Memoirs on Differential Equations and Mathematical Physics

Volume 17, 1999, 127–154

T. Chantladze, N. Kandelaki, and A. Lomtatidze

ON ZEROS OF SOLUTIONS OF A SECOND ORDER SINGULAR HALF-LINEAR EQUATION

Abstract. In the present paper we consider the equation u^{′′} = p(t)|u|^α|u^′|^{1−α} sgn u, where α ∈]0, 1], the function p :]a, b[→ R is locally integrable, and ∫_b a (s − a)^α(b − s)^α|p(s)|ds < +∞. Sufficient conditions for the existence of a solution having at least two zeros on the segment [a, b] are established.

1991 Mathematics Subject Classification. 34C10, 34K15, 34K25.

Key words and phrases: second order singular half-linear equation, proper solutions, number of zero points.

reziume. ganxilulia meore rigis naxevrad CrPivi singularuli gantoleba u^{′′} = p(t)|u|^α|u^′|^{1−α} sgn u, sadac α ∈]0, 1], xolo Punqcia p :]a, b[→ R akmaKoPilebs pirobas ∫_b a (s − a)^α(b−s)^α|p(s)|ds < +∞, dadgenilia sakmarisi pirobebi imisa, Tu rodis aqvs aGniSnul gantolebas erTi mainc niSanmudmivi Cesieri amonaxsni da sakmarisi pirobebi imisa, Tu rodis aqvs erTi mainc Cesieri amonaxsni, romelsac aqvs ori mainc nuli [a, b] segmenze.

Introduction

Below we will use the following notation: R is the set of real numbers;

L_{loc}(]a, b[) is the set of functions p :]a, b[→ R which are Lebesgue integrable on each segment contained in ]a, b[;

~C([a, b]) is the set of functions u : [a, b] → R absolutely continuous on the segment [a, b];

~C_{loc}(I), where I ⊂ R, is the set of functions u : I → R absolutely continuous on each segment contained in I;

~C^′_{loc}(I), where I ⊂ R, is the set of functions u ∈ ~C_{loc}(I) for which u^′ ∈ ~C_{loc}(I);

u(s+) and u(s−) are the limits of the function u at the point s from the right and from the left, respectively;

[p(t)]_− =^1_2 (|p(t)| − p(t)). Consider the equation u^{′′} = p(t)|u|^α|u^′|^{1−α} sgn u, (1.1) where α ∈]0, 1], a, b ∈ R, and p ∈ L_{loc}(]a, b[). Under a solution of the equation (1.1) is understood a function u ∈ ~C^′_{loc}(]a_1, b_1[), where a_1 ∈ [a, b[ and b_1 ∈]a_1, b], which satisfies the equation (1.1) almost everywhere in ]a_1, b_1[.

Throughout the paper we will assume that ∫_b a (s − a)^α(b − s)^α|p(s)|ds < +∞. (1.2) Below we will see (see Lemma 2.2) that all non-continuable solutions of the equation (1.1) are defined on the whole segment [a, b]; note that under the values of a solution u at the points a and b we understand respectively the limits u(a+) and u(b−), whose existence (and finiteness) is quaranteed by the condition (1.2). Moreover, it is found that none of non-trivial solutions of the equation (1.1) may have an infinite number of zeros on the segment [a, b] (see Remark 2.1 and Lemma 2.8).

In the case of the linear equation, i.e., for α = 1, the number of zeros of two arbitrary non-trivial solutions differ from each other by not more than 1. This fact does not, generally speaking, take place for the equation (1.1) with α ≠ 1, since any constant function turns out to be its solution; however it remains valid for a definite subset of the set of solutions, which in the sequel will be called the set of proper solutions.

Definition 1.1. A solution u of the equation (1.1) is said to be proper, if there exists A ⊂]a, b[ such that mes A = 0 and {t ∈]a, b[: u^′(t) = 0} ⊂ {t ∈ ]a, b[: p(t) = 0}U A. Below we shall show (see Lemma 2.9) that the set of proper solutions of the equation (1.1) is non-empty and, moreover, almost every Cauchy problem has at least one proper solution (see Remark 2.4).

According to the above-said, the following definition is substantial and meaningful.

Definition 1.2. We say that the function p belongs to the set O_α(]a,b[), if there exists a proper solution of the equation (1.1) having at least two zeros on the segment [a, b].

In other words, p /∈ O_α(]a, b[) if and only if there is no proper solution u of the equation (1.1) satisfying for some a_1 ∈ [a, b[ and b_1 ∈]a, b] the conditions

u(a_1+) = 0, u(b_1−) = 0. (1.3)

Definition 1.3. We say that the function p belongs to the set U_α(]a,b[), if for any a_1 ∈ [a, b[ and b_1 ∈]a_1, b] the problem (1.1), (1.3) has no non-zero (not necessarily proper) solution.

It is clear that if p ∈ U_α(]a, b[), then p /∈ O_α(]a, b[). In the case, where α = 1, or α ∈]0, 1[ and p(t) ≤ 0 for a < t < b, the converse assertion is valid, i.e., if p /∈ U_α(]a, b[), then p ∈ O_α(]a, b[). The problem on a mutual complement ability of these two sets remains as yet unstudied in the general case.

Note that if p ∈ O_1(]a, b[), then the (linear) equation (1.1) is called conjugate, but if p /∈ O_1(]a, b[) (and hence p ∈ U_1(]a, b[)), then it is disconjugate. A vast number of works (see, e.g., [1–6] and references therein) are devoted to the question of an effective description of the sets O_1(]a, b[) and U_1(]a, b[). As to the sets O_α(]a, b[) and U_α(]a, b[), they are studied not well enough even in the regular case, where the function p is integrable on [a, b].

The aim of the present work is to fill in the above-mentioned gap. Below we give some new integral criteria for belonging of the function p to sets O_α(]a, b[) and U_α(]a, b[), not excepting the possibility for p to have nonintegrable singularities at the points a and b (see condition (1.2)). The paper is organized as follows: the main results are formulated in Section 1; auxiliary propositions are given in Section 2; proofs of the main results can be found in Section 3.

1. Statement of the Main Results

Theorem 1.1. Let there exist λ ∈]a, b[ and μ ∈]λ, b[ such that −α ∫_μ λ p(s)ds ≥ 1 (λ − a)^α + 1 (b − μ)^α + α (λ − a)^{α+1} ∫_λ a (s − a)^{α+1}p(s)ds + + α (b − μ)^{α+1} ∫_b μ (b − s)^{α+1}p(s)ds. (1.4) Then p ∈ O_α(]a, b[).

Introduce the notation

Q(t, t_0, α) = α(t − a)^α ∫_{t0} t p(s)ds for a < t < t_0, α(b − t)^α ∫_t t_0 p(s)ds for t_0 < t < b, Q_∗(t_0, α) = inf{Q(t, t_0, α) : a < t < b}, Q^∗(t_0, α) = sup{Q(t, t_0, α) : a < t < b}. Corollary 1.1. Let

−(α + 1) ∫_b a Q ( s, a + b 2 , α ) ds > b − a. (1.5) Then p ∈ O_α(]a, b[).

Corollary 1.2. Let t_0 ∈]a, b[, p(t) ≤ 0 for a < t < b, (1.6) Q_∗(t_0, α) ≤ −1 − max {( t_0 − a b − t_0 )_α , ( b − t_0 t_0 − a )_α} . (1.7)

Then p ∈ O_α(]a, b[).

In the case where the condition (1.6) is satisfied, Theorem 1.1 can be somewhat improved; to be more exact, the following theorem is valid.

Theorem 1.1^′. Let (1.6) be satisfied and let there exist λ ∈]a, b[, μ ∈]λ, b[ and a natural number n such that α ∫_μ λ |p(s)|ds ≥ 1 a^α_n(λ) + 1 b^α_n(μ) , (1.8)

where

a_1(t) = t − a, a_{k+1}(t) = t − a + ∫_t a a^{α+1}_k (s)|p(s)|ds for a < t < b, b_1(t) = b − t, b_{k+1}(t) = b − t + ∫_b t b^{α+1}_k (s)|p(s)|ds for a < t < b. Then p ∈ O_α(]a, b[).

Theorem 1.2. Let there exist c ∈]a, b[ and the functions f ∈ ~C([a, c]) and g ∈ ~C([c, b]) such that f(a) = 0, g(b) = 0, f(t) > 0 for a < t < c, g(t) > 0 for c < t < b,^{|f ′|α+1}_{f α} and^{|g′|α+1}_{gα} be integrable on [a, c] and [c, b], respectively, and −α [ g(c) ∫_c a f(s)p(s)ds + f(c) ∫_b c g(s)p(s)ds ] >

> 1 (α + 1)^{α+1} [ g(c) ∫_c a |f^′(s)|^{α+1} f^α(s) ds + f(c) ∫_b c |g^′(s)|^{α+1} g^α(s) ds ] . (1.9)

Then p ∈ O_α(]a, b[).

