let Q be a bounded domain of R?, with d > 1; we denote by I' the boundary
of 2. We suppose that a physical phenomenon is taking place in €, this
phenomenon being modeled by the following wave equation:

1 0%y .
ng—AyZO IHQX(O,T), (WE)
where, in (WE):

1. ¢ > 0 is the speed of propagation.

2. The Laplace operator A is (classically) defined by

d 82
A:;E)—x?,

x = {x;}%_, being the generic point of R%.
3. 0<T < o0.

From now on, we assume that ¢ is independent of ¢t and x. Let us denote
by ¢(t) the function x — @(x,t), Iy being a subset of I'; our goal here is to
find a function v € L?(Iy x (0,7)) such that

1 0%y .
C—Qw *Ay:() in Qx (O,T),
y=v on Iy x (0,7), y=0on (I'\Ip) x (0,7),
B oy, (3.1)
vO) =w0, O =,
0
y(T) = 2, 8—3;(T):z1.

In other words, starting from {yo,y1}, can we find a boundary control & la
Dirichlet (v € L?(Ty x (0,7))) driving the system to {zo, z1}? The answer is
yes, for all {yo,y1} and {zo, 21} belonging to L?(Q) x H~1(Q), if [j and T
are sufficiently large (see [12], [13] for details and further references); here,
H~1(Q) is the dual space of H(Q). In order to “force” uniqueness we will
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look for the unique control of minimal norm in L?(T x (0, T')); we shall denote
by w this control. In order to have the existence of an optimal control even if

problem (3.1) has no solution, we are going to use penalty to relax the final
conditions y(T') = zo, %(T) = z;. This leads to the following well-posed
optimal control problem (with € > 0):

Find u. € L?(Ty x (0,T)) such that
5 (OCP-eps)
Je(us) < J-(v), Yo e L*(Ty x (0,7T)),
with
1
J.(v) :-/ (|2 dr dt (3.2)
2 Jryx(0,1)
L 2 dy 2,
ba| [ oo+ | - a
in (3.2):

e dr = dxy... dxg.

e The H~'(Q)-norm || - ||_; is defined by: ||f||-1 = ([, [Ve[>dz)? for f €
H~1(Q), function ¢ being the unique solution in Hg () of the Dirichlet
problem —Ap = fin 2, p=0o0n I
While (3.1) is an exact boundary controllability problem, problem (OCP-

eps) is an approximate boundary controllability one. If (3.1) has solutions in

L?(Ty x (0,T)), then lim. o u. = u in L?(Ty x (0,T)), u being the necessarily

unique-solution of minimal norm of (3.1). The conjugate gradient solution of

problem (OCP-eps) will be discussed in Section 3.3.

3.2 Optimality conditions for (OCP-eps)

Applying the methods discussed in, e.g., [6] and [14], we can prove that the
unique solution of (OCP-eps) is characterized by the following optimality
system (we suppose from now on that ¢ = 1):

_ Ope

Ue = a—n|rox(o,T)7 (3.3)
8;% —Ay. =0 in Qx (0,7),
Ye = us on Iy x (0,7), y.=0 on (I'\Iy) x (0,7), (3.4)
0= 2 0) =,
at’;f —Ap. =0 in Qx (0,7),

p. =0 on I' x (0,7),

—Ap.(T) = é[aaie (T) — zl} in Q, p(T)=0 on T, (3:5)
D () = 2o (T) ~ 20l
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The last two relations in (3.5) can be rewritten as

eap (@) - Ty = 2w @ pD)=0onT,
(3.6)
Ope
€ D (T) +y6(T) = 20.

ot

Denote by E the product space Hj(2) x L?(Q) and by E’ its dual space
H=1(Q) x L*(Q). Next, we define A € L(E, E') by:
Consider f = {fo, f1} € E, then

0
ae={-Z .} 37)
with y obtained from f via the solution of the two wave problems below
2
%—Apzo in Q x (0,7),
p=0 on I' x (OaT), (38)
9p
T) = Ly =
p( ) an 8t( ) fla
and )
%fAyzo in Qx (0,7),
yzg—z on Iy x (0,7), y=0 on (I'\Ty) x (0,7T), (3.9)
9y
v =0, Lo)=0.

We have then the following

Theorem 3.1. Operator A defined by relations (3.7)—(3.9) is continuous,
self-adjoint and positive semidefinite.

Proof. A rigorous proof of the above results is not trivial, relying on the
facts that:

1. f € F implies the existence of 9p/dn on I" x (0,T), this function belonging
to L2(I' x (0,7)) and the (linear) mapping f — dp/On being continuous
from E into L?(T" x (0,T)).

2. Problem (3.9) has a solution such that {%, y} € C°([0,T]; E'), the above
pair being a continuous function of the Dirichlet data on Iy x (0,7).

3. Integration by parts is still possible, via appropriate duality pairings.

Such a proof can be found in, e.g., [12], [13]. The following proof is for-
mal in the sense that it assumes that all the functions we are dealing with
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are smooth enough so that we can use “ordinary” integration by parts and
Green’s formula. We have then (with obvious notation):

M )oiery = [ [~ + D

= [ [ 2w + v %)= [ XOT)[a;Q'y o] acat

:/ [Ap'yfAyp’]dxdt:/ [8}) Oy }dth
Qx(0,T) To % (0,T)) 8n 8n
:/ )
F0><(0T) 8” 8”

The above relations clearly imply that the operator A is self-adjoint and
positive semi-definite. If appropriate conditions on Iy and 7" hold (see,
g., [12], [13] for details) then operator A is an F-elliptic isomorphism from E
onto E’ (the E-ellipticity property meaning the existence of « > 0 such that
(A, £) o By > al/f||% for all fe E). O

Our goal, now is to show that e. = {eg.,e1c}, with epc = p.(T) and

e1e = %(T ), is solution of a functional equation of the following kind:

-A 0
5( 0 I)ea—&—AeE—ﬂ, (3.10)

where, in (3.10), the vector-valued function 3 € E’ and can be “easily”
computed from the data yg, y1 and zg, z1. Let us compute Y via the solution
of:

2
Y

8(,%20 AYp =0 in Q x (0,7,

Yo=0 on I' x (0,7), (3.11)

Y,
Y5(0) = o, a—;’(o) = Y13

we have then dYO 2(T),Yo(T)} € E'. Next define . by §- = y- — Yo; we have
then, by subtractlon between (3.4) and (3.11):

93

8t; — Ay =0 in Qx (0,7),

Je = %7;5 on Ty x (0,7), #.=0 on (I\Tg) x (0,7T) (3.12)
9yYe

y:(0) =0, ——(0)=0.
yE( ) Y at ( )
From (3.12) and from the definition of operator A, we clearly have (3.10)
with

8= {%(T) zl,zOYom}. (3.13)
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Since € > 0, problem (3.10) has a unique solution e.; from this solution we
obtain p. via the solution of a backward wave equation and then the optimal
control u. = Ba%h"ox(o,T)- A variational formulation of problem (3.10) is
given by:

ee(: {e()f;‘aela}) €k,
e [o[Veoe - Vo + erc fi] dx + (Aec, ) o5 5y = (B, ) o(rr,B) (3.14)
vE= {anfl} € E.

The bilinear functional occurring in (3.14) is continuous and symmetric; we
also have (from Theorem 3.1)

e / Vfo- Vo + fufi]de + (AL Do ;) > €|l VEE B,
Q

implying that we can solve problem (3.14) (and therefore, the optimal control
problem (OCP-eps) by the conjugate gradient algorithm (2.1)—(2.9) described
in Section 2.2. As we shall see, applying the above algorithm to the solution
of problem (3.14) does not require the explicit knowledge of the operator A
and function 3.

3.3 Conjugate gradient solution of (OCP-eps)

Applying (2.1)—(2.9) to the solution of (OCP-eps) via (3.14) leads to the
following algorithm (where all subscripts £ have been omitted):

Step 0: Initialization

e’ (= {e).el}) is given in E; (3.15)

solve first the backward wave problem

2,0

8872 _ Apo =0 in Q x (O’T)’

p° =0 on I' x (0,7), (3:16)
op°

AT =ei (1) =et,

and then the following forward one

aQyO 0 )

52 —Ay” =0in Qx(0,7),

0 __ op° 0 __ 17

y =—- on I x (0,7), y =0on (I'\Ty) x (0,7), (3.17)
) 0

1°(0) =90, = (0) =1
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Next, compute g° (: { a8, g?}) € FE via the solution of the Dirichlet prob-

lem
0

0
—Ag) = —eAed + 21 — i(T) in Q,

ot (3.18.1)
gy=0on T,
and
g(l) _ 56(1) + yO(T) — 2. (3.18.2)
0
WS—HEO < tol., take e = €%; otherwise set
max(eo, [[€°] )
w(= {uf ul}) = ¢ (319

For n > 0, e, g™ and w" being known, with g"” and w” both different from
0, compute e, g”*! and, if necessary, w"*!, as follows:

Step 1: Steepest descent
Solve the following backward and forward wave equations:

25N
aatp; - Aﬁ" =0 in Q2 x (OaT)a
p" =0 on I'x (0,7T), (3.20)
n n o Op" n
2 p"(T) = wy, W(T):wu
%_Agnzo in Q% (0,7),
"= 83% on Ty x (0,7), §"=0 on (F'\Ty) x (0,7), o (3.21)
s Oy

Next, compute g" (= {g§, g7'}) via

9y
_AFD — _ no__ :
Agy = —ehwg = %5 (1) in &, } (3.22.1)
gy =0 on T,
and
gy =ewt +y™"(T), (3.22.2)
and then,

_ JollVas® + lgt[? dz
JolVay - Vwy + giw?]da’
n+1

e =e" — pyw", (3.24)

n

n

g"t =g" —pug". (3.25)
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Step 2: Testing the convergence and construction
of the new descent direction

If

JolIVae T2 + gt da

JallVd1? +1991?] dz < (tol.)? take e. = e™"!; otherwise compute

SVt R + g ) da
T T IV R + g da

(3.26)

and

n+1 n+1

w =g + 4, w". (3.27)

Set n =n+ 1 and return to (3.22).

The above algorithm deserves many comments and observations. We shall
limit ourselves to the following remarks:

Remark 3.1. Suppose that Iy and T are such that the operator A is FE-
elliptic. Then, problems (OCP-eps) and (3.10), (3.14) are well-posed even
if ¢ = 0. To solve the above problems if ¢ = 0 we can use the conjugate
gradient algorithm obtained by taking ¢ = 0 in (3.15)—(3.27).

Remark 3.2. The finite element approzimation of problem (3.10), (3.14),
and the related implementation of algorithm (3.15)—(3.27), lead to delicate
approximation issues (reminiscent of those encountered when approximating
the Stokes problems discussed in the following Section 4). A systematic way
to obtain stable and converging approximations of the above problems, is
to approximate space F using a finite element mesh twice coarser than the
one used to space-approximate the forward and backward wave equations
encountered in the definition of operator A and in the description of algo-
rithm (3.15)—(3.27). On these meshes, we shall use the same type of finite
element spaces (consisting of piecewise linear continuous functions, for exam-
ple). For a detailed discussion on these approximation issues (including the
approximation of g_Z|Fox(O,T)) see [4], [6] and [15]. Evidences of the fact that
the two-mesh approach is a good one are:

(i) If piecewise linear finite element spaces are used, the corresponding
approximations of e(= ec|. = 0) are of optimal order in E.

(ii) The number of iterations necessary for the convergence of the discrete
analogues of algorithm (3.15)—(3.27) is essentially independent of the
value of the space-time discretization parameters (for a given value
of tol.).

Details on implementation, validation, and the results of numerical exper-
iments can be found in the three above references (see also [16] for a thorough
discussion of a finite difference implementation of the above methodology).

Remark 3.3. The idea of investigating the controllability of systems mod-
eled by partial differential equations via the properties of operators such A,
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has been systematically investigated by J. L. Lions via his celebrated Hilbert
Uniqueness Method (HUM) (see, e.g., [12], [13], [17], [6] and the references
therein). In the present section we have shown (or tried to show) that HUM,
beside being a tool for theoretical investigations, leads also to computational
methods.

4. On the conjugate gradient solution
of the generalized Stokes problem

4.1 Generalities. Problem formulation

Another area, where conjugate gradient has provided efficient solution meth-
ods, is Computational Fluid Dynamics (CFD). Among those CFD related
problems, where conjugate gradient has made a significant difference, we
shall single out the generalized Stokes problem to be discussed below. The
starting point of our discussion will be the Navier-Stokes equations modeling
incompressible viscous flow. In the case of a Newtonian fluid, these equations
read as follows:

p{%+(u~V)u} —pAu+Vp=1~fin Qx(0,7), (4.1)
V-u=0in Qx(0,7), (4.2)
u(0) = ug, with V-ug =0; (4.3)

n (4.1)—(4.3):

e 2 is a bounded domain of R? (with d = 2 or 3) and T' € (0, cc]; we denote
by I" the boundary of €.

e u={u;}L, (resp., p) is the fluid velocity (resp., pressure).

e p and p are the fluid density and viscosity, respectively; we assume that
they are both positive constants.

e fis the density of external forces.

System (4.1)—(4.3) has to be completed by appropriate boundary condi-
tions; for simplicity we shall consider only Dirichlet boundary conditions,
namely:

u=g on I'x (0,7), } (4.4)

with (necessarily) [.g(t) -ndl' =0 for t € (0,T),

n being the outward unit normal vector at I'; for other boundary conditions
see, e.g., [7]. In order to time-discretize the Navier-Stokes system (4.1)—(4.4),
we can use (among many other possibilities) the following scheme, of the
operator-splitting type:

u’ = uy; (4.5)
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n

then, for n > 0, assuming that u” is known, we compute u”+/2 and u™*!

as the respective solutions of

un+1/2 —

p—————— — pAu"2  yprtt = g Q,
-
4.6
V-u"t/2 =0 in Q, (4.6)
un+1/2 — gn+1 on I‘\7
and
0
8—1; + 2. V)u=0 in Qx (", "),
u(t") = w2, (4.7)
u=g"t on T x (17 vt
un+1 — u(tn+1),
with 7 > 0 a time-discretization step, t* = n7, and """ = {2 € T |

n(z) - g" " (z) < 0}.

The solution of the linear transport system (4.7) is addressed in, e.g., [7,
Chapter 6]; the solution of the generalized Stokes problem (4.6) will be dis-
cussed in the following paragraphs.

4.2 Formulation of the generalized Stokes problem as a linear
variational problem in L?(Q)

Problem (4.6) is a particular case of

au—vAu+ Vp =1 in Q,
V-u=0in Q, (4.8)
u =gon ', with [g-ndl'=0,

with o and v two positive constants. Suppose that f € (H~1(Q))¢ and
g € (HY2(I"))4; it follows then from, e.g., [18] and [7] that problem (4.8) has a
unique solution in Vg x (L?(2)/R), with Vg = {v € (H}(2))¢ | v=g on I'}.
Actually, in what follows, p will be the unique pressure solution of (4.8) so
that p € L3(Q), with L(Q) = {q¢ € L*(Q) | [,qdz = 0}. Next, define
uy € Vg and A € L(L*(Q), L(2)) by:
(1)
aug —vAuyg=fin Q, uy=g on I, (4.9)
(i)
vq € L*(Q), Ag=V-u,, (4.10)
where, in (4.10), u, is the unique solution in (H{ (2))¢ of the following Dirich-
let system:
ouy —vAu, =—-Vg in Q, u;=0 on I (4.11)

We have then the following theorem.
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Theorem 4.1. The operator A is a self-adjoint, L3(Q)-elliptic isomorphism
of LE(2) onto itself.

Proof. We clearly have A € £(L?(),L3(2)). To prove the other proper-
ties, it is sufficient to prove that the bilinear functional {q,¢'} — fQ(Aq)q’ dx
is symmetric and L2(Q)-elliptic. Concerning the symmetry, we have (from
relations (4.10), (4.11) and from Green’s formula):

/(Aq)q’ de = / V- u,q de = — / u, V¢ dz (4.12)
Q Q Q

= /Quq -(ouy —vAuy)dz

= /Q[uquq/ +vVu,: Vuy|dz, Vg,q¢ € L*(9Q),

with S: T = 37, ;cgsitiy if 8 = (si;) and T = (t;;). Relation (4.12)
clearly implies the symmetry of the above bilinear functional (together with
its positive definiteness over L2(€)). Concerning now its ellipticity property,
it follows from (4.11), (4.12), and from the fact that operator v — av—vAv is
an isomorphism from (H}())? onto (H~1(Q))¢, that there exists a positive
constant ¢ so that

/ (Aggde > c|Vall>,, Vq € L*(Q); (4.13)
Q

the || - [|—1 norm has been defined in Section 3.1 (for real-valued functions
only but the generalization to vector-valued ones is obvious). Since (see,
e.g., refs. [18]-[20]), the mapping ¢ — ||Vq||_; defines over the space L3(2)
a norm equivalent to the L2(£2)-norm, the ellipticity property we are looking
for follows from relation (4.13). O

Remark 4.1. A more detailed proof of Theorem 4.1 can be found in, e.g., [7,
Chapter 4]. Actually, the third and fourth integrals in (4.12) should be
replaced by appropriate duality brackets.

Concerning now the conjugate gradient solution of problem (4.8), the key
result is provided by the following assertion.

Theorem 4.2. Let p be the unique pressure solution of problem (4.8) be-
longing to LE(Q). We have then
Ap = —V - uo. (4.14)

Proof. Define & by 1 = u — ug. By subtraction between (4.8) and (4.9)

we obtain
aa—vAu=—-Vp in Q,

= —V - uy, (4.15)

u=0 on I

<
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It follows from the definition of operator A (see relations (4.10) and (4.11))
that (4.15) implies (4.14). O
A wvariational formulation of problem (4.14) is given by
p € L§(9), }
Jo(Ap)gda = — [,V -uoqdz, Vg e L§(Q).
From the continuity, symmetry and L3(f)-ellipticity properties of the bi-
linear functional {q,q¢'} — [,(Aq)¢’ dx, problem (4.14), (4.16) can be solved
by a conjugate gradient algorithm operating in L2(f2). Such an algorithm
will be described in Section 4.4. Before, motivated by the construction of

“good” preconditioners, we are going to investigate (in Section 4.3) some
further properties of the operator A.

(4.16)

4.3 Some further properties of the operator A

We clearly have
A=-V-(al —vA)"'V, (4.17)
the operator (al — vA)~! being associated to the homogeneous Dirichlet

boundary conditions. Suppose that the various operator in (4.17) commute
(which is not true in general). We have then

A~vilif via>1, }

4.18
A~ —a A if afv>> 1. (4.18)

Relations (4.18) suggest that the operator A “enjoys” dramatic variations
as a function of the ratio v/a. The idea behind our “analysis” is to find a
preconditioning operator S which behaves like A when v/« varies from 0 to
oo. Following [21] (see also [7, Chapter 4]), we observe that A~1 behaves like
the operator vI (resp., a(—A)~1!) for large (resp., small) values of the ratio
v/«; this observation leads to take for S the operator defined by:

STt =a(-A)"t 4l (4.19)
We have then the following theorem.

Theorem 4.3. Suppose that the boundary conditions associated to (—A)~1
in (4.19) are of the homogeneous Neumann type and that

/(—A)*lq de =0, VgqeL3(Q). (4.20)
Q

Then, the operator S is a self-adjoint, L3(Q)-elliptic isomorphism from L3(£2)
onto itself.
Proof. To prove that the operator S has the above properties it is sufficient

to prove that they also hold for its inverse S™' or (equivalently) that the
bilinear functional

{¢.q} — /9(5‘161)6/ dz, (4.21)
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is continuous, symmetric and L3(Q)-elliptic over L3(Q) x L3(2). In order
to show these properties, for all ¢ € L2(Q2) define ¢, as the unique function
of HY(Q) (actually, of H?(2) if T' is smooth enough and/or € is convex)
verifying

—Apy =¢q in Q,

4.22
%:OOHF; /goqd:r:O. (4.22)
on Q

A variational formulation of the Neumann problem (4.22) is given by

0, € HY(Q) N L3(Q), } (423)
Jo Ve - Vude = [, qudz, Vve H(Q). :
It follows then from (4.19), (4.20) and (4.22) that
S7lq = ayp, +vq. (4.24)

It follows then from (4.23) and (4.24) that

/(S_lq)q’ dm:a/ quq’dx—l—u/ qq dx (4.25)
Q Q Q

:a/ Vg - Vog dx+V/ qq' dz, Vq,q' € L§(Q).
Q Q

The continuity and symmetry of the bilinear functional in (4.21) are ob-
vious from (4.25); from this last relation we also have

/(S’lrJ)qu > V/ lq|* da
Q

Q

for all ¢ € L(2), which implies (since v > 0) the L3(Q)-ellipticity of the
above bilinear functional. [

Numerical experiments show that, indeed, the operator S (in fact its dis-
crete variants) is a quasi-optimal preconditioner concerning the conjugate
gradient solution of problem (4.14), (4.16). If the generalized Stokes prob-
lem (4.8) is properly approximated the number of iterations necessary to
achieve convergence is small and essentially independent of the space dis-
cretization parameters and of the ratio v/a.

To conclude this paragraph we shall give another evidence of the fact that
S defined by (4.19), (4.20) has the potential of being a quasi-optimal pre-
conditioner concerning the iterative solution of problem (4.14), (4.16) (other
evidences can be found in, e.g., [7, Chapter 4]). Albeit operator A is as-
sociated to the solution of the generalized Stokes problem, fundamentally a
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multidimensional problem, relation (4.17) makes sense even in one space di-
mension. Thus, from now on we will assume that Q = (0,1), with 0 < [ < oo;

we have then -
d d“\ " d
A=——(al—v—) — 4.2
dz (a Vd:ﬂ) dz’ (4.26)

-1
the boundary conditions associated to (OJ — 1/%) being of the homoge-

neous Dirichlet type. Let us define an operator B from L2(0,1) onto itself
by

2\t

where the operator ( d® )~ maps L3(0,1) into H?(0,1) N L3(0,1) via the

T da2
solution of the following Neumann problem

12
fd—xf =gq on (0,1),
42 ) = 421y = g, / dz =0 2
de*/  da 7 Q(p -

Let us show that B = A~!. To prove the above relation we are going to
compute BAq with ¢ describing L2(0,1):
(i) First, we observe that

du
Ag=—1 4.29
4= 7" (4.29)
with u, the unique solution in H}(0,1) of the following Dirichlet problem

d®u,
dx?

—V

+ aug = —j—z in (0,1), ug(0)=uq(l)=0. (4.30)

dug . dugy _ _
We observe also that <2 € L(0,1) (since [, T d = ug(l) — uq(0) = 0).
(ii) Next, we have from (4.27)-(4.29)

du
BAg = —4 4.31
q a‘ﬂq + v dfﬂ ’ ( )

with ¢, the unique solution in H?(0,1) N L3(0,1) of the following Neu-
mann problem

d®py _ dug deg deg
_ — ] = = U. 4. 2
Lo Sy o), S =T —0 @)
It follows from (4.32) that
d
~S24 oy, in (0,0). (4.33)

dz
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Combining (4.33) with (4.30), yields — £z = o~ (y4% — 99) 5 (0,1)
which implies in turn

d
0 =a! (7V% + q) in (0,1). (4.34)

Combining (4.34) with (4.31), we obtain BAq = ¢ for all ¢ € L3(0,1),
i.e., B = A™!. The above result, albeit one-dimensional, provides a
strong incentive to use S defined by (4.19), (4.20) as preconditioner for
the conjugate gradient solution of problem (4.14), (4.16). The resulting
algorithm will be described in the next paragraph.

Remark 4.2. The construction of quasi-optimal preconditioners for the
conjugate gradient solution of generalized Stokes problems such as

au—vAu+ Vp=1fin Q,
V-u=0in O, (4.35)

0
u=gg on [ and V—u—np:g1 on Ij,
on
with [oUTy =T and Ty NIy = 0 in (4.35) is discussed in, e.g., [7, Chapter 4].

4.4 Conjugate gradient solution of problem (4.14), (4.16)

It follows from Section 4.2 that problem (4.14), (4.16) is a particular case of
those linear variational problems whose conjugate gradient solution has been
addressed in Section 2.2. Suppose that the Hilbert space LZ(Q) is equipped
with the scalar product {q,¢'} — fQ(Sq)q’ dx, the operator S being like in
Section 4.3. Applying algorithm (2.1)—(2.9) to the solution of problem (4.14),
(4.16) leads to:

Step 0: Initialization

p° is given in Lg(Q); (4.36)
solve
au’ — vAu® = f— Vpo in Q,
0 (4.37)
u’ =g on I
and set
O — .l (4.38)
If Jo r°F do < (tol.)?, take {u,p} = {u’,p°}; otherwise
max(fg[a|u0|2+v|vu0|2dx,gg) — ’ ’ ) ) 3
solve
—Ap® =72 in Q,
D0 (4.39)
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and set

¢° = ag® + vr°,

w’ = g°.

243

(4.40)
(4.41)

For n > 0, assuming that p”, r”, ¢", w" are known, with the last three

functions different from 0, proceed as follows:

Step 1: Steepest descent

Solve
oau” —vAQ" = —Vw" in , }

u”"=0on T,

then compute

Mm=Vv.-a"
)
and solve
—Ap" =7" in Q,
a—n
ai:OOHF; /gb"dx:O.
n Q
Compute
fQ rngn do
Pn = fﬂ gruwn dz’
pn+1 —_ pn _ pnwn.

Step 2: Testing the convergence.
Construction of the new descent direction

Compute
TnJrl — Tn _ pnfn7
gt =g" = png".
n+1_n+1
If W < (tol.)?, take p = p"*1; otherwise, compute
fQ rn+1gn+1 da
n = Jorrgrda
and
wn+1 _ gn+1 + ,ann.

Set n =n + 1 and return to (4.42).

(4.42)

(4.43)

(4.44)

(4.45)
(4.46)

(4.47)

(4.50)

(4.51)



244  R. Glowinski, S. Lapin

Despite its seeming complexity the above algorithm is fairly easy to im-
plement, via an appropriate finite element approximation, for example; it
requires essentially:

(i) A Neumann solver for the solution of problems (4.39) and (4.44).
(ii) A solver for problems (4.37) and (4.42).

