COMPLETE NEVANLINNA-PICK PROPERTY OF K-INVARIANT
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ABSTRACT. Let Q be a Cartan domain and K = ) a,K, be a K-invariant kernel on
Q. In this article, we first obtain a necessary condition on K to have the complete
Nevanlinna-Pick property in terms of the sequence {as}s with the assumption that
each a;, is non-zero and K is non-vanishing. This generalizes the well-known Kaluza’s
Lemma in the context of K-invariant kernels.

The notion of the characteristic function of the classical Sz.-Nagy—Foias Theory is
extended to a commuting tuple of %—contraction where K is an irreducible K-invariant
kernel. An explicit construction of the characteristic function of a %—contraction is
provided. A characterization of a K-invariant kernel with the complete Nevanlinna-
Pick property is obtained via the existence of characteristic functions associated with

%—contractions.

1. INTRODUCTION

Let © be a Cartan domain in C? of rank r. These domains are the natural general-
ization of open unit disc in one complex variable and open Euclidean unit ball in several
complex variables. A complete classification of irreducible Cartan domains is given by
E. Cartan [9]. The numerical invariants (r,a,b) determine the domain 2 uniquely up
to biholomorphic equivalence. The dimension d is related to the numerical invariants
(r,a,b) by the relation ¢ = 1+ 2(r — 1) + b. For more details on Cartan domains, we
refer to [14],[1]. Let G be the connected component of identity in Aut(€2), the group of
all the biholomorphic automorphisms of Q. Let K = {g € G : g(0) = 0} be the maximal
compact subgroup of G. Every irreducible Cartan domain €2 of rank r can be realized
as an open unit ball of a Cartan factor Z = C?. The space of analytic polynomials P(Z)
on Z has a natural action of the group K by composition, that is, (k- p)(z) = p(k™! - 2),
keK, pePZ).

An r-tuple of non-negative integers s = (s1,...,s,) is called a signature if s; > ... >
s > 0. The set of all signatures is denoted by Ng and 0 represents the signature (0, ..., 0).
Ifp=(p1,...,p.) and ¢ = (qu,- .., g-) are two signatures, then the notation p > ¢ means
that p; > ¢; for each 1 < i < r and the notation p > ¢ means that that there exists
1 < j < rsuch that p; > ¢;. Let {ey,...,e,} denote the standard ordered basis of C".
Note that among all elements of the standard ordered basis of C", only ¢; is a signature.
The action of K on P(Z) is not irreducible. In fact, P(Z) decomposes into irreducible,
mutually K - inequivalent subspaces P, where s is a signature. Such a decomposition
of P(Z) is called the Peter-Weyl decomposition in [17, Section 3] (see also [1, page 21]).
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The space P, with respect to the Fischer-Fock inner product

(0, q)r = % /Cdp(Z)@e_z'gdm(Z)

is a reproducing kernel Hilbert space, where dm(z) is the Lebesgue measure. The repro-

ducing kernel of Py is denoted by K. Let d,; be the dimension of P, for every s € Ng.
Throughout this article, we fix an orthonormal basis {¢2(z2) iil of Py with respect to

the Fischer-Fock inner product. Then, the reproducing kernel K is given by

Ky(zw) = 3 0s(2) e (w). (L1)

A non-negative definite kernel K : 2 x Q — C is said to be a K-invariant kernel if
K(k-z,k-w) = K(z,w) holds for every z,w € Q and k£ € K. Note that, for each
signature s, the reproducing kernel K, of P, is a K-invariant kernel. If K : Q@ x 2 — C
is a K-invariant kernel which is holomorphic in z and w, then there exists a sequence of
non-negative real numbers {a§}86N6 such that

K(z,w) = Z asK(z,w),
§€N6
for every z,w € Q (cf. [1]). In this article, we consider non-negative definite kernels on
) x € that are holomorphic in z and w. In particular, if 2 is an Euclidean unit ball B,
in C?, and K is the group of all d x d unitary matrices U(d), then
K(z,w) = Zan<z,w>”, z,w € By,
n=0

where {a,},>0 is a sequence of non-negative real numbers. The U(d)-invariant and K-
invariant kernels have been studied extensively over the past few decades ([1, 7, 10, 12]).

A non-negative definite kernel K : €2 x 2 — C is said to be normalized at a point 2 in
0, if K(z,2p) = 1 for every z € . Note that if K(z,w) = ZseNg as K (z,w), z,w € Q,
is a K-invariant kernel, then K(z,0) = ag for every z € Q. As a consequence, %K is a

K-invariant kernel which is normalized at 0 € €. In this article, we always work with a
normalized K-invariant kernel, that is, a kernel K = ZSENS as K on Q with ag = 1. We
also assume that as > 0 for every signature s.

Given a non-negative definite kernel K : Q x  — C, the Moore-Aronszajn Theorem
says that there exists a Hilbert space Hg such that K is the reproducing kernel of Hy.
Throughout this article, Hg represents the Hilbert space with the reproducing kernel K.
Our objective is to classify K-invariant kernels that have the complete Nevanlinna-Pick
property. Let us recall the definition of the complete Nevanlinna-Pick property of a
reproducing kernel.

Definition 1.1. Let X be a subset of C?. A reproducing kernel K : X x X — C is said
to have My, Nevanlinna-Pick property if, whenever zi,...,zny € X and Wy,..., Wy
are p X p matrices such that

. N

((([ - WlW] )K(zi7 zj)))i7‘j:1 9

18 non-negative definite, then there exists a multiplier ¢ in the closed unit ball of the mul-
tiplierr algebra Mult( Hx @CP, H @CP) such that ¢(z;) = W;,i =1,..., N. The kernel K
is said to have the complete Nevanlinna-Pick property if it has the M,, Nevanlinna-Pick
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property for all positive integers p. A reproducing kernel with the complete Nevanlinna-
Pick property is called the complete Nevanlinna-Pick (CNP) kernel.

Let Ky(z,w) =}, -¢an(z,w)" be a non-vanishing U(d)-invariant kernel on By with

each a, being positive. Then, there exists a sequence of real numbers {b, }>o such that

Ku ) Zb zZ,w) (1.2)

for every z, w € B;. Equation (1.2) is one of the main ingredients of the Kaluza lemma
which provides a necessary condition for Ky to be CNP (cf. [5]). The Kaluza lemma
is named after Theodor Kaluza who proved it in terms of power series of one complex
variable [13].

Theorem 1.2. Let {¢,}n>0 be a sequence of positive real numbers with co = 1 and M be

a positive real number. If the sequence of real numbers {Cc—il in > O} s non-decreasing

and bounded above by M, then f(z) = ) ocn2"™ converges for all z € B(0,1/M) :=
{z € C: |z| < 1/M} and there exists a sequence of non-negative real numbers {q, }n>o
such that

an " z€ B(0,1/M).

n>1

A kernel K : Q x 2 — C is said to be irreducible if K (-, w;) and K (-, ws) are linearly
independent for any two distinct points wy, we € Q and K(z,w) # 0 for every z, w € €.
A well-known characterization of an irreducible kernel K : 2 x Q — C having the CNP
property is that 1 — % must be non-negative definite (cf. [5, Theorem 7.28]). Combining
this characterization with Theorem 1.2, we obtain the following necessary condition for
a U(d)-invariant kernel to have the CNP property (cf. [5, Lemma 7.38]).

Lemma 1.3. An irreducible U(d)-invariant kernel Ky = ) <, an{z,w)" on By with
a, > 0 for each n is CNP if -

Qp, < An+41

Ap—1 - Qp,

holds for allm > 1.