Corollary 1.3. Let at least one of the following three conditions be fulfilled: −α ∫_b a (s − a)^{α+1}(b − s)^{α+1}p(s)ds > (b − a)^{α+2} α + 2

, (1.10) −α [ ∫ a+b_2 a (s − a)^λp(s)ds + ∫_b a+b 2 (b − s)^λp(s)ds ] > > 2λ^{α+1} (λ − α)(α + 1)^{α+1} ( b − a 2 )_{λ−α} , where λ > α, (1.11) −α ∫_b a sin^{α+1} [ π(s − a) b − a ] p(s)ds > 2(α + 2)^α (α + 1)^{α+1} ( π b − a )_α . (1.12)

Then p ∈ O_α(]a, b[).

Remark 1.1. As we will see from the proofs below, in the conditions of the above-given results not only p ∈ O_α(]a, b[), but every proper solution of the equation (1.1) has at least one zero in the interval ]a, b[.

Finally, we present theorems concerning the case where the function p belongs to the set U_α(]a, b[) and also theorems with this function not belonging to the set O_α(]a, b[).

Theorem 1.3. Let sup{A^α(t)|B(t)|^{1−α} : a < t < b} < b − a, where A(t) = (b − t)^{1−λ} (t − a)^λ ∫_t a (s − a)^{1+αλ}(b − s)^{αλ}[p(s)]_−ds + + (t − a)^{1−λ} (b − t)^λ ∫_b t (s − a)^{αλ}(b − s)^{1+αλ}[p(s)]_−ds, B(t) = ∫_t a (s − a)^{1+αλ}(b − s)^{αλ}[p(s)]_−ds − − ∫_b t (s − a)^{αλ}(b − s)^{1+αλ}[p(s)]_−ds for a < t < b, and λ ∈ [0, 1]. Then p ∈ U_α(]a, b[).

Corollary 1.4. Let C^{1−αα} ∫_b a (s − a)^α(b − s)^α[p(s)]_−ds < (b − a)^{1α} , where

C = max { ∫_b a (s − a)^{1+α}(b − s)^α[p(s)]_−ds, ∫_b a (s − a)^α(b − s)^{1+α}[p(s)]_−ds } . Then p ∈ U_α(]a, b[).

In particular, this corollary implies that if ∫_b a (s − a)^α(b − s)^α[p(s)]_−ds ≤ (b − a)^α, then p ∈ U_α(]a, b[).

Denote by φ(λ), where λ > −^1_{α+1} (^α_{α+1} )^α, the largest positive root of the equation x − |x|^{αα+1} − λ = 0.

Theorem 1.4. Let Q_∗(t_0, α) ≥ −^1_{α+1} (^α_{α+1} )^α and Q^∗(t_0, α) < φ(Q_∗(t_0, α)). (1.13) Then p ∈ U_α(]a, b[).

Corollary 1.5. Let −^1_{α+1} (^α_{α+1} )^α ≤ Q_∗(t_0, α), Q^∗(t_0, α) < (^α_{α+1} )^{α+1}. Then p ∈ U_α(]a, b[). Theorem 1.5. Let Q_∗(t_0, α) ≥ −^1_{α+1} (^α_{α+1} )^α and either

Q_∗(t_0, α) ≠ 0 and Q^∗(t_0, α) ≤ 2φ(Q_∗(t_0, α)) − Q_∗(t_0, α), (1.14) or Q_∗(t_0, α) = 0 and Q^∗(t_0, α) < 2. (1.15) Then p /∈ O_α(]a, b[).

Corollary 1.6. Let −^1_{α+1} (^α_{α+1} )^α ≤Q_∗(t_0, α) and Q^∗(t_0, α)≤^{2α+1}_{α+1} (^α_{α+1} )^α. Then p /∈ O_α(]a, b[).

Corollary 1.7. Let α = 1, Q_∗(t_0, 1) ≥ −^1_4 and either Q_∗(t_0, 1) ≠ 0, Q^∗(t_0, 1) ≤ 1 + Q_∗(t_0, 1) + √ 1 + 4Q_∗(t_0, 1), or Q_∗(t_0, 1) = 0, Q^∗(t_0, 1) < 2.

Then p /∈ O_1(]a, b[) (i.e., p ∈ U_1(]a, b[) ). 2. Some Auxiliary Propositions In this section we establish some properties of solutions of the equation u^{′′} = p(t)|u|^α|u^′|^{1−α} sgn u. (2.1) Below, throughout all the paper, the function p :]a, b[→ R will be zassumed to belong to the set L_{loc}(]a, b[) and to satisfy the condition (1.2).

First of all, for the convenience of reference we will quote one simple proposition without proving it.

Proposition 2.1. The equalities lim_{t→a+}(t − a)^α ∫ a+b_2 t |p(s)|ds = 0, lim_{t→b−}(b − t)^α ∫_t a+b 2 |p(s)|ds = 0 take place.

Lemma 2.1. There exist solutions u_1 and u_2 of the equation (2.1) satisfying the initial conditions

u_1(a+) = 0, u^′_1(a+) = 1, (2.2) u_2(b−) = 0, u^′_2(b−) = −1. (2.3)

Moreover, all non-continuable solutions of the problems (2.1), (2.2) and (2.1), (2.3) are defined on the entire segment [a, b].

Proof. We will prove only the existence of u_1. The existence of u_2 can be proved similarly.

Let x ∈]a, b[. Denote by A_x the set of all non-continuable to the right solutions of the equation (2.1) satisfying the initial conditions

u(x) = 0, u^′(x) = 1. (2.4)

Let u(·, x) ∈ A_x, and let us show that this solution is defined in the interval [x, b[. Suppose I_x = {t ∈]x, b[: |u(s, x)| < +∞, |u^′(s, x)| < +∞ for x ≤ s ≤ t}. Integrating (2.1) and taking into account (2.4), we obtain

u^′(t, x) = 1 + ∫_t x p(s)|u(s, x)|^α|u^′(s, x)|^{1−α} sgn u(s, x)ds for t ∈ I_x, (2.5) u(t, x) = t − x + + ∫_t x (t − s)p(s)|u(s, x)|^α|u^′(s, x)|^{1−α} sgn u(s, x)ds for t ∈ I_x, (2.6) whence we readily find that |u^′(t, x)| ≤ 1 + ∫_t x (s − a)^α|p(s)| | | | u(s, x) s − x | | |^α|u^′(s, x)|^{1−α}ds for t ∈ Ix, | | u(t, x) t − x | | ≤ 1 + ∫_t x (s − a)^α|p(s)| | | u(s, x) s − x | |^α|u_′(s, x)|_{1−α}ds for t ∈ I_x. If we add these inequalities and take into account the fact that

y^α < 1 + y for y ≥ 0, (2.7)

we obtain | | | u(t, x) t − x | | |+|u^′(t, x)| ≤ 2+2 ∫_t x (s − a)^α|p(s)| [| | | u(s, x) s − x | | | + | u^′(s, x) |] ds for t ∈ I_x. According to the Gronwall-Bellmann lemma, we now have | | | u(t, x) t − x | | | + |u^′(t, x)| ≤ 2 exp [ 2 ∫_t a (s − a)^α|p(s)|ds ] for t ∈ I_x. (2.8)

Consequently, sup I_x = b. Moreover, from (2.8) and (2.5) we also get |u(t, x)| ≤ 2(t − a) exp [ 2 ∫_t a (s − a)^α|p(s)|ds ] for x ≤ t < b, (2.9)

|u^′(t, x)| ≤ 2 exp [ 2 ∫_t a (s − a)^α|p(s)|ds ] for x ≤ t < b, (2.10) |u^′(t, x) − 1| ≤ 2 ∫_t a (s − a)^α|p(s)|ds × × exp [ 2 ∫_t a (s − a)^α|p(s)|ds ] for x ≤ t < b. (2.11)

Let x_k ∈]a, b[, x_{k+1} < x_k for k = 1, 2, . . ., lim_{k→+∞} x_k = a. Suppose v_k(t) = u(t, x_k) for x_k ≤ t < b, k = 1, 2, . . .. By (2.9) and (2.10), the sequences (v_k)^{+∞}_{k=1} and (v^′_k)^{+∞}_{k=1} are uniformly bounded and equicontinuous in ]a, b[ (i.e., on each segment contained in ]a, b[). Hence, without loss of generality, by the Arzela-Ascoli lemma we may assume that lim_{k→+∞} v^{(i)}_k (t) =

u^{(i)}_1 (t), i = 0, 1, uniformly in ]a, b[. It is easily seen that the function u_1 is a solution of the equation (2.1). On the other hand, by (2.9) and (2.11) the function u_1 satisfies the conditions (2.2) as well. Thus we have proved that the set of solutions A of the problem (2.1), (2.2) is non-empty. Let us now show that all functions from A are defined on the entire segment [a, b].