For flow at high Reynolds numbers, the kinematic viscosity v(= p/p) is
usually small, while the fast dynamics of these flow requires a small time
step 7, implying that a(= 1/7) is large. From these properties of coeffi-
cients « and v, the discrete analogues of problems (4.37) and (4.42) are, in
general, better conditioned than those of problems (4.39) and (4.44), imply-
ing that they are easier to solve iteratively (for more details on these issues,
and the treatment of other boundary conditions than Dirichlet’s in (4.8), see,
e.g., [7, Chapter 5]). It is worth noticing that if the finite element methods
of Bercovier-Pironneau or Hood-Taylor are used to approximate the gener-
alized Stokes problem (4.8), the finite element spaces used to approximate
the pressure p are of smaller dimension than those used to approximate the
velocity u, namely 8 (resp., 24) times smaller if the flow region Q is two-
dimensional (resp., three-dimensional); incidentally, the above observation
gives a strong incentive to use “non-equal” interpolation techniques to ap-
proximate Stokes problems such (4.8); see, again, [7, Chapter 4] for more
details, comments, and further references.
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1 Introduction

In this paper we study the preconditioned iterative solution of nonlinear
elliptic problems

—div f(x,Vu) = g(z) in Q, } 1)

U|aQ =0

on a bounded domain Q@ C R™ with suitable ellipticity conditions. Such
problems arise in many applications in physics and other fields, for instance
in elasto-plasticity, magnetic potential equations and subsonic flow problems
[7], [15], [16]. In these problems the nonlinearity f often has the form

f(@,m) = alln)n (2)

with some positive real C'! function, i.e., the corresponding operator is
T(u) = —div(a(|Vu|) Vu).

The most frequently used numerical methods for nonlinear elliptic prob-
lems rely on some discretized form of the problem, whose solution is obtained
by an iterative method. As for linear problems, preconditioning is a crucial
element of the construction of the iterative method. The choice of precondi-
tioners is often supported by Hilbert space background, which helps both the
construction of methods and the study of convergence. Important examples
of this are the equivalent operator approach [9] for linear equations and the
Sobolev gradient technique [17], [18] for nonlinear problems.

The authors’ related results (see e.g. [4], [6], [10] rely similarly on a Hilbert
space framework, and give the idea of preconditioning operators.

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
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In this paper we first give a brief summary on the idea of preconditioning
operators for discretized nonlinear elliptic problems. This means that the
proposed preconditioning matrices are the discretizations of suitable linear
elliptic operators. In other words, the preconditioner is the projection of
a preconditioning operator from the Sobolev space into the same discretiza-
tion subspace as was used for the original nonlinear problem. Accordingly,
the iterative sequence for the discretized problem is the similar projection
of a theoretical iteration, defined in the Sobolev space, into the discretiza-
tion subspace. This means that the preconditioning operator is chosen for
the boundary value problem itself on the continuous level, before discretiza-
tion is executed. In this way the properties of the original problem can be
exploited more directly than with usual preconditioners defined for the dis-
cretized system.

Second, we present a typical application of the preconditioning operator
idea, in which the derivative operator is preconditioned using a diagonal ap-
proximation of its coefficient. This is a generalization of [4]. The construction
of the related preconditioners and estimates of the resulting condition num-
ber are given. The latter depends only on the coefficients, showing that the
condition numbers for the discretized problems are mesh independent, which
is an important feature of the preconditioning operator approach.

2 The general idea of preconditioning operators

The idea of preconditioning operators can be summarized in the following
way, considering one-step iterations and allowing the preconditioners to vary
stepwise.

Let us consider a nonlinear boundary value problem

F(u) =0b. (3)

The standard way of numerical solution consists of ‘discretization plus iter-
ation’. That is, one first discretizes the problem in some subspace V} and
obtains a nonlinear algebraic system Fj, (up,) = bj,. Then one looks for positive
definite matrices A;L") (n € N) and defines the iterative sequence {ugln )}nGN
in V}, with these matrices as (variable) preconditioners, as shown by Fig. 1.

Fn(un) = b up ™ = — (AT (Fy (ul) — b)

3

Figure 1. Discretization plus iteration.
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[ Fu)=b | u) = ulm) — (BO)=1(F(ul) —b)

u™ D =i — (BY) T (F(ul”) — b)

h h

Figure 2. Iteration plus discretization: the preconditioning operator idea.

The idea of preconditioning operators means that one first defines suitable
linear elliptic differential operators B("™ and a sequence {u(")}neN with these
operators as preconditioners in the corresponding Sobolev space, then one
proposes the preconditioning matrices

A =By (@)
for the iteration in V},, which means that the preconditioning matrices are
obtained using the same discretization for the operators B(") as was used to
obtain the system F},(uy,) = by, from problem (3). (This way of derivation is
indicated in the notation B,(L").) The above process is shown schematically
in Fig. 2.

As a matter of fact, both approaches yield the same type of sequence run-
ning in V},, and and the difference lies in the special choice of preconditioners
in the second case. On the other hand, although in Fig. 2 the discretization
parameter h is fixed, its idea remains just the same if A is redefined in each
step m, i.e., in the setting of a multilevel or projection-iteration method [5],
[8].

We note that, clearly, the preconditioning operator approach does not
include important preconditioning methods which rely on different matrix
techniques.

3 Preconditioning operators
for nonlinear elliptic problems

We consider problem (1):
—div f(z,Vu) =g(z) in Q,
ujpgn =0 }
under the following assumptions:
Assumptions 1.

(i) The function f: Q x RY — R¥ is measurable and bounded w.r.t.
the variable € Q and C' w.r.t. the variable n € RY, further, its

Jacobians W are symmetric and their eigenvalues \ satisfy

0<p1 <A< g < oo (6)

with constants p; and s independent of (z, 7).
(i) g € L?(Q).
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Let V, C H}(Q) be a finite element subspace of the real Sobolev space
H}(Q) with the inner product

(u,v) := /QVu - Vo. (7)

Let F': V}, — V}, denote the operator defined by

(P(u),v) = /Q F@,Va)-Vo (e Vh) (8)

and b € V}, the element defined by

o) = [ g0 e, o)
Q
Then the FEM discretization of problem (5) is written as
(F(u),v) = (b,v) (ve& W). (10)

Owing to the uniform ellipticity, problem (5) as well as the discretized prob-
lems (10) have a unique weak solution, and the latter tend to the former as
h — 0. Denote by u* € V}, the solution of (10). (For simplicity, no index h
is given to u*.)

The operator F' is Gateaux differentiable (see, e.g., [16]), and its derivative
is given by

(F'(u)v, z) = ﬁ(:v, Vu)Vu-Vz  (u,v,z € V3).
o on

3.1 Simple and variable preconditioning

Before turning to the exact formulation of construction and convergence, we
briefly summarize the studied iterative methods in this subsection. The aim
of this is twofold: first, we demonstrate that the sequences in V}, for the dis-
cretized problems arise directly as the projections of the similar sequences in
H}(Q). Second, we can arrive from simple iterations to Newton-like meth-
ods in three steps which gradually improve the convergence, and this shows
that the concept of preconditioning is able to provide a general framework to
discuss simple iterations and Newton-like methods.

Let us sketch how this way of discussion proceeds. Here V may stand
either for H}(Q) or for Vj,.

First, simple iterations can be accelerated by using a fixed linear precon-
ditioning operator B based on spectral equivalence:

m(Bv,v) < (F'(u)v,v) < M{(Bv,v) (u,veV) (11)
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(with some constants M > m > 0), which means that

M
cond(B™'F'(u)) < — (ueV).
m
This yields that the preconditioned sequence

2

ntl = Un — B (F(un) —b N 12
Un41 = tn — g BT (F(un) —b) - (n €N) (12)
converges with ratio
M -m
1= M+m
If the spectral interval [m, M] in (11) is too wide (i.e., %;z is too large),

then one can use variable preconditioners B,, based on spectral equivalence
in the distinct steps:

M (Bpv,v) < (F'(up)v,v) < M, (Byv,v) (n€N, veV) (13)

(with some constants M,, > m,, > 0 satisfying 0 < m < m,, < M, < M),
which means that

cond(B, ' F'(u,)) < —= (n € N).

5

In this case the preconditioned sequence

2
il = Uy — ————— B Y (F(u,) — b eN 14
Ungr = tn = g By (F(un) = b) - (n€N) (14)
converges with ratio estimated by
M, —my,

= limsup ——.
q pMn+mn

(If the latter is 0 then superlinear convergence is achieved.) On the one
hand this variable preconditioning generalizes the preconditioned simple it-
eration (12). On the other hand, condition (13) means that the sequence (14)
defines a quasi-Newton method in which B,, is an approximate derivative op-
erator. Accordingly, the sequence (14) can only converge globally provided
that a suitable damping is also used.

Finally, if one chooses B,, = F’(u,,) in (13) with the corresponding spectral
bounds m,, = M,, = 1, then one arrives at Newton’s method as an extreme
case of (14). This shows that (14) can be regarded as a general form of one-
step iterations. We note that (in contrary to the previous cases) the operators
B,, = F'(uy,) are not really considered as preconditioners, since they cannot
be chosen to yield suitably simple auxiliary linear equations, as was expected
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of B and B,, in (12) and (14). Hence, one generally uses some inner iteration
for the auxiliary linear problems and applies preconditioning therein.
3.2 Construction and convergence of the iterations

The construction of the iterations (12) and (14) involves the solution of aux-
iliary linear elliptic problems, for which one can rely on a highly developed
background of efficient solvers (see the references in Subsection 3.3). Regard-
ing convergence, the preconditioned discretized problems have mesh indepen-
dent condition numbers, since their convergence properties are asymptotically
determined by the theoretical sequence in the Sobolev space.

3.2.1 Simple iterations

Let G € L*(Q,RY*YN) be a symmetric matrix-valued function for which
there exist constants M > m > 0 such that

Of (x,n)
m(G()E €) < (Z5 6.8
< MG@)EE) ((@n) €QxRY, $eRY).  (15)

We introduce the self-adjoint positive linear operator
(Bz,v) = /QG(SE)VZ Vv (z,ueV). (16)
Then (15) implies
m{Bv,v) < (F'(u)v,v) < M(Bv,v) (u,ve€V). (17)

Theorem 1. For any ug € V, the sequence

2
M+m

B YF(u,) —b) (ne€N)

Up+1 = Up —

converges linearly to u* according to the estimate

1
mpt/2

(neN), (18)

M —m\"
= |l < )

1P (uo) ~ 0l (57

where p > 0 is the lower bound of the operator B.

The proof essentially follows from the well-known special case when B = [
and (17) is nothing but the ellipticity of the operator F'(u) (see e.g. [12]).
Namely, B~ F inherits the properties of F in the energy space Vz of the
operator B (i.e., with respect to the inner product (u,v)p = (Bu,v)).
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3.2.2 Variable preconditioning

In order to improve the bounds that arise in (15) and (17), we stepwise
introduce symmetric matrix-valued functions G,, € L> (€2, RV*¥) for which

malGn(06.€) < (G (@ Vun(@)6.€) < MulGa(o)in6)  (19)

with suitable constants M,, > m, > 0 independent of z € 2, £ € RV, The
corresponding positive linear operator is

(an,v>:/ﬂGn(:ﬂ)Vz-Vv (z0E V), (20)

which now satisfies
My (Bpv,v) < (F'(up)v,v) < M, (Byv,v) (veV).
The formulation of the iteration uses the norms

olln = (F'(un) o, 0) 2 (e N), oo = (F'(w) "to,0) 20 (21)

Assumptions 2.

Let the items (i)-(ii) of Assumptions 1 hold and let the Jacobians 2 x ") be
Lipschitz continuous w.r.t. 7.

Since V}, is finite-dimensional, the operator F inherits the Lipschitz con-
tinuity of df/0n. Let L denote the Lipschitz constant of F”.

Theorem 2 (see [14]). For arbitrary ug € Vj, let (u,,) be the sequence defined
by

27 B:Y(F(un) —b) (n€N), (22)

Ul = Un = o Pn
n n

where the following conditions hold:

(iit) M, > my > 0, further, using notation w(u,) = Luy 2| F(un) — b,
there exist constants K > 1 and & > 0 such that M, /m, <1+2/(s+
K w(uy));

(iv) the damping parameters T, are defined by

= min{l, 1 ;pi?" } (23)

where Qn = % T (I+w(uy)) (and by the assumption (iil) @, < 1),
further, p, = 2LM2 T3 (M 4 ma) 72| F(un) = blln(1 + w(ua))Y/2,
w(uy,) is as in condmon (iii) and || - ||, s defined in (21). (This value
of T, ensures optimal contractivity in the n-th step in the ||-||.-norm.)
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Then we have
[, — | < pi | F(un) = ]| — 0,

namely,
IF(nin) bl .. M, —m,
- << hmsu _—
1F () — bl — P M, +m,

Moreover, if in addition we assume My, /my, < 1+ c1]|F(u,) — b||” (n € N)
with some constants ¢ > 0 and 0 < v <1, then

lim sup < 1. (24)

1P (1) = blls < du]| F(un) = 0[L*7 (n€N) (25)

with some constant di > 0.

Owing to the equivalence of the norms | - || and || - ||+, the orders of
convergence corresponding to the estimate (25) can be formulated with the
original norm:

Corollary 1 (Rate of convergence in the original norm). Let
My /mp <1+ c1|[F(un = b)[]”
with some constants ¢ >0, 0 <y < 1. Then we have
1F (ung1) = bl < dil| Fun) = b7 (n € N),
and consequently
lun = w*[| < py M| F (un) = b]| < comst - pt+7"
with some constant 0 < p < 1.

3.2.3 Inner-outer iterations

Similarly to the previous paragraph, we impose the following

Assumptions 3.

Let the items (i)—(ii) of Assumptions 1 hold and let the Jacobians %ﬁ’") be

Lipschitz continuous w.r.t. 1. Let L denote the Lipschitz constant of F’.
The iterative sequence (u,) C Vj, is constructed by the following inner-

outer iteration. Let ug € V} be arbitrary.

(a) The outer iteration defines the sequence
Unt1 = Up + Tupn (0 €N), (26)
where p,, € V}, is the numerical solution of the auxiliary linear problem

(F'(up)pn,v) = —(F(up) — b,v) (v eV (27)
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or

/ g(x,Vun)Vpn Vv =— / (f(x,Vuy) - Vv —gv) (veE W),
o on Q
further,

0, > 0 is some prescribed constant satisfying 0 < §,, < dg < 1,

(28)
(1-0n) m
(1+6n) Llipnl

(b) To determine p,, in (27), the inner iteration defines a sequence

}e (0,1].

Tn = min{l,

W) C Vi (keEN)

using a preconditioned conjugate gradient method. Namely, we can
choose constants M,, > m,, > 0 and a symmetric matrix-valued func-
tion G, € L°°(Q,RV*N) satisfying o(G(z)) C [p1, u2] (v € Q) with
1, g2 from (6), such that (19) holds, and let B, : Vj, — Vj, be the
corresponding linear operator defined by (20).
Then we consider the preconditioned form of (27):
BglFl(un)pn = *B_I(F(un) - b)a (29)

n

and construct the sequence (p%’“)) ken by the standard conjugate gra-
dient method for the equation (29) (see, e.g., [2]). For convenience
we let p( ) — 0.

Finally, p,, := p% ") e V}, is defined with the smallest index k,, for
which the relative error estimate

1E" ()P + (F(un) = 0) g1 < pl|F () = bl g1 (30)

holds with p,, = (p1/p2)"/?8, and §,, > 0 defined in (28).
Theorem 3. Let Assumptions 3 be satisfied. Then the following convergence
results hold:

(1) We have

M,
cond(B;,  F'(uy)) < — (31)

and, accordingly, the inner iteration satisfies
1F" (wn)pd + (F(un) = ) g0

VI — i
(Vs F) |F(un) = bll g (k €N).
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Therefore, the number of inner iterations for the n-th outer step is at
most k, € N determined by the inequality

(where p, = (p1/p2)"/65).
(2) The outer iteration (u,) satisfies

lun = w*|l < pg HIF (un) — bl

which converges to 0 monotonically with speed depending on the se-
quence (6,,) up to locally quadratic order. Namely, if 6, = do < 1,
then the convergence is linear. Further, if

On < const - ||F(u,) — b||”

with some constant 0 < v < 1, then the convergence is locally of
order 1+ ~:

1F (un1) = bl < x| F'(un) = b7 (n = no)

with some index ng € N and constant ¢c; > 0, yielding also the con-
vergence estimate of weak order 1+ ~y

1F (un) = b]| < g™ (neN)
with switable constants 0 < ¢ <1, dy > 0.

The construction of the iteration and the proof of parts (1) and (2) of the
theorem are based on [2] and [1], respectively.

Remark 1. The estimate (30) in the algorithm can be checked as follows:
denoting the residuals corresponding to (29) by

r{) = B F (un)pt) + B (F(un) —b)  (k=0,1,..., k), (33)
inequality (30) is equivalent to the computable estimate

I s, < pullr? ) s,.- (34)

3.3 Advantages of the preconditioning operator idea

The advantages of the preconditioning operator idea appear in both areas
that are involved in the requirements of good preconditioners, i.e., easy con-
struction and solvability, and convenient conditioning estimates. Namely:

e Defining the auxiliary systems as discretizations of suitable linear
elliptic operators, one can rely on a highly developed background for
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their solution. Efficient standard solvers including fast direct methods
are summarized, e.g., in [3], [13], [19].

e In addition, the construction of a Sobolev space preconditioner is
straightforward from the underlying preconditioning operator, and is
achieved without studying the actual form of the discretized system.
In this way the properties of the original problem can be exploited
more directly than with usual preconditioners defined for the dis-
cretized system. For instance, this way can help to handle certain
difficulties such as discontinuous coefficients or sharp gradients. (See,
e.g., [4], [17].)

e The preconditioned discretized problems have mesh independent con-
dition numbers, since their convergence properties are asymptotically
determined by the theoretical sequence in the Sobolev space. Hence,
the conditioning properties exploit the fact that the preconditioning
operators are chosen for the boundary value problem itself on the
continuous level. Moreover, one can obtain a priori bounds for the
condition numbers by carrying out analytic estimates, without using
the discretized systems. (See, e.g., [4].)

4 Diagonal coefficient preconditioners

In this section we discuss preconditioning operators with diagonal (i.e., scalar-
valued) coefficients. The motivation for this kind of preconditioner is that
the Jacobian of the coefficient is typically not diagonal, and hence, F’(u,) is
an elliptic operator with a general structure.

We study the scalar nonlinearity (2)

f(x,m) = alln)n

with some real O function a: RT — R¥ satisfying the ellipticity condition
0<p <a(r)<a(r)+d(r)r<ps (r=>0), (35)
and consider the operator
T(u) = —div(a(|Vu|)Vu),

which then satisfies Assumption 1.

The suggested preconditioner will depend on the step n, i.e., it will be
described in the setting of Theorems 2 and 3. (We note that the resulting
iteration is obviously simpler than the exact Newton iteration if the proposed
operator is used in the quasi-Newton setting of Theorem 2. If it is used in
an inner iteration in the setting of Theorem 3, then the overall cost of the
iteration is determined by the actual coefficient.)
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4.1 The preconditioning operator

The preconditioning operator is defined as follows. Let
c(r):==a(r)+d(r)r (r>0).
We choose a real function d: RT — R* such that
a(r) <d(r) < c(r) (r=0), (36)

and let
(an,v>:/ﬂd(\Vun|)Vz-Vv (z,v € H}(Q)). (37)

This preconditioning operator corresponds to the diagonal coefficient ma-
trix

Gn(z) = d(|Vun(z)]) - I,

where [ is the identity matrix. This preconditioner uses a simplified operator
compared to F'(u,), since the Jacobian of f(x,n) = a(|n|)n w.r.t. n is not
diagonal:

of

8—n(x, Vuy,) = a(|Vu,|)I +

o ([Vun|)

. t
V) (Vuy, - Vu,,),

where (Vu, - Vu!) is the diadic product matrix of Vu,,, hence, F’(u,,) is an
elliptic operator with a general structure.
The diagonal factor will also appear in the discretized form (38) below.

4.2 Construction of the preconditioning matrix

The corresponding preconditioning matrix w.r.t. a basis v1,...,v; of V4, is
given by

((Bn)h)i,j = /Qd(\VunDVv, . ij (Z,j = 1, ey k‘)

That is, the auxiliary equations are the discretizations of linear elliptic prob-
lems of the type

Find z € Vj,: /

d(|Vun|)Vz - Vv :/rv (veWh).
Q

Q
By virtue of [7], the matrix (B,,), has the product form
(Bp)n = Z2W, 2", (38)

where the matrices Z and Z! correspond to the discretization of — div and V,
respectively, i.e. they are independent of n and hence, need not be updated.
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Since the operator B,, has the scalar-valued coefficient d,,, the weight matrix
W,, is diagonal.

The solution of the linear algebraic systems containing the preconditioner
(By)n relies on efficient elliptic solvers, see, e.g., Subsection 3.3.

4.3 Conditioning

We determine the condition number of the operator B, F'(u,) in HJ ()
based on spectral equivalence.
A simple calculation yields

o[V ()2 < g—gm V(1)) - € (39)

< (a(|Vun(2)]) + @ (IVun(@)])[Vun (2)]) €],
which implies that

(min %)(an,w S/ﬂa(|Vun\)|an|2§ (F' ()0, 0)

e(r)
< [ eliTual) Vo < (max 53

for all v € V},. Hence, we obtain the estimate

)(an, v)

- e(r) d(r)
cond(B;, ' F'(uy,)) < max ) max o)’ (40)
It is clear from the obtained expression that cond (B, *F’(u,,)) is indepen-
dent of the actual subspace V},.

Two possible choices of the function d are as follows:
e First, let us observe that

or) o 4 cr)
>0 d(r) >0 a(r) — >0 a(r)
and the latter is achieved when
d(r) = (a(r)e(r))'/?. (41)

Hence, this d is the optimal choice concerning the possible condition
numbers.

e Second, a simpler structure of the preconditioner is obtained if d is

chosen to be a piecewise constant function; then d(|Vu,|) is a piece-
wise constant weight function, similarly as introduced in [4].
We note that the preconditioner using (41) can be regarded as a limit-
ing case of the piecewise constant coeflicient preconditioners as the de-
composition is refined, and the achieved condition number is smaller
than by any piecewise constant coefficient.
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Dedicated to M. Hestenes, C. Lanczos, E. Stieffel,
and to all those individuals who made conjugate gradient
the universally used method it is today.

Dedicated to G. H. Golub on his 70th birthday.

1 Introduction and historical perspective

As the dedication suggests, many scientists in several countries have con-
tributed significantly during these last fifty years to make conjugate gradient
the efficient and versatile method it is today. However, this article is not
limited to conjugate gradient and from that point of view, it owes a lot to
M. Hestenes for his major contributions, not only to conjugate gradient, but
also to calculus of variations and augmented Lagrangian methods. Indeed,
in this article after investigating the solution of obstacle problems for elliptic
and parabolic linear operators by a methodology combining penalty, New-
ton’s method and conjugate gradient algorithms, we shall apply the above
methodology to the search for non-negative solutions to an FEikonal system
with Dirichlet boundary conditions, after transforming it into a (non-convex)
problem from Calculus of Variations; in order to solve this non-convex mini-
mization problem we shall apply an operator-splitting method, and as shown
in, e.g., [1], [2] operator splitting methods have close links with augmented
Lagrangian methods and therefore with M. Hestenes contributions to Applied

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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and Computational Mathematics. Since, in this article, we make a system-
atic use of conjugate gradient algorithms, and of cyclic reduction methods for
the fast solution of discrete linear elliptic problems, a special credit has to be
given to G. H. Golub for his outstanding contributions to these topics (among
many other contributions, which include, in fact, complementarity methods
for the solution of discrete obstacle problems). We deeply regret he could
not attend the Jyvéskyla Conference on “50 Years of Conjugate Gradients”.

To conclude this section on a more personal note, we shall mention that
the initial intention of the second author was to write a survey on some conju-
gate gradient success stories of the past thirty years, particularly in Fluid Me-
chanics and in Control; however, after the first author of this article brought
to the attention of his colleagues a (challenging) system of Eikonal equa-
tions with Dirichlet boundary conditions, modeling anisotropic microstruc-
tural phenomena from Material Science, it was decided to report on this new
problem, where conjugate gradient algorithms for the fast solution of obstacle
problems play a fundamental role.

2 An obstacle problem for the Laplace operator:
Motivation and generalizations

In Section 9 of this article, we will show that non-negative solutions to the
following system of Eikonal equations, with Dirichlet boundary conditions,

ou
3:@-

u € Hy(9),

=1 ae, Yi=1,....d, (2.1)

can be obtained via an algorithm (of the operator-splitting type) requiring
at each iteration (in fact time step, and among other things) the solution of
an obstacle problem of the following type:

/Vu~V(v—u)dx2/p~V(v—u)dx YweK'; ueKT. (22)
Q Q

In (2.1), (2.2):

e 2 is a bounded domain of R? (d > 1) with boundary I' and dz =
dl’l N dxd;

e p is a given vector-valued function of (L?(Q))¢;

e Kt ={v|ve H}Q), v>0, ae. on N}

Let us mention immediately that in the context of problem (2.1) the over-

relaxation methods with projection, and Uzawa type algorithms, discussed

in, e.g., [3] and [4] perform pretty poorly proving too slow. Looking for

alternatives it was decided to investigate an approach combining (exterior)

penalty and Newton’s method. Actually, with this combination one has been

able to simulate (see [5], [6] for details) the vibrations of strings and beams,
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when their motion is constrained by obstacles; however, the above were ob-
stacle problems in one space dimension, where the linear systems resulting
from the combination penalty/Newton (after appropriate finite element dis-
cretizations) could be solved easily by direct methods taking advantage of the
sparsity and band structure of the corresponding matrices. Since some of the
finite element meshes (or finite difference grids) associated to the solution of
problem (2.1) involve more than 10° points, it is clear that, as today, direct
methods are not a feasible option as components of the penalty/Newton so-
lution of problem (2.2) (for most practitioners at least). It will be shown in
this article that replacing the above direct methods by a well-chosen con-
jugate gradient algorithm, leads to a fast converging iterative method, the
only requirement being the access to a fast solver for linear second order
elliptic boundary value problems. Since vector p in (2.2) is provided by the
solution of an initial value problem coupled — in some sense — to (2.2), we
shall take as model problem the parabolic variational inequality below (where
0<T < +o0):

u(0) = up (€ K), (2.3)

for t € (0,7), u(t) € K and, Yv € K,

<%u(t), v— u(t)> + | Vult) V(o - u() da (2.4)
> (f(t),v —u(t));

in (2.3), (2.4), f € L?(0,T; H-*(Q)), (-, -) denotes the duality pairing between
H=1(Q) and H}(Q), and the convex K is defined by

K={v|veH}Q), v>1 ae onQ}, (2.5)

with ¢ € C%(Q) N HY(Q) and ¢ < 0 on the boundary I' of Q. It follows
from, e.g., [7] that the obstacle problem (2.3), (2.4) has a unique solution in
L?(0,T; Hy () N CO([0, T]; L*(92)).

