Memoirs on Differential Equations and Mathematical Physics Volume 40, 2007, 55-65

Alexander Lomtatidze and Petr Vodstrčil

ON SOLVABILITY OF A THREE-POINT BOUNDARY VALUE PROBLEM FOR SECOND ORDER NONLINEAR FUNCTIONAL DIFFERENTIAL EQUATIONS

Abstract. Sufficient conditions for the solvability of the problem u^{′′}(t) = ℓ(u)(t) + F (u)(t); u(a) = 0, u(b) = u(t_0) are established, where t_0 ∈ ]a, b[ , ℓ, F : C([a, b]; R) → L([a, b]; R) are continuous operators, and ℓ is linear.

2000 Mathematics Subject Classification. 34K06, 34K10. Key words and phrases. second order nonlinear functional differential equation, three-point BVP.

îâäæñéâ. áŽáàâêæèæŽ

u^{′′}(t) = ℓ(u)(t) + F (u)(t); u(a) = 0, u(b) = u(t_0) ŽéëùŽêæï ŽéëýïêŽáëĲæï ïŽçéŽîæïæ ìæîëĲâĲæ, ïŽáŽù t_0 ∈ ]a, b[ , ℓ, F : C([a, b]; R) → L([a, b]; R) ñûõãâðæ ëìâîŽðëîâĲæŽ áŽ ℓ ûîòæãæŽ.

Introduction

In the present paper, for the nonlinear functional differential equation

u^{′′}(t) = ℓ(u)(t) + F (u)(t), (0.1)

we consider the problem on the existence of a solution satisfying the boundary conditions u(a) = 0, u(b) = u(t_0). (0.2)

Here we suppose that t_0 ∈ ]a, b[ is fixed, ℓ, F : C([a, b]; R) → L([a, b]; R) are continuous operators and, moreover, ℓ is linear.

Such problems for ordinary differential equations have been studied in detail even for equations with singularities (see, e.g., [1], [3], [4], [5], [6], [7] and references therein). Conditions of unique solvability of the linear problem u^{′′}(t) = ℓ(u)(t) + q(t); u(a) = 0, u(b) = u(t_0)

are stated in [8] and [9]. However, the nonlinear problem (0.1), (0.2) has not been investigated sufficiently yet. Below we will establish efficient conditions for the solvability of (0.1), (0.2) and concretize them for special cases of (0.1) – for so-called equations with deviating argument and integro-differential equations.

Throughout the paper we will use the following notation. R is the set of all real numbers, R_+ = [0, +∞[ . If x ∈ R, then [x]_+ =^1_2 (|x| + x) and [x]_− =^1_2 (|x| − x). C([a, b]; R) is the Banach space of continuous functions u : [a, b] → R with the norm ‖u‖_C = max{|u(t)| : t ∈ [a, b]}.

C([a, b]; R_+) = {u ∈ C([a, b]; R) : u(t) ≥ 0 for t ∈ [a, b]}. ~C([a, b]; R) is the set of absolutely continuous functions u : [a, b] → R. ~C′([a, b]; R) is the set of functions u∈ ~C([a, b]; R) such that u′∈ ~C([a, b]; R). L([a, b]; R) is the Banach space of Lebesgue integrable functions p :

[a, b] → R with the norm ‖p‖_L =^b � a |p(s)| ds.

L([a, b]; R_+) = {p ∈ L([a, b]; R) : p(t) ≥ 0 for almost all t ∈ [a, b]}. L_2([a, b]; R) is the Banach space of functions v : [a, b]→R, v^2 ∈L([a, b]; R)

with the norm ‖v‖_{L2} =

�_b � a v^2(s) ds.

M_{ab} is the set of measurable functions f : [a, b] → [a, b]. L_{ab} is the set of linear bounded operators ℓ : C([a, b]; R) → L([a, b]; R). P_{ab} is the set of linear operators ℓ ∈ L_{ab} transforming the set C([a, b]; R_+) into the set L([a, b]; R_+).

K_{ab} is the set of continuous operators F : C([a, b]; R) → L([a, b]; R) satisfying the Carathéodory conditions, i.e., for every r > 0 there exists q_r ∈ L([a, b]; R_+) such that

|F (v)(t)| ≤ q_r(t) for almost all t ∈ [a, b], ‖v‖_C ≤ r.