Let u_1 ∈ A be a non-continuable solution. Analogously to that as it has been done above, we see that

u^′_1(t) = 1+ ∫_t a (s − a)^αp(s) | | | u_1(s) s − a | | |^α|u^′_1(s)|^{1−α} ×sgn u1(s)ds for t ∈ I, u_1(t) t − a = 1 + 1 t − a × × ∫_t a (s − a)^α(t − s)p(s) | | u1(s) s − a | |^α|u_{′1}(s)|_{1−α} sgn u_1(s)ds for t ∈ I, (2.12) where I = {t ∈]a, b[: |u_1(s)| < +∞, |u^′_1(s)| < +∞ for a ≤ s ≤ t}. These two equalities immediately yield (b − t)|u^′_1(t)| ≤ b − a+ ∫_t a (s − a)^α(b − s)^α|p(s)| | | | u_1(s) s − a | | |^α|(b − s)u^′_1(s)|^{1−α}ds for t ∈ I, |u_1(t)| t − a ≤ 1+ 1 b − a ∫_t a (s−a)^α (b−s)^α|p(s)| | | u_1(s) s−a | |^α|(b−s)u^′_1(s)|^{1−α}ds for t ∈ I.

Adding these inequalities, taking into account (2.7) and using the Gronwall-Bellman lemma, we obtain

|u_1(t)|(t − a)^{−1} + (b − t)|u^′_1(t)| ≤ (1 + b − a) ×

× exp [ 1 + b − a b − a ∫_b a (s − a)^α(b − s)^α|p(s)|ds ] for t ∈ I. (2.13)

Consequently, sup I = b.

The equality (2.12) results in u_1(t) = t − a − (b − t) × × ∫_t a [(s − a)(b − s)]^α b − s p(s) | | | u_1(s) s − a | | |^α|(b − s)u^′_1(s)|^{1−α} sgn u1(s)ds + + ∫_t a [(s − a)(b − s)]^αp(s) | | | u_1(s) s − a | | |^α|(b − s)u^′_1(s)|^{1−α} sgn u1(s)ds for a < t < b, from which by (2.13) and Proposition 2.1 we conclude that there exists a finite limit u_1(b−).

In a similar manner we can see that the following lemma is valid.

Lemma 2.2. All non-continuable solutions of the equation (2.1) are defined on the entire segment [a, b].

Remark 2.1. We can be easily convinced that if c ∈]a, b[, and u is a solution of the equation (2.1) satisfying the conditions u(c) = 0, u^′(c) = 0, then u is identically equal to zero (see also [5]).

Lemma 2.3. Let u be a solution of the equation (2.1). Then lim t→a+ (t − a)|u^′(t)| = 0 ( lim_{t→b−}(b − t)|u^′(t)| = 0). (2.14)

Proof. First let us show that lim t→a+ inf(t − a)|u^′(t)| = 0 ( lim_{t→b−} inf(b − t)|u^′(t)| = 0). (2.15)

Assume to the contrary that (2.15) violated. Then there exist c ∈]a, b[ and ε > 0 such that |u^′(t)| > ε t − a for a < t < c ( |u^′(t)| > ε b − t for c < t < b ) . The integration of this inequality from t to c (from c to t) yields |u(t) − u(c)| > ε ln c − a t − a for a < t < c ( |u(t) − u(c)| > ε ln b − c b − t for c < t < b ) , which is impossible because the function u is bounded. Thus (2.15) is fulfilled.

Multiplying both parts of (2.1) by t − a (by b − t) and integrating from τ to t (from t to τ ), we obtain

(t − a)u^′(t) = (τ − a)u^′(τ ) + u(t) − u(τ ) + + ∫_t τ (s − a)p(s)|u(s)|^α|u^′(s)|^{1−α} sgn u(s)ds for a < τ < t < b ( (b − t)u^′(t) = (b − τ )u^′(τ ) + u(τ ) − u(t) − − ∫_τ t (b − s)p(s)|u(s)|^α|u^′(s)|^{1−α} sgn u(s)ds for a < t < τ < b ) ,

(2.16)

from which, by (2.7), we can conclude that (t − a)|u^′(t)| ≤ (τ − a)|u^′(τ )| + |u(t) − u(τ )| + + ∫_t τ (s − a)^α|p(s)|(|u(s)| + (s − a)|u^′(s)|)ds for a < τ < t < b ( (b − t)|u^′(t)| ≤ (b − τ )|u^′(τ )| + |u(t) − u(τ )| + + ∫_τ t (b − s)^α|p(s)|(|u(s)| + (b − s)|u^′(s)|)ds for a < t < τ < b ) .

(2.17)

Suppose c(x) = 2 max{|u(t) − u(a+)| : a ≤ t ≤ x} + + ∫_x a (s − a)^α|p(s)| |u(s)|ds for a < x < b ( c(x) = 2 max{|u(t) − u(b−)| : x ≤ t ≤ b} + + ∫_b x (b − s)^α|p(s)| |u(s)|ds for a < x < b ) , M (τ, x) = (τ − a)|u^′(τ )| + c(x) for a < τ ≤ x < b (M (τ, x) = (b − τ )|u^′(τ )| + c(x) for a < x ≤ τ < b). (2.18)

From (2.17) we find that (t−a)|u^′(t)|≤M (τ, x)+ ∫_t τ (s−a)^α |p(s)| ( (s−a)|u^′(s)| ) ds for a < τ < t < x < b ( (b−t)|u^′(t)|≤M (τ, x)+ ∫_τ t (b−s)^α|p(s)| ( (b−s)|u^′(s)| ) ds for a < x < t < τ < b ) , which in its turn by the Gronwall–Bellman lemma gives (t−a)|u^′(t)| ≤ M (τ, x) exp [∫_x a (s−a)^α|p(s)|ds ] for a < τ < t < x < b.

( (b−t)|u^′(t)| ≤ M (τ, x) exp [∫_b x (b−s)^α |p(s)|ds ] for a < x < t < τ < b ) . Taking now into account (2.15) and (2.18), we easily find that (t−a)|u^′(t)| ≤ c(x) exp [∫_x a (s − a)^α|p(s)|ds ] for a < t < x < b ( (b−t)|u^′(t)| ≤ c(x) exp [∫_b x (b−s)^α|p(s)|ds ] for a < x < t < b ) . Since lim_{x→a+} c(x) = 0 ( lim_{x→b−} c(x) = 0), the above inequality makes it possible to conclude that (2.14) is fulfilled.

Remark 2.2. In proving the above lemma (see the beginning of the proof), it has been shown that if v ∈ ~C^′_{loc}(]a, b[) is bounded and there exists a finite limit v(a+) (v(b−)), then lim_{x→a+} inf(t−a)|v^′(t)| = 0 ( lim_{x→b−} inf(b−t)|v^′(t)| = 0).

Lemma 2.4. Let a_1 ∈]a, b[, b_1∈]a_1, b[ and let u and w be solutions of the equation (2.1) satisfying the conditions

u(a_1) = 0, u^′(a_1) > 0 ( u(b_1) = 0, u^′(b_1) < 0 ) , w(t) > 0 for a_1 ≤ t ≤ b_1, w^′(b_1) = 0 (w^′(a_1) = 0).