3 Backward Euler time discretization of (2.3)
and (2.4)

Let At (> 0) be a time-discretization step. The backward Euler time dis-
cretization of problem (2.3), (2.4) leads to

u® = ug; (3.1)
then, for n > 0, u” being known, we obtain ™! from the solution of

Wttt e K WweK

un+1 _ un
/ ——— (v —u"t)dz + / Va1 V(v — w1 de (3.2)
o At Q

Z <fn+1,”U _ un+1>.
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The elliptic variational inequality problem (3.2) has a unique solution. Prob-
lem (3.2) is, ¥n > 0, of the following type

/u(v—u)dx—l—,u/Vu-V(v—u)dxz(f,v—u) Yo e K; ue K (3.3)
Q Q

with u a positive constant and f € H=1(Q).

4 Penalty approximation of (3.3)

Let € be a positive parameter and denote sup(0, —v) by v~. We approximate
problem (3.3) by

/ugvdx—&-u/VuE~Vvdx—€*1/((u5—w)7)2vd$:<f,11>’
Q Q Q
Yo € HE(Q); u® € HE(Q).

(4.1)

Problem (4.1) is obtained by penalization of the constraint v—1 > 0 a.e. in €,
via the introduction of the functional (67/3) [,((v — ¥)7)3dz and its dif-
ferentiation with respect to v. Indeed, (4.1) is the Fuler-Lagrange equation
of the following problem of the Calculus of Variations:

J.(uf) < J.(v) Yo e HY Q) w e HY(Q), (4.2)

with

1) =5 [ et § [ viPas—(r)+ T (@0

Using Convez Analysis methods (see, e.g., [8], [9]) we can easily show that
problem (4.1), (4.2) has a unique solution; moreover lim. g+ ||u —u| g1(q) =
0, with u the solution of problem (3.3).

5 Newton’s method for the solution of (4.1) and (4.2)
Let us drop the superscript ; problem (4.1) can also be written as:

Fe(u) =0, (5.1)
where F.: H}(Q) — H~1() is defined by

F.(v) =v—pAv—eYH(v—9)7)2 = f, Yoec H(Q). (5.2)
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Applying Newton’s method to the solution of problem (5.1) leads (with ob-
vious notation) to:

u’s given in H3(Q) (u® € K is recommended); (5.3)
for m >0, u™ being known, compute u™t! via
u™ =™ — Fl(u™) T R (u™), (5.4)

where
Yo, w € HE(Q), (F(u™)v,w) =

/vwdx+p/Vv~de+26_1/(um7w)_vwd:r.
Q Q Q

It follows from (5.2), (5.5) that (5.4) is equivalent to the following (well-
posed) linear variational problem:

u™ € HE(Q); Vv e HYHQ),

/Hmvder,u/ Vﬂm~Vvdx+25_1/(umfz/))_ﬂmvdx
Q Q Q

(5.5)

5.6
:/umvdx+u/Vum~Vvdx75_l (5.6)
Q Q
< [ (@ = v) Pode - (1.0
Q
with 7" = u™ — u™T!. The finite element implementation of Newton’s

algorithm (5.3), (5.6), and the conjugate gradient solution of the discrete
analogues of problem (5.6) will be discussed in the following Sections 6 and 7.

6 Finite element implementation of the Newton’s
algorithm (5.3), (5.6)

From now on, we suppose that Q is a bounded polygonal domain of R?; we
introduce next a finite element triangulation 7; of Q (with A the length of
the largest edge(s) of the triangles of 7;,) and approximate Hg(Q), K, (3.3),
(4.1), and the Newton’s algorithm (5.3), (5.6) by, respectively,

Vor = {vn | vn € C°(Q), wplr € Py, VT €Ty, v, =0 on T'} (6.1)
(with P; the space of the polynomials in two variables of degree < 1),
Ky, =A{vy | v € Von, wp(P) > 9(P), VP € X} (6.2)
(with Xop, = {P | P is a vertex of 7,, P ¢ T'}),
up € Kp; Yo, € Kp,

/ uh(vh — uh) dx + /L/ Vuy, - V(Uh — Uh) dz > <f, Up — Uh>> (63)
Q Q
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/u‘;vhdx+u/ Vus, - Vo dz — (e71/3)
Q Q

XY pesio, Ar((u5,(P) = (P))™)?va(P)
= (f,v) Yon € Von; uj, € Von,

and (dropping some of the subscripts h):

(6.4)

u® is given in Vo, (in Kj, if possible); (6.5)
for m > 0, u™ being known, denote u™ — u™*! by ™ and solve
u™ e Von;, Vv € Voy

2
/ﬂmvdx—Fu/Vﬂm-Vvdx—i— c
Q Q

-1

3
X Y pes,, Ap(u(P) —(P))~a™(P)o(P)

-1

:/umvdx+u/Vum~Vvdx—E—
Q Q 3

x 3 Ap((™(P) — $(P))")*0o(P) — (f,0);

PeXop

in (6.4), (6.6), Ap is the measure of the polygonal union of the triangles
of 7, which have P as a common vertex (the penalty related terms in (6.4)
and (6.6) have been obtained by approximating [,,((u® — 1)~ )*vdz, and
other similar integrals, by the trapezoidal rule, in order to “diagonalize” the
matrices associated to the penalty treatment of the condition u > v on ;
actually, the trapezoidal rule can also be employed to approximate the various
L?(Q)-scalar products encountered in (6.3), (6.4) and (6.6)).

7 Conjugate gradient solution of problem (6.6)
Problem (6.6) is equivalent to a linear system of the following form
AX +e7'DX =1, (7.1)

where, in (7.1), A is an N x N matrix, symmetric and positive definite, D is
a diagonal N x N matrix, positive semi-definite, and b € RY. Define Y by

Y = 1DYV2X; (7.2)
system (7.1) can be reformulated as
eY + DY2A71DY2y = DY2 A, (7.3)

Matrix eI + DY/2A-1D'/2 being symmetric and positive definite it makes
sense to attempt solving problem (7.3) by a conjugate gradient algorithm.
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Without preconditioning, such an algorithm reads as follows (where V- W =
S Vi, WV = {(ViHL, W= (Wi, € RY):

YO is given in RN (Y° =0, for example); (7.4)
solve
Ar® = DYV2y 0 _p, (7.5)
and set
g° =Y D20 (7.6)
w® = ¢°.
For k > 0, assuming that Y*, ¢, wF are known, solve
ArF = DY 2k, (7.8)
and set
g" = ew® + DYk, (7.9)
Compute
ok = g% g~ /3" - w", (7.10)
YR = vk — ppa®, (7.11)
9" =" — pig" (7.12)
If gFH1 . g1 /g0 g0 <, take X = A=Y(DY2Y*+1 —b); else, compute
e = gF L gF L gk L gk (7.13)
whtt = gh Tl ok, (7.14)

Do k=Fk+1 and return to (7.8).

It follows from (7.5) and (7.8) that each iteration of algorithm (7.4)—(7.14)
requires the solution of a linear system associated to matrix A, i.e., in the
context of the discrete obstacle problem (6.3), of a linear system associated
to a discrete analogue of operator I — puA with Dirichlet boundary condi-
tions, a classical problem indeed. Concerning the speed of convergence of
algorithm (7.4)—(7.14), it can be shown that, in the neighborhood of the
solution of problem (6.4), the condition number v of the corresponding ma-
trix el + DY/2A=1DY/2 is O(¢71/?), implying (from the classical relation
[YE-Y| < C(%)kHY(’ — Y|, Yk > 1) that, in fact, the speed of con-
vergence of (7.4)(7.14) is “controlled” by £'/4, a not too small number,
even if ¢ is small (of the order of 10~%, for example). From this observation,
we can expect a reasonably fast convergence of algorithm (7.4)—(7.14); the
numerical experiments to be reported in Section 8 confirm this prediction.

Remark 7.1. The methodology discussed in Sections 4 to 7 can be easily
modified to handle problem (2.2). Actually, it will be quite successful (as we
shall see in Section 13) at finding non-negative solutions to problem (2.1), a
much more complicated obstacle problem indeed.
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8 Application to the solution of a time dependent
obstacle problem: Numerical experiments and
results

In order to validate the methodology discussed in Sections 2 to 7, we consider
the variant of problem (2.3), (2.4) with @ = (0,1) x (0,1), f = C, and
K = {v|ve HYQ), v(z) < (z,T), ae.,on Q}; here §(x,I') = distance
from x to the boundary I" of 2. The above problem is well documented
and related to the elasto-plastic torsion of a infinitely long cylinder of cross
section 2, C' being a torsion angle per unit length (see, e.g., [3], [4] for details).
To approximate the solution of this problem we have used a finite element
approximation like the one discussed in Section 6, with Vj;, and K} defined
from a uniform triangulation 7 of 2, allowing the use of fast elliptic solvers
in algorithm (7.4)—(7.14).

Table 1
€ NNewton | Nca L2-error
0.0032 4 3 | 8.9604339 x 102
0.0016 5 3 | 6.9899789 x 102
0.0008 5 4 | 5.3565620 x 102
0.0004 5 4 | 4.0485722 x 1072
0.0002 6 4 | 3.0261847 x 1072
0.0001 6 5 | 2.2398988 x 102
0.00005 7 5 | 1.6440081 x 102
0.000025 9 6 | 1.1985428 x 102
0.0000125 11 6 | 8.6906453 x 10~3

All calculations have been done with At = 2.5x 1074, h = 1/256, and C' =
10. The Newton’s iterations have been stopped when »; . [tim,i;] < 107% In
the conjugate gradient algorithm we have taken 10~ for 5 in the stopping
criterion. Finally concerning the time discretization scheme itself, we con-
sider that a steady state has been reached when 3, ; \u?jﬂ —upy| < 107% In
Table 1, we have shown the maximal numbers of iterations in the Newton’s
iteration and the conjugate gradient algorithm and the L2-error (compared
with the solution obtained with same parameters by the relaxation method
discussed in [4]) with different choices of the penalty parameter €. It is clear
from Table 1 that both the Newton’s and conjugate gradient methods have
fast convergence properties. There is no doubt that the fact that we initialize
Newton’s method with the solution obtained at the previous time step is an
important factor of this good convergence property. However, when apply-
ing a similar initialization strategy for SOR projection when solving prob-
lem (2.1) the convergence is quite slow while the penalty /Newton/conjugate
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gradient approach performs very efficiently: the good initial guess does not
explain everything. Our final comment is that the L?-error in Table 1 behaves
essentially like /e which is a result we were expecting.

9 A system of Eikonal equations with Dirichlet
conditions: Related variational problems

Motivated by the analysis of nonlinear models from p- Mechanics and Material
Sciences, the first author of this article has been lead to investigate (see [10]
for details) the properties of the solution of the following nonlinear boundary
value problem:

Find u € H}(Q) such that ‘

gsi —lae on®Q Vi=1,...d (9.1
where, in (9.1), 2 is a bounded domain of R? (d > 1) with the boundary T;
problem (9.1) can be viewed as a boundary value problem for a system of
Eikonal equations. Since problem (9.1) has an infinity of solutions, we are
going to focus on those solutions which mazimize (or “nearly” maximize)
functional v — [, vdxz. This leads us to consider the following problem of
the Calculus of Variations:

u € F; /udxz/vdx Yv e E, (9.2)
Q Q

with £ = {v | v € H}(Q), ’57’ —lae,Vi=1,...,d. fd=2and Q=
{z |z = (x1,22), |r1Ex2| < 1}, the unique solution of problem (9.2) is given
by u(z) =1 — |x1| — |z2| for all € Q; on the other hand, problem (2.1) has
no solution in general. We can easily show that if u is a solution of (9.2), then
u(z) > 0 on 2, moreover, since |[Vv|> = d a.e. in Q if v € E, problem (9.2) is
equivalent to:

ue BT Jw) < Jw), YveET, (9.3)
where
Et={v|veE, v>0onQ}, (9.4)

and

J(v) = %/Q|Vv\2dx70/ﬂvdx, (9.5)

where, in (9.5), C' is an (arbitrary) positive constant. There are, in principle,
several (if not many) ways to solve numerically problem (9.2), (9.3); moti-
vated by some earlier work on the numerical solution of a Ginzburg-Landau
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equation (see refs. [11], [12]), we are going to treat the constraints ’adTU‘ =1,

Vi=1,...,d, by a (exterior) penalty method. Moreover, in order to “control”
mesh-related oscillations, we are going to bound ||Av||z2(q). This leads us to
approximate the functional J(-) in (9.3), (9.5) by J°(-) defined as follows:

JE(v) = (£1/2) /\Av|2dx+J g5 1/4) Z/( o, 1>2dx; (9.6)

n (9.6), ¢ = {€1,e2}, €1 and ez being both positive and “small”. We then
approximate (9.2), (9.3) by

ut € Kty Jo(uf) < J%(v), Yoe H*(Q)NKT, (9.7)

with
KT ={v|veH}Q), v>0ae onQ}. (9.8)

Proving that problem (9.7) (a “beautiful” problem from Calculus of Varia-
tions, indeed) has at least a solution is an (almost) elementary exercise. The
numerical solution of the (obstacle) problem (9.7) is the main objective of
the remainder of this article.

Remark 9.1. Augmented Lagrangian methods (closely related to those dis-
cussed in, e.g., [1]-[4], [13]) can be applied to the solution of problem (9.7).
Preliminary results look promising and will be reported elsewhere.

Remark 9.2. Suppose that one looks for a solution of problem (9.1) as close
as possible (in H(Q)) of pg € HE(Q); in that case, we should take in (9.5),
(9.6), the functional J(-) defined by J(v) = (1/2) [, [Vv|? dz— [, Vipa-Vvda.

10 An equivalent variational formulation
of problem (9.7) and an associated
boundary value problem

Let us denote (L2(22))? by A and Vu® by p%; problem (9.7) is clearly equiv-

alent to
p° €A j°(p°) <j°(a), VqeA, (10.1)

with q = {¢;}%_,, and, for all q € A

(@) = (1/2) / q?de - C / Ve - qde (10.2)

d
+(€2_1/4)Z/Q(|qi|2— 1)2d + I, (q);
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in (10.2), o1 is the unique solution in H}(2) of the Dirichlet problem —A¢p; =
1in Q, o1 =0o0n T, and I, (-) is the functional defined as follows:

(51/2)/Q V.aPde i qe V(HX(Q)NEKY),

Ii(q) = (10.3)

400 elsewhere.

It is easy to show that the functional I (-) is convex, proper, and lower semi-
continuous over the space A. The variational formulation of the (formal)
Euler-Lagrange equation associated to problem (10.1) reads as follows:

b -ade+ < S fypi - Dpfade + OL G0 |
=C [, Vo1 -qdz, Yqed; p°eA,

with 011 (+) the sub-differential of I (-). We associate to equation (10.4) the
following initial value problem

p°(0) = po,
Jo(0p°/0t) - qdz + [, p° - qdx

ter P00 [ (pE? — DpSgi da + (0L (p°), @)
=C [,Ve1-qdz, YqeA, t>0.

(10.5)

From now on, our goal is to “capture” the steady state solutions of (10.5); to
achieve this objective, we shall time-discretize (10.5) by an operator-splitting
scheme a la Marchuk-Yanenko (simply because it is the simplest splitting-
scheme we can think of; more sophisticated splitting-schemes will be discussed
elsewhere).

11 Time discretization of problem (10.5)
by operator splitting

Let At (> 0) be a time-discretization step; dropping the superscript &,
we time-discretize (10.5) by the following operator-splitting scheme (of the
Marchuk- Yanenko type):

p’=po (=0, or Vi, for example), (11.0)

then, for n > 0, assuming p” known, solve successfully:
(At)71 / (pn+1/2 . pn) . qu Jr/ pn+1/2 . qu
Q Q

_ 11.1
et S | (P e e = 0 /Q Vi qdr, (LD

Vg e A; prtl/2 e,
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(ar)~t /Q(Pn+1 —p"™/?) - qdz+ (01, (p"*),q) =0,
Vg e A; p*tt eA.

Problem (11.1) has a wunique solution “as soon” as At < &9; moreover,
(11.1) can be solved “pointwise”, since for all ¢ = 1,...,d, and a.e. on {2,

P (@)

(11.2)

is the solution of a cubic equation of the following type
(1 — Atey ' + At)z + Atey '2* = RHS. (11.3)

If 5 > At, problem (11.3) has a unique solution which can be easily solved
by Newton’s method. On the other hand, the solution of problem (11.2) is
given by

p" = vt (11.4)

function u™*! being the solution of the following well-posed elliptic varia-

tional inequality

/ Va1 V(v —u" ) da + Atey / Au" T A(v — u ) da
Q Q

(11.5)

> / p 2 V(0 — Y da, Vo € HA(Q) N K
Q
u"tl e H2(Q)NKT.

In order to facilitate the numerical solution of problem (11.5), we perform a
(variational) crime by “approzimately” factoring the above problem as follows
(other approximate factorizations are possible):

wttl e Kt Ywe KT,

/ vwvl+1 . V(v o wn—H)d;ﬂ > / pn+1/2 . V(U o w"'H)dx,
Q Q

"t — Ater Au"t =W in Q, "' =0 on T (11.7)

(11.6)

From the non-negativity of w™*?t, the mazimum principle for second order
elliptic operators implies (via (11.7)) the non-negativity of u™*1.

Remark 11.1. There is no basic difficulty in solving problem (11.5) nu-
merically, but the approximate factorization (11.6), (11.7) of the above prob-
lem produces smooth non-negative solutions, as (11.5) does, while leading to
faster algorithms. Indeed, u"™! € H3(Q) N KT if I' is smooth enough.

12 Finite element implementation of scheme (11.0),
(11.1), (11.6), (11.7), (11.4)

Since any solution of problem (9.1) is continuous and piecewise affine, it
makes sense to compute these solutions via globally continuous, piecewise
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affine finite element approximations. From now on, we shall assume that
Q) is a bounded polygonal domain of R? (the non-polygonal case is almost
as easy to treat). Let 7j, be a finite element triangulation of (2, like those
considered in Section 6. We approximate L(Q) (and H'(Q)), HZ(Q), K,
and A by:

Vi ={vn | v, € C°(Q), wp|r € P, VT € T}, (12.1)
Vo = Vi OH(}(Q) ={vp |vp €V, v, =0 on I'} (12.2)
K = {vn | vn € Von, vn(P) >0, VP vertex of 7}, (12.3)
and
Ap={an|an €A, au|r €R? VT €T}, (12.4)

respectively, with P; the space of linear polynomials in x1, 2. We clearly
have VV}, C Ap, and dim(Ap,) = 2 Card(7,). A finite element implementation
of scheme (11.0), (11.1), (11.6), (11.7), (11.4), corresponding to (12.1)—(12.4),
reads as follows (with m(T') = [, dz, and other obvious notation):

pz = pon, With pon given in Ap; (12.5)
for n > 0, pj being known, compute pn+1/2, wZH, uZH, and p”+1 as

follows:

n 2 n+1/2 — n 2 n 2
W2 = pie) /At + Pl e (ol P - Dl

12.6
= [C/m(T)] g‘pl dz, Vi=1,2, VT € Ty, (126)

witt e Kjfs v, € KjF

h>

12.7
/ Vwﬁ“ V(v — n+1) dz > / pZ+1/2 V(v — wZH)d:v, ( )
Q Q

pZH = VUZH, with u"Jr1 € Von, and vy € Vop,

/(uzﬂvh + Ate1Vuy o) de = / wZHwL dx.
Q Q

(12.8)

The cubic equations in (12.6) are particular cases of problem (11.3); they have
a unique solution if At < g5, and can be easily solved by Newton’s method.
The discrete obstacle problem (12.7) is a pretty classical one, in principle;
however, in the context of (the difficult) problem (9.7), it turns out that the
solution methods based on over-relaxation with projection and Uzawa algo-
rithms with projections (see, e.g., refs [3], [4] for details) have troubles to
achieve fast convergence, forcing us to look for more efficient alternatives.
Such an alternative is provided by the penalty/Newton/conjugate gradient
method discussed in Sections 4 to 8. For the test cases to be considered in
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Section 13, the above method never failed and converged, always, in few iter-
ations, even for small values of its penalty parameter. Finally, problem (12.8)
is a fairly standard one (see, e.g., [4, Appendix 1] and the references therein),
and does not deserve further comments, therefore, other than: a sufficient
condition to have a discrete maximum principle is to have the angles of 7j,
not exceeding 7 (a classical result indeed; see, e.g., [14]). To summarize:

We have reduced the approrimate solution of problem (9.2) to
that of a sequence of simple cubic equations and of, essentially,
discrete linear elliptic equations.

Remark 12.1. Let us denote by {u}5 the family of approximate solutions
provided by algorithm (12.5)—(12.8). The role of the biharmonic regulariza-
tion (a la Tychonoff) in problems (12.7), (12.8) is to enhance the compactness
properties of {uj, }7 (and both things being related) control spatial oscillations
of short wave length (of order h, typically).

Remark 12.2. As can be expected, biharmonic regularizations are not new;
they have been used in, e.g., [15] for the solution of boundary control problems
for the wave equation, and in [16] for the solutions of problems such as (9.1),
precisely (by methods quite different from those discussed in this article).
Indeed, on the basis of boundary layer thickness considerations (similar to
those in [15]) we can expect that the optimal value of Ate; in (12.8) has to
be of order h%; the numerical experiments to be reported in Section 13 will
validate this prediction, showing that a near optimal value of Ate; is h?/36,
for all h’s sufficiently small.

Remark 12.3. With minor modifications, the methodology discussed above
can be applied to those variants of (9.1), where the boundary condition v = 0
on I is replaced by u = g, with g a Lipschitz continuous function such that
lg(x) —g(y)| < |z —y|, Yo,y € T, and max, ,yer[g(x) — g(y)] not too
large. Actually, for validation purposes, some of the test problems to be
considered in Section 13 will involve non-zero Dirichlet data (i.e., g # 0) and
will correspond to situations, where a unique maximal (or minimal) solution
to problem (9.1) exists.

13 Numerical Experiments

For the test problems discussed below we took = (0,1) x (0,1) and used
a uniform triangulation of €. From a computational point of view, this im-
plies that the finite element approximations reduce to finite difference ones,
allowing, for example, the use of cyclic reduction based on fast Poisson and
Helmholtz solvers for the solution of the discrete elliptic problems encoun-
tered at each iteration of the numerical procedure discussed in the above
sections. The main goal of the first and second test problems is to validate
the numerical methodology, since both of them have closed form solutions.
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The third test problem is the one of interest, since the boundary conditions
being incompatible with the constraints |Ou/0zi| = |0u/0zs| = 1 a.e., we
can expect a non-smooth behavior of the solutions (fractal, in fact) near the
boundary.

First two test problems: They are defined by

3x1’_’8x2‘_1 ae. in Q, u=gonl, (13.1)

with

g(z1,0) = g(x1,1) = min(zq,1 — 21),0 < z1 < 1,
g(o ) g(l ) :min(x271_x2)a0§x2 <1

Here, the maximal (which turns out to be also a viscosity) solution of prob-
lem (13.1) is given by

—— xg‘ =min(z1,1 — z1) + min(zz, 1 — 29).

Umax(T1,22) =1 — ‘5 —m‘ — ’2

The minimal solution is given by

1
‘:Ll*xZ‘ 0<£L’1, $2<—, andigxla $2<1,
1 1
Umin(21,22) = |1 — 21 — @2), ESJHSL OSxQS?
d0<z <+ Yon <
. L1
a. ST _27 2_1‘2_

&
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Figure 1. Contours (left) and graph (right) of the computed maximal
solution of problem (13.1) (h = 1/128).
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Figure 2. Contours (left) and graph (right) of the computed minimal
solution of problem (13.1) (h = 1/128).

The computed solution u; obtained with h = 1/128, Ate; = h?/36, e5 =
0.001, At = 0.0001, and C' = 10 for the maximal case (resp., C' = —10 for the
minimal case) has been visualized in Fig. 1 (resp., Fig. 2); it coincides quite
well with the exact solution, since approximation errors are ||un — uljo,0 =
3.268x10~* and ||up,—1u||c.0 = 5.086x 1073 (resp., ||un—ullo.q = 7.133x 1074
and ||up, — ullco.0 = 5.715 x 1073).

Figure 3. Contours (left) and graph (right) of the computed maximal
solution of problem (2.1), (9.1) (h = 1/512).

Third test problem: In this case we look for a nearly maximal solution of prob-
lem (2.1), (9.1), recalling that in this case maximal solutions do not exist.
We have visualized in Figs. 3 and 4 the graphs and contours of the discrete
solutions computed with » = 1/512 and 1/1024. The other parameters are
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Figure 4. Contours (left) and graph (right) of the computed maximal
solution of problem (2.1), (9.1) (h = 1/1024).

Ate; = h?/9, 5 = 0.001, C = 10 and At = 0.0001. These figures show that
as one refines the mesh new structures appear clearly showing (as expected)
a fractal behavior near the boundary (and particularly in the corners). In-
cidentally, the L'-norms corresponding to h = 1/512 and h = 1/1024 are
0.142263 and 0.143316, respectively, while the maximal values (reached at
x1 = xg = 1/2) are 0.52457 and 0.51494 (they should be equal to 0.5, but
realize that we are solving a highly non-smooth problem).