Suppose K = Zs€N6 asK; is a K-invariant kernel on €. In Section 2, we first obtain a

sequence of real numbers {b,} sery such that

Zb[( zZ,w) (1.3)

SENT

holds for every z,w € ). Assuming K to be an irreducible kernel, we generalize Lemma
1.3 to find a necessary condition for K to be CNP in terms of the coefficients a,, s € Ng.
We also provide examples of K-invariant CNP kernels on €2 such that the multiplication
operators by the coordinate functions on the corresponding Hilbert spaces are bounded.

Given a contraction T on a Hilbert space K, let Dy := (I —T*T)2, Dyw := (I —TT*)z
and Dr := Ran Dy, Dy« := Ran Dp«. The operators Dy, Dy« are called the defect
operators and the spaces Dy, Dy« are called the defect spaces of T'. The operator valued
holomorphic function 07 : D — B(Dp, Dr+), defined by

QT(Z) = (—T + 2 Dpx (I — ZT*)ilDT) ’DT, z € ]D),
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is called the characteristic function of T'. The classical Sz.-Nagy—Foias theory says that
two completely nonunitary (cnu) contractions 7; and T3 are unitarily equivalent if and
only if the characteristic functions 67, and fr, coincide (that is, there exist two unitaries
u : Dy, — Drp, and v : Dyx — Dgy such that vor (2) = O0p,(2)u, z € D) (cf. [15,
Theorem 3.4]).

Note that 7" is a contraction if and only if £(T,T*) := I — TT* is a positive operator,
where S : DxID — C is the Szeg6 kernel S(z,w) = ——, z,w € D. Let Kp : ByxB; — C

1—2zw’

be defined by Kp(z,w) = m, z,w € B;. The kernel Kp is called the Drury-
Arveson kernel. A commuting tuple of operators T' = (171, ...,Ty) is a KLD-Contraction if

and only if KLD(T, T") = I—Zle T, T is a positive operator. Such a tuple of operators is
called a row contraction. For a commuting row contraction T', the characteristic function
O : By — B(Dr, Dr+) of T is defined in a similar fashion to the classical characteristic
function of a single contraction, where Dy and Dp+ are defect spaces introduced in
the usual way. The characteristic function of a pure commuting row contraction T°
determines the unitary equivalence class of T' (cf. [8]).

Given a non-vanishing U(d)-invariant kernel Ky(z,w) = ) -, an(z, w)" on B, and
a commuting d-tuple of operators T' = (11,...,T,;) on a Hilbert space 3, the Kiu—

contractivity of T' is defined in a similar fashion of a KLD—Contraction due to Equation

(1.2) ([7, Definition 1.1]). A characterization of U(d)-invariant CNP kernels over By is
obtained in terms of the existence of the characteristic function of Kiu—contractions in
[7]. In particular, if Ky also has the CNP property, then an explicit construction of the
characteristic function of a Kiu—contraction is given in the final section of [7] and it is
proved that the characteristic function of a pure KLu—contraction determines it’s unitary
equivalence class, see [7].

Suppose K = ZseNg asKs is a K-invariant kernel on 2. In section 3, we provide a

similar definition of %—contractivity of a commuting tuple of operators T' = (T}, ...,Ty)
on a Hilbert space . The main objective of this section is to obtain a necessary and
sufficient condition of a K-invariant kernel on €2 to have the CNP property in terms of
the existence of the characteristic function of %—contractions. In the final section, we
assume that K aslo has the CNP property. Then, we provide an explicit construction
of the characteristic function of a %-contraction T for certain K-invariant kernels. We
also prove that, for such kernels, the unitary equivalance class of a pure%—contraction is

determined by the characteristic function.

2. A GENERALIZATION OF KALUZA’S LEMMA FOR K-INVARIANT KERNELS

In this section, we provide a criteria of a non-vanishing K-invariant kernel K =
> asK on  to have CNP property in terms of the sequence {as}s>9. We begin this
section with a criterion of convergence of a K-invariant function defined on € x 2 which
is holomorphic in the first d-variables and anti-holomorphic in the last d-variables.

Proposition 2.1. Let

F(z,w) =) c.K(z,w), (2.4)

be a K-invariant function on 0 x Q and e denote any mazximal tripotent of €.
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(i) If F' converges absolutely on the closure of Q x Q and is bounded in modulus by 1,
then
D lesl Kle,e) < 1. (2.5)

Conversely, if (2.5) holds, then F' converges absolutely and uniformly on the closure of
Q x Q, and is bounded in modulus by 1 there.
(ii) If F' converges absolutely on €2 x €2, then

S(t) =) |es| Ki(te, te) < oo, (2.6)
for all t € (0,1). Conversely, if (2.6) holds, then F converges absolutely and uniformly
on compact subsets of 0 x §2.

Proof. (i) Taking z = w = e shows that the assumption on (2.4) implies (2.5).

For the converse part, recall that a function holomorphic on €2 and continuous on its
closure attains its maximum modulus on the Shilov boundary, and the Shilov boundary
of Q is precisely the orbit {ke : k € K} of a maximal tripotent e (see [1]). Hence

|K§<Z’ w)' < |K§(k167 k2€)|
for all z,w € Q and for some ki, ks € K. Now by Cauchy-Schwarz
| K, (kie, koe)|? < Ky(kie, kie) Ky(koe, koe) = K,(e, €)?

thanks to the K-invariance of K. Consequently,

D lesKy(zw)| < les|Ky(e, €) Vz,w €,
and the claim follows.

(ii) Let t € (0,1). Suppose M; > 0 is such that |F(tz,tw)| < M, for all z,w € Q.
Now, apply part (i) to the functions F(tz,tw)/M,. O

The following proposition provides an explicit description of a K-invariant function on
Q) x €, holomorphic in z, w. The proof is modeled on the proof of [3, Proposition 2].

Proposition 2.2. If F(z,w) is a K-invariant function on Q x 2 holomorphic in (z,w),
then it has an expansion
F(Z7 ’lU) = Z C§K§(z7 ’ll)) (27)

with some ¢y satisfying (2.6).

Proof. Assume first that F' extends continuously up to the boundary of Q x €2, and fix a
maximal tripotent e. The holomorphic function F(z,e) =: F.(z), being bounded, then
belongs to the ordinary (unweighted) Bergman space on 2, for which {¥2/1/(p)s}a.s
(p being the genus of ) serves as an orthonormal basis. Thus the Fourier decomposition

Fe7 i s
B I D I

converges in L?(Q) and, by the properties of the reproducing kernels [4], absolutely and
uniformly on compact subsets of €. If L. denotes the stabilizer subgroup of e in K, then for
any [ € L we have, by K-invariance, F,(lz) = F(lz,e) = F(z,l7'e) = F(z,¢e) = F.(2);
in other words, F. and, hence, each f, are L-invariant. However, the only L-invariant
element in Py, up to constant multiples, is K (-, e) [11, Theorem 2.1]. Thus
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F(z,e) = ZcéKé(z, e) Vz €,

with uniform convergence on compact subsets. By K-invariance of both F' and K, this
equality remains in force also for F(z,ke) = F(k™'z,e), uniformly for z in compact
subsets of 2 and k € K. Since, for each fixed z, the anti-holomorphic functions F(z, w)
and K,(z, w) of w attain their maximum moduli on the Shilov boundary {ke : k € K}, it
transpires by the same argument as in the proof of Proposition 2.1 that (2.7) holds, with
convergence absolute and uniform for z, w in compact subsets of Q. (In fact, w could
even be taken in the closure of €2.) By part (ii) of Proposition 2.1, the claim follows.
For general F' (i.e.not necessarily continuous up to the boundary), apply the argument
above to F(tz,tw) for each t € (0,1). O

The last proposition applies, in particular, to F' = K with any K-invariant kernel K,
and to ' = 1 — 1/K with any such K which is in addition zero-free. If K(z,w) =
> asK(z, w) is a K-invariant kernel on  x €2, then there exists a sequence of real

numbers {b,} with by = 0 such that 1 — % =37 __ b K,.
Corollary 2.3. Any F' as is the last proposition satisfies
F(tz,w) = F(z,tw) Vz,w € ()

for any 0 < t < 1. In particular, for each w € Q, F(-,w) extends to a function
holomorphic in a neighborhood of the closure of €.