K([a, b] × A; B), where A ⊆ R, B ⊆ R, is the set of functions f : [a, b] × A → B satisfying the Carathéodory conditions, i.e., f(·, x) : [a, b] → B is a measurable function for all x ∈ A, f(t, ·) : A → B is a continuous function for almost all t ∈ [a, b], and for every r > 0 there exists q_r ∈ L([a, b]; R_+) such that

|f(t, x)| ≤ q_r(t) for almost all t ∈ [a, b], x ∈ A, |x| ≤ r. By a solution to the equation (0.1), where ℓ ∈ L_{ab} and F ∈ K_{ab}, we understand a function u ∈ ~C^′([a, b]; R) satisfying the equality (0.1) almost everywhere in [a, b].

1. Main Results

Before the formulation of the main result, introduce the following notation:

φ(t)^{def}= √ t − a for t ∈ [a, b].

If v ∈ L([a, b]; R), then θ(v)(t)^{def}= t� a v(s) ds for t ∈ [a, b].

Definition 1.1. We will say that an operator ℓ ∈ L_{ab} belongs to the set A, if ℓ admits the representation ℓ = ℓ_0 − ℓ_1, where ℓ_0, ℓ_1 ∈ P_{ab}, and there exists an operator ~ℓ : L_2([a, b]; R) → L_2([a, b]; R) such that on the set ~C([a, b]; R) the inequality � ℓ_0(θ(v))(t) − ℓ_0(1)(t)θ(v)(t) � ≤ |~ℓ(|v|)(t)| � ℓ_0(1)(t) for t ∈ [a, b] (1.1) holds and

‖~ℓ‖^2 < 4 � 1 − b� a φ(t)ℓ_1(φ)(t) dt−

− φ(t_0) b − t_0 b� t_0

(t − t_0) � ℓ_0(φ)(t) + ℓ_1(φ)(t) � dt � . (1.2)

Theorem 1.1. Let ℓ ∈ A and on the set � u ∈ ~C^′([a, b]; R) : u(a) = 0, u(b) = u(t_0) � the inequalities F (u)(t)sgn u(t) ≥ −q(t, ‖u‖_C ) for t ∈ [a, b], (1.3) (t − t_0)|F (u)(t)| ≤ q(t, ‖u‖_C ) for t ∈ [t_0, b] (1.4) hold, where q ∈ K([a, b] × R_+; R_+) satisfies the condition lim x→+∞ 1 x b� a q(t, x) dt = 0. (1.5)

Then the problem (0.1), (0.2) has at least one solution.

As an example, consider the equation

u^{′′}(t) = p(t)u(τ(t)) − g(t)u(μ(t)) + f � t, u(t), u(σ(t)) � , (1.6)

where p, g ∈ L([a, b]; R_+), τ, μ, σ ∈ M_{ab}, and f ∈ K([a, b] × R^2; R).

Theorem 1.1 implies

Corollary 1.1. Let b� a p(t)|τ(t) − t| dt < 4 � 1 − b� a g(t) � (μ(t) − a)(t − a) dt−

− √ t_0 − a b − t_0 b� t_0

(t − t_0) � p(t) � τ(t) − a + g(t) � μ(t) − a � dt � . (1.7)

Let, moreover, f(t, x, y)sgn x ≥ −q(t, |x|) for t ∈ [a, b], x, y ∈ R, (t − t_0)|f(t, x, y)| ≤ q(t, |x|) for t ∈ [t_0, b], x, y ∈ R,

(1.8)

where q ∈ K([a, b] × R_+; R_+) satisfies (1.5). Then the problem (1.6), (0.2) has at least one solution.

As another example, consider the equation

u^{′′}(t) = b� a h(t, s)u(s) ds + f � t, u(t), u(σ(t)) � , (1.9)

where f ∈ K([a, b] × R^2; R) and h : [a, b] × [a, b] → R is integrable on the rectangle [a, b] × [a, b].

Corollary 1.2. Let b� a �^b� a |s − t| [h(t, s)]_+ ds � dt <

< 4 � 1 − b� a �√ t − a b� a √ s − a [h(t, s)]_− ds � dt−

− √ t_0 − a b − t_0 b� t_0 � (t − t_0) b� a √ s − a |h(t, s)| ds � dt � . (1.10)

Let, moreover, the inequalities (1.8) be fulfilled, where q ∈ K([a, b]×R_+; R_+) satisfies (1.5). Then the problem (1.9), (0.2) has at least one solution.

