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Abstract. Let Ω be a Cartan domain and K =
∑

s asKs be a K-invariant kernel on

Ω. In this article, we first obtain a necessary condition on K to have the complete
Nevanlinna-Pick property in terms of the sequence {as}s with the assumption that
each as is non-zero and K is non-vanishing. This generalizes the well-known Kaluza’s
Lemma in the context of K-invariant kernels.

The notion of the characteristic function of the classical Sz.-Nagy–Foias Theory is
extended to a commuting tuple of 1

K -contraction where K is an irreducible K-invariant

kernel. An explicit construction of the characteristic function of a 1
K -contraction is

provided. A characterization of a K-invariant kernel with the complete Nevanlinna-
Pick property is obtained via the existence of characteristic functions associated with
1
K -contractions.

1. Introduction

Let Ω be a Cartan domain in Cd of rank r. These domains are the natural general-
ization of open unit disc in one complex variable and open Euclidean unit ball in several
complex variables. A complete classification of irreducible Cartan domains is given by
É. Cartan [9]. The numerical invariants (r, a, b) determine the domain Ω uniquely up
to biholomorphic equivalence. The dimension d is related to the numerical invariants
(r, a, b) by the relation d

r
= 1 + a

2
(r − 1) + b. For more details on Cartan domains, we

refer to [14],[1]. Let G be the connected component of identity in Aut(Ω), the group of
all the biholomorphic automorphisms of Ω. Let K = {g ∈ G : g(0) = 0} be the maximal
compact subgroup of G. Every irreducible Cartan domain Ω of rank r can be realized
as an open unit ball of a Cartan factor Z = Cd. The space of analytic polynomials P(Z)
on Z has a natural action of the group K by composition, that is, (k · p)(z) = p(k−1 · z),
k ∈ K, p ∈ P(Z).
An r-tuple of non-negative integers s = (s1, . . . , sr) is called a signature if s1 ≥ . . . ≥

sr ≥ 0. The set of all signatures is denoted by N⃗r
0 and 0 represents the signature (0, . . . , 0).

If p = (p1, . . . , pr) and q = (q1, . . . , qr) are two signatures, then the notation p ≥ q means
that pi ≥ qi for each 1 ≤ i ≤ r and the notation p > q means that that there exists
1 ≤ j ≤ r such that pj > qj. Let {ε1, . . . , εr} denote the standard ordered basis of Cr.
Note that among all elements of the standard ordered basis of Cr, only ε1 is a signature.
The action of K on P(Z) is not irreducible. In fact, P(Z) decomposes into irreducible,
mutually K - inequivalent subspaces Ps, where s is a signature. Such a decomposition
of P(Z) is called the Peter-Weyl decomposition in [17, Section 3] (see also [1, page 21]).
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The space Ps with respect to the Fischer-Fock inner product

⟨p, q⟩F :=
1

πd

∫
Cd

p(z)q(z)e−|z|2dm(z)

is a reproducing kernel Hilbert space, where dm(z) is the Lebesgue measure. The repro-

ducing kernel of Ps is denoted by Ks. Let ds be the dimension of Ps for every s ∈ N⃗r
0.

Throughout this article, we fix an orthonormal basis {ψs
α(z)}

ds
α=1 of Ps with respect to

the Fischer-Fock inner product. Then, the reproducing kernel Ks is given by

Ks(z,w) =

ds∑
α=1

ψs
α(z)ψ

s
α(w). (1.1)

A non-negative definite kernel K : Ω × Ω → C is said to be a K-invariant kernel if
K(k · z, k · w) = K(z,w) holds for every z,w ∈ Ω and k ∈ K. Note that, for each
signature s, the reproducing kernel Ks of Ps is a K-invariant kernel. If K : Ω× Ω → C
is a K-invariant kernel which is holomorphic in z and w̄, then there exists a sequence of
non-negative real numbers {as}s∈N⃗r

0
such that

K(z,w) =
∑
s∈N⃗r

0

asKs(z,w),

for every z,w ∈ Ω (cf. [1]). In this article, we consider non-negative definite kernels on
Ω×Ω that are holomorphic in z and w̄. In particular, if Ω is an Euclidean unit ball Bd

in Cd, and K is the group of all d× d unitary matrices U(d), then

K(z,w) =
∞∑
n=0

an⟨z,w⟩n, z,w ∈ Bd,

where {an}n≥0 is a sequence of non-negative real numbers. The U(d)-invariant and K-
invariant kernels have been studied extensively over the past few decades ([1, 7, 10, 12]).