Proof. For each s and any 0 < t < 1, K (tz,w) = t¥1 K (z,w) = K (2, tw). O

Now we have all the necessary tools to formulate a criterion for a non-vanishing K-
invariant kernel K = ) _a /K, on Q to posses the CNP property in terms of the sequence
{as}s>0. We first observe that every non-vanishing K-invariant kernel is irreducible.

Lemma 2.4. Let K = ) _a,K, be a non-vanishing K-invariant kernel on Q. Then K
is irreducible. B

Proof. Note that it is enough to prove K(-,w;) and K(-,ws) are linearly independent
for any two distinct points wi,ws € €. Let w; and wsy be two distinct elements of
2. Suppose w;(i), j = 1,2, 1 < i < r, represents the ith component of the point w;.
Assume that there exists a ¢ € C such that

K(-,wy) = cK(-,ws). (2.8)

Evaluating both sides of Equation (2.8) at 0 € €2, we obtain ¢ = 1. Substituting ¢ = 1
and the expression of K in Equation (2.8), we get

0= Z CL§(K§(Z,UJ1) —K§(Z,UJ2))

seNg,[s[>1

—a (i —wa) + Y 4 Y U)W () — vi(ws)), € Q. (29)

seNg |s|>2 =1

Recall that a., # 0. Thus, differentiating both sides of Equation (2.9) with respect to
the ith variable and then evaluating at z = 0, we conclude that w; (i) = wy(i). This
proves that w; = ws. Hence, K is irreducible. 0
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Henceforth, we consider only non-vanishing K-invariant kernels on 2. The following
corollary is an immediate consequence of Proposition 2.2 which provides a criterion of a
K-invariant kernel to have CNP property.

Corollary 2.5. A non-vanishing K-invariant kernel K : 2 x 2 — C is CNP if and only
if there exists a sequence of non-negative real numbers {bs}s=o such that

1
1— Rew) ~ D bK,(z, w) (2.10)

5>0

holds for every z,w € €.

Proof. If K is a non-vanishing K-invariant kernel, then the existence of a sequence of
real numbers {b;}s~o follows from Proposition 2.2. Note that K is irreducible, thanks
to Lemma 2.4. Due to [5, Theorem 7.28], it follows that K is a CNP kernel if and only
if 1 — % is non-negative definite. Also, note that ) _, b,/ is a non-negative definite

kernel if and only if each bs > 0 (cf. [11]). O

Remark 2.6. The last corollary even holds for general nonvanishing K-invariant func-
tions K, i.e. it is not necessary to assume that K(z,w) is a nonnegative-definite ker-
nel —the nonnegative definiteness follows automatically. Indeed, if 1 — 1/K =: L is
nonnegative-definite, then

1
K=——=1+4+L+L*+1%+...
=l L+ L2 L
must also be nonnegative-definite: any power L¥, k = 0,1,2,..., is a nonnegative definite
kernel by [4, Section 1.8], hence also any finite sum of these powers [4, Section 1.6],
and, finally, their increasing limit [4, Section 1.9.B]. (For the last, observe that K being
nonvanishing implies that 0 < L(z,z) < 1 for all z € Q2.)

Note that a non-vanishing unitary invariant kernel Ky(z,w) = >_ 5, an (2, w)" on
the unit ball B; has CNP property if

Qp41 > Qp,

Qp, Ap—1

holds for every n > 1. This is the classical Kaluza lemma [5, Lemma 7.38]. In the
following theorem, we generalize Kaluza lemma providing a criteria for a K-invariant
kernel K =} ,asK; on { to have the CNP property in terms of the sequence {a,}s>o.

Theorem 2.7 (Generalized Kaluza lemma). Let K =) a;K; be a K-invariant kernel.
Then K is a CNP kernel if for each signature s, of length k > 1, the following holds

> > gfﬁ?qzu@oﬂ > s—pcf,?q, (2.11)

~ ~ S S
30€1(sg) [pl=k—1—|g| =° lpl=k—lg| =°

where q is any signature with 1 < |q| < k —1, I(sy) = {59 — & : 8¢ — &; is a signature}

and |1(sy)| is the cardinality of the set I(sy).

Proof. Due to [5, Theorem 7.28], K is a CNP kernel if and only if 1 — &+ is non-negative
dgﬁnite. It fgllows from Proposition 2.2 that there exists a sequence of real numbers
{bs}s>0 with by = 1 such that - = > b,K,. This implies that

1 ~
1—§:—Zb§K§.

5>0
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Thus, 1 — % is non-negative definite if each l;§, s > 0, is a non-positive real number.
Consequently, existence of a sequence of non-positive real numbers {B§}§>Q such that
+==1+ > o0 Us K is equivalent to the fact that K is a CNP kernel. Therefore, to prove
the theorem, we have to prove that the existence of a sequence {bs}s>¢ with by = 1 and

l;§ <0, s > 0 such that the equation

(o) (o) 213

520 520

holds. Comparing the coefficient of K, from both sides of Equation (2.12), we obtain

~

be, = —a,. (2.13)
For any two signatures s and s, note that

KK;= Y &K

8,87
Ip|=|s|+|3]

(2.14)

where the coefficients cgé >0,p>sandp >3 (cf. [2, Equation 2.9]).
Let £ > 1. Suppose s, is a signature of length k. Comparing the coefficients of K
from both sides of Equation (2.12), we get

l;§0ag+ Z Z apCy Bg + Bga% = 0. (2.15)

0<lg|<k \ |p|=k~—Iq]

Note that |3)| = k& — 1 for every 3, € I(sy). Therefore, for each 5, € I(s;), comparing
the coefficient of K from both sides of Equation (2.12), we obtain

I;anQ + Z Z CLEC;?Q l;g + ZA?Q&EO =0. (216)
0<|gl<k—1 \ |p|=k—1—lq]
Multiplying Equation (2.16) by U(;l#, adding them up for all 5, € I(s,) and then
2 SO

subtracting it from Equation (2.15), we obtain
~ a;,73CL§0 3 B ~
bs, a0 = Z Z Z 11(s,) a3 %a | ~ Z Uy | b (2.17)
0<lgl<k—1 [BoET(s0) \[pl=h~1~Ig] "~ =0"1"*0 lpl=k~1al

Therefore, it follows from Equation (2.17) that i)éo < 0 if Equation (2.11) holds for every
signatures ¢ with 1 < \g] <k-—1. O

Remark 2.8. Denoting momentarily

&

| 'B(?Cn

As =
q . as 4

(note that c; , is nonzero only for |s| = |p| + |g|, so the last sum is automatically finite),

4

FEquation (2.11) can be rephrased as

1
Ao > Aso > 1.
T(s0) Z & = A, forall |q] =

That is, A;O has to be less than or equal to the average of the same quantities over 1(s,).

30€1(sp)
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For Q the ball, 1(s,) becomes a singleton, A; becomes just as—y/a,, and the connection
with the ordinary Kaluza Lemma becomes evident.