(2.19)

Let further v ∈ ~C^′([a_1, b_1]) be such that

v(t) > 0, v^′(t) > 0 for a_1 ≤ t ≤ b_1 ( v(t) > 0, v^′(t) < 0 for a_1 ≤ t ≤ b_1 ) , v^{′′}(t) ≤ p(t)|v(t)|^α|v^′(t)|^{1−α} for a_1 < t < b_1. Then

u^′(t) > 0 for a_1 ≤ t ≤ b_1 ( u^′(t) < 0 for a_1 ≤ t ≤ b ) (2.20) and w^′(t) w(t) < v^′(t) v(t) for a_1 ≤ t ≤ b_1 (w′(t) w(t) > v^′(t) v(t) for a_1 ≤ t ≤ b_1 ) . (2.21)

Proof. Suppose that (2.20) violated. Then by (2.19) there exists c ∈]a_1, b_1[ such that u^′(t) > 0 for a_1 < t < c (u^′(t) < 0 for c < t ≤ b_1), and u^′(c) = 0. Assume ρ(t) = |^{v′(t)}_{v(t)} |^α sgn v^′(t) for a_1 < t < b_1 and σ(t) = |^{u′(t)}_{u(t)} |^α sgn u^′(t) for a_1 < t ≤ c (for c ≤ t < b_1). Clearly,

ρ^′(t) ≤ αp(t) − α|ρ(t)|^{α+1α} for a_1 < t < b_1, (2.22) σ^′(t) = αp(t) − α|σ(t)|^{α+1α} for a_1 < t < c (for c < t < b_1), (2.23) σ(a_1+) = +∞, σ(c) = 0 (σ(b_1−) = −∞, σ(c) = 0). (2.24)

By (2.24), there exist c_1 ∈]a_1, c[ and c_2 ∈]c_1, c[ (c_1 ∈]c, b_1[ and c_2 ∈]c, c_1[) such that ρ(t) > σ(t) > 0 for c_1 < t < c_2, ρ(c_1) = σ(c_1) ( ρ(t) < σ(t) < 0 for c_2 < t < c_1, ρ(c_1) = σ(c_1) ) . (2.25)

On account of this fact, from (2.22) and (2.23) we have

σ(t) = σ(c_1) + α ∫_t c_1 p(s)ds − α ∫_t c_1 |σ(s)|^{α+1α} ds > ρ(c_1) + + α ∫_t c_1 p(s)ds − α ∫_t c_1 |ρ(s)|^{α+1α} ds ≥ ρ(t) for c_1 < t < c_2 ( σ(t) = σ(c_1) − α ∫_{c1} t p(s)ds + α ∫_{c1} t |σ(s)|^{α+1α} ds < ρ(c_1) − − α ∫_{c1} t p(s)ds + α ∫_{c1} t |ρ(s)|^{α+1α} ≤ ρ(t) for c_2 < t < c_1 ) , which contradicts (2.25). Hence there takes place (2.20). Quite in a similar manner we can easily be convinced that (2.21) is valid. Thus the lemma is proved.

Lemma 2.5. Let u be a nontrivial solution of the equation (2.1) satisfying the condition u(a+) = 0 (u(b−) = 0), (2.26) and let v ∈ ~C^′_{loc}(]a, c]) (v ∈ ~C^′_{loc}([c, b[)), where c ∈]a, b[, have a finite limit v(a+) ≥ 0 (v(b−) ≥ 0) and satisfy the conditions

v^′(t) > 0 for a < t ≤ c (v^′(t) < 0 for c ≤ t < b), v^{′′}(t) ≤ p(t)|v(t)|^α|v^′(t)|^{1−α} for a < t < c (for c < t < b). Then u^′(t) ≠ 0 for a < t ≤ c (for c ≤ t < b). (2.27) Proof. Let u_1 be a solution of the problem (2.1), (2.2). First let us show that u^′_1(t) > 0 for a < t ≤ c. (2.28) Assume the contrary. Then there exists c_1 ∈]a, c[ such that u^′_1(t) > 0 for a < t < c_1, u^′_1(c_1) = 0. By Lemma 2.4 we have u^′_1(t) u_1(t) < v^′(t) v(t) for a < t < c_1. (2.29) Suppose

w(t) = v^′(t)u_1(t) − u^′_1(t)v(t) for a < t < c_1, h(t) = |v^′(t)u_1(t)|^{1−α} − |u^′_1(t)v(t)|^{1−α} v^′(t)u_1(t) − u^′_1(t)v(t) for a < t < c_1,

g(t) = p(t)h(t)(u_1(t)v(t))^α for a < t < c_1. (2.30)

Since the function f(x) =^{|x|1−α−1}_{x−1} is bounded, there exists M_0 > 0 such that |h(t)| ≤^{M0}_{(v(t)u}′_{1(t))α} for a < t < c_1. Bearing this in mind, from (2.30) we have |g(t)| ≤ M_0(t−a)^α|p(t)| ( u_1(t) (t−a)u^′_1(t) )_α ≤ M (t − a)^α|p(t)| for a < t < a+c_1 2 , where M = M_0 · sup {( u_1(t) (t − a)u^′_1(t) )_α : a < t < a + c_1 2 } . Thus the function g is integrable on the segment [a,^{a+c1}_2 ].

It can be easily seen that w^′(t) ≤ g(t)w(t) for a < t < (a + c_1)/2. According to the theorem on differential inequalities, the above inequality yields w(t) ≥ w ( a + c_1 2 ) exp [ − ∫^{a+c}1_2 t g(s)ds ] ≥ ≥ w ( a + c_1 2 ) exp [ − ∫^{a+c}1_2 a |g(s)|ds ] for a < t ≤ (a + c_1)/2.

The latter inequality, owing to (2.29), results in lim t→a+ inf w(t) > 0. (2.31)

On the other hand, by Remark 2.2 and condition (2.2) we have lim t→a+ inf w(t) = lim_{t→a+} inf ( (t − a)v^′(t) u_1(t) t − a − u^′_1(t)v(t) ) ≤ 0, which contradicts (2.31). Thus we have proved that (2.28) is fulfilled.

Let us now show that (2.27) is satisfied. By Lemma 2.4, there exists c_0 ∈]a, c[ such that u(t) ≠ 0 for a < t < c_0. Without loss of generality we will assume that

u(t) > 0 for a < t < c_0. (2.32) Show that

u^′(t) > 0 for a < t < c_0. (2.33) Assume that (2.33) violated. Then there exists c_2 ∈ ]a, c_0[ such that u^′(c_2) = 0. By Lemma 2.4 we have^{u′(t)}_{u(t)} <^{u′1(t)}_{u1(t)} for a < t < c_2. From what has been done above we can see that ^w^′(t) = ^g(t) ^w(t) for a < t < c_2, where

^w(t) = u^′(t)u_1(t) − u^′_1(t)u(t) for a < t < c_2,

^g(t) = p(t)^h(t)(u(t)u_1(t))^α for a < t < c_2, ^h(t) = |u^′(t)u^1(t)|^{1−α} − |u^{′1}(t)u(t)|^{1−α} u^′(t)u_1(t) − u^′_1(t)u(t) for a < t < c_2,

which, as above, leads to the contradiction 0 > 0.

Thus we have proved that if for some c_0 ∈]a, c[ the inequality (2.32) is fulfilled, then (2.33) also holds. On the basis of the above-said we readily conclude that u(t) > 0 for a < t ≤ c, and hence (2.27) takes place.

Remark 2.3. Let u_1(u_2) be a solution of the problem (2.1), (2.2) ((2.1), (2.3)). It is clear that there exists c ∈]a, b[ such that u^′_1(t) > 0 for a < t ≤ c (u^′_2(t) < 0) for c ≤ t < b). Using Lemma 2.5 for the case v(t) = u_1(t) for a < t ≤ c (v(t) = u_2(t) for c ≤ t < b), we find that if u is a nontrivial solution of the equation (2.1) satisfying the condition (2.26), then there exists c ∈]a, b[ such that (2.27) holds.

Lemma 2.6. Let u be a nontrivial solution of the equation (2.1) satisfying the conditions

u(a+) = 0, lim_{t→a+} inf(t − a) | | | u^′(t) u(t) | | | < +∞, ( u(b−) = 0, lim_{t→b−} inf(b − t) | | | u^′(t) u(t) | | | < +∞ ) . (2.34)

Then lim t→a+ (t − a) u^′(t) u(t) = 1, ( lim_{t→b−}(b − t) u^′(t) u(t) = −1 ) . (2.35)

Proof. By Remark 2.3, without loss of generality we can assume that for some c_0 ∈]a, b[

u^′(t) > 0 for a < t < c_0 (u^′(t) < 0 for c_0 < t < b). (2.36)

Multiplying both parts of (2.1) by t − a (by b − t) and integrating from τ to t (from t to τ ), we obtain equality (2.16), which with account for (2.36) and (2.7) yields (t − a)u^′(t) u(t) ≤ 1 + (τ − a)u^′(τ ) u(τ ) + + ∫_t τ (s − a)^α|p(s)| [ 1 + (s − a)u^′(s) u(s) ] ds for a < τ < t < c_0 ( (b − t)|u^′(t)| u(t) ≤ 1 + (b − τ )|u^′(τ )| u(τ ) + + ∫_τ t (b − s)^α|p(s)| [ 1 + (b − s)|u^′(s)| u(s) ] ds for c_0 < t < τ < b ) (2.37) and | | | (t − a)u^′(t) u(t) − 1 | | |≤ (τ − a)u^′(τ )+u(τ ) u(t) + + ∫_t τ (s − a)^α|p(s)| [ 1+ (s − a)u^′(s) u(s) ] ds for a < τ < t < c_0 (| | | (b − t)u^′(t) u(t) + 1 | | |≤ (b − τ )|u^′(τ )|+u(τ ) u(t) + + ∫_τ t (b − s)^α|p(s)| [ 1+ (b − s)|u^′(s)| u(s) ] ds for c_0 < t < τ < b ) .