A non-negative definite kernel K : Ω×Ω → C is said to be normalized at a point z0 in
Ω, if K(z, z0) = 1 for every z ∈ Ω. Note that if K(z,w) =

∑
s∈N⃗r

0
asKs(z,w), z,w ∈ Ω,

is a K-invariant kernel, then K(z,0) = a0 for every z ∈ Ω. As a consequence, 1
a0
K is a

K-invariant kernel which is normalized at 0 ∈ Ω. In this article, we always work with a
normalized K-invariant kernel, that is, a kernel K =

∑
s∈N⃗r

0
asKs on Ω with a0 = 1. We

also assume that as > 0 for every signature s.
Given a non-negative definite kernel K : Ω× Ω → C, the Moore-Aronszajn Theorem

says that there exists a Hilbert space HK such that K is the reproducing kernel of HK .
Throughout this article, HK represents the Hilbert space with the reproducing kernel K.
Our objective is to classify K-invariant kernels that have the complete Nevanlinna-Pick
property. Let us recall the definition of the complete Nevanlinna-Pick property of a
reproducing kernel.

Definition 1.1. Let X be a subset of Cd. A reproducing kernel K : X ×X → C is said
to have Mp×p Nevanlinna-Pick property if, whenever z1, . . . ,zN ∈ X and W1, . . . ,WN

are p× p matrices such that ((
(I −WiW

∗
j )K(zi, zj)

))N
i,j=1

,

is non-negative definite, then there exists a multiplier ϕ in the closed unit ball of the mul-
tiplierr algebra Mult(HK⊗Cp, HK⊗Cp) such that ϕ(zi) = Wi, i = 1, . . . , N. The kernel K
is said to have the complete Nevanlinna-Pick property if it has the Mp×p Nevanlinna-Pick
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property for all positive integers p. A reproducing kernel with the complete Nevanlinna-
Pick property is called the complete Nevanlinna-Pick (CNP) kernel.

Let KU(z,w) =
∑

n≥0 an⟨z,w⟩n be a non-vanishing U(d)-invariant kernel on Bd with

each an being positive. Then, there exists a sequence of real numbers {b̂n}n≥0 such that

1

KU(z,w)
=
∑
n≥0

b̂n⟨z,w⟩n, (1.2)

for every z,w ∈ Bd. Equation (1.2) is one of the main ingredients of the Kaluza lemma
which provides a necessary condition for KU to be CNP (cf. [5]). The Kaluza lemma
is named after Theodor Kaluza who proved it in terms of power series of one complex
variable [13].

Theorem 1.2. Let {cn}n≥0 be a sequence of positive real numbers with c0 = 1 and M be

a positive real number. If the sequence of real numbers
{

cn
cn−1

: n > 0
}

is non-decreasing

and bounded above by M , then f(z) =
∑

n≥0 cnz
n converges for all z ∈ B(0, 1/M) :=

{z ∈ C : |z| < 1/M} and there exists a sequence of non-negative real numbers {qn}n>0

such that

1− 1

f(z)
=
∑
n≥1

qnz
n, z ∈ B(0, 1/M).

A kernel K : Ω×Ω → C is said to be irreducible if K(·,w1) and K(·,w2) are linearly
independent for any two distinct points w1,w2 ∈ Ω and K(z,w) ̸= 0 for every z,w ∈ Ω.
A well-known characterization of an irreducible kernel K : Ω× Ω → C having the CNP
property is that 1− 1

K
must be non-negative definite (cf. [5, Theorem 7.28]). Combining

this characterization with Theorem 1.2, we obtain the following necessary condition for
a U(d)-invariant kernel to have the CNP property (cf. [5, Lemma 7.38]).

Lemma 1.3. An irreducible U(d)-invariant kernel KU =
∑

n≥0 an⟨z,w⟩n on Bd with
an > 0 for each n is CNP if

an
an−1

≤ an+1

an
holds for all n ≥ 1.

Suppose K =
∑

s∈N⃗r
0
asKs is a K-invariant kernel on Ω. In Section 2, we first obtain a

sequence of real numbers {b̂s}s∈N⃗r
0
such that

1

K(z,w)
=
∑
s∈N⃗r

0

b̂sKs(z,w) (1.3)

holds for every z,w ∈ Ω. Assuming K to be an irreducible kernel, we generalize Lemma
1.3 to find a necessary condition for K to be CNP in terms of the coefficients as, s ∈ N⃗r

0.
We also provide examples of K-invariant CNP kernels on Ω such that the multiplication
operators by the coordinate functions on the corresponding Hilbert spaces are bounded.

Given a contraction T on a Hilbert space H, let DT := (I−T ∗T )
1
2 , DT ∗ := (I−TT ∗)

1
2

and DT := Ran DT , DT ∗ := Ran DT ∗ . The operators DT , DT ∗ are called the defect
operators and the spaces DT , DT ∗ are called the defect spaces of T . The operator valued
holomorphic function θT : D → B(DT ,DT ∗), defined by

θT (z) =
(
−T + zDT ∗(I − zT ∗)−1DT

)
|DT

, z ∈ D,
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is called the characteristic function of T . The classical Sz.-Nagy–Foias theory says that
two completely nonunitary (cnu) contractions T1 and T2 are unitarily equivalent if and
only if the characteristic functions θT1 and θT2 coincide (that is, there exist two unitaries
u : DT1 → DT2 and v : DT ∗