2.1. Examples. The space of all the square integrable holomorphic functions on 2
A%(Q) with respect to the Lebesgue measure dm(z) is known as the Bergman space
over €. It is a reproducing kernel Hilbert space. The reproducing kernel of A%(Q), also
known as the Bergman kernel, is B(z, w) = A(z, w) P, where p = 2+a(r—1)+b, is called
the genus of the domain Q (see [19, Theorem 2.9.8 ]). Here A(z,w) is a K-invariant
sesqui-analytic polynomial on 2 >< Q, known as the Jordan triple determinant.

Also, for v € Wq = {O, 2 (r=1) } U ( r—1), ) the sesqui-analytic function
K® :Q x Q — C defined by

KW (z,w) = Alz,w)™" = Z(u)éKi(z,w), z,w €, (2.18)

S

is non negative definite (see [11, Corollary 5.2] ). Here, (v), denotes the generalized
Pochhammer symbol

we=T1 (- 56-0) =TI (56— v+1-1).

7j=1 j=11=1

Therefore, by the Moore-Aronszajn Theorem, K ) determines a Hilbert space A® (),
known as the weighted Bergman space. If v = ¢ and v = %(r — 1) + ¢ + 1, then
the weighted Bergman spaces A®) () coincide with the Hardy space over the Shilov
boundary of €2 and the classical Bergman space, respectively.

Proposition 2.9. Let Q be a Cartan domain of rank r > 1. For any v € Wq, the
weighted Bergman kernel KW (z, w) := A(z, w)™" is a CNP kernel if and only if v = 0.

Proof. By the criterion recalled above, A(z, w)™" being a CNP kernel is equivalent to
1 — A(z,w)” being a positive semi-definite kernel. By the Faraut-Koranyi binomial
formula (2.18), this in turn is equivalent to

(—v)s <0 V|s| > 1.
For s = (1,0,...,0) and s = (1, 1,0,...,0), this becomes

—v <0 and (—v)(—v—-3) <0,

respectively. The first means that v > 0, while the second means that —3 < v <0 (note
that the characteristic multiplicity a is always a nonnegative integer). Hence v = 0 is
the only possible solution. 0

Hence, it is natural to ask whether there exists any K-invariant CNP kernel on 2.
Indeed, there exist K-invariant CNP kernels. In the following, we provide examples of
such kernels.

Let {bs}.>0 be a sequence of real numbers with by =1 and b, < 0 for all s > 0. Also,

assume that the series L = D >0 b K, is convergent uniformly on compact subsets of
Br X Br and non-zero everywhere on By X Br where By, is the open ball centered at 0,
radius R > 0 in C¢. For ¢ = +, the function L(z,w) = L(cz, cw), z,w € Bg, defines a

function which is holomorphic in z and anti-holomorphic in w on B,. Also, note that L



10 M. ENGLIS, S. HAZRA, AND P. PRAMANICK

is non-zero everywhere on B,. Recall from Equation (1.1) that for each signature s,
ds
K, =) v3s,
a=1

where every 2 is a homogeneous polynomial of degree |s|. Hence, it follows that

L(z,w) = Z@§02‘§|K§(z,w), z,w e B,.

520

Using mathematical induction and Equation (2.15), we obtain a sequence of positive real
numbers {as}s>0, o = 1, such that Equation (2.12) holds. In fact, for every s, > 0,
Equation (2.15) provides a positive real number a, . Thus,

1
K::z:Za§K§

520

is a non-negative definite kernel on B,., in particular on €2. Also, it follows from Corollary
2.5 that K is CNP.

Remark 2.10. In fact, all CNP kernels on ) arise essentially by a construction as in
the last example. Namely, let ¢, > 0 be such that

Z csKs(e,e) <1

|s]>0

where e is any element of the Shilov boundary of Q (a maximal tripotent, see [1]; the
value of Ks(e,e) is independent of the choice of e and there is an explicit formula for it
in terms of the signature s and the domain invariants r, a and b, see [11, Theorem 3.4] ).

Setting
L:=> K,

|s|>0
we then have 0 < L(z,z) < 1 for all z € Q. The Cauchy-Schwarz inequality | K,(z, w)|* <
Ky (z,z)Ks(w,w) thus shows that the series for L converges on all of Q x Q, is bounded
by 1 in modulus there, defines a nonnegative definite kernel. By Remark 2.6,

1
K.=—
1-L
will therefore be a CNP kernel on ). Reversing this procedure also shows that all CNP
kernels on €2 arise in this way.

3. CNP PROPERTY AND CHARACTERISTIC FUNCTION

A non-vanishing unitary invariant kernel K on B, is said to be an admissible kernel if
the tuple M = (M,,, ..., M,,) of multiplication operators by the co-ordinate functions
is bounded and M is a -contraction. In [7], it is proved that an admissible kernel
K on B, possesses the CNP property if and only if every pure %—contraction admits a
characteristic function. In this section, given a K-invariant kernel on 2, we provide a
suitable definition of %—Contractivity. Our main objective of this section is to provide a
necessary and sufficient condition for K-invariant kernels to possess the CNP property
in terms of the existence of the characteristic function of every pure %—contraction.

Recall that if K = ) . asK, is a K-invariant kernel, then, due to Proposition 2.2,

there exists a sequence of real numbers {bs},-0 such that 1 — & = > _ b,K,. Unless
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otherwise mentioned, henceforth, for a K-invariant kernel K =} a Ky, {bs}s-0 repre-
sents a sequence of real numbers such that 1 — & = > o0 Us K. We begin with a few
necessary definitions.

Definition 3.1. (i) Let K =} a,K; be a non-vanishing K- invariant kernel. Suppose
T is a commuting d-tuple of bounded operators. Assume that the series

ds
D b Y UA(T)PA(T)*

s>0 a=1

converges strongly. If

TS0 S s ms) > 0,

>0 a=1
then T is called a %—contmction. Denote
s :
A= 1= b ¥a(T)a(T) | |
>0 a=1
the positive square root of I — 3 o bs Ziizl VE(TYYE(T)*.
ds
(i) A -contraction T is said to be pure if Z%Z VE(T)AZYE(T)* converges to
s>0  a=1

the identity operator I strongly.

Definition 3.2. A K-invariant kernel K is called admissible if the operators of multi-
plication by the co-ordinate functions M,, are bounded operators on Hy fori=1,...,d
and the d-tuple M = (M.,, ..., M.,) is a «-contraction.

In the following lemma, we provide a sufficient condition on a K-invariant CNP kernel
such that the multiplication operators by the co-ordinate functions on the corresponding
Hilbert space are bounded.

Lemma 3.3. Let K be a K-invariant CNP kernel and Hg be the corresponding Hilbert
space. Then, the multiplication operators M,,, 1 <i < d, by the coordinate functions on
Hy are bounded. Furthermore, K is an admissible kernel.

Proof. Recall that a, > 0 for each signature s € NJ. From Equation (2.13), we have
b., = —be, = a., and therefore, b, > 0. Due to Corollary 2.5, by > 0 for all s and

ds
(1= b ) i(z)da(w)K(z,w) = 1.
>0 a=1
Thus, it follows that
|s|=N ds
(L= by vi(z)va(w))K (z,w) (3.19)
>0 a=1
is non-negative definite. Taking N = 1 we see that, (;~ — (z,w))K(z,w) is non-

b,
negative definite. Hence by [6, Lemma 3.1] it follows that the multiplication operators
M., 1 <i<d, are bounded.
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The fact that the tuple of multiplication by the coordinate functions M on H is a
—-contraction follows by an argument similar to that in the proof of [10, Lemma 5.2]. O

In the following, we provide a technical lemma.