(2.38)

From (2.37) we have (t−a)u^′(t) u(t) ≤ M (τ )+ ∫_t τ (s−a)^α|p(s)| ((s − a)u′(s) u(s) ) ds for a < τ < t < c_0 ( (b−t)|u^′(t)| u(t) ≤ M (τ )+ ∫_τ t (b−s)^α|p(s)| ( (b − s)|u′(s)| u(s) ) ds for c_0 < t < τ < b ) , where

M (τ ) = 1+ (τ − a)u^′(τ ) u(τ ) + ∫_{c0} a (s − a)^α|p(s)|ds for a < τ < c_0 ( M (τ ) = 1+ (b − τ )|u^′(τ )| u(τ ) + ∫_b c_0 (b − s)^α|p(s)|ds for c_0 < τ < b ) .

By the Gronwall–Bellman lemma the last inequality results in (t − a)u^′(t) u(t) ≤ M (τ ) exp [∫ t a (s − a)^α|p(s)|ds ] for a < τ < t < c_0 ( (b − t)|u^′(t)| u(t) ≤ M (τ ) exp [ ∫ b t (b − s)^α|p(s)|ds ] for c_0 < t < τ < b ) . Taking now into account (2.34), it is not difficult to conclude that there exists M_0 > 0 such that (t − a)u^′(t) u(t) ≤ M_0 for a < t < c_0 ( (b − t)|u′(t)| u(t) ≤ M_0 for c_0 < t < b ) . On the basis of the above-said, from (2.38) we find that | | | (t − a)u^′(t) u(t) − 1 | | | ≤ (τ − a)u^′(τ ) + u(τ ) u(t) + (1 + M_0) ∫_t a (s − a)^α|p(s)|ds for a < τ < t < c_0

(| | | (b − t)u^′(t) u(t) + 1 | | | ≤ (b − τ )|u^′(τ )| + u(τ ) u(t) + (1 + M_0) ∫_b t (b − s)^α|p(s)|ds for c_0 < t < τ < b ) . This, by virtue of Lemma 2.3, allows us to conclude that | | | (t − a)u^′(t) u(t) −1 | | | ≤ (1 + M0) ∫_t a (s − a)^α|p(s)|ds for a < t < c_0 (| | | (b − t)u^′(t) u(t) +1 | | | ≤ (1 + M0) ∫_b t (b − s)^α|p(s)|ds for c_0 < t < b ) . Hence (2.35) is fulfilled.

Lemma 2.7. Let u be a non-trivial solution of the equation (2.1) satisfying the condition (2.26). Then (2.35) is satisfied.

Proof. By Remark 2.3, without loss of generality we can assume that (2.36), where c_0 ∈]a, b[ is some point, is fulfilled. Multiplying both parts of (2.1) by t − a (by b − t), integrating from a to t (from t to b) and taking Lemma 2.3 into account, we obtain (t − a)u^′(t) = u(t)+ ∫_t a (s − a)p(s)|u(s)|^α|u^′(s)|^{1−α}ds for a < t < c_0 ( (b − t)|u^′(t)| = u(t) + ∫_b t (b − s)p(s)|u(s)|^α|u^′(s)|^{1−α}ds for c_0 < t < b ) . (2.39)

By Lemma 2.6, lim t→a+ inf(t − a) u^′(t) u(t) > 0 ( lim_{t→b−} inf(b − t) |u^′(t)| u(t) > 0 ) . Hence there exist ε > 0 and c_1 ∈]a, c_0[, (c_1 ∈]c_0, b[) such that u(t)<ε(t−a)u^′(t) for a<t<c_1, (u(t)<ε(b−t)|u^′(t)| for c_1<t<b). (2.40) Owing to (2.36) and (2.40), it follows from (2.39) that (t − a)u^′(t) ≤ u(x)+ε^α ∫_t a (s − a)^α|p(s)|((s − a)|u^′(s)|)ds for a < t ≤ x < c_1 ( (b−t)|u^′(t)|≤u(x)+ε^α ∫_b t (b − s)^α|p(s)|((b − s)|u^′(s)|)ds for c_1< x ≤ t < b ) , from which by the Gronwall-Bellman lemma we find that (x − a)u^′(x) u(x) ≤ exp [ ε^α ∫_x a (s − a)^α|p(s)|ds ] for a < x < c_1 ( (b − x)|u′(x)| u(x) ≤ exp [ ε^α ∫_b x (b − s)^α|p(s)|ds ] for c_1 < x < b ) .

Consequently (2.34) is fulfilled and Lemma 2.6 allows one to conclude that the equality (2.35) holds.

Lemma 2.8. Let u be a solution of the equation (2.1), satisfying the conditions

u(a+) = 0, lim_{t→a+} inf |u^′(t)| = 0 ( u(b−) = 0, lim_{t→b−} inf |u^′(t)| = 0 ) . (2.41)

Then u is identically equal to zero.

Proof. Assume to the contrary that u is a non-trivial solution of the equation (2.1) satisfying the conditions (2.41). By Remark 2.3, without loss of generality we will assume that (2.36), where c_0 ∈]a, b[, is fulfilled. From (2.1) we find that

u^′(t) = u^′(τ )+ ∫_t τ p(s)|u(s)|^α|u^′(s)|^{1−α} sgn u(s)ds for a < τ < t < b, u(t) = u(τ )+(t − τ )u^′(τ )+ ∫_t τ (t−s)p(s)|u(s)|^α |u^′(s)|^{1−α} sgn u(s)ds for a < τ < t < b. This, with regard for (2.7), allows one to conclude that |u^′(t)| ≤ |u^′(τ )| + ∫_t τ (s − a)^α|p(s)| [|u(s)| s − a + |u^′(s)| ] ds for a < τ < t < b, |u(t)| t − a ≤ |u(τ )| τ − a +|u^′(τ )|+ ∫_t τ (s−a)^α|p(s)| [|u(s)| s−a +|u^′(s)| ] ds for a < τ < t < b. By Lemma 2.7, there exist ε > 0 and c_1 ∈]a, c_0[ such that (2.40) is fulfilled. Combining the last two inequalities, using the Gronwall-Bellman lemma and condition (2.40), we obtain |u(t)| t − a +|u^′(t)| ≤ (2+ε)u^′(τ ) exp [ ∫_t a (s−a)^α|p(s)|ds ] for a < τ < t < b, τ < c_1. If we now take into account (2.41), then from the above inequality we will arrive at |u(t)| + (t − a)|u^′(t)| = 0 for a < t < b, which contradicts our assumption.

Lemma 2.9. The set of proper solutions of the equation (2.1) is nonempty.

Proof. Let γ ∈ [a, b[ and δ ∈]γ, b]. Denote by B([γ, δ]) the set of all nontrivial solutions of (2.1) satisfying the condition mes { {t ∈]γ, δ[: u^′(t) = 0}\{t ∈]γ, δ[: p(t) = 0} } = 0.

We have to show that B([a, b]) ≠ ∅.

First we show that if u_0 ∈ B([γ, δ]), where δ < b, then there exist δ_1 ∈]δ, b[ and a non-trivial solution u_0 of (2.1) such that

u_0(t) = u_0(t) for γ ≤ t ≤ δ, u_0 ∈ B([γ, δ_1]). (2.42)

Indeed, by Remark 2.1, either

u_0(δ) ≠ 0, (2.43) or u_0(δ) = 0, u^′_0(δ) ≠ 0. (2.44)

Suppose that (2.43) is fulfilled. Denote by ρ_0 the solution of the Cauchy problem ρ^′ = αp(t) − α|ρ|^{α+1α} ; ρ(δ) = | | | u^′_0(δ) u_0(δ) | | |^α sgn u^′_0(δ).

