M-HARMONIC REPRODUCING KERNELS ON THE BALL

MIROSLAV ENGLIS AND EL-HASSAN YOUSSFI

ABSTRACT. Using the machinery of unitary spherical harmonics due to Koorn-
winder, Folland and other authors, we obtain expansions for the Szego and the
weighted Bergman kernels of M-harmonic functions, i.e. functions annihilated
by the invariant Laplacian on the unit ball of the complex n-space. This
yields, among others, an explicit formula for the M-harmonic Szego kernel
in terms of multivariable as well as single-variable hypergeometric functions,
and also shows that most likely there is no explicit (“closed”) formula for the
corresponding weighted Bergman kernels.

1. INTRODUCTION

Recall that a function on the unit ball B” of C™, n > 1, is called Moebius-
harmonic (or invariantly harmonic), or M -harmonic for short, if it is annihilated
by the invariant Laplacian

. _ 2 . — 2iZ ) ————
(1) A =401 )jEk::l(% Zﬂzk)azjazk'

It is well known (see e.g. Rudin [Ru], Stoll [St], or Chapter 6 in Krantz [Kr1]) that
A commutes with biholomorphic self-maps (Moebius maps) of the ball:

A(fod)=(Af)op, VfeC*B"),¢ec Aut(B");

and, accordingly, that M-harmonic functions possess the invariant mean-value
property: namely, if A f=0and z € B", then f(z) equals the mean value, with re-
spect to the Aut(B™)-invariant measure dr(z) = (1—|z|?) "~ dz, over any Moebius
ball in B™ centered at z (and similarly for spheres in the place of balls). It follows
by a standard argument that the point evaluations f — f(z) at any z € B™ are
continuous linear functionals on the subspace

L3, (B") = {f € L*(B") : f is M-harmonic}

of all M-harmonic functions in L?(B"™) (the M-harmonic Bergman space), and
therefore there exists a reproducing kernel for L3 (B™) (the M-harmonic Bergman
kernel), namely a function K (x,y) on B™ x B® M-harmonic in both variables and
such that

flz) = - fWK(x,y)dy  VxeB"Vfe Lip,(B").
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More generally, for any s > —1, one can consider the weighted M -harmonic Berg-
man space

(2) Lm(B™, (1 = [2*)* dz)

(where dz stands, throughout, for the Lebesgue measure of the appropriate dimen-
sion) and its reproducing kernel K(z,y) on B™ x B™ (the weighted M -harmonic
Bergman kernel).

For the analogous weighted Bergman spaces of holomorphic, rather than M-
harmonic, functions on B™, the reproducing kernels have been known explicitly for
a long time: one has

F'n+s+1)

(3) K?Ol(ﬂfay) = W

(1= (a,y) "
Similarly, there are formulas expressing the harmonic weighted Bergman kernels
Kbarm(x 4) s > —1, on B" in terms of Appell’s hypergeometric function Fy of two
variables [Bk, Section 3]:
r 1 ‘- _
Khamm (g ) = (n+s+1) 1(n+s+ Iin—-1,n-1 Z,E),
(4) D(s+ 1)n» n—1

z = (z,y) +iV/]z[2ly]2 — |(z,9)

For n = 1, the unit ball B" becomes just the unit disc D := {z € C : |2| < 1},
and (1) reduces to the multiple (1 — |2|?)?A of the ordinary Laplacian A; thus M-
harmonic and harmonic functions coincide for n = 1. Also, any harmonic function
on D can be written as f+¢ with f, g holomorphic and g(0) = 0. Since holomorphic
and conjugate-holomorphic functions are orthogonal in any L?(D, (1 — |2]?)® dz)
except for the constants, it follows that for n = 1

F'n+s+1)

K‘; _ Kharm — 2R Khol o )
E s e F<S+1)7Tn

However, no explicit formula seems to be available for the M-harmonic Bergman
kernels on B" for n > 1.

If we multiply the measures in (2) by the factor 2(s 4+ 1) and let s \, —1, it is
easily shown that 2(s+1)(1 —|z|?)® dz converges weakly to do, the (unnormalized)
surface measure on the topological boundary 0B"™ of B™. As a limit of the weighted
Bergman spaces (2) we thus obtain the M-harmonic Hardy space HZp, (B™) of M-
harmonic functions on B”, whose reproducing kernel Kg,(x,y) — the M-harmonic
Szegd kernel — is the function on B™ x B™, M-harmonic in both variables, which
satisfies

6 f@= )  fOKslx.Qdo(Q), V€ Hiy(0B"), Ve € BT,

B’Vl
where, abusing the notation slightly, we denote by the same letter f also the radial
boundary values of f on 0B™, and similarly for Kg,(x,-). In the holomorphic case,
one again has the explicit formula

I'(n)

hol _
(6) KSZ (:E,y) - o

(1= (z,y)™"
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for the ordinary Szegd kernel of B™, and similarly from (4) we get the harmonic
Szegd kernel
_T(n) 1 oy

27 (1 —2Re(z, y) + [z[*|y[*)"

(7) K™ (2,y)

for the harmonic case.
The harmonic and M-harmonic Szeg6 kernels are intimately connected with the
associated Poisson kernels. Namely, recall that the ordinary Poisson kernel

Pharm(x C) _ F(TI,) 1- |l‘|2

’ 2 | — C|2n
on B" reproduces the values of a harmonic function in the interior of B™ from its
boundary values:

flz) = FOPY™™(2,¢)do(¢), Vo€ B,

oB™

for any function f harmonic on B" and, say, continuous on the closure B*. Com-
paring this with the (harmonic version of) (5), we thus see that PP®™(x. .) are
just the boundary values of K™ (z,-); that is, KE™(z,-) is just the harmonic

extension of PP (x, .) from OB™ into B", or

Ky = [ P QP .0 do(0)

In other words, ngrm is just PP extended from B™ x 0B to a function on
B"™ x B™ harmonic in both variables.

Exactly the same argument shows that also the M-harmonic Poisson kernel
(called Poisson-Szego kernel in [Krl])
_T(n) (12"

27 |1 — {(x, O)]*"
(cf. [St, Chapter 5]), which reproduces any function f M-harmonic on B" and
continuous on B™ from its boundary values:

(8) fz) = f(QP(z,()do(C), Vo eB",

oB"”

P(z,¢)

is just the boundary value of Kg,(z,y) as y — (; that is, Kg,(x,-) is just the
M-harmonic extension of P(z,-) from 0B™ into B", or

I'(n)? / (1 — |21 — [yl*)"
Ar* Jopn 1= (2, Q)P = (y, O)[*"
For n = 1, this is easily evaluated to

(9) Ks,(x,y) =

do(¢).

11— =yl
(10) Ksa(2,y) = L= @y
however, again, nothing seems to be known for n > 2.

The aim of this paper is, firstly, to give an explicit formula for the M-harmonic
Szeg6 kernel Kg,(z,y) for any n, in terms of certain hypergeometric functions;
and secondly, to give a series expansion for K,(z,y), for any n and any s > —1.
This series expansion is sufficient to show that, on the one hand, there is probably
no explicit formula for Ky when n > 2 (even for s = 0, i.e. in the case of the
unweighted M-harmonic Bergman space); and, on the other hand, to give at least
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a rough idea of what is the singularity of K(x,y) when both = and y approach the
boundary 0B™.

To describe our results, we recall some facts about hypergeometric functions.
The ordinary (Gauss) hypergeometric function oF; of one variable is defined by

a,b ~ (a);(b); 7
F E — 1.
o (")) = ;Y 2l <
Here ¢ ¢ {0,—1,—2,...} while a,b can be any complex numbers, and
. L(a+j)
(a)J a’(a‘ + ) ((L +J ) F(a)

stands for the Pochhammer symbol (raising factorial). We have also already met
n (4) the Appell function Fy of two variables, defined by

)= 30 @enl)ilalest

b1, b
Fl(a, L2200y TR lz] <1,y < 1.
¢ k=0 (c )]+k J
The hypergeometric function F'D; of four variables
a,a’,by,b
FDl( Cl 2‘3017902,3/1,:02) =

11 o
1D i (@)iy+i5 (@) 14 (01) i1 450 (b2) 5150 @1 25 91" ¥3°
(€)ir+in-+ia+i il ol Jil go!

11,%2,J1,J2=0
has been denoted Ki6(a, by, be, a’; ¢; 1, 22, y1,y2) in Exton [Ex1, p. 78] and Kjg(a, b1,
a',ba;c; xa,21,Y1, y2) in [Ex2]; our notation follows Karlsson [Ka]. The series (11)
converges for x1,x2,y1,y2 € D.
Our main results are the following.

Theorem (Theorem 2). For any o, 3,7,0 € C andn > 1,
/aBn(l —(2,0) (1= {¢2) (1 = (w, )7 (1 = (¢ w)) " do(¢)
2 n
= T D1<6’5;La7’y’|2|27<2’,w>7<’UJ,Z>’|U,)|2>.

I'(n)
Corollary (Corollary 4). For anyn > 1,
(12)
T'(n
Ksalew) = S0 220 puofty Dy (Mo, ), o, ), ).

The last right-hand side can be expressed in terms of ordinary oF} functions.

Theorem (Theorem 6). For any n > 1, Ks,(z,w) equals

F(”) 1 — |w‘ i nzll 21+12 )i1+j1 (n)m (n)jl
277 |1 = (z,w)|?" Fovr i1tiol i1 (n)iy i+,
+n,51+n
ez )
R G iy 4 +al)
where
|2* = (w, 2)

(1— 1211 = wl?)
1—(w,z) ’ '

t3 =1y, tg=1-
3 =12, 14 = (2,02

ty = |Z|2, ty =
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Note that for z,w € B™ we have to,t3 € D, while 0 < t1,t4 < 1. Note also that
using standard formulas for hypergeometric functions (cf. (57) in Section 3), the
last oF} are actually expressible in the form a(ts) + b(t4)log(1 — t4) with rational
functions a, b.

Both the holomorphic Szegd kernel (6) and the harmonic Szegd kernel (7) are
clearly smooth functions on the closure B® x B™ except for the boundary diagonal
diag OB™ = {(z,y) € OB™ x OB™ : © = y}. This is no longer the case for the
M-harmonic Szeg6 kernel.

Proposition (Proposition 7). Forn > 1,
Kg, € C"}(B" x B" \ diagdB™) \ C"(B" x B" \ diag 9B").

As for the M-harmonic kernels K, s > —1, we may actually consider more
general measures du ® do on B™ given by

(13) / F(2) (A do)(2) / [ PR () do ),

where dy is any finite Borel measure on the interval [0, 1] such that 1 € supp du.
Denote by L3, (B",du ® do) the corresponding M-harmonic weighted Bergman
space and let K, be its reproducing kernel. The spaces (2) and their kernels K (z, y)
thus correspond to the choice du(t) = (1 —t)® dt.

Theorem (Theorem 8). For any n > 1 and p as above, K, is given by

(14)
_I'(n) 2yn w)P (w, 2)9|2]* Jw]*™
Ku(z,w) = onn (1= 2" = Jwl*)" Z Apgjm (1 plgljlm! ’
p,q,3,m=0
where
. “““i”) n+p+g)r(n+q+j)r(n+p+m)F(n+q+m)
) pagm( T(mT(n+p+q+j+1) T)T(n+p+q+m+1)
(f1> F(n+p+q+lf1)(n+p+q+2l71)(—j)z(fm)z
L(n)lepti,g+1(1) ,
with
L(p+n)°T(q +n)? /1 - P )
16 = tpratn—1,p ’ ‘t du(t).
(16) cpq (1) T(n)20(p + q + n)? 2 l(erqun ) ult)

We remark that for u the unit mass at the point t = 1, L3, (B", du®do) reduces
just to HZ,, (B™) and K, to Ks,, while one can then show that c¢,q(u) =1 for all
P and Apggn = (0);1p(1)1+0(W) (W) -/ (M- 3445 thus the last theorem
recovers Corollary 4 as its special case.