Lemma 3.4. Let K =Y . a,K, be a K-invariant kernel on Q. If 1 — 5 =3 b K,

for a sequence of real numbers {bs}~o, then, for every signature p > 0, we have

ap = Z aébécig- (3.20)
520,5>0,
|s|+13]=]pl
Proof. The existence of a sequence of real numbers {bﬁ}§>g such that 1 — % = > b K,

follows from Proposition 2.2. The equation 1 — ? = Z§>Q b K is equ1valent to the

following equation
> a K, =1+ (Z asKS> (Z bgK§> .

520 520 5>0
Using Equation (2.14) and then, comparing the coefficient of K, from both sides of the
above equation, we obtain
ap = Z aébécié,

§>0,5>0,

|s|+13|=1p|

for every signature p > 0. O

The following proposition proves that the series ) ., as Ziil PE(T)AZE(T)* is al-
ways convergent for every ——contractlon T.

Proposition 3.5. For any +-contraction T = (T, ..., Ty) the series
>0, 3 T S
5>0 a=1

converges strongly to a positive contraction.

Proof. 1f the convergence of the series, given in the statement of the lemma, is proved,
then the positivity follows immediately. For N > 1, let

SN—Zaszqu) A’_2I’¢ )

Is|=0 a=1
Let h € J{. Then,
(Snh,h)
N ds
= > as Y (V(T)ATS(T) h, h)
s|=0 a=1
I,LV . :
=Y a > [lvs(T)h)’ - Zasz<22bsws (T)vg <T)*w:;<:r)*h,h>.
|s|=0 a=1 |s|=0 3>0 \a=1a=1

(3.21)
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Note that the identity

SO @M Ty = S A S T
B

a=1 a=1 Ip|=Is|+|3]

follows from Equation (2.14). Using the above identity in Equation (3.21), we obtain

(Swh, h) = ZaSZW )*h|)? ZZ 3 ﬁsc&ZH% )*h?

ls|=0  a=1 5|=0 5>0 |p|=|s|+|3]

N ds dp
<S> s@enlr = S S aded | S AT
B=1

s=0 a=1 1<|pl<N | o<|sl<N
5>0
|s|+13/=]p|
= Z asz s (T)pl> = ) apz lv5(T) A
ls)=0 a=1 1<|p|<N
= ||h]*.
Here, the second last equality follows from Lemma 3.4. This proves that the sequence of
operators {Sy} converges strongly to a contraction. 0

Remark 3.6. For any %-contmction T = (11,...,Ty), the proof of Proposition 3.5
implies that

Sy 3" S (T Ak (T
ls=0 a=1
is a contraction for every N > 1 and therefore {||Sy||} is bounded above by 1.
The operator V7, defined in the following corollary, plays a significant role in the theory

+-calculus and also, in the theory of &-contractions (cf. [2]). Following corollary is an
1mmed1ate consequence of Proposmon 3.5 and [2, Theorem 1.3].

Corollary 3.7. If T = (11,...,Ty) is a %—contmction on a Hilbert space H, then the

operator Vp : H — Hyg @ Ran AT, deﬁned by

= Z“Z Va @ Arg(T)*h, h € K, (3.22)

s>0 a=1

s a contraction and satisfies

Vi (p(M. @ I ) = p(T)V3,
for every polynomials p.

Let Ey denote the orthogonal projection of the reproducing kernel Hilbert space Hg
onto the one dimensional subspace consisting of the constant functions. The following
lemma asserts that the d-tuple of multiplication operators by the co-ordinate functions
M = (M,,,...,M,,) on Hg is pure whenever K is an admissible kernel.
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Lemma 3.8. Suppose K is an admissible kernel. Then Apny = Ey and the d-tuple of
multiplication operators by the co-ordinate functions M = (M,,, ..., M,,), acting on the
Hilbert space Hy, is pure.

Proof. Let HY :={>"" | ¢iKw, :n>1, ¢1,...,¢, € C, wy,...,w, € Q}. The space Hy
is dense in Hy. Take an arbitrary element Y " | ¢; Ky, of Hj.. A straightforward calcu-
lation implies that

A?W (i Cini) == <i Cini>Ko> Ko.
i=1

i=1
Since HY. is a dense subset of H, it follows that Apy is the projection Ej.
For N > 1, let Sy denote >_ .y as fof:l VE(M)A2 p2(M)*. Suppose w € 2 be an

arbitrary element. Since the sequence of partial sums {3, -y @s fozl V(W) YE() N>t

converges to K, in the norm topology, given an € > 0, there exists a natural number m
such that

ds
15w — > > da(w)es()] <e (3.23)
Is|<N  a=1
holds for every N > m. A straightforward computation implies that

Svkw = 3 as Y a(w)vi(). (3.24)

|s|[<N  a=1
Combining Equations (3.23) and (3.24), we obtain
||Ku, — SNKwH <€

holds for every N > m. This implies that the sequence {SyK,} converges to K,,.
Consequently, for each h in HY%, the sequence {Syh} is convergent. Combining the
facts that HY is a dense subset of Hx and that the sequence {||Sx||} is bounded - a
consequence of Proposition 3.5 - we obtain that {Sy} converges to the identity operator
in the strong operator topology of Hg. 0

The following theorem is due to Arazy and Englis. For the proof of the following
theorem, see [2, Theorem 1.3].

Theorem 3.9. Let T = (Ty,...,T;) be a commuting tuple of operators on a Hilbert
space H. If T is a pure %—contmction, then the map Vp : H — Hi ® Ran Ar, given by

ds
h—= )" ads @ Ap (V(T))" b,

s>0 a=1
s an isometry satisfying
Vr (p(M) ® IRcm AT> =p(T)Vy
for allp € Clzy,. .., zd4].
We recall the definition of a (K, T)-factorable positive operator from [7, Definition
2.3]. Suppose K is an admissible kernel and T' = (T, ...,T}) is a commuting d-tuple of
operators on H. A positive operator X € B(H) is said to be (K, T)-factorable if X has

closed range and there exists a Hilbert space £ with a bounded linear transformation
©: Hy ® L — H such that X = ©0* and © (M,, ® I;) = T;0 holds for each i. The
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following proposition is the key ingredient of the main theorem of this section. Both the
proposition and proof are motivated from [7, Proposition 2.4].

Proposition 3.10. X € B(H) is (K, T)-factorable if and only if
(1) for all i, ||M,, HQX T, XTr > 0.

Z b Z V(T X5 (T)* converges strongly such that X — Pp(X) > 0.

>0 a=1

3) Z a§2w§(T) (X — Pp(X))¥(T)" converges to X.

520 a=1

Proof. Let X be (K, T')-factorable, that is, there exists a Hilbert space £ with a bounded
linear transformation © : Hx ® £ — H such that X = ©0* and © (M,, ® I;) = T;0
holds for each i. Then
IMLIX — TXT; = | M, [200° — T,06°T;
ML P00 — O (M., @ L) (M, © 1) ©°
_ @( NPT = (M., @ 1) (M ® I, )@* > 0.

This proves (1). The following computation implies (2):

X —Pr(X)=X — Zb2¢ T) X2 (T)*

s>0 a=1

-3, Zws )@ L) (WA (M) © I£) )0 = 0,

5>0 a=1
Also, observe that
N ds
D as > YT (X — Pr(X))s(T)*
ls|=0 o=l
N ds
=Y a, ) Vi(T)(08 — Pr(66"))ys(T)"
s=0 a=1
N ds
=0 [Z as» (VM @ I)s(M @ I.)" Z Zas¢ (M ® 1)
ls]=0  a=1 |s|=0 a=1

ds
by > (UA(M @ L)i(M @ L) | (M @ I)*| ©~.
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Since M is a pure %-contraction, it follows that

N ds
ZG§Z¢§(M®IL SM® 1) ZZ@SW M ®I;)

ls|=0 a=1 |s|=0 a=1
ds
Z%Z@DE(M@]LW%(M@[L)* va(M @ 1)
5>0 a=1

converges to Iy, o in the strong operator topology and therefore, (3) holds.