2. Proofs To prove the main results, we will need the following lemma which is a special case of the so-called principle of a priori estimate established in [2] (see [2, Theorem 1]).

Lemma 2.1. Let the problem u^{′′}(t) = ℓ(u)(t); u(a) = 0, u(b) = u(t_0) (2.1) have only the trivial solution. Let, moreover, there exist ρ > 0 such that for each δ ∈ ]0, 1[ and each u ∈ ~C^′([a, b]; R) satisfying (0.2) and u^{′′}(t) = ℓ(u)(t) + δF (u)(t) for t ∈ [a, b], (2.2) the estimate ‖u‖_C ≤ ρ (2.3) holds. Then the problem (0.1), (0.2) has at least one solution.

Lemma 2.2. Let ℓ ∈ A. Then there exists r > 0 such that for each function u ∈ ~C^′([a, b]; R) satisfying (0.2) and � u^{′′}(t) − ℓ(u)(t) � sgn u(t) ≥ −q(t, ‖u‖_C) for t ∈ [a, b], (2.4) (t − t_0)|u^{′′}(t) − ℓ(u)(t)| ≤ q(t, ‖u‖_C) for t ∈ [t_0, b], (2.5) where q ∈ K([a, b] × R_+; R_+) satisfies (1.5), the estimate ‖u‖_C ≤ r · ‖q(·, ‖u‖_C )‖_L (2.6) holds.

Proof. Let ℓ_0, ℓ_1 and ~ℓ be the operators appearing in Definition 1.1. Let, moreover, u ∈ ~C^′([a, b]; R) satisfy the conditions (0.2), (2.4), and (2.5). It is clear that u^{′′}(t) = ℓ(u)(t) + h(t) for t ∈ [a, b], (2.7) where h(t)^{def}= u^{′′}(t) − ℓ(u)(t) for t ∈ [a, b]. (2.8) Moreover, in view of (2.4) and (2.5), we have h(t)sgn u(t) ≥ −q(t, ‖u‖_C) for t ∈ [a, b], (2.9) (t − t_0)|h(t)| ≤ q(t, ‖u‖_C) for t ∈ [t_0, b]. (2.10) The condition (1.1) implies � ℓ_0(u)(t) − ℓ_0(1)(t)u(t) � = � ℓ_0(θ(u^′))(t) − ℓ_0(1)(t)θ(u^′)(t) � ≤ ≤ �~ ℓ(|u^′|)(t) � · � ℓ_0(1)(t) for t ∈ [a, b]. (2.11)

Multiplying both sides of (2.7) by u(t) and taking into account (2.9) and (2.11), we get

u^{′′}(t)u(t) = = ℓ_0(1)(t)u^2(t) + � ℓ_0(u)(t) − ℓ_0(1)(t)u(t) � u(t) − ℓ_1(u)(t)u(t) + h(t)u(t) ≥ ≥ℓ_0(1)(t)u^2(t)− � �~ℓ(|u^′|)(t) � � � ℓ_0(1)(t) |u(t)|−ℓ_1(u)(t)u(t)−q(t, ‖u‖_C)|u(t)|≥ ≥ − 1 4 �~ ℓ(|u^′|)(t)

�_2

− ℓ_1(u)(t)u(t) − q(t, ‖u‖_C )|u(t)| for t ∈ [a, b].

Integration of the last inequality from a to b results in

‖u^′‖^2_{L2} ≤ u(b)u^′(b) + 1 4 ‖~ℓ(|u^′|)‖^2_{L2} +

+ b� a ℓ_1(u)(t)u(t) dt + b� a q(t, ‖u‖_C)|u(t)| dt. (2.12)

On account of Hölder’s inequality, we get

|u(t)| = � � � t� a u^′(s) ds � � � ≤ φ(t)‖u^′‖^L2 for t ∈ [a, b]. (2.13)

Hence, ‖u‖_C ≤ √ b − a ‖u^′‖_{L2} , (2.14) and |ℓ_1(u)(t) u(t)| ≤ ℓ_1(|u|)(t)|u(t)| ≤ φ(t)ℓ_1(φ)(t)‖u^′‖^2_{L2} . (2.15)

Moreover, in view of (0.2) and (2.13), we obtain

|u(b)| = |u(t_0)| ≤ √ t_0 − a ‖u^′‖_{L2} . (2.16)