Denoting c,q(pt) for du(t) = 2(1 —t)*dt by cpq(s), the last theorem thus gives
also a series expansion for the kernels K, s > —1. We will show that even for s =0
and n = 2 (i.e. the unweighted M-harmonic Bergman space on B?), ¢11(s)/coo(s)
and, hence, also Apooo(s)/A1100(8), is of the form a + b((3), where a, b are nonzero
rational numbers and ¢ stands for the Riemann zeta function. That is, the Taylor
coefficients of Ky on B? involve ((3) in a nontrivial way. This makes it pretty
unlikely that Kg, and a fortiori K, for general s > —1 and n > 2, be given by any
“nice” explicit formula in terms of e.g. hypergeometric and similar functions.
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The coefficients ¢pq(s) can be expressed as certain multivariable hypergeometric
functions at unit argument; unfortunately, again these expressions do not seem to
lend themselves to an explicit evaluation. However, we can at least describe the
asymptotic behavior of ¢,,(s) for large p,q, which turns out to be sufficient for
getting some idea about the boundary behavior of the kernels K

Theorem (Theorem 11). Let p,q > 0 be fixzed. Then as A — 400, we have the
asymptotic expansion

T(2n+ s+ D0(n+ 5+ 1)2T(s + 1) A 272 S (p, q)

Sral) S TG e 25 D) G &g M

where ag(p,q) = 1.
For the omitted case pg = 0, we get directly from (16)

_ _ T(g+n)T(s+1) N Fn)I'(s+1) _,_,4
(A7) coq(#) = eaols) = T(g+n+s+1) T(n+s+1)

Thus in all cases cpq(s) =~ %(1) + 1) g+ 1) tasp+q — +oo.
Our final result, though falling short of showing the situation for K itself, thus at
least describes the boundary behavior of a series whose “leading order term” is the

same as for K.

as ¢ — +00.

Theorem (Theorem 12). For n > 1 and s = 0,1,2,..., consider the function
Fy(z,w) given by (14), (15) but with c,q(p) replaced by (p+252) =57 (g+251) L.
Then

(18)

F‘S(Z7 w) = £s+1 [F(n> <1 — y2 i Til ’1+’L2 )i1+j1 (n)iz (n)j1

2 (1 — IQ 1 — y1 11'22']1 ( )71+i2+j1

11 022 _]1 0

xil(ﬂﬂl *y1)i2(931 *Iz)jl F ( ia+n,j1+n ’1_ (1*171)(1*212))}
"Nl—y 1=z /) PN tis+i+nl ~ T—2)1—m)

21=212,22=(z,0) y1 =(w,2),y2=|w|2’
where L is the linear differential operator

2 n—1

B ) ) o\ (n—1)
L= (Jigyl—xlyg)m—FT( 8 +y18y1>+TL

Note that £ involves differentiations only with respect to z2 and y;.
Recall that for each z € B", z # 0, there is a (unique) biholomorphic self-map
¢, € Aut(B™) which interchanges z and the origin 0; explicitly,

b2 () z— Paw—+/1—|z]?>(w — Pw) Powim (w, z) '

1= (w,z) ’ |2[?
For z = 0, we set ¢o(w) := —w. One has the useful formula [Ru, Theorem 2.2.2]
1—122)(1 — (wi,w
(19) 1— <¢2w1,¢zw2> — ( | | )( < 1 2>)

(1= (z,w2))(1 = (wy, 2))”

from which it follows that the various quantities appearing in (18) are in fact
given by

Tr1 — o 1 — Y1
1 = |z, 1 = (2, pzw), 1 = (pw, 2),
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(=) —y) 5
e
We set
(20) U:= |Z‘2a V= |¢zw|2v Z = <Za¢zw>;

it will be shown that the map (z,w) — (U,V, Z) is actually a bijection of
B" x B" modulo the action of the group U(n) of unitary maps of C"
onto the set
Q:={(UV,Z2):0<U,V <1,Z€C,|Z?<UV}

The coordinates U, V, Z are well suited for the description of the singularity of Fj
near the boundary diagonal.

Corollary (Corollaries 13 and 14). Forn >1 and s =0,1,2,...,
F, € C" (B x B"\ diag 9B"),
and
n n—iy s+1
1-v)" s -
Fo(zw) = gy Y. 2 D PuiinU.Z,2,V)
i1=0 45,51 =0 k=0
io+m+kji+n+k V),

X . . .
ZFl( i tig g Fntk

where Py, iy, kU, Z,Z,V) is a polynomial of degree at most iy + s+ 1, j1 +s+1,
io+s+1 and k+ s+ 1, respectively, in the indicated variables.

We expect the boundary behavior of the M-harmonic kernels K, to be of the
same nature as for F.

The paper is organized as follows. In Section 2, we review the necessary prerequi-
sites on the Peter-Weyl decomposition of M-harmonic functions under the action of
the unitary group U(n) of C™. The results about the M-harmonic Szego kernel are
proved in Section 3, and those about K, in Section 4. The asymptotic expansion
of cpq(s) and the assertions about Fy are derived in Section 5. Some final remarks,
comments and open problems are collected in the final section, Section 6.

To make typesetting a little neater, the shorthand

F<alaa23"'7a'k) — F(al)r(a’Q)F(ak)
b1,ba,. .., b T'(b1)T(ba)...T(bm)
is often employed throughout the paper. The inner product (z,w) of z,w € C™ is

sometimes also written as z - w; and ¢,(w) is frequently abbreviated just to ¢,w
(which we actually already did a few paragraphs above).

2. NOTATION AND PRELIMINARIES

The stabilizer of the origin 0 € B™ in Aut(B"™) is the group U(n) of all unitary
transformations of C”; that is, of all linear operators U that preserve inner products:
Uz, Uw) = (z,w) Vz,w e C".

Each U € U(n) maps the unit sphere B"™ onto itself, and the surface measure do
on OB™ is invariant under U. It follows that the composition with elements of U(n),

(21) Ty : frs foU™?,
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is a unitary representation of U(n) on L2(0B", do). We will need the decomposition
of this representation into irreducible subspaces. These turn out to be given by
bigraded spherical harmonics HPY; the standard sources for this are Rudin [Ru,
Chapter 12.1-12.2], or Krantz [Krl, Chapter 6.6-6.8], with basic ingredients going
back to Folland [Fo].

Namely, for integers p,q > 0, let HP? be vector space of restrictions to IB"™ of
harmonic polynomials f(z,Z) on C™ which are homogeneous of degree p in z and
homogeneous of degree ¢ in Z. Then HP? is invariant under the action (21) of U(n),
is U(n)-irreducible (i.e. has no proper U(n)-invariant subspace) and

o0
(22) L*(0B",do) = € H™.
P,q=0
Furthermore, the representations of U(n) on HP? are mutually inequivalent; that is,
if T : HP? — H* is a linear operator commuting with the action (21), then neces-
sarily

(23) {T =0 it (k.1) # (p.9).

T = cl|ypa for some c € C if (k,1) = (p,q),

where I denotes the identity operator.

Since each space HP? is finite-dimensional, the evaluation functional f +— f({)
at each ¢ € OB™ is automatically continuous on it; it follows that HPY — with
the inner product inherited from L?(0B",do) — has a reproducing kernel. This
reproducing kernel turns out to be given by HP4(¢ - 7), where for n > 2

p+qg+n—1)(p+n—2)(¢g+n—2)

plg!(n —1)!(n — 2)!
(24) (n—2.p—al) 19,2 _
« 7»|P*Q\e(pfq)ier(n) Pintog) (2r° = 1)
2 P("—2’|P—f1|)(1)
min(p,q)

Hpq(rew) — (

Y

where
L) (1+a)? dm
ml2m dx™
are the Jacobi polynomials. Thus
f(Q) = - fH(C-7)do(n), V(e IB",VfeH™
In particular, we have the orthogonality relations

> [ N € do) = bl

Note that by [BE, formula 10.8(16)],
— 1
PO (4) = (_1)m<m+ﬁ)2F1( m,m+a+f+ 1‘ —|—x)7
m

PiO(z) = (-1) [(1 =)™ (1 + 2)7+™)

B+1 2

so we have
HP9(2) = L(n) (=) n+p+q—1)(n+p—2)

2 (n—1lg!(p — q)!

_ —qg,n+p—1
x 2 q2F1( (;_q_fl ‘|2|2) for p > g,

(26)
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while HP9(z) = H%(Z) for p < ¢. This formula will be useful later on.
Denote

Spq(r)::rp+q2F1( p.q ’1"2)/2F1( b4 ’1)

+q+n +qg+n

(27) N p+q D T4q
p n,q n -+ D, q 2
=1 )rear ")

mp+agt+n) T \prgral

Then for each f € HP4, the (unique) solution to the Dirichlet problem Au = 0
on B™, u|gg» = f is given by

(28) u(r¢) =S"(r)f(¢), 0<r<1, (€oB"

For n = 1, all the above remains in force, only the spaces H?? reduce just to {0}
if pg # 0, while HP? = CzP, H% = Cz? and H?"(2) = 5-2F, H%(z) = 5-79; note
that the formula (26) still works for n =1 and pg = 0.

For each fixed z € B"™, the M-harmonic Poisson kernel P(z,-) always belongs
to L?(0B",do) (it is a smooth function on the sphere), hence it can be decom-
posed into the HP? components as in (22). This decomposition was obtained by
Folland [Fo]:

(29) P(r¢,n)= > SPUr)H™(C-m), 0<r<1,(mneoB"
p,q=0

Folland gave his proof for n > 2, but with the caveat from the preceding paragraph
it actually holds also for n = 1. (We will give an alternative proof for any n in
Remark 10 in Section 4). The sum converges pointwise, uniformly for n € 0B™ and
r¢ in a compact subset of B", as well as in L?(0B",do) for each fixed r and (.
Using the orthogonality relations (25), one can get from (29) the analogous
decomposition for the M-harmonic Szego kernel. Namely, starting from (9):

Ks(os) = [ P QPG (0

(note that the complex conjugation actually has no effect, since P(y,() is real-
valued), and substituting (29) for P(z, () and P(y, (), we get

Ks,(r¢, RE) = SP(r)SM(R) HP(¢-m)H" (- &) do(n)
p,q,k,l=0 oBn
(30) = > SPUr)SPUR)HP(C-E) by (25),
p,q=0

the interchange of integration and summation being justified by the L2-convergence.

We conclude this section by giving a similar formula for the reproducing kernel
of any Hilbert space of M-harmonic functions on B™ with a U(n)-invariant inner
product.

For each p,q > 0, let HP? be he space of all functions on B™ of the form (28)
with f € HP?. In other words, while HP? is the space of spherical harmonics on the
sphere 0B™, HPY is the associated space of “solid” M-harmonic functions on B™.
With the inner product inherited from L?(0B",do), each HPY is thus a finite-
dimensional Hilbert space of M-harmonic functions on B, unitarily isomorphic to
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the space HP? via the isomorphism (28), and with reproducing kernel
(31) KP(r¢, RE) := SP(r)SPI(R)HP (¢ - €).