Assume ρ_0 is defined on [δ, δ_1]. Let u(t) = { u_0(t) for γ ≤ t ≤ δ, u_0(δ) exp [ ∫_t δ |ρ_0(s)|^{1α} sgn ρ_0(s)ds ] for δ < t ≤ δ_1.

The function u, as is easily seen, satisfies (2.1) for t ∈]γ, δ_1[. By Lemma 2.2, there exists a solution u_0 of (2.1) such that u_0(t) = u(t) for t ∈ [γ, δ_1]. Clearly, u_0 satisfies (2.42).

Suppose now that (2.44) is fulfilled. Denote by v_0 a solution of the Cauchy problem u^{′′} = p(t)|u|^α|u^′|^{1−α} sgn u; u(δ) = 0, u^′(δ) = u^′_0(δ). Obviously, there exists δ_1 ∈]δ, b[ such that v^′_0(t) ≠ 0 for t ∈ [δ, δ_1]. Suppose u(t) = { u_0(t) for γ ≤ t ≤ δ, v_0(t) for δ < t ≤ δ_1.

Further, as above, we can easily see that there exists a solution u_0 of the equation (2.1) satisfying (2.42).

Let now u_1 be a solution of the problem (2.1), (2.2). It is not difficult to see that there exists a_1 ∈]a, b[ such that u_1 ∈ B([a, a_1]). Denote by I the set of those δ ∈ [a_1, b] for which there exists a solution u of the equation (2.1), satisfying the conditions u(t) = u_1(t) for a ≤ t ≤ a_1, u ∈ B([a, δ]). Let b_1 = sup I. By Lemma 2.2, to prove the lemma it suffices to show that b_1 = b.

Assume to the contrary that b_1 < b. Then, as is shown above, if δ ∈ I, there exists δ_1 ∈]δ, b[ such that δ_1 ∈ I. Consequently, I ≠ ∅, and I is a connected set whose every point, except the point a_1, is an interior point. In view of this fact,

b_1 /∈ I. (2.45)

Choose a sequence of points (t_k)^{+∞}_{k=1} ⊂ I and a sequence of functions (v_k)^{+∞}_{k=1} such that t_k < t_{k+1}, k = 1, 2, . . ., a_1 < t_1, lim_{k→+∞} t_k = b_1,

v_k ∈ B([a, t_k]), k = 1, 2, . . . , (2.46) v_1(t) = u_1(t) for a < t < a_1, v_{k+1}(t) = v_k(t) for a < t < t_k, k = 1, 2, . . . .

Assume u(t) = { v_1(t) for a ≤ t < t_1, v_k(t) for t_{k−1} ≤ t < t_k, k = 2, 3, . . . . (2.47)

It is seen that u ∈ ~C^′_{loc}(]a, b_1[) and u satisfies (2.1) for t ∈]a, b_1[. Hence by Lemma 2.2 there exists a solution u of (2.1) such that u(t) = u(t) for a ≤ t < b_1. From (2.46) and (2.47) we have {t ∈]a, t_k[: v^′_k(t) = 0} ⊂ {t ∈]a, t_k[: p(t) = 0} ∪ A_k, mes A_k = 0, k = 1, 2. . . ., {t ∈]a, b_1[: u^′(t) = 0} ⊂ {t ∈]a, b_1[: p(t) = 0} ∪ A, A_k =^∞∪_{k=1}A_k.

Since mes A =^{+∞} ∑ k=1 mes A_k = 0, this implies that u ∈ B([a, b_1]) and, consequently, b_1 ∈ I, which contradicts (2.45).

Remark 2.4. In the above lemma we have, in fact, proved that the problem (2.1), (2.2) has at least one proper solution. Similarly we can see that the problem (2.1), (2.3) has at least one proper solution, and for any t_0 ∈]a, b[ and c_1, c_2 ∈ R, |c_1| + |c_2| ≠ 0, the Cauchy problem u^{′′} = p(t)|u|^α|u^′|^{1−α} sgn u, u(t_0) = c_1, u^′(t_0) = c_2 has at least one proper solution.

Lemma 2.10. Let there exist c ∈]a, b[ and a continuous function v ∈ ~C′_{loc}(]a, c[∪]c, b[) having finite limits v(a+) ≥ 0, v(b−) ≥ 0, v′(c−) > 0, v^′(c+) < 0 and satisfying the conditions v^{′′}(t) ≤ p(t)|v(t)|^α|v^′(t)|^{1−α} for a < t < b, v(t) > 0 for a < t < b, v^′(t) > 0 for a < t < c, v^′(t) < 0 for c < t < b. Then p ∈ U_α(]a, b[).

Proof. Assume the contrary. Let p /∈ U_α(]a, b[). Then there exist a_1 ∈ [a, b[, b_1 ∈]a_1, b] and a solution u_0 of the equation (2.1) satisfying the conditions u_0(t) > 0 for a_1 < t < b_1, u_0(a_1+) = 0, u_0(b_1−) = 0. (2.48)

By Lemma 2.8 and Remark 2.1, there exist τ_1 ∈]a_1, b_1[ and τ_2 ∈ [τ_1, b_1[ such that

u^′_0(t) > 0 for a_1 < t < τ_1, u^′_0(τ_1) = 0, u^′_0(t) < 0 for τ_1 < t < b_1, u^′_0(τ_2) = 0.

Let u_1 and u_2 be some solutions of the problems (2.1), (2.2) and (2.1), (2.3), respectively. Then by Lemmas 2.4 and 2.5 (with v(t) = u_1(t), u(t) = u_0(t) and v(t) = u_2(t), u(t) = u_0(t), respectively), there exist t_1 ∈]a, τ_1] and t_2 ∈ [τ_2, b[ such that

u^′_1(t) > 0 for a < t < t_1, u^′_1(t_1) = 0, u^′_2(t) < 0 for t_2 < t < b, u^′_2(t_2) = 0.

By Lemma 2.4 (with u(t) = u_1(t) and u(t) = u_2(t), respectively), we have t_1 > c and t_2 < c, which is impossible, since t_2 ≥ t_1.

Lemma 2.11. Let there exist c ∈]a, b[ and a function σ ∈ ~C_{loc}(]a, c[∪]c, b[) having finite limits σ(c−) ≥ σ(c+) and satisfying the conditions σ^′(t) ≤ αp(t) − α|σ(t)|^{α+1α} for a < t < b, (2.49) lim t→a+ inf(t − a)^ασ(t) < 1, lim_{t→b−} sup(b − t)^ασ(t) > −1. (2.50)

Then p /∈ O_α(]a, b[).

Proof. Assume to the contrary that p ∈ O_α(]a, b[). Then there exist a_1 ∈ [a, b[, b_1 ∈]a_1, b] and a proper solution u_0 of the equation (2.1) satisfying the conditions (2.48). Suppose a_1 = a and b_1 = b (the lemma for the rest cases is proved analogously). Let us introduce the function ρ by ρ(t) = | | |^{u′(t)}_{u(t)} | | |^α sgn u^′(t) for a < t < b. Clearly, ρ^′(t) = αp(t) − α|ρ(t)|^{α+1α} for a < t < b. (2.51) By Lemma 2.6, lim t→a+ (t − a)^αρ(t) = 1, lim_{t→b−}(b − t)^αρ(t) = −1. (2.52)

From (2.50) and (2.52) we readily conclude that there exist t_1 ∈]a, b[ and ε ∈]0, b − t_1[ such that σ ∈ ~C([t_1, t_1 + ε]) and

σ(t) > ρ(t) for t_1 < t < t_1 + ε, σ(t_1) = ρ(t_1). (2.53)

Suppose w(t) = σ(t) − ρ(t) for t_1 ≤ t ≤ t_1 + ε.

It is easy to see that there exists an integrable on [t_1, t_1 + ε] function h :]t_1, t_1 + ε[→ R such that | |σ(t) | |^{α+1α} − | |ρ(t) | |^{α+1α} = (σ(t) − ρ(t))h(t) for t_1 < t < t_1 + ε. Owing to this fact, from (2.49) and (2.51) we obtain w^′(t) ≤ −αh(t)w(t) for t_1 < t < t_1 + ε, which allows us to conclude that w(t) < 0 for t_1 < t < t_1 +ε, since w(t_1) = 0. But this contradicts (2.53).