By virtue of (2.14)–(2.16), we get from (2.12) that

‖u^′‖^2_{L2} ≤ �√ t_0 − a |u^′(b)| + √ b − a ‖q(·, ‖u‖_C)‖_L � ‖u^′‖_{L2} +

+ � 1 4 ‖~ℓ‖^2 + b� a φ(t)ℓ_1(φ)(t) dt � ‖u^′‖^2_{L2} . (2.17)

Now we will estimate |u^′(b)|. First of all, let us mention that (2.7) and (2.10) imply the inequality

(t−t_0)|u^{′′}(t)|≤(t−t_0) � ℓ_0(|u|)(t)+ℓ_1(|u|)(t) � +q(t, ‖u‖_C) for t∈[t_0, b],

whence, in view of (2.13), we get

(t − t_0)|u^{′′}(t)| ≤ ≤ (t − t_0) � ℓ_0(φ)(t) + ℓ_1(φ)(t) � ‖u^′‖_{L2} + q(t, ‖u‖_C ) for t ∈ [t_0, b]. (2.18)

On the other hand, one can easily verify by direct calculations that

|u^′(b)| = 1 b − t_0 � � � b� t_0

(t − t_0)u^{′′}(t) dt � � �. Hence, in view of (2.18), it holds

|u^′(b)| ≤ 1 b − t_0 b� t_0

(t − t_0) � ℓ_0(φ)(t) + ℓ_1(φ)(t) � dt · ‖u^′‖_{L2} +

+ 1 (b − t_0)

‖q(·, ‖u‖_C )‖_L.

Now it follows from (2.17) that

r_0‖u^′‖_{L2} ≤ �√ b − a + √ t_0 − a b − t_0 � ‖q(·, ‖u‖_C )‖_L, (2.19)

where

r_0 =1− 1 4 ‖~ℓ‖^2 − b� a φ(t)ℓ_1(φ)(t) dt− φ(t_0) b − t_0 b� t_0

(t − t_0) � ℓ_0(φ)(t)+ℓ_1(φ)(t) � dt. Note also that, on account of (1.2), r_0 > 0. (2.20) Taking now into account (2.19) and (2.20), we get from (2.14) that (2.6) is fulfilled, where r = b − a r_0 � 1 + 1 b − t_0 � . □ Proof of Theorem 1.1. To prove Theorem 1.1, it is sufficient to show that the conditions of Lemma 2.1 are fulfilled. First we will show that the homogeneous problem (2.1) has only the trivial solution. Indeed, let u be a solution of this problem. Then, evidently, (2.4) and (2.5) are fulfilled with q ≡ 0. Thus, by virtue of Lemma 2.2, ‖u‖_C ≤ 0 and, therefore u ≡ 0.

Let r > 0 be the number appearing in Lemma 2.2. In view of (1.5), there exists ρ > 0 such that

‖q(·, x)‖_L < 1 r x for x > ρ. (2.21)

Now let u ∈ ~C^′([a, b]; R) satisfy (0.2) and (2.2) for some δ ∈ ]0, 1[ . On account of (1.3) and (1.4), evidently (2.4) and (2.5) hold. Thus, by virtue of Lemma 2.2, we get ‖u‖_C ≤ r‖q(·, ‖u‖_C )‖_L.

The latter inequality, together with (2.21), yields (2.3). □

Proof of Corollary 1.1. Put

ℓ_0(v)(t)^{def}= p(t)v(τ(t)), ℓ_1(v)(t)^{def}= g(t)v(μ(t)), and F (v)(t)^{def}= f(t, v(t), v(σ(t))), ~ℓ(v)(t)^{def}= � p(t)

τ (t)�

t v(s) ds.

Without loss of generality we can assume that the function q is nonincreasing with respect to the second variable. Then it is clear that the conditions (1.8) imply (1.3) and (1.4). On account of Theorem 1.1, it is sufficient to show that the inequalities (1.1) and (1.2) are fulfilled.

By virtue of Hölder’s inequality, we have �^{τ (t)}� t v(s) ds

�_2 ≤ |τ(t) − t| b� a v^2(s) ds for t ∈ [a, b], v ∈ C([a, b]; R).

Hence,

‖~ℓ(v)‖^2_{L2} = b� a p(t)

�^{τ (t)}� t v(s) ds

�_2 dt ≤

≤ ‖v‖^2_{L2} b� a p(t)|τ(t) − t| dt for v ∈ C([a, b]; R).