Proposition 1. Let H be any Hilbert space of M -harmonic functions on B™ which
contains HP? for all p,q > 0, is invariant under the action (21) (i.e. Tyf € 'H
whenever f € H and U € U(n)) and whose inner product is U(n)-invariant:

(32) (Tvf,Tuvgyn = (f,9)n  Vf,g€e H,U € U(n).
Then

(i) the spaces HP? are pairwise orthogonal in H;
(ii) on each HPY, the H-inner product is a constant multiple of the L*(do)-inner
product: there exist finite constants cpq > 0 such that

(33) (fr9)n = cpg[-9) 2(9Br,d0)  Yf,g € HPY.
Furthermore, if the action U — Ty of U(n) on H is strongly continuous (i.e. for
each f € H, U — Ty f is continuous from U(n) into H), then additionally
(iii) the linear span of HPY, p,q > 0, is dense in H;
(iv) if the point evaluations are bounded on H, then the reproducing kernel Ky
of H is given by

> S§Pe(r\SPI(RYHPI((C - €
3 (r)SP(R)HP(C - €)

(34) Knlr, RE) = .
Pq

P,q=0
with the sum converging pointwise and locally uniformly on compact subsets
of B" x B", as well as in 'H as a function of x = r( for each fized y = R,

or vice versa.

Note that the last proposition applies, in particular, to H = L?(0B",do); in that
case trivially ¢,; = 1 Vp, g, so we recover (30).

Proof. The restriction of the inner product in H to HP? x H* is a continuous sesqui-
linear form on these (finite dimensional) spaces, so by the Riesz-Fischer theorem

<f, g>'H = <T.f7 g>L2(da) v.f € Hpqvg € Hkl
for some linear operator 7' : H?? — H*!. By (32), T is U(n)-invariant; thus by (23),
T =0if (p,q) # (k,1) while T = ¢ if (p,q) = (k,1). This proves (i) and (ii).
To prove (iii), let f € H. Since f is M-harmonic, by Theorem 2.1 of [ABC],
f can be expanded in the form

(35) F=Y"foq

where f,, € HP? for all p, ¢, and the series converges uniformly on compact subsets
of B". Furthermore, fyq is actually given explicitly by

fpa(r¢) = - f(rn)HP4(C - 77) do (1)
(see [ABC, p. 107]). Setting n = U~!(, this can also be written as
(36) fu= [ )T AU
U(n)

where dU is the Haar measure on the compact group U(n), normalized to be of

total mass 13%:), and xP4(U) := HPY(U( - ¢) (this function — the character of the
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representation Ty on HP? — does not depend on ¢). Now by the hypothesis of
strong continuity of Ty, the last integral exists also as a Bochner integral, i.e. con-
verges also in H. Also, by an elementary estimate of the same integral, the map
Ppoq o [ = fpq is continuous from H into HP? C H. Making the change of variable
U +— U~! in (36) shows that P,, is self-adjoint, and since P,, clearly reduces to
the identity on HPY, it follows that P,, has to be the precisely the projection in ‘H
onto HP? C 'H.

Now if f € H is orthogonal to all H??, then f,; = Ppef = 0 for all p,q > 0;
thus by (35) f = 0. It follows that the linear span of HP?, p, ¢ > 0, is dense in H,
proving (iii).

As for (iv), recall that for any functional Hilbert space with bounded point
evaluations, the reproducing kernel is given by the formula

(37) Knlw.y) = 1@ 5W)

where {f;}; is any orthonormal basis of H; see [Ar]. In our case, thanks to (i)—(ii),
we can choose an orthonormal basis of the form {f,;/\/Cpq}pqj, Where for each
p,q > 0, {quj}d’m H™ is an orthonormal basis in H?? with respect to the L?(do)
inner product. Thus

dim HP?

Z Z Foai (@) Fra ()

pqopq —

However, by (37) now applied to HP? with the L?(do) inner product, the inner
sum is precisely the reproducing kernel of HPY with respect to the L?(do) inner
product, which we know to be given by (31). This settles (34). The claim concerning
convergence in H is immediate from the same property for (37) (cf. again [Ar]), while
for the uniform convergence on compact subsets of B” x B™ it is, similarly, enough
to show that the norms || Ky (-, z)||3 = K (2, 2)"/? stay bounded if z ranges in a
compact subset of B™. However, this is immediate from the fact that Ky (z,y),
being M-harmonic in each variable, is real-analytic in (z,y) € B™ x B™ by the
standard elliptic regularity theory; in particular, Ky /(z, 2) is a continuous function
on B™. This completes the proof. (I

We remark the Proposition 1 remains in force even when the hypothesis that
HP? C 'H for all p,q > 0 is dropped. Indeed, denoting in that case

VP9 = H N H,

it follows from the U (n)-irreducibility of H?? (and, hence, of HP?) that if Y72 # {0},
then already Y77 = HP? (and, so, HP? C H). All the items (i)—(iv) then remain in
force, except for the fact that in (iii) the linear span of Y?? is dense in H and in
(iv) instead of all p,q > 0 one takes only those p, ¢ for which Y?? # {0}. We are
leaving the details to the reader.
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3. THE M-HARMONIC SZEGO KERNEL

Theorem 2. For any o, 3,7,6 € C andn > 1,
[0 = o) P = . 0) = () do(()

_ 27‘-" 676704”7 2 2
= ) Dy (7% 122, (2w, (w0, 2), Jwl?).

Recall that the function F'D; has been defined in (11).

(38)

Proof. Clearly the integrand in (38) remains unchanged if z,w,  are replaced by
Uz, Uw, UC(, respectively, with any U € U(n). Since the surface measure do on 0B"
is U(n)-invariant, it therefore follows that the integral (38) remains unchanged if
z,w are replaced by Uz, Uw, for any U € U(n). Now we can pick U € U(n)
which maps z into |z|e;, where e; = (1,0,...,0) € C™. This U sends w into a
point in B™ whose first coordinate — denote it by b — satisfies b|z| = (z,w); for
n > 1, we can then continue by choosing a suitable element of U(n — 1), acting
on the remaining n — 1 coordinates, so that in the end w is mapped into the point
bey +ces, e2 = (0,1,0,...,0), where ¢ = /|w|? — |b]2. Altogether, we thus see that
for n > 1, the integral (38) is equal to

) [ (=)= a0) = B = ) (1 =BG ) o),

where

(40) a=|z|, b= <Z|’Z“|)>, c=/|w|?— |b? for z # 0,
a=b=0, c=+/|w|?> = |b]2(= |w|) for z =0.

For n = 1, this has to be replaced by

a=|z|, b= <Z"Z"”> for z # 0,
a=0,b=|uw for z =0,

(41)

while ¢ = 0 (so that ¢, and (s in (39) both disappear).
Let us now compute the integral (39). The binomial expansion

(42) (1—z)—V:Z@zj, veC,

= 7

converges uniformly for z in a compact subset of D. Substituting this into (41)
four times, we see that (39) equals

S0 CHOROMCn [,y 0, + o) (1 + 56" o

3.k Lm=0 FEIm)!

0o o
= (@) (B)k(1)1(8)m '
- Z FENm! . (aly)! (@) Z Z
o p=0qg=

N /m\, = = \l—p/T _ _
(p) (q)(bcl)p(ccz)l ?(661)" (eG2)™ .
Using the familiar formula, valid for any multiindices v, ,

43 vit d =6, LE
( ) oBn C C U(C) M (n)h/‘ F(n) I
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it transpires that (39) equals
2" o (@) (DO l
I'(n) j,k%_o iy /8 (aC,)' (@1 k;);) < > < )
(k + q)(m — q)!
(1) k- -
We first deal with the summands for which p > ¢ — say, p = ¢+ r with some r > 0.
The two delta functions are then nonzero only if [ = m + r and k = j +r. Thus

the sum of all such summands will equal
(45)

= =TT = (a)j(ﬁ)j+7‘(7)m+r(5)m % m—+r m 2711129 ch—Qq (]+Q+r)'(m_Q)'
Sy (2 ) ()t .

(44)

Jekpppd l—pmm—q )
x a’a”bPb ¢ " Pe Op—g,l—mOp—q,k—j

= a2 3 ) m At r)im! q+r (1) j+rm
Since (ZT:) (m) = %, we can continue by

—ryr ) (ﬂ)j-‘rT(’Y)m-H” m 2511129 .|2m—2q (]+q+7’)'
2,7V 2 T Z‘“' e ) el (@ + ) =

Writing m = q + k, this becomes

Oofrr — (Oé)j(ﬁ)j+r(’7)q+k+r(5)q+k 2517112 2k (j+Q+7“)!
2V > G + 1) o e e sasedila + R

r=0 J»q,k=0

Substituting |c|?* = Z?:o (];) (—1)!b|?|w|**~2 from (40), this takes the form

Zfrbr Z B)j4+r (V) gtktr(0) g4k ( J +q+7) Z |2j|b|2q+2l| |2k 2
4,q,k=0 (G +7) g +7)q! J+T+q+k Nk

or, writing k = [ 4+ m,

iarbr i (@);(8)j1r(Matirmer(grizm (G +g+7)! (1) |a|27 |20+ 2 |2

=0 jalm=0 3G +r)g+r)lq! () 4rtqtiem Um!

Setting ¢ 4+ I = k, this becomes

] I (=1)kF—4q )
Zarbr Z Z )i (B)j+r (Vrtmr (O k4m G+g+1)! (=1) |a\27|b\2k|w|2m

3ym,k=0 g=0 1 +7)Hg +7)ld! (n)jtrtktm (B —q)lm!

or, since k!/(k — ¢)! = (=1)9(—k)q,

)

k

—rpr r(Mktmtr (Orrm (G +g+71)! (=D (=k) j m
S 3 3 el ene o Ry
k=0 =0 '+ q lq! JHr+k+m UL
e N (0Bt (MDtmar Orem (=1 : mU ) =k j+r+1
72(1 b Z J g‘+' +' '+' + ‘ a2 [b[2* ]2 ' 2F1( J ‘1)
eyt 3G+ r)lklm! (1) j4r+kt+m 7!l r+1

By the Chu-Vandermonde formula,

G+ o =kg+r+1y G+ (e (el +7)!
r! 2F1( r+1 ‘1)_ r! (r—s—l];k (rk—&-k)! ’
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so we finally get

iﬁrbr i (Oz)j(ﬁ)j+r(’}/)k+m+r(5)k+m (_1)k(_j)k |a|2j|b|2k‘w|2m.
—o k=0 ]'(k + r)‘k'm' (n)j+r+k+m

Since (—j) vanishes for j < k, the sum effectively extends only over j > k, say,
j=k+las (=k—0r=(—1DF1+1), = (=1)*(l +k)!/l!, we thus obtain that (45)
is equal to

oo

Sar Y (O‘)J;PH(ﬁ)kJ'rlJ'rT("Y)k+m+T(5)k+m|a|2k+2l‘b|2k|w|2m.
= Nk 4+ r)EmN(n)i1rt26+m

m,k,l=0

Since by (40) always a = |z| and @b = (z,w), we finally arrive at

o0

(@) k+1(B) b1+ (N ktmtr(0) ktm o o am
Z DNk + ) EmN(n) 142k 1m (z,w)" " (w, 2)" |2 [w[*™,

k,l,m,r=0

or, rechristening k 4+ 7, k and [ to ¢ +r = p, g and j, respectively,

16) S @ess@os OO, 4y, syapafeifupr
P,q,5,m=0 Plglim(n)prgtjtm ’ ’ :
p>q

This came from the summands in (44) with p > ¢; in the same way, the sum over
p < ¢ in (44) turns out to be given again by (46), but with the summation extending
over p < q. Putting these two pieces together, we thus see that the integral (39) is
equal to

27" Z ()15 (B)pt5 (Mp+m (8)g+m (2, w)P(w, 2) 2| [w[*™

I'(n pia.Fm=0 Plgljmi(n)ptgtitm
2 n
= 2 D (I o, 2. ).

as claimed. This completes the proof for the case n > 1.