To further validate the methodology discussed in Sections 9 to 12, we have
applied it to the solution of a genuine Fikonal equation, namely

[Vul =1 ae. in Q, u=g on I (13.2)

If one looks for the maximal solution (the distance function to the boundary
if g = 01in (13.2)), the same methodology used for problem (2.1), (9.1) can be

o 12 2. .

| = 1) da in (9.6) by [(|Vof* —
1)2 dw, which is in fact simpler. If one looks for a minimal solution, we will
take C' < 0 in (9.5). The resulting Eikonal solver has been validated via the

following test problems (both with Q@ = (0,1) x (0, 1)):

used except that we replace Z?Zl fQ(|

First test problem: We take g = 0 in (13.2), implying that the maximal
solution is given by u(z) = é(x,T'), where §(z,T") is the distance from « to the
boundary I'. This solution has been captured very quickly with h = 1/256,
Atey = h?/49, e5 = 0.001, C = 10, and At =0.0001. The approximation
errors are |[up, — ulo.o = 1.638 x 1072 and |jup — ullwo = 9.811 x 1073.
Also for this solution, we have u(1/2,1/2) = 1/2 and [,udz = 1/6 (=
0.16666...), the computed values being 0.50789761 and 0.16737264. The
graph and contours of the computed solution are shown in Fig. 5.
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Figure 5. Contours (left) and graph (right) of the computed maximal
solution of problem (13.2) with g = 0 (h = 1/256).
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Figure 6. Contours (left) and graph (right) of the computed maximal
solution of problem (13.2) with g given in (13.3) (h = 1/256).

Second test problem: Here g in (13.2) is given by

g($1,0) = 030 S X1 S ]-7
g(x1,1) =min(z1,1 —21),0 <27 <1, (13.3)
9(0,72) = g(1,22) = 0,0 <@ <1,
implying that the maximal solution of (13.2) is given by
T2, x1 > 22 and 1 — 121 > 79,
1
u(zy,s) = { T r1 <72 and xp < >

1
1—21, 1—x7 <zy and “25'
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The parameters for this test case are Ate; = h?/49, &5 = 0.001, C = 10, and
At =0.0001. Despite the (small) overshots shown in Fig. 6, the exact solution
has been captured quite accurately, since ||uj, —ul|o.q = 1.1158 x 1073 for h =
1/256. The maximal value of u(x1,x2) is 1/2, whereas the computed value
is 0.50642583; also [,udx = 5/24 (= 0.2083333...), whereas [, updzr =
0.2088403. The contours of the approximated maximal solution obtained
with h = 1/256 are shown in Fig. 6.

14 Final comments

For those wondering if the solutions computed via “our” biharmonic regu-
larization technique are viscosity solutions, the answer is definitely yes. To
be convinced by this strong statement, let’s consider the following Fikonal
equation

VY| = f (>0) ae.in Q, =g on T. (14.1)

We associate to (14.1) the following penalized /regularized problem:
e € Vg Jo(We) < J%(9), Ve eV, (14.2)

where V, = {p | ¢ € H*(Q), ¢ =g on Q}, and

1
0= 5 [t [ 1Velar-c [ pas

(14.3)
ool
+ =2 | (IVel* = /) d,
Q
with
D*p = (0*¢/01:0x;)1<i, j<a-
The Euler-Lagrange equation associated to (14.3) reads as follows:
Ve € Vgs Yo € Vo (= H*(Q) N Hg(Q),
2, . 2 .
51/QD z/JE.Dgodx—l—/vag Vedz (14.4)

—I—EQ_I/Q(\V#JEP—f)Vibe-Vgodx:C/ngdx.

Supppse now that d = 2 and that Q is simply connected. Introduce then
u, = {2 f%} and v = {i‘p— f%:‘%}; we clearly have u. € (H'(Q))?,

Oxo? Oxq PETR

ve(HY )2, V- u.=V-v=0,and u. -n=dg/ds, v-n =0 on I', where
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s is a curvilinear coordinate on I', I' being oriented counterclockwise. Prob-
lem (14.4) takes then the equivalent (kind of “velocity-pressure”) following
formulation:

u. € W,

61/Vu5:Vvdx+/ue~vdx+s§1/(\u5\2—f)u5ovdx
@ @ @ (14.5)

+/pV~vdx:C/u1~vdx, Vv € Wy,
Q Q
V-u.=0 in Q,

where Wy = {v | v € (H'(Q)? v-n=0onTl}, W, = {v | v €
(H'(Q))?, v-n = dg/ds on T'}, and u; = %‘;—;,f%% with —Ap; =1
inQ, ¢o=0o0nT.

Problem (14.5) is clearly a Stokes variant of a Ginzburg-Landau equation,
€1 playing here the role of a wviscosity coefficient. We have shown thus that
our biharmonic regularization procedure is indeed a viscosity solution method
in the sense of Stokes (of course, once u. is known, we obtain 1. via the
solution of —Avy, = %1;215 — %“71; in Q, ¥ = g on I'); the case where Q has
holes is a little more complicated to handle, but can be treated essentially in
a similar way.

Our very last comments will be about fractals and geometry: in the Sep-
tember 2002 issue of SIAM NEWS, Ph.J. Davis wrote “Since 1977, when
Mandelbrot published his Fractals: Form, Chance and Dimension, geome-
try, to a very large constituency, has meant fractals and their production by
iteration.” There is no doubt (in our mind, at least; see Figs. 3 and 4) that
this article is another contribution to fractal geometry.
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The Use of Bilinear Rectangular Elements
in Reconstruction of Panoramic Images
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1 Introduction

The aim of this paper is to develop an algorithm for mosaicing a sequence
of panoramic images of the pipeline inner surface obtained by an inspection
robot that is equipped by an omnidirectional camera. This camera is a combi-
nation of a regular camera and an axially symmetric hyperbolic mirror. The
construction of the robot (see Fig. 1) enabled us to take and store a sequence
of images of the inner pipeline surface under the viewing angle 25°-106° from
the camera optical axis and 360° around this axis. Since the axes of pipeline
and camera were not identical, each picture was considerably deformed.

In Section 3 we describe how to get nondeformed rectangular panoramic
images by means of bilinear elements and an appropriate nonlinear transform.
Mosaicing particular panoramic images by a correlation function in Section 4,
we acquire a global image of the whole inner surface of the pipeline, which is
unwarped to the plane (see Fig. 2).

2 Acquiring panoramic images

It is evident that the whole camera viewing angle was nonuniformly illumi-
nated (cf. Fig. 1). Therefore, we have developed a procedure to correct this
nonuniformity. It was also necessary to correct the hyperbolic surface of the
axially symmetric mirror. Deformations of the mirror were approximated
by higher-degree polynomials whose coeflicients were established by means
of the least squares method (see [5]). The resulting system of linear alge-
braic equations with a symmetric and positive definite matrix was solved by
the standard conjugate gradient method which converges in a finite number
of iterations for (see [1]). All calculations were performed in double preci-
sion arithmetic. A very good agreement between the measured data and the
associated polynomial approximation is presented in detail in [3].

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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Figure 1. Photo and the associated schematic illustration of the inspec-
tion robot; a — glass tube, b — panoramic hyperbolic mirror, c— camera,
d — light bulb, e — additional hyperbolic mirror, f — prospecting tractor
of the British Company Pearpoint, g — chassis.

Z |
T

Figure 2. Unwarping the pipeline inner surface of constant radius into
the plane by the standard cylindrical coordinates.
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i ——
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Figure 3. Unwarping the image of the mirror into the coordinates (¢, z).

In Fig. 3 we observe a typical image of the omnidirectional camera and
the associated unwarped panoramic image in the case that the axis of the
pipeline and the optical axis of the camera coincide.

However, in practice the axis of the pipeline is usually different from the
optical axis of camera. Therefore, the used camera was calibrated in a fibre-
glass test pipeline whose inner surface was covered by a uniform black and
white checker pattern. Due to camera misalignment we see in Fig. 4 that the
black and white squares were considerably deformed.

Figure 4. Examples of panoramic images of the inner pipeline surface
covered by a uniform black and white checker pattern. Large nonlinear
deformations are due to camera misalignment.
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3 Correction of a parallel misalignment of the camera

The orientation of the axes of the Cartesian coordinate system (z,y, z) and
the position of the camera in the pipeline are sketched in Fig. 5. Assume now
that the axis of the pipeline is parallel with the optical axis of the camera.
The absolute value |d| stands for their distance (we shall assume that d > 0
if the axis of the pipeline is above the axis of the camera, otherwise d < 0).

Z z
min X ‘max X

] |-

Figure 5. Schematic illustration of pipeline a) along, and b) across the
axis of symmetry. The position of the camera is denoted by W, the
distance between the axis of the pipeline and optical axis of the camera
is |d|, Qmin and amax determine the viewing angle of the camera, and
R stands for radius of the pipeline.

Fig. 6 shows the corresponding cylindrical coordinates, the position of the
coordinate (u,v) system in the image of the camera with the origin at the
centre of the mirror, and also a rectangular domain in coordinates (¢, 2),
where the unknown image intensity function is searched.

We shall seek the coordinates v and v in the image of the mirror (see
Fig. 6b)) which correspond to a given angle ¢ and the height z in the un-
warped panoramic image (see Fig. 6¢)). Hence, we shall consider the trans-
formation

u=u(yp,z), (3.1)
v =1v(p,2). (3.2)

Notice that the angle ¢ in Figs. 5b) and 6b) is the same. Since the searched
transformations (3.1) and (3.2) depend on the angle ¢, we shall first look for
the angle 9 as a function of ¢, i.e.,

9 = 9(p). (3.3)
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Figure 6. Schematic illustration of the pipeline a) along the axis z,
b) the image obtained by the camera, c¢) the unwarped panoramic image.
The coordinate system in the image of the camera is denoted by (u,v),
Ruax is the radius of the mirror, R, is the radius of the circle which
corresponds to the cross section of the pipeline through the point W,
where the camera is situated, (p,z) and (¢,%) are coordinate systems
in the unwarped image and image of the mirror, respectively.

Consider the pipeline with radius R (see Fig. 5b)). The coordinates of the
point A = (A, Ay) satisfy the equations

Az = Rcosp, (3.4)
A, = Rsino. (3.5)

The distance between the point A and the point of intersection W can be
easily expressed by the cosine theorem,

() = \/R2 + d? — 2dRcos . (3.6)

Then for the angle ¥ between the axis z and the line segment WA (see
Fig. 5b)), we obtain
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cosv = —d_ Az,
1)
sind = ﬁ
1)

From this, (3.4) and (3.5), we find that

Rcosp—d
cost) = ——————, 3.7
() 31)
. Rsing
sind = . 3.8
1™ 38

The panoramic image of the inner surface of the pipeline corresponds to
the strip, whose height is given by the interval [zmin, Zmax], Where

Zmin = (R — |d|) tan cupin,

Zmax = (B — |d]) tan amax.

Concentric circles with centre at 0 in the image of the mirror (see Fig. 6b))
correspond to rays coming to the camera at the constant angle o. For a fixed
coordinate z and for a given angle ¢, we have to determine the angle o as

a = a(p, z) = arctan = (3.9)

()

Suppose that the image of the mirror is only linearly deformed in each
radial direction. In this case the image of the pipeline in the mirror is, of
course, nonlinearly deformed for d # 0. For a fixed angle 9, the associated
angle ¢ is constant, and thus we have

@7

where Z corresponds to the radial coordinate in the image of the mirror and
k is a constant, which corresponds to the scale in the z-axis.

Now we can define a resulting nonlinear transformation between the Carte-
sian and polar coordinates. The angle in the image of the mirror corresponds
to the value ¢ and the radius corresponds to the coordinate Z. From rela-
tions (3.7), (3.8), and (3.10) we find that

Z=ktana =k (3.10)

u=R,(1—%)cosd, (3.11)
v=R,(1—Zz)sind, (3.12)

where R, is the radius of the circle (in the camera image) which determines
the perpendicular view on the pipeline.
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Figure 7. Mesh deformation in parallel misalignment of the camera
from the axis of the pipeline for distances a) d = 0, b) d = R/4, ¢)
d = R/2, and d) d = 3R/4, where R is the radius of the inner pipeline
surface. The relation R, = 1 corresponds to the perpendicular view of
the camera on the pipeline. The used scale k£ = 0.39 in the z-direction
was obtained by calibration (see [3], [4] for details).

Fig. 7 shows the deformation of the regular mesh in the image of mirror
after the nonlinear transformation (3.11)—(3.12), which involves a parallel
misalignment of the camera.

The standard bilinear rectangular elements (see [2]) on a uniform mesh of
the domain of Fig. 6b) were used to interpolate the values of the intensity
function after the nonlinear transformation (3.11)—(3.12). The reason for
this approach is the following: Since the coordinates ¢ and Z attain only
discrete values (multiples of integers) in the searched bit map, the associated
coordinates u and v defined by (3.11)—(3.12) are, in general, not at nodal
points (pixels) of Fig. 6b). Consequently, the unknown intensity function I
attaining the values {0, 1,...,255} in the rectangular domain of Fig. 6¢) was
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calculated by the formula
1(9,%) = I(u,v),
where the coordinates (u,v) and (14, Z) satisty (3.11)—(3.12), and I = I(u,v)
is a continuous piecewise bilinear approximation of known intensity function

rounded to the values {0,1,...,255} at the discrete values of v and v in the
image of the mirror.

el PTG T
A i e B
I S — | 0
m
k k+1

Figure 8. Searching the correct shift in the z-direction.

A special case of the transformation (3.11)—(3.12) for d = 0 corresponds
to the situation when the axis of the camera is coincident with the axis of
the pipeline. Formulae (3.6), (3.7), (3.8), and (3.10) then have the form

() =VR2+0-0=R,

~ Rcosp—0

V= ——— = ,
cos 7 cos
i Rsing .
sind = = sin g,

R ¥
z
z=k—=Kz.

z 7 z

Substituting this into (3.11) and (3.12), we obtain

u=R,(1—Kz)cosp,
v=R,(1—Kz)sinep.

4 Mosaicing panoramic images

In this section we show how to obtain a global “infinite” bitmap of the whole
inner surface of a given pipeline. To find a correct shift between two sub-
sequent nondeformed panoraic images, we choose a fixed window A in the
first image and in the second one, we assume first of all that the window
B = B(z) can be moved only in the z-direction. We look for a Az for which
the image B(Az) is most similar to the one in the window A (see Fig. 8).
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Similarity between these two windows can be established by the correlation
function, which is defined by the formula

2221 Z?:l (Aij B Z) (Bij - E)
\/(Z?il S (A = A)°) (S0 Sy (B - B)’)

where A = (A;;) and B = (B;;) are images of correlation windows defined
by digital data A;;, B;; € {0,1,...,255},

c¢(A,B) =

n

1 m n 1 m
_”ZZ iss W_ZZ;BU’

and m, n are dimensions of the correlation windows.
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Figure 9. The graph of a correlation function ¢ = ¢(A4, B(z)).

The correct shift Az between two subsequent panoramic images is ob-
tained when the correlation function attains its global maximum (see Fig. 9).
This was found by sophisticated iterative methods (see [3]). Notice that the
correlation function may have several local maxima.

Since the robot does not move, in general, along a straight line, we assumed
that the window B depends also on the angle ¢, i.e., B = B(y, z). In this case
we had to maximize the correlation function depending on two variables ¢ and
z, which takes a lot of arithmetical operations. To speed up the evaluation
of ¢(4, B), we employed pyramidal data structures introduced in [6]. The
computational complexity of this procedure is described in [3]. Fig. 10 shows
the graph of the associated correlation function ¢ = ¢(A, B(y, z)). Colour
pictures of several reconstructed inner surfaces of the pipeline are shown
in [3], which is available in web site [w1].
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Figure 10. The graph of a continuous and piecewise bilinear correlation
function ¢ = ¢(A4, B(y, z)).
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1 Introduction

Bubble columns and airlift loop reactors are widely used in industry as con-
tacting devices in which gaseous and liquid species are brought together to
engage in chemical reactions. The liquid supplied continuously or in a batch
mode is agitated by bubbles fed at the bottom of the reactor. As the bubbles
rise, the gaseous component is gradually absorbed into the bulk liquid where
it may react with other species. The geometric simplicity of bubble columns
makes them rather easy to build, operate and maintain. At the same time,
the prevailing flow patterns are very complex and unpredictable, which rep-
resents a major bottleneck for the design of industrial units. In airlift loop
reactors, internal parts are installed in order to enforce a stable circulation
of liquid characterized by the presence of pronounced riser and downcomer
zones. Shape optimization appears to be a promising way to improve the
reactor performance by adjusting the geometry of internals.

In this paper, we touch upon the mathematical modeling of gas-liquid
flows and propose a numerical algorithm based on the finite element method.
A hierarchy of successively refined unstructured meshes is used to deal with
complex domains. The velocity-pressure coupling via the incompressibility
constraint is imposed in the framework of the Multilevel Pressure Schur Com-
plement formulation originally developed for single-phase flows [29]. The in-
stability of convective terms poses a hazard to the positivity of gas holdup
and concentrations. Standard remedies like upwinding degrade the accuracy
of the numerical solution and produce unacceptable results. The only way to
obtain a sharp resolution of steep fronts without generating wiggles is to use
a nonlinear combination of high- and low-order methods. The main contribu-
tion of this paper is a truly multidimensional generalization of high-resolution

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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TVD schemes to finite element discretizations on arbitrary meshes. Alterna-
tively, convective terms can be handled by the implicit FEM-FCT method-
ology which is presented in detail elsewhere [11], [13], [14]. Furthermore, we
discuss some other algorithmic aspects relevant for simulation of gas-liquid
flows. Numerical examples are presented to give a flavor of feasible applica-
tions. However, a detailed analysis of the model and of the obtained results
is beyond the scope of this paper.

2 Mathematical model

Detailed hydrodynamic models for dispersed two-phase flow can be classified
into those of Euler-Euler and Euler-Lagrange type. The former approach im-
plies that both phases are treated as space-sharing interpenetrating continua.
The macroscopic conservation laws can be postulated using some heuristic
arguments or derived mathematically by applying a suitable averaging proce-
dure to the associated single-phase continuity and momentum equations [4],
[5]. In the Euler-Lagrange formulation, only the liquid phase is considered
to be continuous, while individual bubbles or bubble clusters are tracked in
a Lagrangian way [15], [25]. The most detailed treatment of gas-liquid flow
is provided by direct numerical simulation (DNS), which amounts to solving
a formidable free boundary problem for the deformation of all bubbles and
interactions between them. At present, this is feasible only for a very limited
number of bubbles. Nevertheless, DNS contributes to the understanding of
processes taking place at the microscopic level and constitutes a valuable tool
for the derivation of input parameters and correlations for less sophisticated
CFEFD models.

In this paper, we subscribe to the Euler-Euler approach whereby the com-
putational cost is largely independent of the number of bubbles present in the
flow field. The instantaneous distribution of phases in the reactor is deter-
mined by the local gas holdup a = . The volume fraction of liquid equals
ar, = 1 —e. The macroscopic continuity equations

0p -

th + V- ( GuG) = —Mint, PG = AGPG, (1)
o0p -

gtL +V-(prur) = mint, PL =LPL (2)

are coupled by the mass transfer term mji,; which models the absorption
of gas into the liquid. Here and below the tilde denotes multiplication by
the volume fraction of the respective phase. The macroscopic momentum
equations read

. [Ou .
PG {8—5 +ug - VUG} =agV -Sg + pcg + fing, (3)
ouy,
7 {% +uy - VUL} =arV- St +prg — fin, (4)
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where S refers to the stress tensor and the coupling term fi,; in both right-
hand sides is responsible for the momentum exchange at the gas-liquid inter-
face.

The above system of equations is known as the two-fluid model, which is
widespread in the CFD community. It provides a general description of the
two-phase flow but is practically worthless as long as the terms mins, fint,
Sa, Sp, are left unspecified. The derivation of appropriate closure relations
is a challenging task due to various interactions between the two phases. In
what follows, we present constituitive equations suitable for buoyancy-driven
bubbly flows with mass transfer and chemical reaction.

2.1 Interphase mass transfer

The mass transfer rate is proportional to the difference between the concen-
tration c4 of the dissolved gas and an equilibrium concentration c*. The
latter is related to the local pressure p via Henry’s law p = Hc?, where H is
an empirical coefficient depending on the solubility of gas. The total flux of
gas into the liquid is given by

Mint = kras(cly —ca)n, (5)

where ag stands for the specific interfacial area, 1 denotes the molecular
weight of gaseous species and kj, is the liquid-side mass transfer coefficient.
As a rule, the resistance to mass transfer on the gas side can be neglected.

Chemical reactions in the liquid phase can substantially accelerate the ab-
sorption process by increasing the concentration gradient. The concomitant
increase in the gas flux is taken into account by applying an enhancement
factor E to the physical mass transfer coefficient:

kr = Ek%a (6)

where k9 is a function of the Sherwood number Sh which varies with the
local Peclet number Pe. For a first-order irreversible reaction, the standard
film theory yields [22]

E = Hacoth Ha, (7)

where Ha is the Hatta number. For vanishing Ha, the hyperbolic tangent
tends to zero, so that the above equation should be replaced by the series

1 1 2 1
E=1+-Ha’? - —Ha'+ —Ha’ - ——Ha® +...
T T T T ®)

The enhancement factor for second-order reactions A + vgB — vpP can be
derived analytically only in a few limiting cases, e.g. for an instantaneous

irreversible reaction: J
E,=1+ BeE (9)

w0
VBdACA
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da and dp being the molecular diffusion coefficients. For slow and interme-
diate reactions, equations of the film model have to be solved approximately.
A widely used correlation of numerical results was introduced by Van Krev-
elen and Hoftijzer [31]:

E = M coth M, M:Ha,/u. (10)
E;—1

Note that this equation is nonlinear and has to be solved iteratively or ap-
proximated by a simpler formula due to Wellek et al. [32]

1 1 1
(E _ 1)1.35 - (Ez _ 1)1.35 + (El _ 1)1‘357

E; = HacothHa. (11)

Recall that the mass transfer term (5) contains the interfacial area ag
which still is to be defined. This key variable depends on the number and
size of bubbles which may vary in space and time. If there is no coalescence
and breakup of bubbles, their number density is conserved and satisfies the
continuity equation

0
a—’t‘ 4V (nug) = 0. (12)
Let us assume that the gas-liquid mixture is locally monodisperse, i.e. the
bubbles are spherical with an average radius r. As long as n represents the
number of bubbles per unit volume, multiplying it by the volume of a single
bubble yields the local gas holdup € = gm"?‘n. Hence, the specific interfacial
area ag = 4wr?n is given by
D RT
as = (4mn)Y/3(3¢)%3, where € = pe _ pa—-. (13)
PG pn

Here the physical density pg is evaluated using the ideal gas law. The effective
density p¢ is computed from the continuity equation (1) for the gas phase.

2.2 Chemical reactions

The concentrations of all species dissolved in the liquid phase are described by
a system of scalar transport equations with source and/or sink terms due to
mass transfer and chemical reactions. For homogeneous reactions of second
order it reads

5& + V- (Caur — CiAVCA) — Mint IZJQCACBa (14)
ot n

ocp . ~ =

T V- (¢pur —dpVep) = —vpkacacs, (15)

%r | G (epuy — dpVep) = vphacacs, (16)

ot
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where the subscript A denotes the dissolved gas, B the component it reacts
with and P the resulting product. The effective diffusion coefficients da,dg,
dp may involve contributions of the turbulent dispersion in the liquid phase.

If the reactant B is present in excess, its virtually constant concentration
can be built into the reaction rate k1 = kocp, and the reaction is said to be
a pseudo-first-order one. In this case, the system of mass balances shrinks to

¢ 3 in 7.

A v. (Caug —daVea) = Mint kica, (17)
ot U]

0ép . 5 7

a V- (épuy — dpVep) = vpkica, (18)

and the enhancement factor is defined by equation (7) rather than (10) or
(11). In any event, the concentration fields have little or no effect on the
liquid velocity, so the above transport equations are essentially decoupled
from the rest of the model.

2.3 Closure of the momentum equations

Both phases are considered to be Newtonian fluids sharing the same pressure
field. Hence, the stress tensor for either phase can be represented as

S(u) = —pZ + pegD(u), (19)

where the pressure p and the deformation rate tensor D are defined by
R 1
p= PGgT, D(u) = §[Vu + vull.

For simplicity, the effective viscosity peg is assumed to be constant. In gen-
eral, it consists of the laminar viscosity p depending solely on the physical
properties of the fluid and the turbulent eddy viscosity pr modeling the
effect of microscopic velocity fluctuations which are eliminated during the
averaging process. The standard k-¢ turbulence model seems to perform rea-
sonably well [2], [24] and can be extended to allow for the bubble-induced
turbulence [9], [19]. Nevertheless, turbulence modeling for two-phase flows
remains an open question and no reliable model is available to date.

The coupling term fi,,; in the balance equations (3) and (4) represents the
interphase momentum transfer due to forces exerted by the liquid phase on
the rising bubbles. In spite of the ongoing controversy in the literature, it
is generally accepted that fi,; involves contributions from the drag force, the
virtual mass force and the lift force [5]:

fint = fp + fym + £1. (20)

By far the most important constituent is the drag force fp experienced by
a bubble as it moves steadily in the surrounding liquid. The ensuing inter-
phase friction is given by

3
fp = *ECDngL‘uG - uL|(uG - uL)a (21)
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where Cp is a dimensionless drag coefficient which can be assessed by mea-
suring the terminal rise velocity of a single bubble. Numerous empirical
correlations are available for C'p as a function of the Reynolds number. Note
that the drag force is proportional to the relative velocity so that the bubbles
slow down whereas the liquid gains momentum.