3. Proof of the Basic Results

Proof of Theorem 1.1. Let u_0 be a proper solution of the equation (1.1) (see Lemma 2.9). Let us show that u_0 has at least one zero in the interval ]a, b[. Assume to the contrary that

u_0(t) > 0 for a < t < b. (3.1)

Suppose ρ(t) = | | u^′_0(t) u_0(t) | |^α sgn u^′_0(t) for a < t < b. (3.2)

Clearly, ρ^′(t) = αp(t) − α | |ρ(t) | |^{α+1}α for a < t < b. (3.3)

We can easily see that { t ∈]a, λ] : (t − a)^αρ(t) = 1 } ∪ ∪ { t ∈ [μ, b[: (b − t)^αρ(t) = −1 } ∪ { t ∈ [λ, μ] : ρ(t) = 0 } ≠]a, b[. (3.4) Multiplying both parts of (3.3) by (t − a)^{α+1}, integrating from a to λ and taking into account Lemmas 2.3 and 2.7, we obtain (λ − a)^αρ(λ) = α λ − a ∫_λ a (s − a)^{α+1}p(s)ds + + 1 λ − a ∫_λ a [ (α + 1)(s − a)^αρ(s) − α(s − a)^{α+1} | |ρ(s) | |^{α+1α} ] ds. (3.5) Multiplying now both parts of (3.3) by (b − t)^{α+1}, integrating from μ to b and taking into account Lemmas 2.3 and 2.7, we obtain (b − μ)^αρ(μ) = α b − μ ∫_b μ (b − s)^{α+1}p(s)ds+ + 1 b − μ ∫_b μ [ (α + 1)(b − s)^αρ(s) + α(b − s)^{α+1} | |ρ(s) | |^{α+1α} ] ds. (3.6) Finally, integrating (3.3) from λ to μ, we obtain −α ∫_μ λ p(s)ds = ρ(λ) − ρ(μ) − α ∫_μ λ | |ρ(s) | |^{α+1α} ds. (3.7)

We readily see that (α + 1)x − α | |x | |^{α+1}α < 1 for x ∈ R\{1}, (α + 1)x + α | |x | |^{α+1α} > −1 for x ∈ R\{−1}. (3.8)

Taking into account (3.4) and (3.8), from (3.5)–(3.7) we obtain three inequalities

(λ − a)^αρ(λ) ≤ 1 + α λ − a ∫_λ a (s − a)^{α+1}p(s)ds, (3.9) (b − μ)^αρ(μ) ≥ −1 − α b − μ ∫_b μ (b − s)^{α+1}p(s)ds, (3.10) −α ∫_μ λ p(s)ds ≤ ρ(λ) − ρ(μ), (3.11) of which at least one is fulfilled in the strong sense. Owing to (3.9) and (3.10), the inequality (3.11) enables us to conclude that the condition (1.4) violated. Consequently, every proper solution of the equation (1.1) has at least one zero in the interval ]a, b[. In particular, the proper solution of the problem (2.1), (2.2) (see Remark 2.4) has also at least one zero in the interval ]a, b[, and hence p ∈ O_α(]a, b[). □ Proof of Corollary 1.1. By the condition (1.5), one can choose λ ∈]a,^{a+b}_2 ] and μ ∈ [^{a+b}_2 , b[ such that −α(α + 1) [ 1 (λ − a)^{α+1} ∫_λ a Q ( s, a + b 2 , α ) ds + + 1 (b − μ)^{α+1} ∫_b μ Q ( s, a + b 2 , α ) ds ] ≥ 1 (λ − a)^α + 1 (b − μ)^α . (3.12)

Taking into account Proposition 2.1, we can easily verify that ∫_λ a Q ( s, a + b 2 , α ) ds = 1 α + 1 [ (λ − a)^{α+1} ∫ a+b_2 λ p(s)ds+ ∫_λ a (s − a)^{α+1}p(s)ds ] , ∫_b μ Q ( s, a + b 2 , α ) ds = 1 α + 1 [ (b − μ)^{α+1} ∫_μ a+b 2 p(s)ds + ∫_b μ (b − s)^{α+1}p(s)ds ] . In view of that fact we find from (3.12) that the inequality (1.4) is fulfilled. Hence, by Theorem 1.1, p ∈ O_α(]a, b[). □ Proof of Corollary 1.2. By (1.7), there exists c ∈]a, b[\{t_0} such that

−Q(c, t_0, α) ≥ 1 + max {( t_0 − a b − t_0 )_α , ( b − t_0 t_0 − a )_α} . (3.13)

Suppose λ = { c if c < t_0, t_0 if c > t_0, μ = { t_0 if c < t_0, c if c > t_0.

From (3.13) we easily conclude that −α ∫_μ λ p(s)ds ≥^1_{(λ−a)α} +^1_{(b−μ)α} . This and the inequality (1.6) show that (1.4) is fulfilled, and hence by Theorem 1.1, p ∈ O_α(]a, b[). □

Proof of Theorem 1.1^′. Let u_1 be a proper solution of the problem (2.1), (2.2) (see Remark 2.4). Let us show that u_1 has at least one zero in the interval ]a, b[. Assume the contrary. Then by (1.6) either

u^′_1(t) > 0 for a < t < b, (3.14)

or there exist c_1 ∈]a, b[ and c_2 ∈ [c_1, b[ such that

u^′_1(t) > 0 for a < t < c_1, u^′_1(t) < 0 for c_2 < t < b, u^′_1(t) = 0 for c_1 ≤ t ≤ c_2.

(3.15)

Suppose ρ(t) = |^{u′1(t)}_{u1(t)} |^α sgn u^′_1(t) for a < t < b. It is clear that (3.3) is fulfilled.

Assume that (3.15) is fulfilled. Multiplying both parts of (3.3) by (t − a)^{α+1} and integrating from a to t, we obtain (t − a)^αρ(t) = − α t − a ∫_t a (s − a)^{α+1}|p(s)|ds + + 1 t − a ∫_t a [ (α + 1)(s − a)^αρ(s)−α(s − a)^{α+1} | |ρ(s) | |^{α+1α} ] ds for a < t < b, which, according to (3.8), results in ρ(t) ≤^1_aα_{1 (t)} for a < t < b. Assume now that for some natural k ρ(t) ≤ 1 a^α_k (t) for a < t < b. (3.16)

From (3.3) with regard for (3.16) we have ( ρ^{− 1α} (t) )_′ = |p(t)| ( ρ(t) )_−^{α+1}_α

+ 1 ≥ 1 + a^{α+1}_k (t)|p(t)| for a < t < c_1.

Integrating the above inequality from a to t, we arrive at 1 ρ^1α (t) ≥ t − a + ∫_t a a^{α+1}_k (s)|p(s)|ds for a < t < c_1. Owing to (3.15), we find ρ(t) ≤ 1 a^α_{k+1}(t) for a < t < b. Thus it is proved by induction that for any natural k the inequality (3.16) is fulfilled. Analogously, we can see that for any natural k ρ(t) ≥ − 1 b^α_k (t) for a < t < b. (3.17)

Suppose now that (3.14) is fulfilled. Then, as above, we see that (3.16) holds and the inequality (3.17) is trivial in this case.

Integrating now (3.3) from λ to μ and taking into account (3.16) and (3.17) (for k = n), we obtain −α ∫_μ λ |p(s)|ds ≤ 1 a^α_n(λ) + 1 b^α_n(μ) , which contradicts (1.8). □

Proof of Theorem 1.2. Let u_0 be a proper solution of the equation (1.1). Let us show that u_0 has at least one zero in the interval ]a, b[. Assume to the contrary that (3.1) is fulfilled. Introduce the function ρ by (3.2). It is clear that (3.3) holds. We can easily verify that

(α+1)f^{1α+1} (t)≤ ∫_t a |f^′(s)| f^{αα+1} (s) ds≤(t − a)^{αα+1} [ ∫_t a |f^′(s)|^{α+1} f^α(s) ds ] 1_{α+1} for a<t<c,

(α+1)g^{1α+1} (t)≤ ∫_b t |g^′(s)| g^{αα+1} (s) ds≤(b − t)^{αα+1} [ ∫_b t |g^′(s)|^{α+1} g^α(s) ds ] 1_{α+1} for c<t<b. By Lemmas 2.3 and 2.7 we have lim t→a+ f(t)ρ(t) = 0, lim_{t→b−} g(t)ρ(t) = 0. (3.18)

Multiplying both parts of (3.3) by f and integrating from a + ε to c, where ε ∈]0, c − a[, we obtain −α ∫_c a+ε f(s)p(s)ds + f(c)ρ(c) − f(a + ε)ρ(a + ε) = = ∫_c a+ε [ f^′(s)ρ(s) − αf(s) | |ρ(s) | |^{α+1α} ] ds ≤ ≤ ∫_c a+ε f(s) [ |f ′(s)| f(s) |ρ(s)| − α | |ρ(s) | |^{α+1α} ] ds. (3.19)

Analogously, multiplying both parts of (3.3) by g and integrating from c to b − η, where η ∈]0, b − c[, we arrive at −α ∫_{b−η} c g(s)p(s)ds + g(b − η)ρ(b − η) − g(c)ρ(c) ≤ ≤ ∫_{b−ε} c g(s) [ |g′(s)| g(s) |ρ(s)| − α | |ρ(s) | |^{α+1α} ] ds. (3.20)

It can be easily verified that λ|x| − α|x|^{α+1α} ≤ ( λ α + 1 )_{α+1} for x ∈ R.