For n =1 and z # 0, we still have y/|w|? — |b]2 = 0 = ¢ since |(z,w)|/|z| = |w|
in this case; thus the whole argument above still works without change. Finally,
for n =1 and z = 0, the integral (39) reduces just to

wf?)

| 0= 1wl0 0 = [w)? do() = 2mar (7
oB1!
by (42), while

FDl(ﬁ"s’la” |w|2)

by (11). Thus the assertion holds in this case as well. (]

0,0,0,uf?) =1 (7}

Remark 3. If we carry out the integration over ((s,...,(,) in (39), the integral
transforms into
27Tn—1

T(n—1) /BzU—a&)‘“(l—acl)‘ﬂ(l—b&—c@)—”(l—écl—z@)—“ (L=1G P~ [Gf?)" " d¢ dés.
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This is strangely reminiscent of the following known integral formula for F'D1, valid
for by,be > 0, and ¢ — by — by > 0 [Ka, formula 4.3.(8)]:

a,a’, by, by B c
FD1< . ’IDIQ’ylvyZ) 7F<b1,b2,c—b1—b2>
(47)

bi—1, by—1 —by—ba—1
w T ug? T (1 —ug —ug)e T2 4
X 7 AU d’LLQ.
uiun>0 (1 — 2wy — Toup)*(1 — yruy — youg)®
ultuz<l
However, it does not seem possible to derive our Theorem 2 from (47). g

The following corollary to the last theorem is immediate from (9).

Corollary 4. For anyn > 1,
(48)

Kg,(z,w) = ()

27rn

n n n?”?n)n
(1= 12 (1 = w2y FDy ("7 22, (2 w), Gw, 2), o).

Remark 5. A posteriori, it is possible to give a “direct” proof of the last corollary
by checking straight away that, for each fixed w € B™, the right-hand side of (48)
is M-harmonic in z and its boundary value as z — { € 9B™ coincides with P(w, ().
To see the former, denote temporarily

Apgim = (1) 4 (1) j+q(N) mtp(N)m+q

(n)j+p+q+m ’
n (2, WP (w, 2)9] 2|
Ipgj = (1 - |Z|2) R
pq:j:
Wi o= (1= ) "
mo o m' b)
so that
I(n) <
Ks,(z,w) = o Z pgjmIpgi Wi
p,4,5,m=0

By a routine computation (here A applies to the z variable)
Alpg, — |wl?] : : I DI

T oz~ W ra1s = G+ p) G+t @ pe + (Pt g+t = Dlpgsor

Consequently, with the understanding that I,,; = 0 if any of the subscripts p, ¢, j

is negative,

27" /T (n) ~
WAzKSz(Zyw) = |w|2 Z apgjmIp—1,4-1,Wm
pgjm
=Y G+ + 1+ Qapgimlpg; Won
pgjm
+ Y+ g+n+i—1)apgmlpg;-1Wn
pgjm
= |w]? Z ApgimIp—1,9-1,;Wm
pgjm

- Z G+n+p)(i+n+ Q)aqumlquWm

pgjm
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(49) + Z (p+a+n+37)apq +1,mIpg W
pgjm

— (ntj+p)(ntj+q)

Since ap.q,j+1.m = —pipigrmis  Gpajm, the second and third sums combine into

-y mn+p+j)(n+q+j)

ntptqtjitm apgimIpg; Wm

pgjm

_ 2 (n+p+j)n+q+j)

- p%r:n n+p+qgt+jt+m @paimlpoj W1
5 (n+p+i)n+q+7)

- 1 Logi Win.

|w] p%n+p+q+j+m+laqu’ +14pgj
Since
(n+p+4)n+q+7j)

“
ntptgtjrm+1 I

_(tp+i)ntgrntmapntmtq)
(n+p+qg+j+m)n+p+qg+j+m+1) "7

= Qp41,q+1,5,m>

this exactly cancels the first sum in (49). Thus, indeed, KZKSZ(Z, w) = 0.
To verify the latter claim, let us carry out the summation over j in (55):

E 2ow) = (1 — 1212)(1 — |lw|2)™ (”)p(n)q(”)m+p(n)m+q
g o) = (1= (1= oty 3 (g e
(50)

L (B w)P(w, z)fw]? F1( n+pn+gq “Z‘z).
plg!m! n+p+qg+m

Using the standard Euler transformation formula for oF; [BE, §2.1(23)]

(51) oF (a,cb t) _ (1 _t)67a7b2F1 (C—a,cc_ b’t>7
the right-hand side of (50) becomes
(1 - |w|2)n Z (n)P(n)q(n)m+p(n)m+q <va>”<w,z>q|w|2m
pam (M)p+q+m plglm!
- 2ym p + m,q +m ‘ 2)
(= f=mab (T ).

As z — ¢ € OB™, only the terms with m = 0 survive, yielding

1wy (n)p(n); (Gwpw, Q) g ( p:q ‘1)

(") p+q plg! \n+ p+q

rq

2\n (n>127<n)3 C7w P ’U}7< a n ,n
= (1=l % (Mg : ;!;! : F(nii,tzi—q)

= (1 Py S ea iy e

plq!
27"

= (U= )" (1= (G w) (1= (w, )" = fos

P(w, (),
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completing the proof. O

The function F Dy is known to satisfy an Euler-type transformation formula [Ka,
formula 7.1.(4)]

a,a’,by,b _ -
FD1( cl 2‘561,962721171/2):(1—301) (1 — z) 7P
(52) .,
c—a—a',a, by,by| w1 Ty Y1 — X1 Y2 — X2
><FD1< ‘ , : : )
c 1 —1 29—1"1—27" 1—129

On the other hand, from its definition (47) it is apparent that FD; enjoys the
symmetry property

7l7b 7b b7b7 ’/
(53) FDl(aacl 2’$1,$2,y17y2):FD1(1 2caa’$1,y17$2,y2).

These formulas can be used to simplify (48).

Theorem 6. For anyn > 1, Kg,(z,w) equals

F(”) 1 - ‘w| i Til 11+22 )i1+j1 (n)iz (n)j1

2™ |1 — (z,w)|?" i1 (n)iy 4in 45

(54) 11=012,71=0
i1 gi0 401 12+n7j1+n‘ )
Xttty QFl(i1+i2+j1+nt4 :
where
2> — (w, 2) — (1—12*)(1 = [w?)
55)  t;=|z?, to=""— 7 e =1y ti=1-— )
A S e R 1w

Proof. Applying (53) to the right-hand side of (52) gives

—bs

/
FDl(a7a 7b1,b2‘

551,51”2;2/171/2) =(1- xl)fbl(l — T3)

XFDl(b17b27C_a_a/’a/’ T Y1 —x1 T2 y2*r2>_

& $1—171—$1’$2—171—x2
Now we apply (53) one more time, to the last right-hand side; after a small com-
putation, this yields

aaa/7b ab c—a— — —a’
FD1( 01 2’x1,z2,y1,y2> =(1—-m) "1 =) 2 (1 =)
< FD (c—bl—bg,bg,c—a—a’,a’ T1— Y1 T1— T2 x1+y2—x2—y1+x2y1—x1y2>
1 1 ) 5
Cc ]-_yl ].—£U2 (1—%2)(1—]/1)

Multiplying both sides by (1 —z1)™(1 — y2)™ and setting a = a’ = by = by = ¢ = n,
= [z|?, 22 = (z,w), y1 = (w, 2), y2 = |w|?, we thus get from (48)

L(n) (1-—|w?)" n,n,
(56) K, (z,w) = o 1= (=, w) 2 FDl( ‘tl,t27t37t4)
with t1,t2,%3,t4 as in (55). Finally, by (11)
FDl( n,n, ’tl tyots t4) S B4 ()i () s (S 1)y ()i 4
T i1+i2<n, Zl'lzljll-h' (n)i1+i2+j1+j2
t1+j1<n,

7220
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_ Z tlll tl22tg’>1 (_n)ilJriz (n)jl (_n)ilJrjl (n)iz Z (n + jl)jz (n + Z’2)j2 tjiz
iy, Bili2ln! (n)istintin A=y (nt i iz + 1), go!
i1+j1<n B

Z EEPEE ()i, iy (), (—1)iy 15, ()i, JF ( n+ ji,n+ i 't )

1 . . . |l
i1+iz<n, ilizljn! ()i1+is+i1 n+1i+12+ 1
i1+j1<n
Substituting this into (56) yields (54), completing the proof. O

Using the formula [BE, §2.10(11)]

F(n+1,n+m+1 )_(n+m+l+1)( 1)mt
(57) PN\ ont+m+i+2 157 T inl(m+n)l(m+ 1)
dn+m d' log(1 — z)
m-1 _
XW[(lfz) @T, m,n,l—0,1,27...,

it is possible to express each oF7 in (54) in terms of log(1—t4) and rational functions
of t4.
For instance, for n = 1 we get in this way

1L1,1,1 tots + (1 —ty —t3)ts  tols — ity
FD(’ - ‘t,t,t,t):
1 1,02,03,04 t4(1*t4) ti

log(1 — t4).

t3=tyand ty =1 — M, the right-hand side

1— zw’ [1—wZz|?
—|z?w|? 1 1|z |w|?

1—|u)\2 27 |[1—wz|?
accordance with (10). For m = 2, the formula for Kg, already becomes quite
complicated, without any apparent possibility of simplification.

Note also that the M-harmonic Szegd kernel Kg,(z,w) is symmetric in z,w,
though this is not visible at all from the formula (54).

We conclude this section by discussing the smoothness of Kg, on the closure of
B" x B™.

For tl = |Z‘2, tg =z2=L

simplifies just to , implying that Kg,(z,w) = in complete

Proposition 7. Forn > 1,
Kg, € C"}(B" x B" \ diagdB"™) \ C™"(B" x B" \ diag B").

Proof. Let U be a neighborhood of diag(0B™). Then 1 — (z,w) stays away from 0
on B x B\ U. Keeping our previous notation z; = |z|?, 2o = (2, w), y1 = (w, 2),
yo = |w|?, and denoting in addition temporarily @ := 1/(1 — (z,w)), we have
to=t3=1—(1—21)Q, so from (54)
(58)
n n— 21 ) o
Ksu(z,w) = (1 - |Q|2" Qﬂn Z Yo at(1l-(1-2)Q)(1 - (1 -1)Q)"
7,1 Olg,jl 0
(=1)is+ia (1), (=1)iy 44, (0, n+ ji,n +is 2
: S e (VR L (- a1 - ).
(n)i1+i2+j1 ! n+i+w2+n ( 331)( y2)|Q|

X

By the standard formulas for the analytic continuation of the hypergeometric func-
tions oFy [BE, §2.10(14)], we have for any a,b > 0 and m =0,1,2,...,

2F1(a+b m’) (1—2)""Awpm (1 — 2) + Bapm (1 — 2) log(1 — 2),
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with some functions Agpm, Bapm holomorphic on D. The right-hand side of (58)
L(n)

therefore equals, omitting for a moment the factor 57,

Z nzl:l 1 — 1 — l‘l)Q)iQ(l _ (1 _ 1‘1)@) ( )21+zz (n)jl(_n)il"l‘jl (n)iz

i1=012,51=0 (n)i1+i2+j1
1— i1 211
[Tl A - QP Bl - 201 - wlQP)

where A = Ay ntisn—iy (1= 11 —21)(1 = 42)|QI*) and B = By jy nign—i (1 =
1(1 — 21)(1 — 42)|Q]?). In terms of Taylor series around (z1,y2) = (1,1), the last
expression has the form

Yo D aum(l -z (1-1)"Q'Q"

j=—nk,l,m=0

A3 )T birm (1= 21) (1= 12)"Q'Q"™ log[(1 — 1) (1 — 12)|Q/?),

k=n j,l,m=0

(59)

with some coefficients a;xim , bjkim. However, since Kg,(z,w) is symmetric in z, w,
(59) remains unchanged upon replacing x1,y2 and @Q by yo, 71 and Q, respectively.
Consequently, a;im; must vanish for 7 < 0, and bjgi, must vanish for j < n.
It follows that the first sum in (59) is C*° on (1 —x1,1—1y2,Q) € D xD x (C\ {0}),
while the second sum is C™~! there. (Note that @ is bounded away from zero,
in fact |@ > 1.) This in turn means that the right-hand side of (58) is C"~! on
B” x B\ U. Thus, indeed, Kgs, € C"1(B" x B" \ diag B").