The ‘added mass’ of liquid entrained in the wake of accelerating bubbles
results in a virtual mass force of the form

dug dup

fvm = ECVM”L( a ) (22)
Depending on the properties of the gas-liquid mixture, the virtual mass coef-
ficient C'yy may deviate appreciably from the default value Cyy = 0.5 valid

for spherical particles under some idealistic assumptions.
Additional forces transverse to the direction of motion are typically rep-

resented by

fL = —SCLpL(uG — uL) X (V X uL), (23)

where the lift coefficient C', equals 0.25 for dilute flows of spheres.

2.4 Algebraic slip relation

The implications of the three contributions to the interphase force were ana-
lyzed in detail by Sokolichin and Eigenberger [23]. They demonstrated that
the influence of the virtual mass force fyy; on the bubble motion can be ne-
glected. At the same time, they found the lift force to be rather significant
but questioned its existence in the form (23) which was originally derived for
solid particles. In the literature, f;, is often misused for fitting the results
to experimental data. In some publications even the sign of the lift coeffi-
cient is reversed. Sokolichin and Eigenberger condemned this practice and
argued that the lift force should be omitted as long as its origins, form and
magnitude are unclear.

The interphase momentum transfer is dominated by the drag force fp and
the above arguments indicate that it is the only one which needs to be taken
into account. Moreover, the density of gas is much smaller than that of liquid,
so that the inertia and gravity terms in the gas phase momentum balance (3)
can be neglected [23]. Assuming the gas phase to be inviscid, we insert the
stress tensor Sg = pZ and obtain the equilibrium relation

0=—eVp+fp, (24)

which can be used to compute the relative bubble velocity ugi,. To this
end, it is expedient to linearize the drag force as proposed by Schwarz and
Turner [21]:

Vp

3pL
fp = —eCp—~—=|ugip|usiip & —eCwuglip = Uglip = — .
8 r CW

(25)
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Unlike the standard drag coefficient Cp, the linearization parameter Cyy is
a dimensional quantity. It is commonly assigned the constant value 5 - 10%
kgm™3s~! which corresponds to the bubble rise velocity of approximately
20 cms™ 1.

The above model simplifications make it possible to replace the gas phase

momentum balance by the algebraic slip relation
ug = uy, + Uglip + Udrift, (26)

where the drift velocity ugyisy was introduced to model the transport of bub-
bles by turbulent eddies. The net flux of gas due to turbulent dispersion is
proportional to the gradient of the number density and directed opposite to
it. The corresponding drift velocity reads

Vn
Udrift = *dGT« (27)

In general, the bubble path dispersion coefficient ds depends on the eddy
viscosity pr and on the turbulent Schmidt number [23].

If the velocity ug is computed from the slip relation (26) making use
of (27), the gas phase continuity equations (1) and (12) can be rewritten the
form

ap - ~
% + V- (pc;(llL + llshp) — depc;) = —Mint (28)
and
on
E + V- (n(uL + usnp) — d6Vn) =0, (29)

respectively. Strictly speaking, the diffusive term in (28) is valid only for
a constant bubble mass but this form can be justified if one substitutes the
drift velocity after decoupling the transport and mass transfer (see the de-
scription of operator splitting tools below).

2.5 Drift-flux model

The two-fluid model (1)—(4) is not the only way to describe dispersed two-
phase flows using a fully continuous representation. Alternatively, the gas-
liquid mixture can be considered as a single fluid whose effective density and
momentum are defined by

p=pL+paG, pu=prur + pcug. (30)

The weakly compressible Navier-Stokes equations for these quantities con-
stitute the so-called drift-flux model. As soon as the mixture velocity u is
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available, the velocities of both phases can be recovered using the algebraic
slip relation (26).

For bubbly flows, the two-fluid model and the drift-flux model are essen-
tially equivalent [23]. Indeed, the sum of phasic continuity equations (1) and
(2) yields
Ip
—+ V- =0. 31
L4V () (31)
Furthermore, if the simplified gas phase momentum balance (24) is added
to equation (4) with the stress tensor Sz, given by (19), the interphase force
term vanishes and we obtain

_ [0u - -
PL [8—tL +ug-Vur| =-Vp+ V- (ueffD(uL))—FpLg. (32)
Recall that the gas density is very small as compared to that of liquid. There-
fore, its contribution to the mixture density and momentum can be neglected:

pRprL, u~ur. (33)

Under these assumptions, equation (32) reduces to the momentum balance
for the mixture.

2.6 Boussinesq approximation

The effective density g, = (1 — ¢)pr, depends on the local gas holdup, which
leads to liquid circulation due to the buoyancy in aerated regions. Similar
processes occur in single-phase flows in the presence of temperature gradients.
Following Sokolichin and Eigenberger [23], we use an analog of the Boussi-
nesq approximation for natural convection problems and retain the variable
density only in the gravity term of equation (32) dropping the tilde elsewhere.
After these modifications, we recover the incompressible Navier-Stokes equa-
tions with an extra buoyancy term proportional to the gas holdup:

0
% tfug - Vug = —Vp, + vegAuy, — eg, (34)
V-up =0, p*:pi_patm—&-g'x—gh-

pL

At high gas throughputs it is advisable to relax the Boussinesq approximation
in the momentum equation and solve it in its original form (32). As far as
the continuity equation is concerned, the constant density assumption can
be retained. This model simplification is particularly advantageous from the
computational viewpoint, since it eliminates the need for dealing with the
evolution of the free surface on top of the reactor [23].
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2.7 Summary of equations

As a bottomline, let us collect the equations to be solved. Our simplified
Euler-Euler model of drift-flux type consists of the following subproblems:
e Navier-Stokes/‘Boussinesq’ equations

aﬂ +ur, 'VUL = *vp*‘i’yeffAunga (35)

ot
\v uy = 0.
e Continuity equations for the gas phase

dpc

e + V- (pcur +ugip) — daVpa) = — Mint, (36)
P
a—? 4V (n(ug + ugip) — daVn) = 0. (37)

e Transport equations for the liquid phase

8~ 5 in 7

A+ V- (eany, —daVea) = 2 — Facacs, (38)
0cg . < =

s V- (¢pur —dpVep) = —vpkacacs, (39)
8" ~ ~

% + V- (épur —dpVep) = vpkacacp. (40)

These partial differential equations are supplemented by the algebraic closure
relations

Vp p
Uslip = _%7 Mint = Ek%aS(E - CA)na
ocRT
e=L¢ . as = (4mn)3(32)%3,  veg = const.
pn

The problem statement is to be completed by specifying appropriate initial
and boundary conditions which depend on the particular application.

3 Numerical algorithm

The main features of the numerical algorithm are summarized below. The
discretization in space is performed by an unstructured grid finite element
method in order to provide an accurate treatment of non-Cartesian geome-
tries with internal obstacles. The incompressible Navier-Stokes equations
call for the use of an LBB-stable finite element pair. A suitable candidate
is the nonconforming Rannacher-Turek element (rotated multilinear veloc-
ity, piecewise-constant pressure) [20]. Standard multilinear elements are
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employed for other variables. The manually generated coarse mesh is suc-
cessively refined to produce hierarchical data structures for the multigrid
solver [27], [28].

The coupled subproblems are solved one at a time within a block-iterative
loop of Gauss-Seidel type. A two-way coupling is implemented only for the
hydrodynamic part (ur,p,e). We solve the Navier-Stokes equations using
the gas holdup from the last outer iteration, then update the gas holdup
and repeat this procedure until the residual of the momentum equation or
the relative changes of the gas holdup distribution are small enough. The
resulting velocity field is substituted into the transport equations (37)—(40)
and remains fixed until the end of the time step.

Operator splitting is employed to separate convection-diffusion and ab-
sorption-reaction processes. First, all scalar quantities are transported with-
out taking the sources/sinks into account. The homogeneous equations (41)—
(44) are decoupled and can be processed in parallel. The updated concen-
tration fields serve as initial data for an ODE system which describes the
accumulation and consumption of species. Equations (45)—(48) are nonlinear
and strongly coupled but the nodal ODE systems are independent of one
another.

Step 1: convection-diffusion

aaitg + V- (pa(ur + uaip) — daVia) =0, (41)
i)i:+v.(5AuL—czAVcA):0, (42)
aaif+v. (épur —dpVep) =0, (43)
%+V.(EPuL—JPVCP) =0. (44)

Step 2: absorption-reaction

dpc

= Mne (45)
% = m;m — kacacp, (46)
% = —vgkocacs, (47)
% = vpkacacp. (48)

Note that operator splitting is applied locally in time, i.e. within each time
step. The solution is integrated in time from ¢,, to t,41 = t, + At, by the
following algorithm:
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—_

Solve the Navier-Stokes equations (35) for uz, and p.
Recover the pressure gradient Vp using an
Ls-projection.

Calculate the slip velocity as ugjip = fg—vf;.

[\

Advance pg using (41) and recompute € = %.
Substitute ¢ into (35) and evaluate the residual.

If converged then proceed to 7, otherwise go to 1.
Update the number density n according to (37).
Solve the homogeneous transport equations (42)—(44).
Compute the interfacial area ag = (47n)'/3(3¢)?/3.

Solve the ODE system (45)—(48) for each node.

SO W

—_

An implicit time discretization of Crank-Nicolson or backward Euler type
is employed for all equations. The value of the implicitness parameter § and
of the local time step can be selected individually for each subproblem so as
to maximize accuracy and/or stability. This provides an efficient treatment
of physical processes occurring simultaneously but on entirely different time
scales. The communication between the subproblem blocks takes place at
the end of the common macro time step At,, which is chosen adaptively so as
to control the changes of the gas holdup distribution (see below). The linear
systems are solved using preconditioned BiICGSTAB or multigrid methods.
In what follows, we elucidate some constituents of the numerical algorithm
in detail.

3.1 Treatment of incompressibility

Boussinesq system (35) is solved using the academic code FEATFLOW [27].
This open-source software package represents a collection of robust discretiza-
tion tools and optimized multigrid solvers for incompressible flow problems.
Below, we briefly outline the Pressure Schur Complement method adopted
for gas-liquid flow simulations.

The fully discretized Navier-Stokes equations represent a saddle point
problem, in which the pressure acts as a Lagrange multiplier for the incom-

pressibility constraint:
S AtB| |u f
EaibRh @

The velocity can be formally written as u = S~!(f— AtBp) and plugged into
the discrete continuity equation B7u = 0 to derive the missing equation for
the pressure:

BTS™'Bp = At7'BTSIf. (50)
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This discrete problem can be solved by the preconditioned Richardson itera-
tion [26]

pUY = p® L [ BTM 1Bl At BT S (£ — AtBpWY), (51)

where [ is the outer iteration counter and My, is the lumped mass matrix
which proves to be a reasonable approximation to the evolution operator S
at high Reynolds numbers.

Each Pressure Schur Complement iteration can be interpreted and im-
plemented as a projection cycle which consists of the following algorithmic
steps:

1. Compute the velocity u from the Burgers equa-
tion
Sa=f—AtBp®
2. Solve the discrete ‘Pressure-Poisson’ problem

BTM;'Bq=At"'BTa

3. Correct the pressure and the intermediate veloc-
ity

pUHD — O 4o uHD) — § — AtML—qu

In a nutshell, the right-hand side of the momentum equation is assembled
using the old pressure iterate and the resulting intermediate velocity u is
projected onto the subspace of divergence-free functions so as to satisfy the
condition BTul*1) = 0. The Pressure Schur Complement approach con-
stitutes a very general framework which unites coupled solution techniques
and classical projection schemes, the degree of coupling being determined by
the number of outer iterations. For details the interested reader is referred
to [29].

3.2 Treatment of convection

Convection is notoriously difficult to treat numerically. The standard Galer-
kin method is a ‘centered’ scheme which gives rise to an unstable discretiza-
tion of convective terms. A common remedy is to add streamline diffusion
which provides the necessary stabilization without reducing the order of ap-
proximation. However, even stabilized high-order methods tend to produce
nonphysical undershoots and overshoots in the vicinity of steep gradients. As
a result, negative gas holdups or concentrations may arise, which is clearly
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unacceptable. It is possible to get rid of oscillations by adding adaptive ar-
tificial diffusion depending on the local solution behavior. The high-order
scheme can be used in smooth regions but near discontinuities it should be
replaced by a low-order scheme like ‘upwind’ which is diffusive enough to
prevent the formation of wiggles.

The first discretization procedure to utilize the idea of adaptive switch-
ing between high- and low-order methods was the flux-corrected-transport
algorithm introduced in the early 1970s by Boris and Book [3]. The state-
of-the-art generalization proposed by Zalesak [33] has made it possible to
incorporate FCT into unstructured grid methods. The foundations of flux
correction for finite elements were laid by Lohner et al. [17]. In a series
of recent publications [11], [13], [14] we refined the FEM-FCT methodology
and extended it to implicit time stepping. Unfortunately, Zalesak’s limiter
leads to some loss of accuracy for large time steps, which compromises the
advantages of implicit schemes.

A class of high-resolution methods with artificial diffusion independent of
the time step was developed by Harten [7]. His total variation diminishing
schemes and extensions thereof rest on a firm mathematical basis and are
widely used in CFD computations. At the same time, it has been largely
unclear how to apply them in the finite element context. In the scarce pub-
lications on that subject, TVD-like artificial viscosities were designed using
some reconstruction of a local 1D stencil [18]. The use of P, elements was es-
sential to the derivation of the underlying edge-based data structure. Below
we propose an alternative approach which is applicable to arbitrary Galerkin
discretizations. The (anti-)diffusive terms are represented as an array of in-
ternodal fluxes. A complete transition to an edge-based data structure is
feasible [14] but not mandatory.

3.2.1 Galerkin discretization
Consider a time-dependent conservation law for a scalar quantity u:

ou
E+V~(fdeu):0 in Q, (52)
where f = vu stands for the convective flux and d denotes the diffusion
coefficient. All of our homogeneous transport equations (37), (41)—(44) can
be written in this form.
The concomitant boundary conditions are specified in terms of normal
fluxes:

—n-(f—dVu)=g on I',
n-(f—dvVu) =0 on Iy,
n-Vu=0 on Iy,

where n denotes the outward unit normal. On the feed boundary I'; the
incoming flux is determined by the operating conditions. In particular, the
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total gas throughput divided by the aerated area yields the value of g for
the continuity equation (41). Obviously, there is no flux through the solid
wall I'y. On the outflow boundary I's the diffusive flux is cancelled while
the convective one is left free as required by the hyperbolic limit of pure
convection (d = 0). It is implied that v-n < 0 on I'; while v-n > 0 on I's.

Using the divergence theorem to integrate the spatial derivatives in the
weak form of equation (52) by parts and inserting the natural boundary
conditions, we obtain

/w—dxf/Vw~(fdeu)dx+/ wf~nds:/ wg ds. (53)
Q I's I

A common practice in finite element methods for conservation laws is to
interpolate the fluxes in the same way as the approximate solution:

un =Y ugps, =Y f05= > (viuy)es, (54)
j j j

where @; are the basis functions spanning the finite-dimensional subspace.
The resulting Galerkin discretization of equation (52) reads

du;
Z |:/ ©YiP; dx:| E — |:/Q VL,OZ‘ . (Vjtpj - chpj) dx:| Uy (55)
J J
+ Z[/ PipVi- nds} u; = / pigds.
j F3 1_‘1

This ODE system can be written in compact matrix form as follows

d
Mcd—’;‘ (K — B)u+q, (56)

where M¢ is the consistent mass matrix, K is the discrete transport operator,
B is the contribution of the surface integral over the Neumann boundary and
q is the source term due to incoming fluxes. The matrix entries are given by

mij = \/QSDZSDJ dX, kij = Vj . Cij — dSZ'j, (57)

where c;; and s;; stand for the constant coefficients

Cij :/QV%'SD;’ dx, sij :/QVQDZ-~Vgoj dx. (58)

corresponding to the first- and second-order derivatives, respectively. For
customary finite elements, the sum of basis functions is identically one so that
the sum of their derivatives vanishes. Hence, the above coefficient matrices
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have zero column sums and so does the discrete transport operator: ) k;; =
Vi i —dd;si; = 0.

Note that the differential operators defined by equation (58) do not change
and need to be assembled just once. As long as they are available, the ma-
trix K can be updated in an efficient way by computing the off-diagonal
entries k;; from the formula (57) without resorting to costly numerical inte-
gration. Due to the zero column sum property, the diagonal matrix entries
can be recovered as kj; = — Z#j kij

The boundary terms are assembled separately. It is expedient to calculate
the surface integrals approximately using a one-point quadrature rule. For
each boundary edge/face OF) we evaluate the normal flux at the midpoint,
multiply it by the respective area |0Fj| and distribute between the nodes.
This leads to a diagonal matrix B with entries

1 ; .
= E E vi-nk\aEk\, ‘_712:{]2)(7; eanﬂFl}, (59)
keJ}

where m denotes the number of local degrees of freedom per edge/face and
n; is the (unique) outward normal to OE). The source term is assembled in
a similar way:

— > grlOEy|, Ji={j:xi € 0E; NTs}. (60)
keJs

Clearly, ¢ does not have to be recomputed as long as the boundary conditions
are fixed.

An important advantage of using piecewise-constant normal fluxes in the
assembly process is that the disjoint boundary components I'1,I's, I's are un-
ambiguously defined and the boundary conditions are allowed to have a jump
at the interface.

3.2.2 Construction of a linear LED scheme

Let us perform mass lumping and represent the semi-discrete problem in the
form

du
M — I (K B)u—l—q@m, %:kz] +T1uz+q17 (61)
j#i

where m; = Zj mi; and 1; = Zj kij — b;. The term r;u; is a discrete
counterpart of 4V -v which vanishes for incompressible flows. It is instructive
to consider the special case r; = ¢; = 0 in which the discrete transport
operator K has zero row sum. Such a discretization would be local extremum
diminishing (8] if all off-diagonal coefficients k;; were nonnegative. Indeed, if
u; is a maximum, then k;;(u; —u;) <0, so that dd“ti < 0. Hence, a maximum
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cannot increase, and similarly a minimum cannot decrease. In one dimension,
a LED scheme is total variation diminishing and monotonicity preserving.

The Galerkin transport operator K can be rendered LED by adding a ten-
sor of artificial diffusion D designed so as to eliminate negative off-diagonal
entries [13], [14]

L=K + D, d“ = — Zdlk, dij = dji = max{O, 7k7ija 7]{}]7,} (62)
k#1

The diffusion coefficients d;; are associated with the edges of the graph repre-
senting the connectivity of the matrix. For each pair of neighboring nodes i
and j, a negative off-diagonal coefficient (say, ki;) is set to zero, while its
mirror image k;; is incremented by —k;; and the diagonal entries k;;, k;; are
updated so as to maintain zero column sums. This yields the least diffusive
linear LED scheme which reduces to the standard upwind approximation for
scalar convection problems in one dimension [13]. The row number of the
nullified off-diagonal entry determines which of the two nodes is located ‘up-
wind’. Without loss of generality, we will assume that ¢ is the upwind node
for the numerical edge i_j', so that l;; = 0 whereas lj; = |kj; — ki;|. The
diffusive flux d;;j(u; — u;) reduces the difference between the nodal values so
as to enforce the positivity constraint.

Note that the artificial diffusion coefficients d;; as defined in (62) are in-
dependent of the diagonal part r; which allows for the physical growth and
decay of extrema due to compressibility. The boundary terms ¢; are assumed
to be nonnegative and may only increase the value of « in the interior. Phys-
ical diffusion (if any) built into the coefficients k;; is automatically detected
and the amount of artificial diffusion is reduced accordingly. Alternatively,
discrete upwinding can be performed only for the convective part of K.

3.2.3 Defect correction

According to the well-known Godunov theorem, linear monotonicity pre-
serving schemes can be at most first order accurate. To obtain a nonlinear
high-resolution scheme, we combine the Galerkin discretization and the as-
sociated low-order method within an iterative defect correction loop for the
fully discretized problem:

uH) =4O 4 OCWNTRWY), 1=0,1,2,... (63)

In a practical implementation one solves a linear subproblem for the solution
increment and applies the weighted correction to the last iterate:

CluAu® = RwY), wH) =40 £ GOALD | 40 = ym, (64)

Specifically, we take the ‘preconditioner’ to be the low-order evolution oper-
ator
CuWy =My —0AtL(®), 0<6<1,
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where 6 is the implicitness parameter. By construction, C' is an M-matrix
which makes it amenable to iterative solution. The residual vector is given
by

RuW) = Mp(u™ — uW) + 0AHL(uD) — A(uV)]u®
+ (1= O)AHL(u") = Au™)]u" +¢" 7,

where A is a nonlinear antidiffusion operator to be defined below.

The difference between K* = L— A = K+ D — A and the original transport
operator K is a matrix with zero row and column sums. Hence, the diffusive-
antidiffusive terms can be decomposed into skew-symmetric internodal fluxes:

(K*u); = Zkijuj—I-Z(f% —&-f{‘j), where f,%» =dij(uj—u;) = —f]di. (65)

J J#i

The antidiffusive flux f}% from node j into node 7 is designed so as to comply
with the LED principle for the discrete scheme. The objective is to add
as much antidiffusion as possible without generating wiggles. This can be
accomplished by applying flux limiters of TVD and FCT type presented in
the next two subsections.

3.2.4 TVD flux limiter

For the discrete scheme to be LED, the antidiffusive flux f% must be inter-
pretable as a diffusive flux from some other node(s). To provide this property,
we may consider

fz(; = aijlj(l, 9,)(’&@ — Uj) = aij/.’,(ui — uj, Auij), = —fa (66)

a — a@

Je Zj'

Extra antidiffusion due to the consistent mass matrix can be included and
limited as in the FEM-FCT framework (see below). Let us leave the an-
tidiffusion coefficient a;; and the difference Au;; = 0;(u; — u;) unspecified
for the time being. The flux limiter £ represents a limited average operator
satisfying certain properties which guarantee the positivity of coefficients [8],
[18]. In particular, L£(a,b) = 0 if a and b have opposite sign. Another useful
property is symmetry: L(a,b) = L(b,a). Some popular TVD limiters are:

o L(a,b)=S(a,b) min{|al,|b|} minmod
2

o L(a,b)=S(a,b)- ﬁ Van Leer

e L(a,b)=S(a,b) ~min{a+b,2a|,2|b|} 2-mean

e [(a,b) = S(a,bd) - max{min{2|al, |b|}, min{|al, 2|b|}} superbee

where S(a,b) = (sign(a) + sign(b))/2.
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Recall that the numerical edge z_j connects an upwind node i and a down-
wind node j. Its contributions to the modified convective term can be written
as

node 7 : ]f:}(u] — ui) = aijlj(l, 9,)(’&@ — Uj) = aij/.’,(l, 1/91‘)Auij,
node j . ]{JJ*Z(U, — Uj) = (|k‘j,’ — k‘,’j| — aijﬁ(l,Qi))(ui — u]').

The increment to node j exhibits a LED structure provided that the coefhi-
cient kJ; is nonnegative. All of the flux limiters presented above satisfy the
inequality 0 < £(1,60) < 2. Hence, the antidiffusion coefficient is taken to be

aij = min{dij, ‘kﬂ — klj‘/Q} (67)

The increment to node ¢ will also be local extremum diminishing as long as
the upwind difference Aw;; can be cast in the form Au,;; = Zk# cik (U —u;)
with ¢;;x > 0.

In one-dimensional TVD schemes, 0; represents the slope ratio at the up-
wind node, so that Au;; = up —u;, where k # j refers to the second neighbor
of node i. However, the choice of Aw;; for finite element discretizations
on unstructured meshes is nontrivial. A geometric approach commonly em-
ployed in the literature is to reconstruct a local one-dimensional stencil by
introducing two dummy nodes on the continuation of the edge ij [8], [18].
The difference Au;; is defined as in the 1D case using the interpolated or
extrapolated solution value at the dummy node k adjacent to the upwind
node.

A detailed comparison of various techniques for the recovery of uj can be
found in [18]. It was shown that the numerical results strongly depend on the
employed procedure. In particular, those obtained by means of the gradient
reconstruction

1
Auij = (x; — X;) - Vyu;, where Vyu; = p— %;Ck-i(uk- — ;) (68)
CF T

were found to be quite poor. It is quite clear why this choice of the upwind
difference may fail to produce non-oscillatory results. The Lo-projection of
the discrete gradient using Galerkin differential operators is not monotone.
Some of the coefficients in the formula for Au;; may be negative, so that
it will not possess the desired form. To rectify this, we employ a low-order
projection operator designed by resorting to discrete upwinding as proposed
above. Note that c¢i; = —c;; (for internal nodes), so that the elimination of
negative off-diagonal coefficients leads to the following LED-type expression:

2
Auij = ;_max{o,cm - (i = %) Hur = ).



Finite element discretization and iterative solution 315

For uniform meshes in one dimension, this kind of extrapolation corresponds
to using the upwind gradient and yields the standard value Au;; = up — ;.

3.2.5 FCT flux limiter

As an alternative, we outline another flux limiter based on the generalized
FEM-FCT formulation [11], [13]. In this case, the raw antidiffusion is given
by

l l l n n n
i = al @ —ul) +alur —ul),  fii=—fis, (69)
where
al) =my +0AtdY,  al = —mi; + (1 - 0)Atdy. (70)

Solution-dependent correction factors c;; € [0, 1] are applied to f;; in order to
preclude the arising of nonphysical oscillations. The admissible antidiffusive
fluxes f; = a; fi; are inserted into the defect vector R(u®) to reduce the
errors induced by mass lumping and discrete upwinding. The unified limiting
strategy proposed in [11], [13] is as follows.

At the beginning of each time step, the explicit subproblem

Mpa=[Mg+ (1 —0)AtL(u"™)]u" (71)
is solved for @ to determine the local extrema @"®* and @™ . Note that the
auxiliary solution @ is associated with the time instant "*'1~% and reduces
to u™ for the backward Euler method. Following Zalesak [33], we introduce

1 max

max ~ ~
P = s > i 10> fishs QF = a4 — . (72)

J#i

For the scheme to be positivity-preserving, the flux into node i should be
multiplied by

min{l,QF /PT}, if P +£0,
R;t_{ { Qz/ ’L} ' Zi;é (73)
0, it P~=0.
Due to the fact that f;; = —f;; the ‘optimal’ correction factors are given by
. + — . .
0y = min{ R, R; }, if f;; >0, (74)
min{R;r,R;}, if fi; <0.