Taking this and the equalities (3.18) into account, from (3.19) and (3.20) we conclude that −αg(c) ∫_c a f(s)p(s)ds + g(c)f(c)ρ(c) ≤ g(c) (α + 1)^{α+1} ∫_c a |f^′(s)|^{α+1} f^α(s) ds, −αf(c) ∫_b c g(s)p(s)ds − f(c)g(c)ρ(c) ≤ f(c) (α + 1)^{α+1} ∫_b c |g^′(s)|^{α+1} g^α(s) ds. Adding the last two inequalities, we see that (1.9) violated. □ Proof of Corollary 1.3. The condition (1.10) follows from the condition (1.9) in the case where f(t) = [(t − a)(b − t)]^{α+1} and g(t) = [(t − a)(b − t)]^{α+1} for a < t < b, the condition (1.11) is obtained in the case where f(t) = (t − a)^λ, and g(t) = (b − t)^λ, for a < t < b, and the condition (1.12) in the case where f(t) = sin^{π(t−a)}_{b−a} and g(t) = sin^{π(t−a)}_{b−a} for a < t < b. □ Proof of Theorem 1.3. Suppose that [p]_− ≢ 0, since otherwise p ∈ U_α(]a, b[). Choose ε > 0 such that sup{(A(t) + ε)^α · |B(t)|^{1−α} : a < t < b} < b − a. Let

v_0(t) = ε + A(t) for a < t < b. (3.21) Clearly, v_0(t) > 0 for a < t < b, v_0(a+) = ε, v_0(b−) = ε, and there exists c_0 ∈]a, b[ such that v^′_0(t) sgn(c_0 − t) > 0 for a < t < b and t ≠ c_0 and

v^′_0(t) = − 1 b − a B(t) for a < t < b, v^{′′}_0 (t) = −[p(t)]_− [ (t−a)(b−t) ]_{αλ} ≤p(t) | |v_0(t) | |^α | |v^′_0(t) | |^{1−α} for a<t<b. (3.22) Let u_1 and u_2 be some proper solutions of the problems (2.1), (2.2) and (2.1), (2.3), respectively. By Lemma 2.5 (in case v(t) = v_0(t) for a < t < b), there exist t_1 ∈ [c_0, b[ and t_2 ∈]a, c_0] such that

u^′_1(t) > 0 for a < t < t_1, u^′_1(t_1) = 0, u^′_2(t) < 0 for t_2 < t < b, u^′_2(t_2) = 0.

(3.23)

Suppose that t_1 = t_2. Then by (3.23), the function u(t) = { u_1(t) for a < t ≤ c_0, u_2(t)^{u1 (c0)}_{u2(c0)} for c_0 < t < b

will be a proper solution of the equation (1.1), and hence

p ∈ O_α(]a, b[). (3.24) Suppose σ(t) = | | | v^′_0(t) v_0(t) | | |^α sgn v^′_0(t) for a < t < b.

By (3.21), (3.22) and Proposition 2.1 we can easily see that σ satisfies the conditions of Lemma 2.11, and hence p /∈ O_α(]a, b[), which contradicts (3.24).

Consequently, t_1 > t_2. Then by (3.23), there exists c ∈]t_1, t_2[ such that u^′_1(c) > 0 > u^′_2(c). It can be easily verified that the function v(t) = { u_1(t) for a < t ≤ c, u_2(t)^{u1(c)}_{u2(c)} for c < t < b

satisfies the conditions of Lemma 2.10, and hence p ∈ U_α(]a, b[). □

Proof of Theorem 1.4. Let k = φ(Q_∗(t_0, α)), σ(t) = { −^{Q(t,t0,α)−k} (t−a)^α for a < t < t0, Q(t,t_0,α)−k (b−t)^α for t0 ≤ t < b. (3.25)

By (1.13) we have k − k^{αα+1} ≤ Q(t, t_0, α) < k for a < t < b, (3.26) from which we conclude that σ(t) sgn(t_0 − t) > 0 for a < t < b, t ≠ t_0 and | |σ(t) | |^{α+1}α ≤ kh(t) for a < t < b, (3.27)

where h(t) = {_1 (t−a)^{α+1} for a < t ≤ t0, 1 (b−t)^{α+1} for t0 < t < b. (3.28)

Suppose v(t) = exp [ sgn(t_0−t) ∫_t t_0 | |σ(s) | |^{1α} ds] for a < t < b. By (3.25)–(3.27)

we can see that v ∈ ~C^′_{loc}(]a, t_0[∪]t_0, b[), v^′(t) sgn(t_0 − t) > 0 for a < t < b, t ≠ t_0, v^′(t_0+) > 0 > v^′(t_0−), v(a+) = 0, v(b−) = 0 and v^{′′}(t) = p(t) | |v(t) | |^α | |v^′(t) | |^{1−α} + v(t) | |σ(t) | |^{1−αα} (| |σ(t) | |^{α+1α} − kh(t) ) ≤ ≤ p(t) | |v(t) | |^α | |v^′(t) | |^{1−α} for a < t < b. Hence by Lemma 2.10 we have p ∈ U_α(]a, b[). □

Proof of Theorem 1.5. Let k = { φ(Q_∗(t_0, α)) for Q_∗(t_0, α) ≠ 0, k_1 for Q_∗(t_0, α) = 0,

where k_1 ∈](^α_{α+1} )^{α+1}, 1[ is chosen in such a way that Q^∗(t_0, α) < k_1 + k^{αα+1}_1 . It is easy to see that k ∈]0, 1[.

Introduce the function σ by the equality (3.25). Clearly,

σ ∈ ~C_{loc}(]a, t_0[∪]t_0, b[), σ(t_0−) = k (t_0 − a)^α

, σ(t_0+) = − k (b − t_0)^α , lim t→a+ (t − a)^ασ(t) = k < 1, lim_{t→b−}(b − t)^ασ(t) = −k > −1.

According to (1.14) and (1.15) we readily conclude that k − k^{αα+1} ≤ αQ(t, t_0, α) ≤ k + k^{αα+1} for a < t < b. Thus (3.27), where h is the function defined by (3.28), is fulfilled. In view of this fact σ^′(t) = αp(t) − αkh(t) ≤ αp(t) − α|σ(t)|^{α+1α} for a < t < b. By Lemma 2.11 we now have p ∈ O_α(]a, b[). □

The validity of Corollaries 1.5 and 1.6 follows from the fact that φ(Q_∗(t_0, α)) ≥ (^α_{α+1} )^{α+1}.

Acknowledgement

The paper was supported by Grant No. 1.17 of Georgian Academy of Sciences and by Grant No. 201/99/0295 of Grant Agency of Czech Republic.

References

1. De la Valée Poussin Ch., Sur l’équation différentielle linéaire du second ordre. Determination d’une intégrale par deux valeurs assignées. Extension aux équations d’ordre n. J. Math. Pures Appl. 28(1929), 125– 144.

2. P. Hartman, Ordinary differential equations. John Willey & Sons, Inc. New York-London-Sydney, 1964.

3. A. Lomtatidze, On oscillatory properties of solutions of second order linear differential equations. Semin. I. Vekua Inst. Appl. Math. Reports 19(1985), 39–53.

4. O. Došlý, Conjugacy criteria for second order differential equations. Rocky Mountain J. Math. 23(1993), No. 3, 849–861.

5. J. D. Mirzov, Asymptotic properties of the solutions of the system of nonlinear nonautonomous differential equations. (Russian) Adygeja, Maikop, 1993.

6. A. Lomtatidze, Existence of conjugate points for second order linear differential equations. Georgian Math. J. 2(1995), No. 1, 93–98.

(Received 5.11.1998)

Authors’ addresses:

T. Chantladze and N. Kandelaki N. Muskhelishvili Institute of Computational Mathematics Georgian Academy of Sciences 8, Akuri St., Tbilisi 380093 Georgia

A. Lomtatidze Department of Mathematical Analysis Faculty of Natural Sciences of Masaryk University Janačkovo nám. 2a, 662 95 Brno Czech Republic