It remains to show that Kg, does not belong to C™(B™ x B" \ diag 9B"). If it did,
then the function

Ky, REVHY (6 -7) do(€)
aBn
would belong to C™(B"), for any fixed 0 < R < 1, n € OB" and p,q > 0.
However, by (30) and the orthogonality relations (25), the last integral equals
SPI(|z])SPI(R )Hpq(‘ i -7), and the hypergeometric function SP9(¢) is well known

not to be C™ at the point ¢ = 1 (it again contains a logarithmic singularity of the
form (1 —¢)™log(1 — t)). This completes the proof. O

4. GENERAL M-HARMONIC KERNELS

We now turn to general U(n)-invariant measures du ® do on B™ and their asso-
ciated M-harmonic kernels K.
Theorem 8. For anyn > 1 and p1 as in (13), K, is given by
(60)

L(n) N (=
Klzw) = 5o (1= PP = [0l 32 Apgin )

p,q,5,m=0

w)? (w, 2)7|2* |w]*™

plgljim!

)
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where
m”‘z(ﬂf” n+p+J)F(n+q+J‘)F(n+p+m)F(n+q+m)
(61) Apgjm( F(n)I(n+p+q+j+1) T()T(n+p+qg+m+1)
Gk F(n+p+q+lf D +p+q+2—1)(=j)(=m)
L'(n)llepti,q+1(11) ,
with

n)2 n)2 ! 2
62 )= ot [ a (), P 1) du),

Proof. Clearly, the space H = L3, (B",du ® do) satisfies the hypotheses of Propo-
sition 1. For any pair of functions u(r{) = SP(r)f(¢) and v(r¢) = SP(r)g(C)
in HPY, we have

(1, 0) = / / SP(v/E) £(0)SP (VDG(Q) (dpt @ do) (2, ()
0 oB™

1
= <f’9>L2<aB",do>/0 SPUVE  dp(t),
0 (33) holds with

c _F(p+n,Q+n)2 ltp+q+n—1F( b, q ‘t)zd (t):C ( )
PE " \n,p+q+n/ ), P p+q+n P = Cpa)s

by (62). Consequently, by (34), for z = r{ and w = Rp,
SP4(r)SPe(R)HPI(E -7

o Cpq(1t)

To simplify the notation, let us temporarily denote £ - 77 =: ( € D and

n+p,n-+q b,q
"0 =1( Jorn( 5 )
SO = s p+ o) g
so that SP9(r) = rPT9sP4(r?). Let us first consider the sum in (63) over terms with
p>q—say, p=q+r,r>0. Using (26), the sum becomes (omitting momentarily

the constant factor EE:L))

S s s )

4r=0 Cqtrq(1)

(-1)4(n+2q+r— 1)(n+q+7'72)!zrzq: (—q)j(n+q+71—1);

T'(n)q!r! = (r+1);5!
B o iitdac U e a1
q,7=0 j=0 CQ+qu(/’L)
1) (n+2g4+7—1 = D(—q); mjir
(64) (=1)(n+2¢+r—1)(n+qg+r+j—2) q)JC]Cﬁ.

T'(n)q!(r + j)'4!
Letting ¢ = j + [ and noticing that (—q);/q! = (=1)7 /(g — j)!, this becomes
|Z|2j+21+rsj+l+r,j+l(|Z|2)|w|2j+2l+rsj+l+r,]+l(|w| )

4,1,r>0 Cj+l+7"7j+l (‘LL)
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—j+r

_1\! ; _ i -2 .
><( D'n+2j+2l4+r—1)n+2j+1+r 2).C]C 7

L(n)(r+ 7)i51!

or, writing ¢ and p = g + r instead of j and j + r, respectively,

DD

q,r>0 1>0 CP‘H;Q‘H(H)
p=q+r

8p+l7q+l(|2|2) |w‘p+q+2lsp+l,q+l (|w|2)

y (-Din+p+qg+2l—D)(n+p+qg+1—2)!
T'(n)plqll!

The sum over p < ¢ in (63) is treated in the same way, and recalling that (z, w) =
|z||w|¢, we thus arrive at

¢’

D) G [ (o) s ()

K, (z,w)=—= X
w50 = ey Cp+l,q+1 (1)
(D'n+p+g+2-D(n+p+q+1-2)!{z,w)w,2)?
T(n)l! q'p! '

On the other hand, by the Euler transformation formula (51), we have

pq _ p+n7q+n) _n\n (p+naq+n’)
§ (t)*r<n,p+q+n A=, g |

:(1_t)nir(p+n+k,q+n+k)ﬁ

E
o p+q+n+kn JE!
Consequently,
I(n) < 12129 |w|2* (2, w)(w, z)P
_ 2\n 2\n . ) )
P,4,3,m=0
with
(~D'n+p+qg+2—1D)(n+p+qg+l—2)
Apgim (1) = Z i)l %
1,i,k>0, n)lepri,q+i(p)
I+i=j,
l+k=m
F<p+l+n+i,11+l+n+i) (p+l+n+k,q+l+n+k)£@
n,p+q+n+1i+ 2l n,p+q+n+k+2 ik
_ ml%:m’]) (D)'(ntptat+2-Dntptgti—2)"!
1=0 L(n)llepyig11(p)

F<p+n+j,q+n+j)r(p+n+m,q+n+m)(_ Ni(=m)
n,p+qg+n+j+l np+qg+n+m+l ! b

since j!/(j —1)! = (=1)!(—;); and similarly for m!/(m —[)!. But this is precisely
(60) and (61), completing the proof. O

Remark 9. Taking for du(t) the point mass at ¢ = 1, one can use the last theorem
to give an independent proof of the formula (48) for the M-harmonic Szegd kernel
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(not using Theorem 1). Indeed, in that case ¢p,q = 1 for all p,q, so, pulling out
some Gamma functions,

n+p+jint+qgt+N\Npmt+p+mn+qg+m
Awmin ) =T ) )
nn+pt+qgt+y nn+pt+qg+m
M ()t g+ 2 - Do+ p g+ - 2) (=)(=m)y
I(n)l! p+qg+n+jiilp+qg+n+m)

1=0
Denoting momentarily for brevity n + p + ¢ =: h, we have

h—1

(2t
n+p+q+m—1:2(7f~+0:(h—n

l

(hgl )l ’

so the last sum can be written as

h—1 (=)i(=m)i (=1 (")
- 'h+1-1
F(n) zl:(h—kj)l(h-i-mﬁ ! (@)l ( )
_ F(h) 7j7 77’”7%7}17 1
(65) _ﬁ‘*F?’(thj,hij,% _1>‘
Now by a formula of Bailey [BE, §4.5(4)]
a,1+3,b,c N\ _p(lta-blta—c
4F3(%,1+a—b71+a—c’ 1)7F(1+a,1+a—b—c>’
so (65) is equal to
L'(h) (h+j,h+m\  _(h+jh+m
@wrguh+j+ﬂ)__FQuh+j+nJ

and
qujm(u) = F(

_ (”)erj (n)q+j (n)p+m (1) gt+m
(”)p+q+j+m
proving the claim. O

n+p+j,n+q+j)r(n+p+m,n+q+m) ( — )
n n nn+p+q+j+m

)

Remark 10. A similar argument as in the proof of Theorem 8 can also be used to
give another proof of Folland’s formula (29) for the M-harmonic Poisson kernel:
for z = 7€,

(66) S sm(amrie-a) = ) LB

Indeed, assuming again first that p > ¢ — say, p = ¢ +r, r > 0 — and using (26),
the sum over p > ¢ becomes, as in (64) (omitting yet again temporarily the constant
factor I'(n) /27", and denoting again & - 7] =: ()

i i ‘Z|2q+7'8q+'r',q(|z|2) (_1)q(n + 2q +r— 1)(” +q+r +] — 2)'(_q)j Cjzj‘i""?

P Tl + )11

or, upon setting ¢ = j + [,

Z o[BI | |2) (-D'n+2j+20+r—Dn+2j+1+7r— 2)!C]Zj+r
T(n)(r + )51

)
Jlr=0
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that is, writing ¢ and ¢ = p + r instead of j and j + r, respectively,

—1)¢ _ — !
Z Z prai2l pilgiley (D (ntp+g+20-(n+p+g+1-2)! —p

q,r>0 >0
pP=q+r

The sum over p < q is treated in the same way, and we see that the right-hand side
of (66) equals

F(TL) i |Z|2lsp+l,q+l(|z|2) (_1)l(n +p+ q + 21 — 1)(77’ +p+ q + [ — 2)' <Z’77>q<77az>p

n | In!
27 Do T(n)l! q'p!

F(’Il) (1 - |Z|2)n Z qum|Z| " <Zv77>q<77’z>p

" ! 1p!
27 a0 ml! q!p!
where
Apgm = 3 (—1)l(n+p+q+21—1)(n+p+q+l—2)!F(p+l+n+k,q+l+n+k)@
" 1,k>0 L(n)l! n,p+q+n+k+2l k!
I4k=m
R (n+p+q+2l—1)(n+p+q+l—2)!F(p+n+m,q+n+m)(_m)
_170 L(n)l! n,p+q+n+m-+l !
—q(p+”+mﬂ+”+"§§5OHﬂHﬂ+ﬂﬂ—Dm+p+q+l—m! (—m),
= n,p+qg+n+m pre L(n)l! B +qtntm)
_ P+n+m,q+n+m) (h) (h—17%7—m‘)
=T n,h+m Fn3F2 hlhtm 1),

as in (65); here we have again set n + p + ¢ =: h. Now by a formula due to Dixon
[BE, §4.4(5)]

a,b,c

) (1+9,1+a—b,1+a—c,1+9—b—c)
1) = 2 2
l1+a—-b14+a—c ’

3F2( 1+al+35-b1+35-cl+a—-b-c

so the penultimate sF5 is equal to
htl h—1
p(, Syt mn )
h, 0, ) + m, 5 +m

This vanishes for m > 1, and reduces to 1 for m = 0. Hence A, = 0 for m > 1,

while
_ P+n7Q+n) <P+Q+n)_
quo_r(n,p—i—q—&-n r n = (n)p(n)qg,

so that

o0

|22 (z,m)9(n, 2)* {z,m)%n, 2)? - -
> Ay = (n)p(n)g" === = (1=(z,m) "(1=(n,2)) "
™l Ip! piq Ip! : ’ ,

it m! q'p! — q'p!
proving (66). O

Choosing du(t) = 4(1 — t)* dt, the last theorem gives, in particular, a formula
for the weighted M-harmonic Bergman kernels K, s > —1. The coefficients c,q (1)

are then given by

1 n+pn+q2/l 1 p.q 2
= 71“( ’ ) tpratn=1p ( ’ ‘t) 1—t)%dt.
(61 () = 5T ny pt g ) (o) 1)
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We conclude this section by evaluating cgp and cp; in the particular case of the
unweighted M-harmonic Bergman kernel s = 0 in dimension n = 2.
For cqp, we actually have quite generally

1t [(n)T(s+ 1)
68 = — M1 =) dt = —— 0 2
(68) coo(s) 2/0 (=1 M (n+s+1)
For p=¢g=1and s =0, (67) reads
1 n2 ! 1,1 1\2
_ - n+1 9
011(0) = 27(71_’_1)2/0 t 2F1(’I’L+2t) dt.
Using (51) and (57),
1,1 n+1,n+1 (n+ 1)1 d™ —log(l—1t)
() oft) = @0 (M7 ) = (1R S