The ins and outs of the FEM-FCT methodology are elucidated in [13], [14],
[16].
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3.3 Solver and time step

Finally, let us briefly discuss the choice of the iterative solver and of the
time discretization. In general, explicit schemes are rather inefficient due
to severe stability limitations which require taking impractically small time
steps. For this reason, we restrict ourselves to the implicit Crank-Nicolson
and backward Euler methods which are unconditionally stable and permit
large time steps at the expense of solving nonsymmetric linear systems.

In our experience, BICGSTAB and geometric multigrid constitute excel-
lent solvers as long as the parameters are properly tuned and the underlying
smoothers/preconditioners are consistent with the size of the time step. If
At is rather small, standard components like Jacobi, Gauss-Seidel and SOR
schemes will suffice. For large time steps, the condition number of the matrix
deteriorates and convergence may fail. This can be rectified by resorting to
an ILU factorization in conjunction with an appropriate renumbering scheme.

In order to capture the dynamics of the two-phase flow in a computation-
ally efficient way, one needs a smart strategy for the time step control. So
far we have used a fairly simple PID controller due to Valli et al. [30]. In our
case, the algorithm reads

1. Monitor the relative changes of the gas holdup distribution
_ et

T T e

2. If e, > 0 reject the solution and repeat the time step using

At, = iAtn

€n

3. Adjust the time step smoothly so as to approach the
prescribed tolerance for the relative changes

st = (22 (B2 (e,

€n €n€n—2

4. Limit the growth and reduction of the time step so that

At
Atmin S Athrl S Atmaxa m S LH S M

n

Note that the local gas holdup ¢ is a perfect indicator variable because the
bubble-induced buoyancy represents a major driving force behind the flows
in gas-liquid reactors.
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4 Numerical examples

The developed finite element software builds on the FEATFLOW package [27]
and on the underlying FEAT libraries [28]. The multidimensional TVD lim-
iter was incorporated into the matrix assembly routine for the momentum
equation and has proved its worth for the nonconforming Q) finite elements.
The subroutines for the solution of scalar transport equations were equipped
with both FCT and TVD limiters. The performance of these high-resolution
schemes was found to be similar. Let us substantiate the mathematical model
and the numerical algorithm by preliminary simulation results.

Figure 1. Startup of a locally aerated cylindrical bubble column.

The first example deals with the startup of a locally aerated cylindrical
bubble column. The gas is injected at the center into the initially quiescent
liquid. The buoyancy induced by the ascending bubbles results in a circu-
lation of liquid with upflow in the middle. The evolution of the gas holdup
distribution during the first seconds after the onset of aeration is shown in
Fig. 1 along with fragments of the employed computational mesh. Similar
mushroom-like shapes were observed previously in 2D simulations [10], [15],
[25].

Next, we present our three-dimensional results for the airlift loop reac-
tor which was investigated both experimentally and numerically by Becker
at al. [1].The aeration takes place at the bottom of the riser section where
both phases flow cocurrently in the upward direction. At the upper surface,
the bubbles escape while the liquid is diverted into the gas-free downcomer
forming a closed loop. The two-phase flow reaches a steady state within
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Figure 2. Airlift loop reactor: startup (left) and steady state (right).

a few seconds after the startup of the reactor. Fig. 2 (left) displays snapshots
of the developing gas holdup distribution (top) and instantaneous velocity
fields (bottom) in the middle cross section. The ragged boundary of the
internal part is due to the Cartesian mesh used for visualization. The three-
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Figure 3. Physical absorption of CO2 (2D simulation).
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Figure 4. Reaction-enhanced absorption of COg (2D simulation).
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Figure 5. Reaction-enhanced absorption of CO2 (3D simulation).

dimensional stationary solution superimposed on the actual block-structured
computational mesh is shown on the right.

To give an insight into the complex interplay of physical and chemical
phenomena, let us consider the absorption of CO3 in a locally aerated bubble
column filled with water. The construction parameters are those defined by
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Becker et al. [1] and adopted in our first 2D simulations for this test case [10],
[12]. In the absence of mass transfer, the rising bubbles would expand due
to the fall of hydrostatic pressure. However, carbon dioxide is highly soluble
in water so that the growth is diminished and the bubbles may even shrink.

These effects are nicely reproduced by our model. In the case of physical
absorption, the gas dissolves rather slowly and neither the instantaneous
gas holdup distribution (Fig. 3, top) nor the velocity fields (Fig. 3, middle)
are significantly affected by the absorption process [10]. The flow structure
consisting of three large vortices is reflected by the concentration fields for
the dissolved carbon dioxide (Fig. 3, bottom).

The flow pattern is totally different if the mass transfer is accelerated by
chemical reactions in the liquid phase. Let us demonstrate this by taking
an aqueous solution of sodium hydroxide instead of water. The reaction
CO3+2NaOH—Na;CO3+H5O0 is so fast that the bubbles are completely dis-
solved within 20 cm from the inlet (Fig. 4, top). There is no liquid circulation
in the upper part of the reactor since the gas does not reach it. A large vor-
tex develops in the vicinity of the gas sparger (Fig. 4, middle) twisting the
concentration of the produced sodium carbonate into a spiral shape (Fig. 4,
bottom). A 3D simulation predicts essentially the same flow behavior de-
picted in Fig. 5.

The results are in good agreement with experimental data reported by
Fleischer et al. [6].

5 Conclusions

The drift-flux model for buoyancy-driven bubbly flows was coupled with
scalar transport equations describing the absorption of gas followed (and en-
hanced) by chemical reactions in the liquid phase. An unstructured grid finite
element method was proposed for the numerical solution. The discretization
of the troublesome convective terms was performed by a novel high-resolution
scheme. Nested iterations were used to provide the coupling of model equa-
tions, get rid of nonlinearities and solve the linear systems. The subtleties
of the algorithm were discussed in detail. The strong interdependence of the
hydrodynamics, mass transfer and chemical reaction processes was illustrated
by numerical examples. Turbulence effects were not considered and will be
addressed in a forthcoming paper.
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1 Introduction

Even today, the accurate treatment of convection-dominated transport prob-
lems remains a challenging task in numerical simulation of both compressible
and incompressible flows. The discrepancy arises between high accuracy and
good resolution of singularities on the one hand and preventing the growth
and birth of nonphysical oscillations on the other hand. In 1959 it was
proven [6], that linear methods are restricted to be at most first order if
they are to preserve monotonicity. Thus, the use of nonlinear methods is in-
dispensable to overcome smearing by numerical diffusion without sacrificing
important properties of the exact solution such as positivity and monotonic-
ity. The advent of the promising methodology of flux-corrected transport
(FCT) can be traced back to the pioneering work of Boris and Book [3]. Even
though their original FCT algorithm named SHASTA was a rather special-
ized one-dimensional finite difference scheme, the cornerstone for a variety
of high-resolution schemes was laid. Strictly speaking, the authors recom-
mended using a high-order discretization in regions of smooth solutions and
switching to a low-order method in the vicinity of steep gradients. This idea
of adaptive toggling between methods of high and low order was dramatically
improved by Zalesak [3] who proposed a multi-dimensional generalization ap-
plicable to arbitrary combinations of high- and low-order discretizations but
still remaining in the realm of finite differences. This barrier was first crossed
by Parrott and Christie [21] who settled the idea of flux-correction in the
framework of finite elements. Finally, FEM-FCT reached maturity by the
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considerable contributions of Léhner and his coworkers [16], [17]. Beside the
classical formulation of Zalesak’s limiter in terms of element contributions,
an alternative approach is available limiting the fluxes edge-by-edge [26], [27].

Pursuing this idea, some modern compressible flow solvers completely
abandon the conventional finite element data structure in favor of an edge-
based version. The foundations were laid by Peraire et al. [23] but their
conservative decomposition of Galerkin integrals into fluxes assigned to the
edges is applicable only to linear finite elements on triangular and tetrahedral
meshes.

In [12] we presented a coherent methodology for the decomposition of both
convective and diffusive terms into internodal fluxes independently of the un-
derlying discretization. In the same paper we proposed a multi-dimensional
FCT algorithm which is applicable to explicit and implicit schemes. The
construction of the positivity-preserving low-order scheme based on the elim-
ination of negative off-diagonal entries was addressed. In this paper we will
advance the new approach to implicit schemes applied to systems of equa-
tions. The property of having diagonalizable Jacobians inheriting the hyper-
bolicity will prove to be of great use for the design of the low-order method.
We will review its construction for systems in general and elucidate in partic-
ular how to obtain a positive low-order method by adding artificial diffusion
proportional to the spectral radius of the Roe matrix for hyperbolic systems.
Following the concept of edge-based data structures, we propose an efficient
algorithm for the matrix assembly but without the need of storing them
completely. The flux-correction step will be polished by a synchronization
between the distinct variables. Furthermore, we will address the treatment
of the fully discretized Euler equations within a defect-correction loop which
benefits from the use of a decoupling block-diagonal preconditioner. Last
but not least, we elaborate on various implementation aspects and present
several numerical examples to stress the potential of the implicit formulation
generalized to systems of equations.

2 Governing equations

Consider the conservative form of the Euler equations without source terms
in the three-dimensional space

oUu
EJFV'F—O (1)

with the conservative variables and fluxes given by

P pU1
pu1 pvi +p
U=|pva |, F*™ = PUV , (2)
pU3 pU1V3

FE U](E +p)
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P2 pus
pPU1V2 pU1V3
F?=| pv3+p |, F™= PULV3 ,
pU2V3 pv3 +p
v2(E + p) v3(E +p)

where p, v4, p and E represent the density, velocity, pressure and total en-
ergy of the medium, respectively. Furthermore, we make the assumption of
a polytropic gas, thus the equation of state reads

E= Lo B, 3)

in which v stands for the velocity vector and v denotes the ratio of specific
heats (v = 1.4 for air). Beside the standard divergence form, the Euler
equations can be rewritten in an equivalent nonconservative formulation by
introducing the Jacobian matrices for the fluxes in each coordinate direction
A®1 = 9F* /90U which can be found for instance in [8]. As a result, the
quasi-linear Euler equations can be reformulated as

U U
-~ ra 27
o +§A 520 0. (4)

Interestingly enough, the flux vectors F'*¢ for compressible inviscid flow are
homogeneous functions of the conservative variables U independently of the
spatial dimension, so that the following useful identity holds [18]

OF™d

Fri =
U

U = A®U. (5)

In contrast to the one-dimensional Euler equations which are strictly hy-
perbolic, the situation in multi-dimensions is more complicated. It can be
shown [8] that for any linear combination of the Jacobian matrices

A(r) =) A™ag" (6)

d

there exists a nonsingular matrix R(x) such that
A(r) = R(s)A(k)R(r) " (7)

is diagonalizable, where A is the diagonal matrix of the real eigenvalues which
are only distinct in one space dimension. Nevertheless, it is not possible
to diagonalize each Jacobian simultaneously with the same matrix R. For
the one-dimensional Euler equations the diagonalization procedure simply
reduces to

A= RAR™!, where A = diag(v — ¢, v,v + ¢) (8)

is the diagonal matrix of eigenvalues, and
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1 1 1
R=|v—c w v+c (9)
h—wve v%2/2 h+we

is the matrix of the corresponding right eigenvectors. Here ¢ = /p/p stands
for the local speed of sound and & denotes the total enthalpy which is given

by h = (E +p)/p.

3 Galerkin flux decomposition

For deducing the basic theory, let us go back to a generic time-dependent
conservation law for a scalar quantity u

%—I—Vf:q in Q, (10)

where ¢ is a source term, and f is a flux function. The weak form of this
equation reads
ou
/w{—+v~ffq dx =0, VYw. (11)

It is well known from the theory of finite difference methods that a nu-
merical scheme is conservative if it admits the decomposition into a sum of
fluxes from one node into another. Indeed, as long as the internodal fluxes
are equal in magnitude and opposite in direction, the total mass of the sys-
tem may only change due to boundary fluxes. Hence, it is highly desirable
to represent the numerical method in conservative form whenever possible.
At the same time, it has been largely unclear how to accomplish this in the
context of finite elements on unstructured meshes.

Many authors have concentrated on this topic promoting edge-based data
structures [15], [18], [20] and [23]. Unfortunately, the underlying flux decom-
position is feasible only for simplex elements with linear basis functions which
have a constant gradient. In [12] we propose an alternative flux decomposi-
tion technique which is applicable to general finite element approximations
on arbitrary meshes including quadrilateral and hexahedral ones. Hence, let
us just point out the main ideas in this paper.

Integration by parts of the weak formulation (11) yields

/wa—udx—/Vw-fdx—F/ wf-nds —/wqu=07 Yw.  (12)
o Ot Q 00 Q

A common practice in finite element computations of compressible flow is
to approximate the fluxes in the same way as the desired solution which is
referred to as the group finite element formulation [5].
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Let the solution, the fluxes and the source terms be represented in the
form
U:ZUjSDJa f:ij%', q:ZQjSDj~ (13)
J J J

In fact, it is not compelling to use the same approximations for u and f.
For instance, one can consider using nonconforming Crouzeix-Raviart or
Rannacher-Turek elements for the fluxes.

After the substitution of expressions (13) and the weighting functions w =
; into the variational formulation (12), we obtain

Z{/ﬂ Pip; dX} (uj_Qj)_Z{/ﬂ Voip; dx—/aQ (Pi(PjndS:| £ =0, (14)

J
which can be written in compact matrix form as

3

Me(i - g) = S K" f (15)

d=1

in the three-dimensional case. The utility of the group formulation is illus-
trated by the fact that the three matrices K*< engendered by the correspond-
ing first-order derivatives can be assembled once and for all at the beginning
of the simulation, as long as the mesh does not change. This is in contrast
to the standard finite element approach, whereby the discrete operators for
the linearized convective terms have to be updated in each time step.

By construction, the discretized flux term consists of an interior part and
a boundary part. The former is given by the integral

Z |:A VQDZQDJ dX:| . fj = Zcij . fj, Ci; = /stﬁz% dX, (16)
J J

where the coefficient matrices cfjd possess the zero column sum property, since
it is assumed that the sum of basis functions equals unity. Therefore, it is
possible to express the diagonal coefficients in terms of off-diagonal ones

Zcijzoécii:—Zcﬂ. (17)
i j#i
It follows that the interior flux term (16) can be rewritten as
Zcij . fj = Zgij, Where gij = Cij . fj — Cji . fz (18)
J J#i

The newly introduced quantity g;; represents the Galerkin fluz from node j
into node 4. It is obvious that g;; = —g;j, so that node j receives the same
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contribution with the opposite sign. Importantly, flux decomposition is also
possible for generalized diffusion operators [11] which are defined as symmet-
ric matrices having zero row and column sums. The purely diffusive Galerkin
flux assumes a remarkably simple form

Zdij = Zd” = 07 dij = dji = gij = d,’j(u]' — ’LLZ) (19)
i J

Note that generalized diffusion operators are not required to have continuous
counterparts. Some typical examples are the discrete Laplacian or the matrix
Me— My, sometimes referred to as ‘mass diffusion’. As we will see shortly, the
properties of discrete diffusion operators render them a valuable tool for the
design of nonoscillatory low-order methods to be combined with high-order
ones within the flux-corrected-transport algorithm.

Another promising approach to the derivation of high-resolution finite el-
ement schemes involves the replacement of the original Galerkin flux by an-
other consistent numerical fluz. Its potential is demonstrated by numerous
publications [18], [19], [20] in which one-dimensional limiters are successfully
applied on unstructured meshes in conjunction with the edge-based data
structure of Peraire et al. [23].

As a matter of fact, it is not necessary to implement the Galerkin flux
decomposition en bloc. On the contrary, it is sufficient to restrict this proce-
dure to the diffusive terms. Thus, our methodology can be integrated easily
into existing element-based codes. However, this decomposition constitutes
an excellent tool for the derivation of new flux-manipulating schemes.

4 Discrete positivity criteria

Let us recall that most real-world applications are described by inherently
nonlinear systems of partial differential equations modeling physical phenom-
ena. It is therefore quite natural to impose some constraints on the numer-
ical method which are dictated by the continuous model such as positivity-
preservation of physical quantities. We will see that the concept of an M-
matrix provides a handy criterion to guarantee positivity. The second funda-
mental issue concerning numerical methods is related to convergence. Con-
vergence proofs for nonlinear systems take their pivotal ideas from the non-
linear stability analysis, the functional analytic framework of the theory of
compactness. Combining both issues leads to the class of monotone methods,
as a subset of the positive schemes, which guarantee that a converged solu-
tion of any conservation law does satisfy the entropy inequality ensuring that
the numerical solution converges to the physically relevant weak solution.
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4.1 Positivity

Definition. A nonsingular discrete operator A € R™*™ is called an M-matrix
if a;; <0 for i # j and all the entries of A~! are nonnegative.

If A is strictly diagonally dominant and a;; > 0, while a;; < 0 for 7 # j,
then A is an M-matrix. Note that for M-matrices Ax > 0 implies that x > 0.
This property leads to the following fundamental lemma:

Lemma. Let the numerical scheme be presented in abstract matriz operator
form as
Lu™t = Ru™. (20)

A sufficient condition for such a scheme to preserve positivity is that L be
an M-matriz and all entries of R be nonnegative (R > 0).

The proof of this lemma is almost trivial and can be found in [11].
To introduce another useful concept, consider a semi-discrete problem of

the form d
ws
G = 2t D=0, (21)
J J

where u; are the nodal values, and c;; are some coefficients depending on the
procedure employed for the spatial discretization. Actually, for incompress-
ible flows the lumped-mass Galerkin discretization of the transport equation
admits such a representation.

Since the coefficient matrix has zero row sum, the scheme can be rewritten
as

ddqil = ZCZ‘]‘ (Uj - ui). (22)
J#i

Furthermore, by supposing all coeflicients to be nonnegative (¢;; > 0, j # i)

we can show stability in the L,,-norm for this scheme.

Consider u; to be a maximum. It follows that for all j u; —u; < 0, so that
du;/dt < 0. Hence, a maximum cannot increase, and similarly a minimum
cannot decrease. Recall that coefficient matrices are sparse in such a way
that c;; # 0 only if + and j are adjacent nodes. Restricting ourselves to
a local neighborhood of u; the same consideration as above reveals that the
method is local extremum diminishing. The LED criterion was introduced by
Jameson [9], [10] as a convenient tool for the design of high-resolution schemes
on unstructured meshes. It implies positivity, since if the initial solution is
positive everywhere, then so is the global minimum which cannot decrease
by definition. Hence, the LED property provides an effective mechanism for
preventing the birth and growth of nonphysical oscillations.
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4.2 Monotonicity

In one dimension the LED property ensures that the total variation of the
solution which is defined as

TV (u) = /_ o @‘ do (23)

does not increase. As a matter of fact, equation (23) remains valid even for
discontinuous u(z) in the sense of distribution theory. For the sake of simplic-
ity, consider homogeneous Dirichlet boundary conditions at both endpoints.
Then the discrete total variation is given by

TV (u) = 2(2 maxu — Zmin u) (24)

Thus, a one-dimensional LED scheme is necessarily total variation diminish-
ing. This is a highly advantageous property, which has led to the development
of a whole class of nonoscillatory TVD schemes and which is sufficient for
total variation stability. Thus, existing convergence theorems for consistent
TV-stable methods can easily be generalized [7], [13]. Let us remark that
the TVD feature can be consulted for the construction of high-order schemes
in contrast to just ‘mimicking’ other properties of the true solution which
renders the accuracy to be at most first order [13].

Recall that equations (21) and (22) correspond to the problem discretized
in space only. Let us now investigate the conditions under which a LED
scheme will remain positive after the time discretization. If the standard
one-step #-scheme is employed, the fully discretized equation reads

nt+l _  n

U, Uy (,ntl _ n+t1

T—QZC,J(UJ- uy™) (25)
J#i
+(1—9)Zcij(u§‘—u?), 0<6<1.

J#i

The choice of the parameter 6 specifies the type of time-stepping. The ex-
treme cases § = 0 and 6§ = 1 define the well-known forward and backward
Euler methods. Both of them are first-order accurate with respect to the
time step At. The method corresponding to 6 = 0.5 is known as the Crank-
Nicolson scheme, which is second-order accurate.

The application of our lemma to equation (25) yields the following [11]

Positivity Theorem. Any LED scheme discretized in time by the backward
Euler method is unconditionally positive. Other time-stepping schemes (0 <
0 < 1) preserve positivity under the CF L-like condition

1+ At(1 — ) minc; > 0. (26)
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An important message delivered by this theorem is that the positivity
criterion at our disposal makes it possible to obtain rigorous estimates of
the largest admissible time step for explicit and semi-implicit schemes. Re-
markably, the derivation of the upper bound does not require any knowledge
of the underlying partial differential equation and of the employed spatial
mesh. It is sufficient to examine the diagonal coefficients c¢;; of the semi-
discrete scheme. Upper bounds for non-LED schemes can be readily derived
in much the same way.

5 Low-order discretization

To a large extent, the performance of the flux-corrected-transport procedure
depends on the quality of the underlying low-order method which is supposed
to preserve positivity and refrain from forming numerical wiggles. In the con-
text of finite difference and finite volume discretizations, a perfect candidate
for this job certainly is the upwind scheme. At the same time, it has been
largely unclear how to perform upwinding in the finite element framework.
Most upwind-like finite element methods encountered in the literature resort
to a finite volume discretization for the convective terms [2], [29]. An alter-
native derivation of the least diffusive positivity-preserving scheme can be
carried out by adding discrete diffusion depending solely on the magnitude
and position of negative entries in the finite element matrix [11].

5.1 Discrete diffusion

Let the scalar conservation law (10), (11) be discretized in space by the

Galerkin method
du

MCE = K"y + Mcq. (27)
On the way of rendering this semi-discrete scheme positive, any implicit an-
tidiffusion disguised in the consistent mass matrix must be removed by per-
forming mass lumping. In the next step, the discrete transport operator K
has to be modified by applying a proper amount of artificial diffusion. To this
end, we define a discrete dissipation tensor D as a symmetric matrix with
zero row and column sum which is designed so as to eliminate all negative
off-diagonal entries of the high-order operator

d,’i = — Zdik, dij = dji = IIIaX{O7 —k‘g, —]{)ﬁ 5 Vi < ] (28)
k#i

In essence, this corresponds to applying one-dimensional diffusion operators
associated with the (fictitious) edges connecting the adjacent nodes. As a re-
sult, the diffusive term can be decomposed into a sum of internodal fluxes,
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such that each flux is proportional to the difference of corresponding nodal

values
(Du); = diguj =Y dij(u; —ui) = > fij. (29)
J J#i J#i
Obviously, the two participating nodes receive the same flux but with op-
posite sign. Thus, the artificial diffusion operator ensures the conservation
of mass. By adding the tensorial dissipation to the high-order transport
operator its low-order counterpart K = K¥ + D is obtained.

It is worth mentioning, that if physical diffusion is strong enough the
coefficients are nonnegative from the outset, and thus no artificial diffusion is
introduced. Hence, for diffusion-dominated problems K and K coincide.
Note that this approach can be carried over to the Euler equations by defining
the modulation parameter d;; to be proportional to the spectral radius of the
Roe matrix (see below).

After the discretization in time the modified scheme reads

(M, — 0AtK FJun ! = (M, 4+ (1 — 0) AtKE|u™ + AtMeg™ . (30)

Note that the presence of (negative) source terms, which may originate from
both chemical reactions and the transition to spherical or cylindrical co-
ordinates, threatens to violate the positivity constraint. In principle, this
can be overcome by following the linearizing splitting approach proposed by
Patankar [22]

q¢=gc +qpu, where gc >0, gp <0. (31)
Equation (30) can be transformed into the convenient form (20) with

L= My —0AtKE + AtS™
R=Mp+(1-0)AtK" + AtST,

where ST and S~ are diagonal matrices engendered by the source term.
A splitting which ensures that L and R possess the properties required by
the lemma can readily be derived [12].

By construction all off-diagonal entries of L are nonpositive, while those
of R are nonnegative. It remains to indemnify the positivity of the diagonal
coefficients. Since the elements of My and the contributions of the source
terms q¢ (if any) are positive this can always be achieved by choosing the
time step small enough. Dropping the source terms for simplicity, the time
step for the low-order discretization of the incompressible convection-diffusion
equation is bounded by

1
At < = min{—mi/kj | ki < 0}, (32)
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where m; denotes the diagonal entries of the lumped mass matrix and g;°
those residing in the diagonal matrix St [12]. From this CFL-like condition
we get a sharp estimate of the largest admissible time step that can be used
to steer adaptive time-stepping for (semi-)explicit schemes. In essence, the
upper bound is determined by the ratio m;/ k{; It follows, that excessive
artificial diffusion not only degrades the accuracy of the method but also
requires taking impractically small time steps.

5.2 1D example: Pure convection

Let us illustrate the construction of the low-order operator by considering
the one-dimensional scalar equation of pure convection with constant positive
velocity
ou ou
ot v oz
Employing a discretization with linear elements on a uniform mesh yields the
following element matrices

ML:%{1 0], RH:%F _1]. (34)

=0. (33)

2 |0 1 1 -1

After the global assembly, the central difference approximation of the con-
vective terms is recovered at the interior nodes

dt 2Az

In order to eliminate the negative entries of K, the artificial dissipation has
to be taken proportional to diy = v/2 to produce the least diffusive results
but to ensure positivity. Consequently, the corresponding diffusion operator
restricted to one element is given by

D:E{_l 1}:[@:1)[0 0] (36)

du; N Uj41 — Uj—1 (35)

211 -1 1 -1

Putting it all together, the low-order scheme coincides with the upwind finite

difference method 4
Ui U — Ui
de v Ax (37)

which preserves positivity provided that the time step satisfies this CFL-like
condition

At 1
v— < ——.
Ar —1-0
In a nutshell, this example demonstrates that our low-order discretization
reduces to standard upwinding for pure convection in one spatial dimension.
At the same time, its derivation based on the postprocessing of the discrete
transport operator remains valid for arbitrary meshes and multi-dimensional
problems. Moreover, physical diffusion (if any) is automatically detected,
and the amount of artificial diffusion is reduced accordingly.