Conversely, let us assume (1), (2), and (3). For each ¢« = 1,...,d, define the operator
A; on the range of X, Ran X, by A;XY2h = X'Y2T*h, h € H. It is easy to see that
A = (Ay,..., Ay) is a commuting tuple of bounded linear operators. Now, using the
condition (2), we get

ds
(30D vs(A ) (A)X 20, X V2)

s>0 a=1
ds
= s (T* s — /
<;bs;%<fr JXUE(T)h k) < (Xhih) = (X2, X'V2h).

Thus A" is a %—contraction on Ran X. Also, a similar argument with condition (3) shows
that A is pure:

ds
(S S vaA X X )

<Za52¢8 (T") (X — Prex)) v2(T)h, >:<Xh,h>.

Now Theorem 3.9 yields there exists an isometry V' : Ran X — Hx ® Ran A 4 such that

V(M@ g ) = AV
Finally, if we define © = X/2V* it is easy to check X = ©0* and for each i
O (M;® I, ) = Ai®.

0

Below, we provide the definition of the characteristic function of a ——contractlon fol-
lowing [7, Definition 2.5]. The definition of the characteristic function of a +-contraction
T in [7, Definition 2.5] is given by assuming that T is pure. In our context, we give the
definition of the characteristic function for any ——contractlon

Definition 3.11. Let T = (T1,...,Ty) be a -contraction. The tuple T is said to
admit a characteristic function if there exists a Hilbert space € and an analytic function
Or : Q — B(E, Ran Ar) such that the corresponding multiplication operator Me,. :

Hig ® & = Hg @ Ran Ay fulfills the following identity
I = VrVp = Mo, Mg,..
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If K is an admissible kernel, it follows from Theorem 3.9 that ker V7 is an invariant

subspace for each M., ® Iggz A, 1 <0< d.
Definition 3.12. For a pure %—contmction T = (T4,...,T,), associated d-tuple of com-
muting operators Br is defined as

BT = <(M21 & Im AT)|kerV,1’ia - (M ® ]R(m AT)|kerV > (325)

The theorem below is one of the important theorems of this section. It gives a nec-
essary and sufficient criterion for the existence of the characteristic function of a pure
%-contraction.

Theorem 3.13. Let K be an admissible K-invariant kernel over the Cartan domain €.

1

A pure g-contraction T = (T,...,Ty) on a Hilbert Space H admits a characteristic

function if and only if Bt is a %—contmctian.

Proof. Let T admit a characteristic function. Then there exists a B(£, Ran Ag)— valued
bounded analytic function 61 on €2 such that

I = VrVp = My, M,._.
Thus for any N > 1,

(I - VeVy) - <Zb Zws )@ DI = VoVi) (i (M) @ 1))

Isl=1 a=1

Mo (= S0 @ DMy 0 D). (320

ls|=1 o=l
Since K is an admissible kernel, it follows that the tuple of multiplication operators M is
ds
~-contraction and therefore, the series Z ng(wi(M )R D(WE(M) @1 )) converges

s>0 a=1

strongly and ( -3, Z V(M) @ D)(WE (M) ® 1)) > 0. This with (3.26) implies
5>0 a=1
that Br is a %—Contraction.
Conversely, assume that By is a --contraction. Let ¢; = || M., ||*. Suppose Pervy =

I — Vp Vi is the projection of Hx @ Ran Ar onto ker V. For each ¢, define a linear
operator R; := M., @ I |xerv;;. Then |Ri|I* < ¢;. In other words, ¢;I > R; R}, i.e

(I =VpVyp) — (M., @ IN(I — VpVyp) (M, @ I)" > 0.

This proves condition (1) of Proposition 3.10. Since M is a %—contraction, it follows
that the series

d§
D 0> UM @ Tler v VA (M @ Tervz)”
>0 a=1

ds

- Zb§2¢i<M®I)(I - VTV;)¢§(M®[)*

>0 a=1
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converges strongly and

ds
(I =VeVg) =Y b Y wa(M @ 1) = VoVE)us(M @ 1)
s>0 a=1

= =VrVp) = Pmer(I = VrVp) 20,

where the map Pprgs is defined in Proposition 3.10 (2). This proves condition (2) of
Proposition 3.10.
Let N > 1 be a natural number. Suppose

N ds

Sy =3 s> s (M @ 1) (1= VeVi) = Pagar(I = VaVig) )95(M @ 1)",

‘§‘:O a=1

We prove that Sy converges strongly to (I — VpVyh). Consider an element Y | (K, ®
x;) € Hx ® Ran Ar. Then

n n

(Sn D (K, @ 2:), Y (Ko, @ 24) )

i=1 i=1

_ i [< Z @siwi(M@)I)((I_ VTV;)>wi(M®[)*Kw¢ R i, Ko, ®l’j>

ij=1  [s|<N  a=l

(X asiw;uw @ 1) Parsr(I = VeVi) JUa(M @ 1) Ko, © 31, K, ;)|
s|<N - a=1

_ Z [< ZGSZ V3 (w i)q/;g(M@I)((I— VTVT*)>KW ® i, Ku, ®a:j>

2,7=1 s<N

S

—( > asZwa w) Y (M @ 1)) b Z D2 (wi) i (M @ T)(I — VTVT))KWJ.@:@-,

Is|I<N  a=1 5>0 a=1

ij (%9 Jl'j>]

-3 S 0.3 Tz ) (1~ VeVi)) Km0 Koy 0.1

- T ) X 3 TR0 (Vi) 2 Ku )

ls|=0 a=1 >0 a=1
N ds

=" a0 vk (w)vs(w, [1—217 Zzp w, ) ]<(1 VTVT>ZKw1®xZ,
|s|=0 a=1 3>0 a=1 i=1

=1
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The equation above 1mphes that Sy < (I — VrVy). Also, note that the series

Z%Z% w; )Y j)[l— b

ls|=0 a=1 5>0

(wi)iE (w;)]

Qulme

(0

[*}}
I M s
L)

converges to 1 as N — oo, which implies that {Sy} converges to (I — VpVy) for ev-
ery element of the set (Hx ® Ran Arp)y := D Ky, @z :n > Lw,...,w, €
Q,z1,...,2, € Ran Agp}. Since (Hx ® Ran Ag)o is a dense subset of Hr ® Ran Agp
and {Sy} is bounded above by (I — VpV3), it follows that Sy converges to (I — VpV7)
in strong operator topology. This proves condition (3) of the Proposition 3.10. There-
fore, (I — VpVy) is (K, M ® I)-factorable. In other words, T' admits a characteristic
function. O

Recall from [7] that an admissible kernel K is said to admit a characteristic function
if every pure %—contraction admits a characteristic function. A sufficient condition for a
K-invariant kernel to have CNP property is obtained in the theorem below.

Theorem 3.14. If K s a K-invariant CNP kernel, then K admits a characteristic
function.

Proof. Let T be a pure %—contraction. To show that T admits a characteristic function,

it is enough to show Br is a %—contraction (see Theorem 3.13). Since K is an admissible

kernel, M on H is a %-contraction. Thus M ®I on Hx®Ran Ar is also %—contraction.
For any N > 1,

N ds
Zb§Z¢i<BT) Zb Z-Pkerv* o )®])PkerV;(1/}i(M)*®])’kervlf

|§|:1 a=1 3| 1 a=1

<y b§2 Prerva (E(M) © T (02 (M)* & I) erv

>0 a=1
< Ixervy-

Thus Br is a %—Contraction. O

Now, we have all the necessary ingredients to prove the main theorem of this section.
It professes that the CNP property for an admissible kernel on a Cartan domain is
characterized by the requirement of the existence of the characteristic function of every
pure %—contraction. A similar characterization of a unitary invariant kernel on a unit
ball is proved in [7, Theorem 3.4].