For n = 2, a short computation reveals that this reduces to

(69) oF1 (1211‘,5) _ 3Bt —2) — 6(21t3— £)*log(1— 1)

Differentiating the familiar Beta integral
1
Pla+1)T(b+1)
t"(1—t)bdt = b>—1
[rea-yra- =B s o
with respect to b and setting b = 0, we get

' Y1) —Yla+2)
/O (*log(1 — 1) = L= LD

' _ (@) —¥(a+2)* +9'(1) Y (a+2)
/Ot log(1 —t)?dt = parer

where ¢p = IV /T is the logarithmic derivative of the Gamma function. Squaring (69),
multiplying by t**2, > 2, and using the last two formulas yields an (unwieldy)
explicit formula, for fol trH3,Fy (1;11
reveals that the result extends analytically to Rex > —4 (as it should!), and its
value at z =0 is

117 171 9

; 24 S0 - 9(0)? - 360(1) — ) + 2 6(3) - T26(2)

63 9
DY)+ 369/(2) — S (3) — 54" (1),
Finally, recalling that for k,m =1,2,3,...,

)

b

2
‘t) dt. A tedious but utterly routine calculation

m—1
bim)=—C+ 3" 1,
=17

PHF (m) = (=1)*(k — 1)IC(k+ 1) + (—1)*k! mz_: jk1+1’

where C' is the Euler constant and ¢ the Riemann zeta function, we finally get that
for n =2

96¢(3) — 115
o) = @) 115



M-HARMONIC KERNELS 25

and
c11(0) _
coo(0) 03 = L
Since by (61)
1 n’®
Aogooo(s) = c00(5)’ An00(s) = (n+1)eri(s)’

we also get for n = 2

32
Apooo(0) = 4, A1100(0) =

96((3) — 115

It is somewhat unlikely for a function whose Taylor coefficient involves 96((3) —
115 in the denominator to be given by some nice “closed” formula in terms of
e.g. hypergeometric and similar functions. Thus there is probably no “explicit”
expression for Ky(z,w) when n = 2, hence a fortiori also for K,(z,w) for general
s>—1landn> 2.

5. ASYMPTOTICS OF ¢pq($)

Recall that in the polar coordinates z = r{ on C™ (r > 0, ( € dB"), the

Euclidean Laplacian A is given by
2 2n-10 1
R T

where Agpn is the spherical Laplacian, which involves only differentiations with
respect to the ¢ variables. In particular, the value of Agpn¢ on a sphere |z| =const.
depends only on the values of the function ¢ on that sphere. Another operator with
this property is the complex normal derivative (or Reeb vector field)

0
Ri= Z (ZJ zj 82 )
Both Agpn and R commute with the action of U(n), i.e. Agpn(¢poU) = (Agpn¢) o U
for any U € U(n), and similarly for R. (In fact, the algebra of all U(n)-invariant
linear differential operators on 0B™ is generated by Ag,n and R, but we will not
need this fact.) From the irreducibility of the multiplicity-free decomposition (22) it
follows by abstract theory that Agpn and R map each HP? (and HPY) into itself and
actually reduce on it to a multiple of the identity. Evaluation on e.g. the element
Cffg € HP? (for n > 2) shows that, explicitly,

AgpnH? = —(p+ q)(p + q + 2n — 2)I|HP,

70
i RIH" = (p = q)I[H"

(which formulas prevail also for n = 1; in that case Agpn = —R?). In view of (22),
both Agpn and R thus give rise to self-adjoint operators on L?(0B",do), and the
operator

D= [-Agpn + (n—1)21)1/2
(in the sense of functional calculus of self-adjoint operators) corresponds to mul-
tiplication by p + ¢ on HP?. Consequently, the operators DgR, % correspond
to multiplication on HP? by p and g, respectively, and for “any” double sequence

{f(p.q)}3%,—0, the operator f(ZER, BoR) (again taken in the sense of functional
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calculus) will correspond to multiplication by f(p,q) on HP?. Taking, in particu-
lar, f(p,q) = 1/cpq(s) with the c,q(s) from (67), and denoting the corresponding
operator f(EEE B-R) by M,, we thus deduce from (34) and (30) that

(71) K(z,w) = M Kg,(z,w),

where on the right-hand side we can choose to apply M to either the z or the w
variable (the result will be the same). Looking at the “leading order term” of Mg,
i.e. the one corresponding — loosely speaking — to highest order derivatives, we can
thus get a rough idea of the behavior of K from that of Kg, (which we are familiar
with from Section 3). (This is the usual machinery of microlocal analysis.)

Since, in view of (70), the order of differentiation corresponds to the homogeneity
degree of f(p,q) in (p, q), we thus need to find the asymptotic behavior of c¢,,(s) as
p+q— +oo.

Theorem 11. Let p,q > 0 be fixred. Then as A — 400, we have the asymptotic
expansion

2n+s+1,n+s+1,n+s+1,s+1> A2 N aj(p.q)

s+1 j ’
n,n,2n + 2s + 2 (pq) = BV

(72) expaals) = I

where ag(p,q) = 1.

Proof. Inserting the standard representation for the oF} function

a,b c 1 =11 — )e=b-1
ZFl(C‘Z)_F(b,cfb)/owd@ ¢>b>0,

into (67) yields

q=1(1 — p\ntp=1,p=1(1 _ 4 nta-1
n,n p, (1 —tx)P(1 —ty)e

Using the representation [BE §5 8 (

;b c A C ) S
F(“” ,):r( )/ _dt, 0,
1 c T,y a,c—al Jy (1 —ta)b(1 — ty)? c>a>

for the Appell F; function, this becomes

p+nQ+n) <p+Q+nvs+1 q— 1 - n+p 1, p—1 o n+qg—1
2epg(s) = F(nnp,q Fp-i—q-kn—i—s—i—l v y (1)

P ( ) dudy,
Wp+gtnts+1/DY) T

By the transformation formula for F; [BE, §5.11(1)]
_ Y —a;bb| =z Y
=(1— b 1— b F (C a; o, 7)
xay) ( l’) ( y) 1 c J}—l’y—l )
we can continue with
1,1
_ p+n7q+n) (p—l—q—!—n,s—i—l) q—1 _ n—1, p—1 _ n—1

s+ 1;p,q T
F( )dd
X "prg+n+s+llz—1y—1 vy

'3

(a; b, v’
c
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Applying yet another representation formula for F; [BE, §5.8(1)]

wb—1 b 71(1 —u— v)cfbfb’fl
I'7y> (b b/ C— _b/ //u U>O 1—ux—vy)a dudU,

bty >0, c—b—b >0,

a;b, v/
("

we arrive at

p+q+ns+1p+nq+n =11 -1 p—1/1 _
2pq(s) = F( n,m,p,p,q,q,n+s+1 ////uv>0x —a)" Ty (l—y

utv<1
uP~ Lot (1 —u — o)t
(I+ 5 + )t

dudv dzx dy.

Performing the change of variable v = 70, v = (1 — 7)o, dudv = odo dr, this
transforms into

p+q+ns+1p+nq+n _
2epq(s) = F( n,n,p,p,q,q,n+s+1 ////:qu —a)" Y (1)

oPta— 1(1 _U)n+s7_p 1 1 _7_ q 1

(14 oz 4 M)e+1

do drdx dy

)nfl

p+Q+nS+1p+nq+n q— 1 o n+s _ n+s
F( n,n,p,p.q,q,n+s+1 ////m vr (1 y)

5 Up+q—1(1 _ )n+s7—p 1
(1—z)(1—y)+orz(l —y)+ cr(l - T) (1 —z))s+tt

do dt dx dy.

To get hands on large p, ¢ asymptotics, we make one more change of variable from
x,y,0 to X,U, S via

=XV = U=XUP 5 =5/pta)
U
dae dydo = —277__4x au ds
pa(p +q)

and also find it convenient to multiply both sides by s + 1 and to introduce the
function G(w) := 1=¢—=. This leads to

oo poo pl gl
p+qg+n,s+2,p+n,qg+n / / //

2(s+1 I‘(

(5+ 1)epg(s) = n,n,p,p,q,q¢,n+s+1 o Jo Jo Jo

xe*usffggiigggﬁfa(ﬁg)G(@‘”QU)G(piqﬂnﬂﬂF%lfTV”

q p ptq q p
XU(1-X)U /XU 1-X)U _s _xuv(1-X)U 1-X)U
e e i et G
_s a=xu XU (XU\175-1UdrdXdUdS
MO G | I
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Now we specialize to the situation of the theorem, i.e. take p = PA, ¢ = (1—P)A\,
with 0 < P < 1 fixed and A — 4o00. This yields the huge formula

2(s 4+ 1)cpq(s) = F<p—’;lq7j_£;;§,£::—_gffn / / / /
e O(F)(R)eG)
(TP(1 = )=/ (r(1 — 7)) U 25t N5+ dr dX dU dS
[026(G)6(%) +re 52 0.0(%) + 1 -neF-%Fre(g)]

where for typographical reasons we have momentarily introduced the notations
U = 1 P, U, = w Let g, momentarily stand for the Taylor coefficients of
the (entire) function G( yrts:

Then

e [(D)e(R)eR] ™ = Zomaitr

Also,

 e()o(t) ) s ()

pm—i—l(Uh U2a Sa 7-)]

— [TUQ +(1- T)UJ [1 + mij:l AT TUy+ (1 —7)U4

where p,,,+1 is a polynomial homogeneous of degree m+1 in Uy, Uz, S and of degree
1in 7. Feeding (74) and (75) into (73), we arrive at

00 [e%) 1 1
p+q+ns+2p+nq+n
| r(
2(s + Depa(s) = n,1,p,p, 4, ¢, + s+ 1 A A Z;A
e_U_S[X(l . X)S]"+‘§U2n+28+1

o [P P52 () + (1= 7))
a2; Ul,Ug,S 7') P =P\
1-— X
Z)\] (1= 7)Uy + 7U) (T 7) )M drdX dU dS,

where ao; is a polynomial homogeneous of degree 25 in Uy, Us, S and of degree at
most j in 7, ag = 1. Carrying out the X, S and U integrations in (76) already pro-
duces the desired asymptotic expansion in decreasing powers of A; it only remains
to treat the 7 integral. To do that, we recall the standard asymptotics of a Laplace
integral, see e.g. [Fe, §2.1, Theorem 1.3]: if f,S are smooth real-valued functions
on a finite interval [a,b], and S attains its maximum at a unique point 79 € (a, b),
with §”(79) # 0, then the Laplace integral

b
A) :/ (e dr
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possesses the following asymptotics as A — 4o0:

IZ(\) =~ e*S(m0) Z ck)\_k_%,

k=0
with .
F(k + 5) d2k k-1
Ck:wﬁ[f(ﬂs(ﬁm) 2| r=r0
where S(7,79) := %, in particular,
27
Co = f(TO) 78//(7_0) °

Applying this to (76), taking for S the function S(7) = Plog 7+ (1 — P)log(1 - 1),
with 79 = P (so, in particular, S(7,79) = Z;io 2(;;123)'] (1=P)~ =1 —(=P)~I71)),
and for f all the remaining terms of the integrand, we get

p+qg+n,s+2,p+n,qg+n P (1—P)\A
r( )P 1—-P
n,m,p,p,q,q¢,n+s+1 (P ) )

7U S 1 _ X)S]n+sU2n+2s+l
/ / / 1 _ )]n+s+1)\3n+23+2

Z F(k+ ) dzk [ i az;(U1,Us, S, 7) S(r p)*k*% N k=370 dX dU dS

2(s + 1)epg(s) =

Py 2k+ 1 dr2k Lr(1 —7)[(1 — 1)Uy 4+ 7UJits+1 71 T=P

_ p+q+n,s+2,p+n,q+n> Prq _ py(1—P)\A
_F( n,n,p,p,q,q,n+ s+ 1 VAP = P) )

e~ U— S 1 - X n+syr2n+s—j
e = —————
et [P(1 = P)jrrete

with some polynomials @, in the indicated variables, ®o9 = 1. Carrying out the
S,U and X integrations, we obtain

2(s + 1)epg(s) = r(p+q+n s+2,p+n, q+n)\/7r(PP(1_p)1—P)A
" n,n,p,p,q,¢,n+ 8+ 1 [P(l 7P)]n+s+%

(77)
3n— 25—— m
A™ Z bin (5, 125 )A ™
with some polynomials b,,, by = F("+1f(+22+222f55+1). (ALl of ppyy1, az;, @i and

by, depends also on s, although this is not explicitly reflected by the notation.)