(38)
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6 Flux-based FEM-FCT formulation

Another cornerstone of the FEM-FCT algorithm is the linear high-order
method. A variety of finite element schemes employing streamline diffusion
to stabilize the troublesome convective terms were proposed in the literature,
e.g. [4]. For instance, Taylor-Galerkin methods attribute this stabilization
to high-order time derivatives in the Taylor series expansion. This leads
to improved time-stepping schemes which are combined with the standard
Galerkin spatial discretization. The most popular representative of such sta-
bilized methods is the well-known Lax-Wendroff scheme. An investigation
of the modified equation for its finite element counterpart reveals that the
introduced dissipation just counterbalances the intrinsic negative diffusion
which renders the explicit Euler/Galerkin scheme unstable for pure convec-
tion problems. For an in-depth study of the Lax-Wendroff and higher order
Taylor-Galerkin methods the reader is referred to [4].

In this paper we will concentrate on implicit finite element schemes based
on the Crank-Nicolson and backward Euler time-stepping which are uncon-
ditionally stable. We just mention that a stabilization of convective terms is
mandatory for the fully explicit time discretization. Linear Galerkin schemes
are of little use, because they are prone to nonphysical oscillations. The
incorporation of a flux limiter makes it possible to get rid of oscillations in
the framework of nonlinear Crank-Nicolson/FCT and backward Euler/FCT
methods.

The high-order transport operator can be transformed into a low-order
one as explained in the previous section. For simplicity, let us omit the
(linearized) source terms. The resulting methods of high and low order dis-
cretized in time by the standard one-step #-scheme are related by the follow-
ing formula

My, — 0AtK ! = (M + (1 — O)AtKEJu™ + F(uu™),  (39)
where the diffusion responsible for high spatial accuracy is given by

Fu" u™) == [(Mc — Mp) + 0AHK" — K™)Ju" (40)
+ [(MC - ML) - (1 - Q)At(KL _ KH)]u”.

Here the superscript H refers to the high-order solution. If the antidiffu-
sive term F(uff u™) is omitted, then the positive low-order scheme will be
recovered, whereas retaining it yields the original high-order method.

It can readily be seen that all the matrices in (40) represent discrete
(anti-)diffusion operators featuring zero row and column sums. Hence, they
admit the decomposition into a sum of internodal fluxes

fij = —(mij + 0Atd;;) (u)" — uf') + (mij; — (1 — 0)Atdy;) (u) — uft) (41)

K2

fii=—fiy, 1#]
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These raw antidiffusive fluxes counterbalance the errors induced by mass
lumping and ‘upwinding’. The coefficients m;; and d;; denote the entries of
the consistent mass matrix and the artificial diffusion, respectively.

The crucial step of the FCT procedure consists in adding as much antidiffu-
sion as possible without generating nonphysical undershoots and overshoots.
Incorporating the limiter, the implicit FEM-FCT algorithm for equation (39)
reads

[ML — QAtKL]’U,nJrl = MLﬂ + F*(UH, u"), F*(UH, u") = Zaijfij (42)
J#i

where F*(uff | u™) denotes the limited antidiffusion («;; will be defined later),
while @ represents the positivity-preserving solution to the explicit subprob-
lem

Mpi = [Mp, + (1 — 0)AtKu™. (43)

In essence, @ corresponds to an intermediate solution computed at the time
instant t"t1=¢ by the explicit low-order scheme which reduces to the old
solution u” for the backward Euler method.

It is obvious that the success of the FCT algorithm depends on the posi-
tivity of the provisional solution @ and on the choice of the correction factors
oyj. For @ to be positive, the time step must satisfy the CFL-like condi-
tion (32) unless the scheme is fully implicit. As long as the left-hand side
operator is an M-matrix, our positivity criterion ensures that scheme (41)
can be rendered positive by tuning the correction factors.

This new family of FEM-FCT schemes distinguishes itself in that it is
applicable to explicit and implicit time discretizations alike. Note that im-
plicit schemes require solving two nonsymmetric linear systems per time step:
one for the high-order solution (which is needed to compute the antidiffusive
fluxes) and one for the final solution. However, implicit methods are typically
more efficient than explicit ones for they allow to use larger time steps.

The majority of practical applications are described by nonlinear conser-
vation laws. In this case, the matrices K and K depend on the unknown
solution, so that additional outer iterations are necessary for implicit schemes.
The simplest iterative treatment of nonlinearities is afforded by a fixed point
defect correction method. If we consider an abstract nonlinear system of the
form

S(u)u =g, (44)

then the basic nonlinear iteration can be formulated as
w™tD = ) L [CW ™) (g — Su™)u™), (45)

where m is the outer iteration counter, and C is a suitably chosen ‘precondi-
tioner’ (an approximate Fréchet derivative) which should be easy to invert.
The iteration process is terminated when the relative solution changes are
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small enough or m exceeds a given limit. As a rule, the ‘inversion’ of C' is
also performed by some iterative procedure. Hence, a certain number of inner
iterations per cycle is required. It is worth mentioning that the problem does
not have to be solved very accurately at each outer iteration. A moderate
improvement of the residual (1-2 digits) is sufficient to obtain a good overall
accuracy.

For a nonlinear problem of the form (39), it is reasonable to use the low-
order operator as preconditioner

Cu™) = My, — ALK (u(™). (46)

This yields an iterative FEM-FCT algorithm, whereby the approximate so-
lution and the transport operator are successively updated as follows:

(M, — OAtKE (u™)u™ ) = (M + (1 — 0)AtKE(u™)u™  (47)
+ F* (™ um).

Flux correction can be performed after each outer iteration or just once af-
ter the high-order solution has converged. In either case, positivity of the
numerical solution is guaranteed.

7 Limiting strategy

The flux limiter is a key element of the FEM-FCT paradigm. By varying the
correction factors a;; between zero and unity, it it possible to obtain the diffu-
sive low-order solution, the oscillatory high-order one or anything in-between.
Obviously, it is desirable to utilize the antidiffusive terms to the largest extent
possible without generating wiggles and violating the positivity constraint.
Kuzmin and Turek [11] demonstrated that Zalesak’s multi-dimensional lim-
iter can be generalized to implicit time discretizations.

7.1 Zalesak’s limiter

The multi-dimensional version of the original limiter [3] was proposed by Zale-
sak [30] remaining in the realm of finite differences. Parrott and Christie [21]
were the first who utilized flux-correction in the context of finite elements.
FEM-FCT reached maturity by the efforts done by Lohner [16]. A quite
comprehensive description of Zalesak’ s limiter containing a geometrical in-
terpretation can be found in [12]. However, the geometrical interpretation
fails if we consider implicit time discretizations. Consequently, we have to
apply the mathematical theory of positivity-preserving schemes to prove the
positivity of Zaselak’s limiter for arbitrary time-stepping. Let us just give
a brief outline of the theoretical aspects.

max

Considering a local maximum or minimum ™", any incoming flux f;;
which would accentuate the extremum has to be canceled out completely.
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Afterwards, we can represent the right-hand side of our FEM-FCT scheme
in the following form

> Yigfij

RHS = myii; + Y aijfij = milly + ¢;Qi, ¢ = 0.
K3

J#i

(48)

where the intermediate solution @ = u”(t"*17%) is subject to the concrete
time-stepping employed and the multiplier @); is chosen as follows

QF = wr™ —w;, if 3 ufi; >0,
Qi=14 Qi =w"™ —ay, if Y3, q;fi; <0, (49)
1, if Z];ﬁz aijfij = 0.

Keep in mind that we took the necessary precautions that all @; # 0 by
canceling out the local extremum accentuating fluxes completely.

max

Let us consider the local extremum %;”" to be attained at some node &
adjacent to node i. The LED property of the antidiffusive term makes it
possible to rewrite the equation at hand as

RHS = miﬂi + Ci(ﬂk — ﬂl) = (m, — Ci)ﬂi + Ciﬂk, C; Z 0 (50)

which states that positivity is preserved as long as m; > ¢;. Obviously,
Zalesak’s limiter picks out the proper correction factors a;; for this job as
can be seen from

m;Q; <m;R; P < Zaijfij <mRf P <m;Qf, (51)
J#i

where the sum of contributions to node 7 is denoted by

1 max
> 0 ) (52)
J#i
Finally, the auxiliary quantities Rzi which determine the maximum percent-
age of allowable flux into node i are defined as

{ min{1,QF/P*}, if PT#0,

RE =
0, if P*=0.

7

(53)
As a result, the proper correction factors have to be chosen according to

min{R, R}, if f;; >0,
Qi = { { ! J } fj (54)

min{ R}, R}, if fi; <O.
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7.2 Limiting for systems of equations

Despite the remarkable progress in the development of FCT schemes for
scalar equations, it remained largely unclear how to apply flux correction
to systems of hyperbolic conservation laws. Neglecting the special character
of coupled systems, a conventional operator-splitting approach is feasible by
treating each scalar subproblem in a block-iterative loop. However, limiting
each variable independently turned out to be of no good. Consequently,
the FCT community has devised a common limiter for the entire system by
merging individual limiters for different variables.

Flux correction for the system of Euler equations was addressed by Lohner
[15], [16]. He singled out the following approaches to the design of a synchro-
nized limiter:

e Apply correction factors corresponding to a single ‘indicator variable’.
e Apply the minimum of correction factors for a group of variables.

Some clues for a suitable choice of variables will be given in the subsequent
section.

8 Application to the Euler equations

The new methodology for scalar transport equations can be generalized to
hyperbolic systems of conservation laws. Nevertheless, a rigorous positivity
proof is still outstanding and meanwhile some heuristic considerations have
to be employed. In what follows, we build on the concept of a Roe matrix
to devise an efficient algorithm for the edge-by-edge matrix assembly and
discrete upwinding. Another option is to apply the Galerkin flux decompo-
sition and modify the numerical flux as explained above. The resulting large
nonlinear systems call for the use of a smart iteration technique to minimize
the computational costs. As in the scalar case, we resort to defect correction
with a block-diagonal low-order preconditioner.

8.1 Matrix assembly

Let us start with the conservative formulation of the Euler equations. If we
apply the Galerkin discretization to the weak formulation of equation (1)
without integrating by parts and recall that customary basis functions sum
to unity, the semi-discrete problem can be written in the following form

[M((lj_[i]i => kij - (F; - F)) o
JFi
_ Z[k” ;kﬂ I kz‘j ;kﬂ] . A”(Uj — Uz),
J#i
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[Mi—[i]j =Y kji - (F; — F)

[y

ki —ky  kytki g
:Z[j 5 L+ j; J]‘Aij(Ui*Uj)
i

for node i and j, respectively. Here k;; denotes the vector of coefficients
coming from the Galerkin discretization, i.e. —c;; in the notation of Section 3.
In particular, k;; = £1/2 in one dimension. Integration by parts yields the
following relation (see [15], p. 195):

kij + kji = — / l’l(pi(pj dS, (56)
r

where n is the outward unit normal. In equation (55), k;; was decomposed
into

k. — k., 1
k= =k + —/ngoigoj ds, (57)
2 2 Jr
kij +kj; 1
kg = % =-3 / ny;p; ds.
r

Basis functions corresponding to internal nodes vanish on the boundary so
that kilj = k;; while kg = 0 in this case. For linear and multilinear finite
elements we have kg = —ns;;/2 which is nonzero iff both nodes are on the
boundary. Here s;; = fr @ip; ds denotes an entry of the mass matrix for
the surface triangulation. For instance, s;; = |I';;|/6 in 2D. Shortly we will
see why the splitting of coefficients into a sum of internal and boundary
contributions is of use.

The vector F in equation (55) denotes the nodal values of fluxes. Fur-
thermore, the matrix Aij is the so-called Roe matrix which is obtained by
evaluating the Jacobians at the intermediate state [24]

) R Divi + PV R p,h,_|_ p,h.
by = T Ny = YPVIENPNG g VP RiG
VPi +\/Pj VPi + \/D;

The resulting density-averaged quantities p;;, ¥;; and iLij are called the Roe
mean values.

While in the one-dimensional case there is only one Jacobian matrix to be
assembled for each pair of nodes, in multi-dimensions it is replaced by a suit-
able linear combination of the averaged Jacobians flfjd for each coordinate
direction d = 1,2, 3. To this end, we introduce the so-called cumulative Roe
matrix

(58)

which consists of the interior and boundary contributions:

Aij = AzI] + AB where AZIJ = kZIj . Aija Ag = kg . A” (59)

R
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Let us remark that A;; can be interpreted as a projection of the multidimen-
sional Jacobian tensor onto the corresponding ‘numerical edge’ connecting
the nodes 7 and j. Each edge corresponds to a pair of basis functions with
overlapping supports. Hence, the list of edges is determined by the sparsity
pattern of the global finite element matrix.

Similarly, the Roe matrix Aj; for the coefficient vector kj; is given by

Aj,' = kji . Aij = —Al-lj + Ag

For internal nodes A j; = —A;; since the boundary contribution Ag- vanishes.
Hence, just one cumulative Jacobian per edge needs to be evaluated in this
case. Otherwise, the local Roe matrices associated with the numerical edge
will consist of a skew-symmetric internal part and a symmetric boundary
part.

The transition from the fluxes to the nodal values of the conservative
variables in (55) enables us to assemble finite element matrices explicitly.
The connectivity of the global matrix depends on the underlying mesh and
on the type of finite element approximation. For systems of equations, the
array of edges remains the same as in the scalar case. However, there are
interactions not only between basis functions for different nodes but also
between basis functions for different variables. Hence, each coefficient of the
discrete operator turns into a matrix of size equal to the squared number of
variables.

For the three-dimensional Euler equations, the contribution of a numerical
edge to the global Jacobian matrix K is represented by the following 5 x 5
blocks:

Kii=-Ai;, K= Ay, (60)
Kji = Aji, Kjj=—Aj.

These local Jacobians are evaluated edge-by-edge, and their entries Kf]l (k1=
1,...,5) are scattered to the corresponding positions in the blocks Kj; €
RN*N where N stands for the total number of nodes. The fully discretized
high-order scheme can be written in the compact form SYUH = GH. The
constituent blocks of the overall stiffness matrix S and of the load vector G
are defined as

Sg = MC(skl — gAthl, g}:[ = MCUZ + (]. — Q)Atz Kklul". (61)
l

Due to the nonlinearity of the Euler equations, the discrete system has to
be solved iteratively. Hence, it is not necessary to assemble and store the
global stiffness matrix. The contributions of edges can be inserted directly
into the defect vector. If a block-diagonal preconditioner is used (see below),
the storage requirement will reduce from 25 to 5 blocks. A distinct advantage
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of the edge-by-edge assembly algorithm proposed in this section is that the
projection coeflicients k;; are typically fixed, so that the matrices can be
assembled efficiently without resorting to numerical integration.

8.2 Discrete diffusion

A usable low-order method can be constructed by adding tensorial artificial
diffusion to the local Roe matrices. In the framework of scalar theory for
positivity-preserving schemes, the artificial dissipation was tailored so as to
eliminate all negative off-diagonal entries. For systems of equations, the
off-diagonal entries are no longer scalar quantities but matrices themselves.
Adapting the procedure which underlies the scalar theory, we have to design
the dissipation tensor so as to render all off-diagonal matrix blocks positive
definite. To this end, we perform mass lumping and apply artificial diffusion
to the edge contributions before inserting them into the global matrix and/or
the defect vector:

Kii = Kii —Dij, Ky = Ky + Dy, (62)
Kji = Kji +Dij,  Kjj = Kjj — Dij.

As a result, the low-order scheme can be represented as S*U” = G with
the correspondmg block entries

SE = Moy — 0At (K + Dy, (63)
g,? = ML’U,Z + (1 — Q)AtZ(Kkl + Dkl)uf
]

In the rest of this section, we will concentrate on the specification of the
quantity Dy;.

The hyperbolicity of the Euler equations implies that any linear combi-
nation of the Jacobian matrices is diagonalizable with real, not necessarily
distinct eigenvalues (see above). Thus, for an arbitrary coefficient vector e;;,
there exists a regular matrix ]A%(eij) of right eigenvectors which diagonalizes
the cumulative Roe matrix

eij - Aij = Reij)Mes;) Rley) ™", (64)
where the diagonal matrix of eigenvalues is given by
f\(eij) = |eij| diag(f;ij — é,’j, f],’j, ﬁij, ’lA)Z‘j, ’lA)Z‘j + é”) (65)

The projected mean velocity 9;; and the characteristic speed of sound ¢;;
read

€ij - Vij

e

) éZJ*\/ —1)( ZJ*U 5/2)- (66)

Uij =
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Recall that the Galerkin discretization with matrix assembly carried out in
an edge-by-edge fashion leads to off-diagonal Jacobian blocks which consist
of skew-symmetric internal contributions and symmetric boundary contribu-
tions:

I B I B
Kij = Aj; + A7, Kji=—Aj; + A5 (67)
To enforce the positive definiteness of all components, we construct the ten-
sor of artificial diffusion in an additive way so as to eliminate the negative
eigenvalues. Making use of the characteristic decomposition procedure (64),
we arrive at

D;; = \A{j - <A5’>_7 (68)

i.e. the interior and boundary contributions (if any) are modified by
AL = Rk AL R(kj;) ™ (69)

and
(AD)” = R(k[)(AKD)) R(k)™, (70)

respectively, to achieve the ‘upwinding’ effect. Here (A(kg)f denotes the di-
agonal matrix of negative eigenvalues which is obtained by setting all positive
entries of A(kg) equal to zero. Alternatively, we can assemble the boundary
integral corresponding to Ag separately using a lumped mass matrix with
entries s; = fr p; ds for the surface triangulation.

For the purpose of illustration, let us consider the one-dimensional Euler
equations whereby no neighboring nodes are situated on the boundary simul-
taneously. In this case, the proposed technique reduces to Roe’s approximate
Riemann solver [24], which represents one of the most popular upwind-biased
methods for the numerical solution of the Euler equations. It can be inter-
preted as the replacement of the centered Galerkin flux G;; = (F; + F})/2 in
decomposition (18) by the consistent numerical flux

F, + F,
2

* 1
G = + 514451(U; - Ui, (71)

where
|Aij| = Rij|Ay RN and  |Ayj| = diag(|0y; — &5, [0551, |95 + i) (72)

Roe’s approximate Riemann solver and its various extensions [25] consti-
tute fairly good low-order methods per se but they are not to be recommended
for the use in the FEM-FCT environment due to considerable overhead costs.
A much cheaper alternative is to add scalar dissipation. The local tensor of
artificial diffusion is taken to be a diagonal matrix whose internal part is
proportional to the spectral radius of the Roe matrix:

Dij = dijIs, where di =[AkL)|— (A(KkE))". (73)
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Here I5 stands for the 5 x 5 identity matrix, while |5\(kfj)\ and (X(kg)f
denote the largest in magnitude diagonal entries of \A(kfj)\ and <A(k5)>*,
respectively. According to (65), \X(kfj)| = (|0ij] + éi;)/kf;|. In one space
dimension the diffusion coefficient is simply d;; = (|05 + ¢;;)/2, while in
the scalar case the proposed technique reduces to the ‘discrete upwinding’
approach introduced in Section 5 and illustrated by the 1D example.

Note that during the global assembly (62) the artificial diffusion operator
has to be applied only to the 5 diagonal blocks of the global matrix. Moreover,
it is the same for all components which results in considerable savings in
terms of both computational costs and storage requirements. As long as
excessive artificial diffusion is removed in the flux correction step, a slightly
better accuracy of a consistent Riemann solver does not pay off. Hence, it is
expedient to treat hyperbolic systems by adding scalar dissipation.

8.3 FEM-FCT algorithm

After the discretization in time by the standard #-scheme, the methods of high
and low order can be combined similarly to relation (39). Let us consider
the resulting nonlinear system to be given in the generic form SU = G which
can be decomposed into

S11 Sz Sz S Sis U1 g1
So1 Saz Saz Sas Sos U2 92
S31 S3z2 Sz Sz S| |us| =|g3]. (74)
S41 Ssz Sz Sss Sss | | ug 94
Ss1 Ss2 Ssz Ssa Sssd Lus g5

Note that equation (74) is just an abstract representation and nothing to be
implemented in a real code. As pointed out earlier for the scalar case the
iterative treatment of nonlinearities can be afforded by a fixed point defect
correction method. As a consequence, the update can be performed in much
the same way as in equation (45):

umth — ym 4 (cm)—1(Gq - stmym), (75)

The choice of a suitable ‘preconditioner’ C' becomes much more important
for systems than in the scalar case. Considering S as a global matrix without
remembering where it came from would result in solving one huge nonlin-
ear and extremely ill-conditioned system. However, recall that the abstract
vector U denotes the conservative variables which are governed by a set of
strongly coupled but scalar conservation laws. The choice of a block-diagonal
‘preconditioner’ turns out to be of great use. Let the 5 diagonal blocks of C'
be given by the appropriate low-order operators

C’gm) - M, — QAt[K,g;:) + D](:kn)]’ k=1,...,5, (76)
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which constitutes a generalization of equation (46) to coupled systems. This
kind of a preconditioner leads to ‘well-behaved’ linear systems for the solution
increments.

Applying the sum of blocks Sy; multiplied by u; to the defect vector in
equation (75) yields a sequence of scalar subproblems for the individual vari-
ables

l

— Ma™ + oA S K 4 DIl
l
x0 (m) n
+ F*(uy, uy).

Here the auxiliary quantity 6u,(€m) denotes the correction to be applied to
the current iterate u,im). The right-hand side of the above system is repre-
sented by the defect vector which consists of a low-order contribution and
compensating antidiffusion.

The corresponding raw antidiffusive terms are determined in much the

same way as in the scalar case (40), namely,

Ful™ uf) = — (Mg — My) + 0AtDul™ (78)
+ [(Mc — Mp) — (1 — 0)AtDjy Jug.

At this point recall that we use scalar dissipation, so that the local diffusion
operator D;; used in the edge-by-edge assembly of the global blocks Dy, is
defined by a single diffusion coeflicient valid for all variables. Hence, just the
diagonal blocks Dy need to be assembled. An approximate Riemann solver
based on tensorial artificial diffusion would require the generation of all 5 x 5
blocks. To clarify the notation, we remark that the subscripts k& and [ refer
to the numbers of the conservative variables, while 7 and j are reserved for
the numbering of mesh nodes.

Let us briefly address some implementation details. Generally speaking,
the assembly of fluxes is carried out following the scalar algorithm. Each
nonzero entry of the upper/lower triangular part of the global finite element
matrix can be attributed to a numerical edge. Using the sparsity pattern to
determine the list of edges, we compute the local Roe matrices and apply
artificial diffusion. The resulting matrices Ky;, K;;, Kj;, K;; represent the
contribution of the edge to the blocks Kj; of the global Jacobian. In a practi-
cal implementation, we abstain from manipulations with large matrices and
insert edge contributions directly into the five preconditioner blocks C} and
into the defect vector.

The array of antidiffusive fluxes is generated on the fly in the same loop
over the edges but extra efforts have to be invested into the limiting process. If

k

the correction factors a;; were determined separately for each variable k, the
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lack of synchronization would give rise to oscillations and violate the principle
of mass conservation. To overcome this drawback, a suitable combination of
the limiting coefficients a;; = L£(a;, . .., ;) has to be taken [15]. For highly
unsteady flows taking the minimum of those for the density and energy is
recommended. By transition to the set of primitive variables the minimum
of the correction factors for the density and pressure provides a reasonable
choice especially for stationary problems.

As a matter of fact, this kind of transition can be generalized [15] to an
arbitrary set of variables U’. For this purpose we have to pursue the fol-
lowing algorithm. First, convert the intermediate solution values U; into
their nonconservative counterparts U/ := T(U;)U;. Next, compute the as-
sociated upper and lower bounds. By considering the transformed fluxes
Fl = T(UZ)FM for each edge, we can estimate the correction factors ﬂfj and
assemble the corrected fluxes following

Fr(ug™ up) = T(0)7 Y L(BY, ... 85)F. (79)
J#i

However, the skew-symmetry of the fluxes may be lost for the nonconservative
variables. The use of a synchronization procedure implies that the correc-
tion factors reduce to a scalar quantity and thus (79) simplifies dramatically.
Specifically, the coefficients fj are determined for the set of control variables

U’ but applied to the conservative fluxes Fy;.

As the final step of the defect correction loop, the update (75) is per-
formed by adding the increments to the solution from the previous iteration.
A suitable underrelaxation strategy can be employed to aid convergence

u,(cmﬂ) = u,(fm) + w,gm)éu,gm), u,io) = uy. (80)

9 Summary of the algorithm

As we have seen, the generalized FEM-FCT formulation in combination with
Zalesak’s limiter can be applied to a wide range of problems described by (sys-
tems of) conservation laws of the form (10). The proposed high-resolution
finite element scheme can be implemented on arbitrary unstructured grids
using either the conventional or the edge-based data structure. Let us sum-
marize the main algorithm by describing one cycle of the nonlinear defect
correction loop:

1. Do an edge-by-edge assembly of the diagonal preconditioner blocks
C’,Em) by considering the low-order operator.

2. Apply the low-order contribution to the defect vector in an edge-based
manner.

3. Assemble the raw antidiffusive terms F' (ué,m), u}) for each node.
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4. Compute the positivity-preserving auxiliary solution 7y = ué (tnt1=9)
but only in the first iteration step.

5. Apply Zalesak’s limiter and synchronize the correction factors afj.

6. Add the limited antidiffusive fluxes F' *(u;,m), u}}) to the defect vector.

7. Solve the sequence of linear systems for the resulting scalar subprob-
lems.

8. Use a suitable underrelaxation strategy, apply the increments (5u,(€m)
to the variables uj and proceed to the next nonlinear iteration / time
step.

A short remark is in order concerning the iterative solution of linear sys-
tems. While for relatively small time steps the nonsymmetric linear systems
engendered by implicit schemes can be solved by a simple Jacobi-like iter-
ation with the lumped mass matrix as preconditioner, the matrices become
increasingly ill-conditioned for larger time steps. Hence, it is advisable to
utilize BICGSTAB or multigrid methods with basic components like Jacobi,
Gauss-Seidel or SOR smoothers. Compromising the benefits of the uncon-
ditionally positive backward Euler/FCT methods, standard smoothers and
preconditioners fail for very large time steps and aspect ratios. In our expe-
rience, an ILU-decomposition with an appropriate renumbering scheme like
Cuthill-Mckee turns out to be of great use in this situation.