Theorem 3.15. Suppose K is an admissible kernel on a Cartan domain ). Then, the

kernel K is CNP if and only if any pure %—contmction admits a characteristic function.

Proof. The proof of the forward direction follows from Theorem 3.14. Therefore, we
prove the converse direction. Assume that any pure %—contraction admits a characteristic
function. Let H be Hilbert space. It is trivial to verify that the d-tuple T' = (0,...,0)

of zero operators on H is a pure %—contraction and Ar = I5. Consequently, we have
Ran Az = H. From Theorem 3.9, it follows that the operator Vi : H — Hyx @ Ran Ar
is given by

Vr(h)=1®h, h € H,

where 1 denotes the constant function in Hx which maps every element of €2 to 1.
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Let H¢ denote the set of all constant functions in Hx and Fj denote the orthog-
onal projection of Hg onto (H$)%. A direct computation verifies that ker(I — V) =
(H¢)*t ® 3. Due to Theorem 3.14, it follows that By, defined in Equation (3.25), is
a %—Contraction. A straightforward computation implies that Br is a %—contraction if
and only if

;=D b Zw VE+ys(M)* > 0, (3.27)

s>0 a=1

where the sequence {b;}s~o of real numbers is given by Corollary 2.5. To prove that K
is a CNP kernel, it suffices to show b; > 0 for each signature s > 0, thanks to Corollary
2.5.

Let N > 1 be an arbitrary natural number, s’ be a signature of length N + 1 and %,
be an arbitrary element of the orthonormal basis of Py. From [19, Proposition 4.11.36],
it follows that

0, if 5] < |s|
AM)Y = oy (PAOWE) . il 2 (3.28
> (@), itz )
|3|=1s’|—]s]
where the summation is taken over all signatures § such that |3| = |s'| — |s|, O denotes

the tuple of partial differentials (0,,,...,0.,) and (@Di(f))@bi/,) _denotes the component of

YE(0) il, in P; (see also [18, Lemma 15]). Let w be an arbitrary element of 2. Therefore,
from Equation (3.28), we have

> b Z@bs )Eg s (M =" b, Zw V(M) Ky (-, w).
s>0 a=1 |s|<N a=1

From [18, Page 5], it follows that there exists a scalar v(s’) such that

ST b, S (M) (M) Koy (- w) = () Ky (- w). (3.29)

Is|ISN a=1

To determine the value of v(s’), take inner product with K (-, w) to the both sides of
Equation (3.29) and observe that

7(§/)K§’(w7w> = < Z bszwz(M)wZ(M)*KS’<7w)7K(>w)>

sl<N a=1

<Ks/ Zws s ) K(vw)>
s \<N

bs (K (-, w), Ks(-, w) K (-, w))

s \<N

<K, ,'w)ZagKg(-,’w)>

520
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:ZbS<KS’('7w>’Za§ Z Clsl,éKp('aw>>

520 |p|=Is/+I3|

|s|<N.,5>0, s

|s|+15]=]s’|

Here, the fifth equality holds because of Equation (2.14). Therefore, we have

1 /
no__ } s’
~v(s') = o g azbscg s | - (3.30)
- [s|<N,5>0,
|s|+[3]=|s’]

Finally, evaluating the left hand side of Equation (3.27) at Ky (-,w) and then, taking
inner product with Ky (-, w), we obtain

ds
0< <E&st<-,w> =300, S v (M) B s (M) K

>0 a=1

&
g
~_

= <K5’('7 w) - Zbézwi(M)EOLd%(M)*Ks’<> 'lU), Ks’('v ’UJ)>

>0 a=1

= [ Ky (w)]* (1= ()

Ko(-.w)l||?
— || S/(av )H a,§l _ Z agbﬁcié
g |5|<N 3>0
|s|+]5]=|s'|

K/ - w 2 ’ /
_ ”El—)” Y abis— Y ashar;
s 5.5>0 |§|<N,§>0,

2927,

|s]+[3]=]s"] |s|+13=]s"]
K (w)]?

Qg

This implies that by > 0. Note that, in the above series of equalities, the third equality
holds because of Equation (3.30) and the fourth equality holds due to Equation (3.20).
This proves that K is a CNP kernel. U

S/

b§/C§,’O.

Remark 3.16. Let Q be a Cartan domain of rank r > 1 and for v € Wq, let K™ be the
weighted Bergman kernel on §2. A direct consequence of Proposition 2.9 and Theorem
3.15 imply that there exists a ﬁ-contmction T = (Th,...,Ty) such that T does not
admit a characteristic function.

Forv > %, the tuple of multiplication operators M) on the weighted Bergman space
AM(Q) is a —r-contraction, [2, Theorem 3.3]. Lemma 3.8 yields that MY s pure
and Aypoy) = Eo. Recall that {¢¢ s > 0,1 < a < d,} is a complete orthogonal set
of AW(Q). For any N > 0, let My be the closed subspace of AV () spanned by the
set {g :|s| < N,1 < a < ds} and Ty = PyM Y|y, where Py is the orthogonal
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projection of AV (Q) onto My. It is easy to verify that T is a pure ﬁ—contmction
and Ar,, = Ey. Furthermore, an adaption of the proof of [7, Proposition 3.3] establishes
that T'n does not admit any characteristic function for v > g +1.

4. CHARACTERISTIC FUNCTION: CONSTRUCTION

In this section, we explicitly construct the characteristic function of a d-tuple of %—
contraction for certain K-invariant kernels K. Let K = > . ,a,K, be a K-invariant

kernel on  and T = (T3, ...,T,) be a =-contraction. Then, recall that, the series

ds
S0 S (T (T)

is convergent in strong operator topology and

> szSme)w;(T)* <

s>0 a=1
ds
The positive square root of I — Zb Zws )2 (T)* is denoted by Ar. Also, recall

5>0 a=1

that a +-contraction T = (T, ..., T,) is said to admit a characteristic function if there
exists a Hilbert space € and an analytic function O : Q — B(€, RanAg) such that
the corresponding multiplication operator Mg, : Hx ® & — Hyx ® Ran A satisfies
I —VpVi = Mg, Mg,

4.1. Functional Calculus. To explicitly compute the characteristic function of a %—
contraction T = (17, ..., Ty) on a Hilbert space J, we need the existence of the functional
calculus K (T, w) for each w € . In order to define the operator K(T',w) for each
w € (), we assume the followings.

(A) Foreach w € Q, > a, K (M, w) and ) bsKs(M,w) converges in the strong
operator topology.
(B) For some ¢ >0, 3 ., as S s (T A2 (T)* > el

For the rest of this section, we assume Conditions (A) and (B). Note that if T is a pure
~-contraction, then T satisfies Condition (B).
We observe that if Hy is the subspace consisting of holomorphic functions in some L2

space, then Condition (A) automatically holds.

Lemma 4.1. If Hi is the subspace consisting of holomorphic functions in some L?
space (with the inherited norm), then any bounded holomorphic function f on Q is a
bounded multiplier of Hy, and the corresponding multiplication operator M; satisfies

M} < (1 flloo-

Proof. Immediate from || Myul|* = [[ful* < [IfI% [ lul* = [l F3[lul*
O

Corollary 4.2. Under the hypothesis of Lemma 4.1, for any F as in Proposition 2.2
and w € Q, F(-,w) is a bounded multiplier on Hy. In particular, K(-,w) is a bounded
multiplier, and if K is zero-free, then so is 1/K (-, w).