Now we employ the fact that 2(s + 1)cpq(s) — 1 as s \, 1 (since the measures

(s +1)(1 — t)* dt converge weakly to the Dirac mass at ¢t = 1); dividing both sides

by (77) by the same expressions with s = —1, and restoring the variables p = P,
= (1 — P)A, we finally arrive at

n2nts+lnts+ln+s+1,s+2 sl
(S+1)C”‘1(S)NF( n,n,2n + 2s + 2 ) [1+ZA P4 }’

with some functions A; homogeneous of degree —j. But this is precisely (72),
completing the proof. O



30 M. ENGLIS AND EL-HASSAN YOUSSFI

Combining the last theorem with (17) from the Introduction, we see that c,q(s) ~
(p+1)=*"Hg+1)"*"1asp+q— +oo (for fixed s). As argued in the beginning of
this section, the “leading order” term of K,(z,w) can thus be expected to be the
same as for the function
(78)  Fu(r¢, Ry) =y SM(r)SP(R)HP(C-m)(p + 25) (g + 25H)

p.q
We conclude this section by discussing the boundary singularity of Fj.
Theorem 12. Forn > 1 and s=0,1,2,...
(79)

FS(Z,U}) — £s+1 |:F(n) (1 - y2 Z nzl:l l1+22 )i1+j1 (’I’L)i2 (n)jl

2 (]. — iCQ 1 — y1 Zl'ZZ'Jl ( )21+i2+j1

31=0 142,51 =0

:ma(xl —y1)i2($1 —$2)j1 F ( i2+n,j1+n ’1_ (1—=z)(1 —y2))}
TN1—wp 1— 29 iy +ig+ji+n (1 —22)(1—11)

z1=|2|% 22 =(z,w),

y1=(w,2),y2=|w|?

where L is the linear differential operator
0? n—1 9] 0 (n— 1)

80 L= — 7( — —) — 1

(80) (T291 xlyQ)aanyl + 5 $28x2 + U . +

Proof. Consider the differential operator

AS h R2 (77,71)2
D=2 _ = 4 T
4 4 + 4

By (70),

DIHP? = (p + "F1)(q + "5 H)I[HM.
Consequently, using (30),
(81) Fy(z,w) = DT Kg, (2, w),

with the understanding that, to fix ideas, D is always applied to the z variable.
Note that since Agpn and R are “tangential” operators — that is, they act only on
the ¢ variable in the polar coordinates z = r{ — we have D(fg) = fDg for any
function f depending on |z| only. Substituting (12) for the Kg, in (81), we thus
obtain

Fuevu) = S0y - oy 30 s O ()i

(n)p+q+j+m

p,q,3,m=0
w)P (w, 2)4 ]2 |w[*™

« D5t (2,
plgljlm!

Now by direct computation

Dz, w) (w, 2)7|2[* [w]*"]

[0~ s P+ () e

_ j.p, 4, m
= LIT125Y1Y5 Loy =212 00 = (2,0} y1 = (w,2) g2 =|w]?
Hence

S F n n n n’n?n7n
Fy(z,w) = £5F! [Q(l—xl) (1—yo) FD1( ’x1,$2,y1,y2>}w =|2|%,20=(z,w),"
2ﬂ—n n 1 s L2 s )

y1:(w72>,y2:\w|2
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Replacing the expression in the square brackets by the one from Corollary 4 yields
the desired claim. (]

Corollary 13. Forn > 1 and s =0,1,2,..., F, € C""1(B" x B" \ diag B").

Proof. We have seen in course of the proof of Proposition 7, cf. (59), that
(82)

Ks(z,w) = Y an(Q,Q)(1—a1)’ (1—y2) + Z bir(Q, Q)(1—z1)’ (1—y2)* log[(1—z1)(1—y2)],
7,k=0 7,k=0
where we have again set x1 = 2|2, 22 = (2,w), y1 = (w,2), yo = |w|? and Q =
1/(1 — x2), @ = 1/(1 — y1), and a;x, bji, are holomorphic functions of @, Q in the
right half-plane Re @) > 0. Now since L involves only differentiations with respect
to the x5 and y; variables, the application of £571 to (82) preserves this form of
the right-hand side (only the functions a;, b, will get changed). Since, again as
in the proof of Proposition 7, the first summand is C*® on |1 —z1| < 1, |1 —y2| < 1
and Re Q > 0, while the second summand is C™~! there, the claim follows. ([

For z,w € B"”, the three quantities
= |Z|2a Ty =Y = <Z,’LU>, Y2 = |'LU‘2,

are preserved upon replacing z,w by Uz, Uw with any U € U(n), and satisfy

(83) 0<x1,y2 <1, zy € C, |£E2|2 < z1Ys.

Conversely, all triples x1, 22, y2 satisfying (83) arise in this way, and if 2/, w’ € B"
give rise to the same triple 21, z2, y2 as z, w, then there is some U € U(n) for which
2/ = Uz and v’ = Uw. In other words, the map (z,w) — (|z|?, (z,w),|w|?) is a
bijection of the equivalence classes of B™ x B™ modulo the diagonal action of U(n)
onto the set of all triples x1, x4, yo satisfying (83).

Now instead of z,w, we can apply the observation in the preceding paragraph
to the pair z, ¢, w. Since

ou.(Uw) =U(gp,w), Vz,w e B", U € U(n),
it again transpires that the map
(84) (va) = (Ua v, Z)a U:= |Z‘2v V= |¢zw|27 Z = <Za¢zw>7

is a bijection of the equivalence classes of B” x B™ modulo the diagonal action of
U(n) onto the set

(85) Q:={U,V,2):0<UV <1, ZcC, |Z?<UV}.

We conclude by expressing the singularity of Fs(z,w) at the boundary diagonal in
terms of the “coordinates” (U,V, Z).

Corollary 14. Forn>1 and s=0,1,2,...,

n n—i1 s+1

io+m+k,j1+n+k
P, 2.7 vym (2 V),
(1— n+s+112)1232101;) viajuk(U; V)2l i1tia+j+nt+k v

Fy(z,w) =

where Py, i,5,6(U, Z,Z,V) is a polynomial of degree at most iy + s+ 1, j1 +s+1,
io+ s+ 1 and k+ s+ 1, respectively, in the indicated variables.
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Proof. We still keep the previous notation 7 = |z|?, 2o = (z,w), 11 = (w,2),
yo = |w|?. Taking 0 and w for w; and ws, respectively, in (19), we get
1— |z 1 — T

Z:<¢z07¢zw>:1_ 1_<Z7w> - 1—3727

and similarly

72561*.@1, Vzl_(l—zl)(lfyz)
1=y (1 —22)(1 —y1)
(which establishes (20)). In terms of U, V, Z, (54) therefore becomes simply
_a@a=-vm W2 ig +n,j1+n
Ks(ew) = (q g 2o oannU" 20200 (250 T V),
i1+i3<n,
i1+j1<n

: r —N)iy+ig (TN)ig+j i j .
with a;,4,j, = 25::) (=n) ;;ﬁzi,(jl,’zl)l:fi?“"’ i1 On the other hand, by a tedious but

routine computation, the operator £ expressed in the coordinates U, V, Z takes the
form

L= ‘ZT_;UUV[H — Z|P0205+ (1 — Z)(1 = V)dz0v + (1 — Z)(1 = V)9z0v + (1 — V)?0% — (1 — V)dy]
_ 2("17:;])[(1 — Z2)U = )0z + (1 - Z)(U — 2)d5 + (1 — V)(2U — Z — Z)dy] + (” S 1)21.

Combining these two facts with the formula

V) _ ab2F1 (a—i— 1,b+ 1‘V)

a,b
(86) aszl( c T e c+1

for the derivative of a hypergeometric function, the claim follows by a simple in-
duction argument. O

The advantage of the coordinates U,V, Z is that when (z,w) approaches the
boundary diagonal — that is, essentially, when both z and w approach the same
point ¢ € 9B™ — then of course all of 71 = 2|2, 22 = (z,w), y1 = (w,z) and
Yo = |w|? tend to 1, but |p,w|?> = V can behave in many ways: or instance, for
z = w one has V = 0, while e.g. for z = (1 —h)e;, w = (1—h?)e; one has V — 1 as
h X\, 0. Thus the coordinates U, V, Z capture how z approaches ( “relative” to w.
Of course, the downside of the formula in the last corollary is that it completely
hides the symmetry z < w. At the moment, we do not know how to express the
boundary singularity of F in a manner that would make this symmetry evident.

6. CONCLUDING REMARKS

6.1. Formulas for c,,. The coefficients c,4(s) can be expressed in terms of various
multivariable hypergeometric functions. One such expression comes from using the
formula for the Taylor coefficients of the square of a 5F; function [BE, §4.3(14)]

2 (aéb’z>2 = i 4F3< a,b,1-c—m,—m 1) Mzm’
m=0

c,l—a—m,l—b—m (C)an!



M-HARMONIC KERNELS 33

yielding

n—l—pJL—i—q) (p,q, -—n-p—qg—m,—m >
2epg(s) = F(nn+p+q Z4F n+p+qgl—-—p-—ml—-q-— ml!

(87)
" (p)m(q)m F(n+p+q+m,s+1)
m+p+q@)mm! \n+p+qg+m+s+1)7

which however is not very useful. A somewhat nicer expression is obtained upon

expanding both oF; factors in (67) into Taylor series and integrating term by term;

this gives

(88)

2y (s) = (n+p,n—|—q) Z (P)r (@) P(n+p+q+.j+k,8+1>
pa n,n+p+q Py n+p+ Jn+p+qrk!” \n+p+q+j+k+s+1

:F(n+p,n+q> <n+p+q,5+1)
n,n+p+q ntpt+qg+s+1

y i ();(9); () (@) (n+p+@iek
o P @)t (n+p+aek! (n+p+qt+s+1)j4
In terms of the higher order hypergeometric function of two variables of Appell and

Kampé de Fériet [AK, p. 150]

M Alyenny au oo v .
FlY b1, by, - b, b, x,y | = Z T (@) jen Ty (80) (b)) 27"
L A i=1(c)gen TTa (di)(d))r J'R!
oldi,d),... dy,d

(e

§,k=0 =1

this becomes
(89)
1 n+p+gq
chq(s)zr(n+p,n+p,n+q,n+q,s+1)F 2 PP, 4,4 11
n,n,n+p+qgn+p+qg+s+1 Il n+p+qg+s+1
lin+p+gn+p+g

In the notation of Karlsson and Srivastava [KS, p. 27], the last function is de-
+q+n : PGP G
ted FLi2:2 ( D
note 111p+q+n+s+1: p+q+n;p+q+n;
expression for the value of these seems again not to be available. In fact, our com-
putations at the end of Section 4 amount to an evaluation of (89) for the special
caseof n=2 s=0and p=g=1.