10 Numerical examples

In the examples which follow, we study the behavior of the implicit Crank-
Nicolson (CN/FCT) and the backward Euler (BE/FCT) schemes. Through-
out all computations we used quadrilateral elements Q1. However, our FEM-
FCT algorithm is applicable to triangular elements P; as well as noncon-
forming elements Q. Many other test problems were considered in [11], [12]
which should also be consulted especially for scalar problems.

10.1 Shock tube problem

One of the standard benchmarks for compressible flow solvers is the shock
tube problem proposed by Sod [28]. Its physical prototype is a closed tube
initially filled with a quiescent gas separated by a membrane into two regions.
A higher pressure is maintained on the left of the tube than on the right. In
addition, the initial data for this two dimensional Riemann problem are given
as

oL 1.0 oR 0.125
vy | =100]| for z€[0,05], |vg| =100 for « € (0.5,1].
pL 1.0 PR 0.1
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Figure 1. Shock tube problem. Numerical solution at ¢t = 0.231.

The abrupt removal of the membrane gives rise to a motion of gas into the
direction of lower pressure initiating three distinct waves, namely a normal
shock wave, a contact discontinuity wave and a rarefaction wave. While some
variables are discontinuous across the first two waves, all variables remain
continuous across the rarefaction fan. In fact, this flow structure prevails
only until the waves impinge on either the left or the right wall.

We computed the numerical solution displayed in Fig. 1 on a uniform
mesh of 129 x 129 grid points. The time step was fixed to At = 1073, All
snapshots show the solution obtained with the second order Crank-Nicolson
scheme taken at the time ¢ = 0.231. The limiter was synchronized by taking
the minimum of the correction factors for the density and energy.

The lower right plot shows a cutline for y = 0.5 through the solution. Here,
the dashed line indicates the exact solution while the dotted lines correspond
to the numerical one for all variables. For a more detailed description of this
benchmark problem including a comparison between the low-order solutions
obtained from scalar artificial diffusion and from Roe’s approximate Riemann
solver the interested reader is referred to [12].
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CN/FCT BE/FCT

03 02 01 0 01 a2

density distribution density distribution
along the z-axix along the diagonal

05 -04 03 02 01 ) 0.1 02 03 04 05 -07 -06 -05 -04 03 -02 -01 0 01 02 03 04 05 06 07

Figure 2. Radially symmetric Riemann problem, ¢t = 0.13.

Let us remark that we investigated the same benchmark with the compu-
tational domain rotated 45° counterclockwise, whereby the waves propagate
along the line x = y. In contrast to adhoc application of one-dimensional
schemes by using directional splitting our method proved to be truly multi-
dimensional producing the same solution as those shown above.

10.2 Radially symmetric Riemann problem

The next benchmark was proposed by LeVeque [14] to assess the ability of
methods to conserve radial symmetry. At the beginning, a circular region of
higher density and pressure is embedded into a region of unit pressure and
density. Initially, the medium is at rest in both regions. In our simulation
the initial data was taken to be

Pint 2.0 Pext 1.0
Vint | = | 0.0 for r» <0.13, Vext | = | 0.0 | otherwise.
Pint 15.0 Pext 1.0
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The pressure difference induces a radially expanding shock wave whose
discontinuities have to be captured accurately. Let us remark that the ‘exact’
solution can be derived by reducing this benchmark to a one dimensional
Riemann problem with geometric source terms [14].

Our results were computed on the same uniform mesh as in the preceding
example. The time step was fixed to At = 1073. The results displayed in
Fig. 2 were taken at the instant ¢ = 0.13.

The contour plot (top) exhibits radial symmetry for both Crank-Nicolson
and backward Euler. However, a closer look reveals that the first order
scheme is slightly more diffusive with the result that it fails to capture the
critical discontinuity near the origin with high accuracy.

This can best be recognized when considering the density distribution
along the x-axis and the diagonal presented in Fig. 2 (bottom). Moreover,
the second order accurate Crank-Nicolson scheme resolves the peaks slightly
better. Nevertheless, the comparison between the solution structure along
the different ‘axes’ confirms the fact that both methods produce perfectly
symmetric results.

10.3 Cones and wedges

Let us investigate our algorithm when applied to stationary problems. We
enter this group of benchmarks considering a supersonic flow at Mach 2.5
impinging on a corner with an angle of 15°. This kind of flow is understood
very well and the solution to this setup can be derived analytically from
oblique shock theory [1]. For this purpose one has to consider the so-called
0 — 8 — M relation

M2?sin?3—1

tan @ = 2 cot
an co ﬁMQ('y—&-cosQ?ﬁ)—I—?’

(81)

where 6, 3 and M specify the deflection angle, the shock wave angle and the
Mach number in front of the shock, respectively. Provided that the deflection
angle remains below some maximum 6, (which is Mach number dependent)
the shock keeps attached to the wedge. Increasing either the Mach number
or the deflection angle would start detaching the shock from the obstacle,
rendering its behavior more complicated. However, the exact solution to our
benchmark problem is a weak shock with 5 = 36.94° and Mach 1.87 behind
the shock.

The solution depicted in Fig. 3 was computed on a structured mesh of
129 x 129 quadrilaterals without any adaptive refinement. It is worth men-
tioning, that we performed the same computation on an adaptive mesh using
2.500 elements with the same accuracy. Flux correction was performed by
employing the synchronized correction factors for the density and energy. The
transition to the set of primitive variables taking the density and pressure as
indicator variables did not show any improvements.
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BE/FCT Low-order method

Figure 3. Oblique shock at Mach 2.5 with § = 15°.
11 Conclusions

A new family of high-resolution finite element schemes based on the idea
of flux-corrected transport was presented. The scalar theory for positive
methods was generalized to systems of equations. A new procedure for the
construction of the low-order method was proposed. By adding artificial
diffusion proportional to the spectral radius of the Roe matrix, the scalar
strategy of eliminating all negative off-diagonal entries from the high-order
operator was mimicked by rendering all off-diagonal blocks positive definite.

We proposed a universal approach to the flux decomposition of convective
and diffusive terms resulting from the Galerkin discretization. This enabled
us to represent the antidiffusive terms as a sum of internodal fluxes which
could be limited in an essentially one-dimensional manner. In doing this, the
skew-symmetry of the conservative fluxes guaranteed strict mass conserva-
tion. Furthermore, we suggested an efficient algorithm for an edge-by-edge
matrix assembly.

A fixed point defect correction was employed for an iterative treatment of
nonlinearities. By utilizing the low-order operator as block-diagonal precon-
ditioner, the nonlinear system was split into a sequence of scalar subproblems.
Furthermore, this relieved us from storing huge matrices except of the 5 di-
agonal blocks of the sparse low-order operator.

Attention was paid to the need of synchronizing the correction factors
of the flux-limiter. As a consequence, the limiting coefficients reduced to
a scalar quantity even for systems. The idea of mixing two sets of variables
in the flux-limiter amounted to estimating the correction factors for a set of
arbitrary variables and applying them to the conservative fluxes.

Generally speaking, the unified FEM-FCT formulation encompassing both
explicit and implicit schemes has proved to be applicable to multi-dimensional
hyperbolic systems with considerable success. Nevertheless, the time step
dependency of Zalesak’s limiter is alarming. The unconditional positivity of
the backward Euler cannot be duly utilized without loss of accuracy. Further
investigations will be necessary to develop an alternative limiter.
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Application of the PCG Method
in Solution of a Nuclear Reactor
Criticality Problem

Eva Neumanova

Department of Technical Mathematics, Faculty of Mechanical Engineering, Czech
Technical University, Karlovo ndmésti 13, 121 35 Praha 2, CZ—Czech Republic
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1 The model problem

Let Q C E» be a bounded domain with Lipschitz continuous boundary I'. The
n-group nuclear diffusion problem is to determine the largest (in modulus)

eigenvalue keg and the corresponding eigenvector (®1(z,y),..., P, (x, 1)),
satisfying the following system of partial differential equations
d 0P (2, y) 9 0Py (2, y)
O = !
— (Do) = L (1)

k—1
+ oy (z,y) Pk (z,y) — ZO’ (z,9)Pi(z,y)
1=1

fost ngl z,y)®i(z,y), (z,y) €Q,

and the homogeneous boundary conditions

(I)k((E, y) = 07 (%y) € F? (2)
for k =1,...,n. Properties of all the coefficients in (1) are described bellow
in Section 1.2.
1.1 Geometric assumptions

(a) The domain {2 is a circle with radius R and the center at the origin of the
Cartesian coordinate system, or €2 is a polygon with radius of circumscribed
circle R, and with the center at the origin.

(b) The domain  is composed of a finite number of simply connected sub-
domains Q;, j =1,..., P, with Lipschitz boundaries such that

P
0= JQ, nQ=0 forj#k,
j=1

J
where Q =QUT, Q; =Q,; UT

M. Kiizek et al. (eds.), Conjugate Gradienr Algorithms and Finite Element Methods
© Springer-Verlag Berlin Heidelberg 2004
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(¢) The subdomain layout corresponds to the material structure of a nuclear
reactor. Thus, the subdomains in the central part of Q are regular hexagons.
The numbering in these hexagonal subdomains corresponds to the physical
properties of the active zone of the reactor. In the remaining part of the
reactor (the reflector) we assume homogenous environment, i.e., constant
coefficients (see an example in Fig. 1). Moreover, let the structure and the
shape of the domain 2 be symmetric with respect to the lines x = 0, and
y = ztg(jn/6), j = 0,1,2,4,5.

Material properties

Figure 1. An example of a nuclear reactor structure with the lines
of symmetry.

1.2 Physical assumptions

(d) Di(z,y), oi(x,y), of(z,y), and a,{l(:c,y) are constant in each subdo-
main ; and represent some physical properties (diffusion, absorption, scat-
tering, and fission).

(e) Di(z,y) and of(x,y) are positive, oF (z,y) and ‘71):1 (z,y) are non-negative
in Q.
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(f) ®(x,y) and Dy (z,y)VPk(x, y)V are continuous in Q, ¥ denotes the unit
normal vector to a subdomain interface, and V stands for the gradient.

Remark 1.1. Let us note that the kth component @ (z, y) of the eigenvector
represents neutron flux in the kth energy group and the eigenvalue keg is
a criticality coefficient of a nuclear reactor.

1.3 The model problem on a subdomain

Considering the symmetries described in (c), model problem (1)—(2) may be
formulated in one of the subdomains, i.e., in the sectors determined by the
lines of symmetry.

Let us consider the sector 2° = {(z,y) € Q|2 >0, 0 <y < ztg(w/6)},
and let ' = Iy UT} U5 denote the boundary of Qf, where Iy = I'> N T,
I ={(z,0) e Q| x>0}, Ir = {(z,ztg(n/6)) € Q| z > 0}.

We formulate the model problem on the subdomain °:
the system of equations (1) for (z,y) € Q°,
the homogenous boundary conditions (2) for (z,y) € T,
and the Neumann type boundary conditions

a¢k (.’II, y) .
TVJZO for (xay)erja ]:1327
where v; denotes an outer normal to the boundary I';, and k =1,... ,n.

Unless otherwise stated, by the model problem we will understand the prob-
lem defined on the subdomain °. Using the symmetry properties of the
solution on the subdomain can be easily extended to the whole domain.

The model problem in operator notation reads

1

D+A-)®=—F& in Q°, (3)
eff

b =0 on I, (4)

aq)k(xay) 1
szo onTy, j=1,2 k=1,...,n, (5)

where
D1+A1 0
0 ... D,+A,

(Dk + Ak)q>k = —V(DkVCDk) + O’Z(I)k,



358 E. Neumanovi

0 0
C 0 ;
Y= ,21 ) . Cjp®r = 0l Ps,
Cn,l C’n n—1 0
Fi1 ... Fi,
F=|( : . |, F®=o0l 0.
F,1 ... F,n

Considering the assumptions (d)—(f), the operators A, X, and F are non-
negative, bounded and linear, and D is a differential operator of elliptic type.
The operators D, A, 3, F represent diffusion, absorption, scattering, and
fission, respectively. The composed operator D + A — 3 is due to the term 3
non-selfadjoint. Habetler and Martino in [4] have shown that the maximum
(in modulus) eigenvalue of the model problem is unique and all components
of the corresponding eigenvector are positive almost everywhere.

2 The discrete problem

Let H be the size of an edge of a hexagonal subdomain €2;. We consider the
mesh size h = H/N, where N > 1 is an integer. In the domain Q° we define
a hexagonal mesh Q" so that the mesh points lie exactly on the interfaces
of the subdomains §2; or their parts that belong to the domain ©2°, on the
boundary parts Iy and I, and on a piece-wise linear approximation of the
boundary part Iy (see Fig. 2).

ASTONONONINININININININ
\AANNNNNNNNL

\/
Figure 2. An example of a mesh Q" defined in

To discretize the partial differential equations (1) the finite difference
method has been used. A thorough description and derivation of the dif-
ference equations on hexagonal mesh (a seven point difference scheme) can
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be found in Neumanové [9]. Considering m — the number of the mesh points,
and n — the number of the differential equations, we obtain n x m differ-
ence equations. The resulting system of the equations can be written in the
following form

1
An

where By, is a lower block triangular matrix, and F, is a non-negative block
matrix. With the notation X;, = (X1, Xa,..., X,,)7 the above equation then
reads

B, X, = —FpX,, (6)

Dy + Ay 0 ce 0 X,
—C21 Da+ Az : X2
(7)
: . 0 :
—Cn1 e —Cnn-1 Dn+ A, Xn
fl 1 ... ce fln )(1
. . X2
p— 1 .
= "

The discrete problem is to determine the largest (in modulus) eigen-
value A\, and the corresponding eigenvector Xy, satisfying the equation (6).
Birkhoff and Varga [2], and also Marek [7] have shown that the largest (in
modulus) eigenvalue Aj, is unique and positive, and the corresponding eigen-
vector is positive. By refining the mesh, i.e., letting h — 0, eigenvalues A\
and eigenvectors X, converge to the solution of the model problem (3)—(5),
i.e., to keg and ®, respectively.

3 Numerical solution of the discrete problem

Solving the discrete problem (6) requires two iteration loops, the outer loop
to determine the maximum eigenvalue, and the inner loop to calculate the
corresponding eigenvector.

3.1 Outer loop algorithm

To determine the eigenvalue \;, we have used the classical power method. Let
A and X' = (X{,..., X})T denote the ith iterate of the eigenvalue \;, and



360 E. Neumanovi

corresponding eigenvector X, respectively, i =0, 1,.... Since the largest (in
modulus) eigenvalue \j, of problem (6) is unique, the sequence of the iter-
ates {\;} converges to \;,, and the vectors {X"} converge to the corresponding
eigenvector X}, see Marek [7], [8].

Given: EPSO, OUTIT, )\, X° - outer loop accuracy, maximum number of
the outer loop iterations, initial guess of the eigenvalue, and initial approxi-
mation of the eigenvector, respectively.

So, the algorithm reads:

1=0
Ait1 = A +1
S =F, X’
while |A\i+1 — Ai| > EPSO & i < OUTIT
Solve B, X' ™! = §' «— INNER LOOP
gitl — |, Xi+!
)\i+1 _ (Si+1, Si+1)/(si+1, Sz)
i=1i+1
S'=8'/\
end
ifi > OUTIT
"ERROR - required accuracy not achieved!’
else
"END - algorithm successfully finished!’
end

Remark 3.1. The algorithm for computing the extreme eigenvalue can
be improved, using an accelerating technique (see Hageman and Young [6],
Chapter 11, Case studies).

3.2. Inner loop computational strategy

To design the method for computing the (i 4 1)st iterate of the vector X;, we
rewrite the equation B, X ™! = S’ in the form

(D1 + A X{™ = Zflkxk, (8)
Jj—1

(Dj + A Xt = x Z]—']ka—&-ZCJkX’“ ji=2,...,n
k=1

As we can see in (8), the computation of the vector X may be split into
successive solving of n subsystems. As a result of solving the jth subsystem
we obtain jth component of the (i + 1)st iteration vector, j = 1,...,n. It is
important to note that the blocks D; + A; are positive definite M-matrices.
They are strictly diagonally dominant (due to positivity of the terms of (z, y)
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in the equations (1)) and they have the same sparsity pattern. The blocks C; ;
and F;; are diagonal matrices with non-negative entries. Our goal is to find
an efficient and reliable method for solving the subsystems of linear equations
within the inner loops.

Since the same method will be applied for solving all the subsystems, let
the equation Ax = b denote any subsystem to be solved within the inner
loops.

PCG method for solving the subsystems

Let us consider the problem Ax = b with a sparse, symmetric and positive
definite M-matrix A. If the problem is of moderate size, the direct method,
e.g., the Cholesky factorization, in combination with sparse methods can be
used. Wise reordering of the matrix A, i.e., definition of a permutation matrix
P in order to minimize fill-in in the factor L, where LLT = PAPT, may be,
and frequently is, an efficient and reliable tool for finding the solution of the
problem. But, with increasing number of equations, i.e., as soon as the mesh
size h — 0, the matrix A becomes ill-conditioned and may affect numerical
stability of the Cholesky method. Thus, such an inevitable consequence of
the mesh refinement has been taken into account and the CG method in
combination with algebraic type of preconditioner has been designed and
numerically tested.

First of all, we introduce a few notations, definitions, and theorems. Then
we briefly describe the technique of defining preconditioners, summarize spec-
tral properties of the preconditioners, and finally we formulate the PCG al-
gorithm.

Notation
E™ denotes a space of real square m X m matrices.

P € £™ means a permutation matriz, i.e., the matrix which in each row and
each column has one entry equal to unity and all the other entries zero.
o(A) ={A1,..., A} is the spectrum of the matrix A € £™.

K(A) = Amax/Amin denotes a spectral condition number of a non-singular ma-
trix A € ™, where Apax = max{|A1],...,|[A\m|} and Apin = min{|Aq],. ..,
[Am|}-

Definition 3.1 (Varga [10]). Let A € £™. The matrix A with a;; < 0 for
all i # j is an M-matriz if A is nonsingular and A~ > 0.

Definition 3.2 (Varga [10]). Let A, K, and R € £™. Then A = K- R
is a regular splitting of the matriz A if K is nonsingular with K~ > 0, and
R >0.

Definition 3.3 (George, Liu [3]). Let A € £&™ be symmetric. The graph
of the matriz A denoted by G(A) = (X,E) consists of a set of m nodes
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X ={x1,...,Zm}, and a set of edges E, where an edge {z;,z;} € E if and
only if ajr = ar; # 0.
Theorem 3.1 (Varga [10]). Let A € €™ be an M-matriz and let C be any

matriz obtained from A by setting certain off-diagonal entries of the matrix A
to zero. The C is also an M-matriz.

Definition of a class of preconditioners

A graph of the matrix A coincides with the mesh generated for the finite
difference method (see Fig. 2). Zero-nonzero pattern of the matrix A depends
on the numbering of the mesh points, i.e., the nodes of the graph. A simple
row-wise numbering of the nodes yields a block tridiagonal matrix that may
be written in the following form

Ky Ri’“ 0
R, K, RY :

. RS_Q Ks—l Rz—l
0 Rs—l Ks

where s is a number of rows of the mesh 0, in other words, of the graph
G(A), and where the diagonal blocks K are tridiagonal matrices (see an
example in Fig. 3).

10
15 i
20
25
30

PWAVAVAVAVAVAV/
AVAVAVAVAVAVAVAVA
\VAVAVAVAVAVAVAVAV/

40
45

Figure 3. A matrix structure corresponding to a row-wise
graph numbering.

Different numbering of the nodes yields different ordering (nonzero pat-
tern) of the matrix. We seek a suitable ordering, i.e., a permutation matrix
P, so that most of the nonzero entries will be located within the diagonal
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blocks. Moreover, we intend to keep block tridiagonal structure of the matrix
(but, of course, with different partitioning dependent on particular choice of
the ordering). In Neumanovd [9] we have proposed the way of ordering that
meets the above stated requirements.

0 10 20 30 40
nz = 265

Figure 4. A pair separation: matrix structure and graph numbering.

The basic idea is the following: the graph of the matrix A is separated
into pairs or triplets of the rows and the numbering within these pairs or
triplets is defined so that the nonzero entries become as close as possible to
the main diagonal. Examples of graph numbering using the pair, and the
triplet separation with corresponding nonzero structure of the matrices are
shown in Fig. 4 and Fig. 5, respectively.

0 10 20 30 40
nz = 265

Figure 5. A triplet separation: matrix structure and graph numbering.
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Spectral properties of selected preconditioners

Let us consider a block tridiagonal positive definite M-matrix A € €™ ordered
by means of the triplet separation technique, i.e., A = PAPT, where P is
the corresponding permutation matrix. Let A = K — R be the splitting of
the matrix A, where K = blockdiag(A). According to Theorem 3.1, such
a splitting is regular. The matrix K is symmetric and positive definite and
Amin(K) > Amin(A). Let us set p = rank(R). Then the matrix K~ *A has
unity as an eigenvalue of multiplicity m — p. Hence, the matrix K~ *A has
at most p 4+ 1 different eigenvalues. Thus, using K~' as a preconditioner,
the preconditioned conjugate gradients will terminate at no more than p+ 1
steps, assuming no roundoff errors occur. The upper bound for the rank of
the matrix R has been determined in Neumanova [9] as well as the bound
for the extreme eigenvalue of the matrix K.

Table 1. Extreme eigenvalues and condition numbers, 2-group test
problem.

1st group 2nd group
H/h " )\max >\min K >\max /\min K
8.038569|0.344414| 23.339822|5.518094|0.402727|13.701823
1.523137]|0.481229| 3.165098]1.157471|0.865478| 1.337378
7.536142(0.236699| 31.838535(3.543457(0.230104(15.399375
1.698665|0.302132| 5.622255|1.275276|0.753559| 1.692337
7.362369(0.171035| 43.045992(2.855009(0.165549(17.245660
1.810667]|0.192257| 9.417975|1.377968|0.655656| 2.101663
7.283288(0.125717| 57.934079|2.535440(0.132503/19.134967
1.868197]|0.133105| 14.035528|1.466044|0.564624| 2.596494
7.240365(0.094686| 76.467101(2.362193(0.112096(21.072996
1.903281]|0.097151| 19.590917]1.535615|0.482805| 3.180608
7.214685(0.073113| 98.679147(2.257773]0.097832(23.078164
1.927666|0.072647| 26.534693|1.596188|0.412062| 3.873663
7.198344(0.058167(123.753125|2.189996|0.086974(25.180015
1.954511]0.048785| 40.063957]|1.648276|0.352115| 4.681076

2 | 233

3 | 502

4 | 875

5 (1348

6 (1923

7 (2601

8 13381

Comparison of computed estimates of condition numbers and extreme
eigenvalues of the original and preconditioned (via triplet separation tech-
nique) matrices are shown in Table 1.

PCG algorithm

20 arbitrary, 7° = b — AzP,
Solve Kq° = 70 and set p° = ¢°
fork=0,1,... m—1

if ||7*|| > EPSI

_ (k")
Ak = TApF pF)

gF = gk P
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rhtl =k — qp ApF (PCG)
Solve KgFt! = pktl

p“4=q“l—%%%%?ﬁ
else
"END — required accuracy achieved.’
end if
end for

Within each step of the PCG algorithm we have to solve a system Kq* =
r*. The matrix K is positive definite M-matrix, so, to determine ¢* Cho-

lesky’s factorization K = LL" has been used.

Theorem 3.2 (Hackbusch [5]). Let A,K € £™ be positive definite and
let the matrizc K~'A have its spectrum in the interval [y,T], where T' =
)\maX(KflA), v = )\min(KflA), and k = T'/y. Then for the error €' of
the iterates x* defined by the algorithm of preconditioned conjugate gradient
method (PCG) the following error estimate holds:

2(1—1/k)!
1+ 1/8)2 + (1—1/K)2

E1 T e
where Ci\/E—l—li\/er\/;’ and |le]la = v/ (Ae,e).

2¢
1+ %

Hﬂmé( le%]l.a = le]la, (10)

4 Numerical results

The conjugate gradient method has been compared with the methods pro-
posed in Section 3. A pair and a triplet separation technique and the corre-
sponding PCG methods denoted by PCG3 and PCG4 were applied to a two
group diffusion problem.

The results for a grid with the ratio H/h = N = 3 and m = 551 in each
group, and with prescribed accuracy ¢ = 1075 are shown in Table 2. A\, and
Amax are the extreme eigenvalues of the original matrices (for CG method),
or of the preconditioned matrices (for PCG3 and PCG4 method) in the first
and the second energy group (the 1st and 2nd row of the table).

Table 2. A comparison of the methods.

Method | Number of iterations | FLOPS | Anin Amax
cc 16 8210 | 1 1ar0 | 308241
PCG3 ) 67930 | 33465 | 173085
PCG4 4 34100 | 0261 | a0
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A criticality problem of a nuclear reactor, modelled as a four group dif-
fusion problem has been used for testing the PCG4 method. In Table 3
we explain some iteration characteristics in dependence on the number of
equations in each energy group.

Table 3. A four group diffusion problem.

N| m keg | INIT-first | INIT-last | NOP | OUTIT
2 | 66|1.005485 | 7,656 | 44,33 | 1297 | 36
3
4

143 | 1.003135 | 9,778 | 5444 | 2828 | 32
250 | 1.002087 | 12,9,8,10 | 6,545 | 5008 | 30

Table 4 shows a comparison of an error decrease of the standard CG and
PCG4 method. The results there correspond to the the data for the 1st
energy group of a four group diffusion problem, the number of equations is
m = 975.

Table 4. An error decrease comparison.

Number of 1 10 20 30
iterations

CG 1.459-10%1 | 5.054-10"! | 4.659-10"2 | 4.214-1073
PCG4 1.385-10%1 | 3.760-10"2 | 1.376-10~* | 3.244- 10"
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finite element 275 Ritz 49, 60, 61, 63, 90
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