Proof. Immediate from Corollary 2.3. O



CNP 23

Corollary 4.3. Again under the hypothesis of Lemma 4.1, for any F as in Proposition
2.2 and w € QQ, the series
ZcéKé(M w)

where M denotes the commuting tuple of multiplications by the coordinate functions,
converges to the operator of multiplication by F(-,w) on Hg in operator norm. In
particular, this holds for F' = K, and if K is zero-free, then also for FF'=1/K.

Proof. By the lemma 4.1, || f, — fllc — 0 implies ||M}, — My|| — 0. Take f,, =
2 _isl<m CsHs(+, w) and use Proposition 2.2. O

The corollary above proves that if the norm of the reproducing kernel Hilbert space
Hp is given by an integral, then Condition (A) is always satisfied. Now, we provide a
few necessary lemmas.

Lemma 4.4. The operator Vp : H — Hg ® Ran Ar, given by Equation (3.22), is
bounded below.

Proof. Let h be an element in . Then, we have

(Viph, Viph) <Z%Z¢ )AZ2(T)* hh> > c(h, h).

>0 a=1

This shows that ||Vph| > +/c||h|] holds for every h € H. Therefore, Vp is bounded
below. 0

Remark 4.5. In particular, Vr has closed range, hence (by Banach’s Closed Range
Theorem) so has Vi, thus Ran Vi is all of H.

Lemma 4.6. For each w € €1, both the series

S0, S G w)E(T) and 3 b, S GR(w)a(T)

520 a=0 s>0 a=0

converge in strong operator topology.

Proof. Condition (A) implies that the series ., as Za *E(w)yE (M) ® RanA

verges in strong operator topology. Let € > 0 and f € Hx ® Ran Ap. Then there exists
N > 1 such that

con-

N2 ds
1S @Y M) @ Iy Sl <
ls|=N1 =0

holds for every Nl, Ny > N. This implies that

H Z aszwa VTfH

Is)=N1 =0

N2 ds
= Vi Y as ) dalw)es(M) @ Iy Sl

\ |=N1 a=0

<| Z GSZ% ® I o I <& N1, N > N,

s| N1 a=0
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Here, the first inequality occurs since Vr is a contraction. This proves that the series
D es0 s S°% S (w)s(T) converges in strong operator topology on RanVy. Remark

4.5 yields that Ran V7 is 3. This proves that ), a, Za o U3 (w)E(T) converges in
strong operator topology on H.

A similar argument shows that the series 3 _, b Za o U3 (w) s (T) converges in the
strong operator topology. 0

Recall that if K is a K-invariant kernel, then there exists a sequence {bs} of real
numbers such that 1 — % = > _ b,K, holds. This implies that

S i) | (1363 dEws(m) | =1 (431)

520 a=0 >0 a=0
For any w € , let

Z%Z%

>0

Then, for any z € (), we have

K.(T)' =Za52w

s>0

Equation (4.31) implies that

KAT) = (130, di(2)ea(T)

s>0 a=0

-1

4.2. Characteristic Function. In this subsection, we give an explicit construction of
the characteristic function of T' with the assumption that K is a CNP kernel. The
CNP property of K implies that each b, must be a non-negative real number. Let

H= D, % H. Note that H is a direct sum of countably many copies of the Hilbert
space . Every z € () gives rise to an operator

(\/_zpd )>Oa T, (4.32)

mapping (hi);lig,ad to > s>0 \/_Z z)h% and
1Z (h2) sz 00m 12 =i Z\/_Z¢ (z)hs?
s>0
ds ds
< DD bles=) ) (DD Il
s>0 a=1 s>0 a=1

(1= 52 5) S

s>0 a=1
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1/2
This proves that || Z]] < (1 - @) < 1. Consider the operator

T_<\/—¢ );Oal 3= 3,
defined by,

T ((h) i) = Zwa

s>0 a=1

Then, it is easily verified that T H — K is given by Th = (\/_ VE(T )ds

5>0,a=1’

h € H. Using the fact that T is a %-contractlon, it is straight forward to verlfy that

T" is a contraction. Also, we have Az = Iy — TT . Let Dy = ([5{ —T*T)§ and
Ds := RanDj. The identity

TDs = ArT (4.33)
follows from a direct computation. For each z € €, since the operator Z, defined by

Equation (4.32), is a strict contraction, the operator Iy — ZT" is invertible. Now, we
are prepared to provide the definition of the characteristic function of T'.

Definition 4.7. The characteristic function 0p : Q — B(D4, Ran Ar) of T is defined
by
Or(z) = (-T + Ap(Iy — ZT*)‘1ZDT> I, z €0, (4.34)

where, for each z in ), the operator Z is given in Equation (4.32).

The relation TDz = AT implies that 67 (z) € B(Ds, RanAr) for each z € Q. There-
fore, the characteristic function O of T is a B(D4, RanAr)-valued analytic function on
Q. Also, note that if z € (2, then

20 = 30,3 s ()T

>0 a=1
and consequently, we have
-1
(19{ _ZT ) — K.(T)".

The proofs of the following lemmas are consequences of a straightforward computation
and therefore omitted.

Lemma 4.8. For every z,w € (), we have the following identity

I — QT(Z>9T(’U))* 1

- MAT (Kz(T)) Kw(T>AT-

Lemma 4.9. For any w € Q and & € RanAp, we have
Vr (Ko ®§) = Ko(T)ArE,
where the operator Vi is given by Equation (3.22).

The proof of the corollary below follows immediately from Lemma 4.8 and Lemma
4.9.

Corollary 4.10. For any z,w € Q and &, € RanAr, we have
(Vi (Kw ©€), Vp(K: ©n) = K(z,w) (I — 0r(2)0r(w)") & n) .
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The characteristic function 7 of T' gives rise to the multiplication operator My, :
Hix®Ds — Hx @Ran Ap. The following theorem shows that the characteristic function
Or of T', defined via Definition 4.7 satisfies the identity of Definition 3.11.

Theorem 4.11. The multiplication operator My, : Hx ® D3 — Hx ® RanAr corre-
sponding to the characteristic function O of T satisfies the following identity

[ — ViV = My, M;,..

Proof. The proof is similar to the proof of [7, Theorem 4.11]. Therefore, the proof of the
theorem is omitted. l

As a direct consequence of the theorem above, we obtain the following corollary.

Corollary 4.12. The characteristic function 07 of T is a bounded analytic function on
Q. In particular, sup,cq ||0r(2)| < 1.

Definition 4.13. Let T and R be two %—contmctions defined on Hilbert spaces H and
X, respectively. The characteristic functions O and g of T and R, respectively, are
said to coincide if there exist unitaries 7 : Dy — Dg and 7, : Ran Ar — RanAg such
that

T.0r(z) = Or(2)T
holds for every z € ).

Theorem 4.14. If T is a pure %—contmctian, then the tuple T is unitarily equiva-
lent to the tuple (Pay (M., @ Iggn,) g Pag (Me, ® Iggan,) lur) . where Hy =
(HK ® %AT) &My, (Hk ® Dg) and Py, denote the orthogonal projection from Hy ®
Ran A onto Hy.

Proof. The proof if similar to the proof of [8, Theorem 3.7] and therefore, omitted. [

The main result of this section is the following theorem, which states that for certain
K-invariant kernels K, the characteristic function of a pure %—contraction T determines
the unitary equivalence class of T'. The proof follows along the line of the proof of [8,
Theorem 4.4]. Therefore, we leave out the proof.

Theorem 4.15. Let K be a K-invariant kernel satisfying Condition (A). Two pure %—
contractions are unitarily equivalent if and only if their characteristic functions coincide.
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