1, 1). However, an explicit

6.2. Uniformity of asymptotic expansions. In Theorem 11, we have found
the asymptotics of cxpx—p)(s) as A — o0, for fixed s and fixed 0 < P < 1;
also, the case of P € {0,1} has been handled separately. We expect that the
asymptotic expansion obtained is actually uniform in P € [0,1], and hence in
fact yields the unrestricted asymptotics of cpq(s) as p + ¢ — +oo (with s fixed);
however, at the moment we can offer no proof that this is indeed the case. This
kind of difficulty arises also in other situations where two-parameter asymptotics
are involved, cf. e.g. §I1.7 in [Fe].
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6.3. The Wallach set. In the holomorphic case, the weighted Bergman kernels
KM (z w), s > —1, on B" actually extend by analytic continuation to a meromor-
phic function of s € C, and continue to be positive defnite functions on B"™ x B™
for all s € (—n—1, +00); the last interval is called the Wallach set of B™, and there
is a similar story for B™ replaced by any irreducible bounded symmetric domain in
C™ [RV]. More precisely, if one first normalizes the measures (1 — |2|?)® dz on B"
to be of total mass one — that is, in other words, multiplies them by 1/cgo(s) —
then the normalized reproducing kernels

(90) coo(8) KM (z,w) = (1 — (z,w)) "7 17%

extend to a holomorphic function of z,w € B™ and s € C, and this analytic
continuation is still a positive definite kernel in (z,w) on B™ x B™ as long as
s> —n —1 (and only for these s).

Similar phenomenon prevails for the harmonic case [E2]. We show that the
M-harmonic case is, likewise, no exception.

Proposition 15. The normalized M -harmonic weighted Bergman kernels
coo(8)Ks(z,w)

extend by analytic continuation in s to a meromorphic function on B™ x B™ x C,
and remain positive definite in (z,w) as long as s > —n — 1 (and only for such s).
Thus, the “M-harmonic Wallach set” for B™ is the interval (—n — 1, 400).

Proof. By (63), we have

(91) coo(5) K (¢, B) = 37 ) o) gva ) v ).

o Cpq(8)

It is therefore enough to exhibit an analytic continuation of the functions fpq(s) :=

2}3—8 in s for all p, g, and show that the “Wallach set”

W:={s€ C:0< fpy(s) <400 Vp,qg>0}

coincides with the interval (—n — 1, 400). A routine convergence check then yields
the desired analytic continuation of (91), and we are done.

First of all, from either (87) or (88) it is immediate that c,q(s) and, hence, fpq(s)
extend meromorphically to all s € C (because the Gamma function does).

Next, we have already seen in (68) that

_(mst1ly_ T
2c00(s) _F(n—i—s—i—l) ECESIS
Similarly
n+1,s+1
2010(3):F( n+s+2 )
Hence

coo(s) n,s+1,n+s+2 n+s+1
futs) = 228 _p PRELEEY
c10(8) n+s+1l,n+1s+1 n
This is positive only for n +s+1 >0, so W C (—n — 1, +00).
Let us momentarily denote

R n+p7n+q>2 p+qg+n—1 ( b, q ‘)2
(92) Cralt) '_F(n,n+p+q ! 2 ntp+al)
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so that
1
(93) 2¢p4(s) = / Gpa(H)(1 —1t)% dt, Res > —1.
0

Integrating by parts n times, we obtain

e A Ol ) Raana =) 1
(94) QCpq(S) = jgo (5 T 1)j+1 + (S 1

1
) /0 G () (1 — )=t dt,

provided all the terms are finite. Now by (92), the derivative Gz(,]f]) (t) is continuous
up to t = 1 for k < n, while GZ(,Z)(t) ~ log 1. Also, Gé{l)(()) = 0 whenever
j < p+q+n—1. Thus all the terms in the sum in (94) actually vanish for s > —n—1,
and we thus get for any (p,q) # (0,0) and s > —n — 1 the representation

U S L PR
() = 3y |, OO0 -0 al
and

cpq(s)_i ! (n) _ 4\s+n
(95) e = /0 G (1)(1 — £)**+™ dt.

Furthermore, in view of (86), all derivatives of G, are positive on (0, 1), hence the
integrand in (95) is positive, and f,q(s) is positive and finite, for all s > —n — 1.
Consequently, (—n — 1,+00) C W, completing the proof. O

6.4. Semiclassical asymptotics. In the holomorphic case, the behavior of K (z,w)
as s — 400 is of importance in certain quantization procedures [E1]; the weight
parameter s plays the role of the reciprocal of the Planck constant, and one there-
fore speaks of “semiclassical” limits. The following result is again the same as for
the holomorphic, as well as for some harmonic [E3], situations.

Proposition 16. For all z € B,
lim K (z,2)Y° =1 -z

s——+00

Proof. From the definition of the reproducing kernel Ky (z,z) as the norm square
of the evaluation functional,

(96) Ky(z,2) = sup{| f(2)]* - f € H, || fll2 < 1},

and the fact that holomorphic functions are M-harmonic it follows that
K(z,2) > KMz, 2).

Hence

(97) lim inf Ky (2, 2)'/* > liminf KMz, 2)Y/* = (1 — |2|2)7},

s——+00 s——+o00

by the known result for the holomorphic case (cf. (90)).
On the other hand, by the invariant mean value property of M-harmonic func-
tions, we have for any M-harmonic f and 0 <r <1
n!
f6) = (Fo0)0) = s [ (Fos)@)ds
T || <r

n! /
=— f(y) J:(y) dy,
T g yl<r
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where J, is the Jacobian of ¢.. By Cauchy-Schwarz,

N < e ([ W wera) ([ T )

[p-yl<r
nl T (y)? 1/2
< 2n||f||s(/ LW )
T 16.yl<r (1= [y[?)

Taking supremum over all f with || f|ls < 1, we get by (96)

: J ( )2 1/2
. 2 o _ 2y
KS(Z,Z) = gnp2n (»/¢zy<7“ (]- - |y|2)8 dy) ’

| 2/s J( )2 1/s
Vs < n _ YY)
K < () (), e )

Letting s — 400 and using the fact that
]
for any finite measure p and bounded function F', we obtain

limsup K4(2,2)"* < sup (1—|y|*)~L
s—+00 |¢z(y)|<7'

whence

re@du = 1Fllpoe(any — ass— 400

Finally, since r € (0, 1) was arbitrary, letting r \, 0 yields
limsup Ky(z,2)Y* < (1 —|2/*) 7L

s——+00

Combining this with (97) completes the proof. O

It would be interesting to know what is the limit of |K,(z,w)|'/* as s — 400
for z # w, or whether there is any asymptotic expansion of K,(z,z)(1 — |2]?)® in
decreasing powers of s, as is the case for some harmonic Bergman kernels [E3].

6.5. Particular cases. For zlw, the formula (9) for the Szegé kernel Kg,(z,w)
can also be evaluated in a different way: namely, using U(n)-invariance, we can
assume without loss of generality that z = |z|e; and w = |w|es. The integral in (9)
then takes the form

(== o) [ = el = el o ).

Using the binomial expansion for (1 —¢)™"

that the last integral equals

and integrating term by term shows

27" - (n)i(n)? ‘z|2k|w|2l 27" n,n,n,n 2 2
(98) > B ("2, Jwl?),

I'(n) (n) k41 Y T(n)

where F3 is the third Appell hypergeometric function

a,a’,b,b e (@)(@)r(0); () ok
F3( c “’) _]Zk: (Qjeeitkt Y

k,i=0

Naturally, (98) agrees with the formula (12) for (z,w) = (w, z) = 0, as it should.
Another case when Kg,(z,w) can be evaluated independently is when z = w.
The integral in (9) then becomes

A=l [ = O an(c)
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Upon substituting again the binomial expansion and integrating term by term, this
produces

2" 2\2n (Qn)% |Z|2k_ 2" 2\2n 2n,2n|, 2
SOREEREDY = (= PR (T2

T(n) Wk K T(n)
o0 = g ()

(note that the last oF7 is actually a polynomial; we have used the Euler transfor-
mation formula (51)).

It is entertaining to compare (99) with direct application of the formula (63),
where in the latter the Szego case corresponds, as we have already noted repeatedly,
to cpg = 1 Vp, ¢q. Namely, (63) gives

Ks,(z,2) = > SP9(|2])2HP(1).

p,q

Now by (24)

n+p+qg—1)(n+p—2)(n+q—2)!
plgl(n — 1)l(n — 2)! '

Substituting (27) for SP?, we thus get from (99)

thJqu(n —|—p,n+q)22F1< D:q ‘t)QHpq(l) =(1—-1t)" "L (—n;z—n’t»
P.a

HP(1) =

n,n+p+q n+p+q
or, using again (51),

+p,n+q\? L, (m+p,n+ql)? 2n, 2n
tp+q1‘(“ ) b2 ( t) HP(1) = oF ( ‘t).
g; nn+p+q) > '\ n+p+gq S

Looking at the coefficients at like powers of ¢, this is equivalent to

. . 2 2
> F(p+n+J,q+n+y)r(p+n+k,q+n+k>Hpq(1): (21)in

- n,pt+qgt+ntj n,p+q+n+k m(n)m’
P,4,5,k=>0
pHqt+jtk=m
for all m =0,1,2,.... We do not know a direct proof of this (valid) formula.

6.6. Weighted M-harmonic Green functions. It has been known since the
monograph of Bergman and Schiffer [BS] that the harmonic Bergman kernel H(z, w)
on a domain is intimately connected with the Green function G(z, w) for the bihar-
monic operator A? with Dirichlet boundary conditions: namely,

H(Za w) = *AzAwG(Z’ w)a

where the subscript at A indicates the variable that the operator is applied to.
An analogous formula holds also for the weighted case. We conclude this paper by
pointing out a similar connection in the M-harmonic case.
Let
dr(z):= (1 —|z|>)™" tdz
be the invariant measure on B™. Given a positive C'*° weight functions p on B™,
consider the “invariant weighted biharmonic” operator

ApA



38 M. ENGLIS AND EL-HASSAN YOUSSFI

with our A from (1). By its Green function at a point w € B™ we mean, by defini-
tion, a function G(z,w) = G (z) such that, firstly,

u(w) = GuwApAudr
Bn
for all smooth functions u whose support is a compact subset of B™ (that is,
ﬁpﬁGw = dy, the Dirac point mass at w with respect to dr, in the sense of
distributions); and secondly, both G,, and its normal derivative 0G,,/On vanish
at OB™. (More precisely — they grow sufficiently slowly as |z| * 1; we are skip-
ping some technical details here.) It is then a fact that such G, exists, is uniquely
determined, G(z,w) = G(w, z), and the following proposition holds.

Proposition 17. The weighted M-harmonic Bergman kernel on B™ with respect
to the measure p(z)~1dr(2) satisfies

(100) Kar/p(z,w) = —p(2)p(w) A A, Gz, w).

We omit the proof, which is the same as for the original harmonic case in [BS],
only using the Green formula for dr from [Zh, Section 1.6] in the place of the
ordinary Green formula.

Choosing, in particular, p(z) = (1 —|z|?)""~*~!, the M-harmonic kernels Kar/p
in (100) will be precisely our K. One of our earlier ideas how to compute K, (z, w)
was to find G(z, w) first and then apply (100); a possible approach to finding G(z, w)
being along the lines of the one used in [EP1] for the ordinary biharmonic Green
function on the annulus, and in [EP2] for the unweighted invariant biharmonic
Green function on the ball. In both cases, the ordinary decomposition of a function
into its Fourier components would need to be replaced by the decomposition (22)
into the (p, ¢) components with respect to the action of U(n). Unfortunately, so far
we have not been able to carry out this program.
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