Consequently,

‖~ℓ‖^2 ≤ b� a p(t)|τ(t) − t| dt.

The last inequality, together with (1.7), yields (1.2). On the other hand, it is clear that (1.1) holds as well. □ Proof of Corollary 1.2. Put

ℓ_0(v)(t)^{def}= b� a [h(t, s)]_+v(s) ds, ℓ_1(v)(t)^{def}= b� a [h(t, s)]_−v(s) ds, and F (v)(t)^{def}= f(t, v(t), v(σ(t))), ~ℓ(v)(t)^{def}= � � � � b� a [h(t, s)]_+

�^s� t v(ξ) dξ

�_2 ds. Without loss of generality we can assume that the function q is nonincreasing with respect to the second variable. Then it is clear that the conditions (1.8) imply (1.3) and (1.4). On account of Theorem 1.1, it is sufficient to show that the inequalities (1.1) and (1.2) are fulfilled.

By virtue of Hölder’s inequality, �^s� t v(ξ) dξ

�_2 ≤ |s − t| b� a v^2(ξ) dξ for t, s ∈ [a, b], v ∈ C([a, b]; R).

Hence, it is clear that

‖~ℓ(v)‖^2_{L2} = b� a �^b� a [h(t, s)]_+

�^s� t v(ξ) dξ

�_2 ds � dt ≤

≤ ‖v‖^2_{L2} b� a �^b� a |s − t| [h(t, s)]_+ ds � dt for v ∈ C([a, b]; R).

Consequently,

‖~ℓ‖^2 ≤ b� a �^b� a |s − t| [h(t, s)]_+ ds � dt. The last inequality, together with (1.10), yields (1.2). On the other hand, it is clear that (1.1) holds as well. □

Acknowledgement

The research was supported by the Ministry of Education of the Czech Republic under the project MSM0021622409 and by the Academy of Sciences of the Czech Republic, Institutional Research Plan No. AV0Z10190503.

References

1. I. T. Kiguradze and A. G. Lomtatidze, On certain boundary value problems for second-order linear ordinary differential equations with singularities. J. Math. Anal. Appl. 101(1984), No. 2, 325–347.

2. I. Kiguradze and B. Půža, On boundary value problems for functional-differential equations. Mem. Differential Equations Math. Phys. 12(1997), 106–113.

3. A. G. Lomtatidze, A boundary value problem for nonlinear second order ordinary differential equations with singularities. Differentsial’nye Uravneniya 22(1986), No. 3, 416–426; English transl.: Differential Equations 22(1986), 301–310.

4. A. G. Lomtatidze, Positive solutions of boundary value problems for second-order ordinary differential equations with singularities. (Russian) Differentsial’nye Uravneniya 23(1987), No. 10, 1685–1692; English transl.: Differential Equations 23(1987), 1146– 1152.

5. A. G. Lomtatidze, A nonlocal boundary value problem for second-order linear ordinary differential equations. (Russian) Differentsial’nye Uravneniya 31(1995), No. 3, 446–455; English transl.: Differential Equations 31(1995), No. 3, 411–420.

6. A. Lomtatidze, On a nonlocal boundary value problem for second order linear ordinary differential equations. J. Math. Anal. Appl. 193(1995), No. 3, 889–908.

7. A. Lomtatidze and L. Malaguti, On a nonlocal boundary value problem for second order nonlinear singular differential equations. Georgian Math. J. 7(2000), No. 1, 133– 154.

8. A. Lomtatidze and P. Vodstrčil, On sign constant solutions of certain boundary value problems for second-order functional differential equations. Appl. Anal. 84(2005), No. 2, 197–209.

9. P. Vodstrčil, On nonnegative solutions of a certain nonlocal boundary value problem for second order linear functional differential equations. Georgian Math. J. 11(2004), No. 3, 583–602.

(Received 17.10.2006)

Author’s address:

A. Lomtatidze Department of Mathematical Analysis Faculty of Sciences Masaryk University Janáčkovo nám. 2a, 662 95 Brno Czech Republic E-mail: bacho@math.muni.cz

P. Vodstrčil Institute of Mathematics Academy of Sciences of the Czech Republic Žižkova 22, 616 62 Brno Czech Republic E-mail: vodstrcil@ipm.cz