1
→ DT ∗

2
such that vθT1(z) = θT2(z)u, z ∈ D) (cf. [15,

Theorem 3.4]).
Note that T is a contraction if and only if 1

S(T, T
∗) := I − TT ∗ is a positive operator,

where S : D×D → C is the Szegő kernel S(z, w) = 1
1−zw̄

, z, w ∈ D. LetKD : Bd×Bd → C
be defined by KD(z,w) = 1

1−⟨z,w⟩ , z,w ∈ Bd. The kernel KD is called the Drury-

Arveson kernel. A commuting tuple of operators T = (T1, . . . , Td) is a
1

KD
-contraction if

and only if 1
KD

(T ,T ∗) = I−
∑d

i=1 TiT
∗
i is a positive operator. Such a tuple of operators is

called a row contraction. For a commuting row contraction T , the characteristic function
θT : Bd → B(DT ,DT ∗) of T is defined in a similar fashion to the classical characteristic
function of a single contraction, where DT and DT ∗ are defect spaces introduced in
the usual way. The characteristic function of a pure commuting row contraction T
determines the unitary equivalence class of T (cf. [8]).

Given a non-vanishing U(d)-invariant kernel KU(z,w) =
∑

n≥0 an⟨z,w⟩n on Bd and

a commuting d-tuple of operators T = (T1, . . . , Td) on a Hilbert space H, the 1
KU

-

contractivity of T is defined in a similar fashion of a 1
KD

-contraction due to Equation

(1.2) ([7, Definition 1.1]). A characterization of U(d)-invariant CNP kernels over Bd is
obtained in terms of the existence of the characteristic function of 1

KU
-contractions in

[7]. In particular, if KU also has the CNP property, then an explicit construction of the
characteristic function of a 1

KU
-contraction is given in the final section of [7] and it is

proved that the characteristic function of a pure 1
KU

-contraction determines it’s unitary

equivalence class, see [7].
Suppose K =

∑
s∈N⃗r

0
asKs is a K-invariant kernel on Ω. In section 3, we provide a

similar definition of 1
K
-contractivity of a commuting tuple of operators T = (T1, . . . , Td)

on a Hilbert space H. The main objective of this section is to obtain a necessary and
sufficient condition of a K-invariant kernel on Ω to have the CNP property in terms of
the existence of the characteristic function of 1

K
-contractions. In the final section, we

assume that K aslo has the CNP property. Then, we provide an explicit construction
of the characteristic function of a 1

K
-contraction T for certain K-invariant kernels. We

also prove that, for such kernels, the unitary equivalance class of a pure 1
K
-contraction is

determined by the characteristic function.

2. A generalization of Kaluza’s lemma for K-invariant kernels

In this section, we provide a criteria of a non-vanishing K-invariant kernel K =∑
s asKs on Ω to have CNP property in terms of the sequence {as}s≥0. We begin this

section with a criterion of convergence of a K-invariant function defined on Ω×Ω which
is holomorphic in the first d-variables and anti-holomorphic in the last d-variables.

Proposition 2.1. Let

F (z,w) :=
∑
s

csKs(z,w), (2.4)

be a K-invariant function on Ω× Ω and e denote any maximal tripotent of Ω.
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(i) If F converges absolutely on the closure of Ω× Ω and is bounded in modulus by 1,
then ∑

s

|cs|Ks(e, e) ≤ 1. (2.5)

Conversely, if (2.5) holds, then F converges absolutely and uniformly on the closure of
Ω× Ω, and is bounded in modulus by 1 there.
(ii) If F converges absolutely on Ω× Ω, then

S(t) :=
∑
s

|cs|Ks(te, te) <∞, (2.6)

for all t ∈ (0, 1). Conversely, if (2.6) holds, then F converges absolutely and uniformly
on compact subsets of Ω× Ω.

Proof. (i) Taking z = w = e shows that the assumption on (2.4) implies (2.5).
For the converse part, recall that a function holomorphic on Ω and continuous on its

closure attains its maximum modulus on the Shilov boundary, and the Shilov boundary
of Ω is precisely the orbit {ke : k ∈ K} of a maximal tripotent e (see [1]). Hence

|Ks(z,w)| ≤ |Ks(k1e, k2e)|
for all z,w ∈ Ω and for some k1, k2 ∈ K. Now by Cauchy-Schwarz

|Ks(k1e, k2e)|2 ≤ Ks(k1e, k1e)Ks(k2e, k2e) = Ks(e, e)
2

thanks to the K-invariance of Ks. Consequently,∑
s

|csKs(z,w)| ≤
∑
s

|cs|Ks(e, e) ∀z,w ∈ Ω,

and the claim follows.
(ii) Let t ∈ (0, 1). Suppose Mt > 0 is such that |F (tz, tw)| ≤ Mt for all z,w ∈ Ω.

Now, apply part (i) to the functions F (tz, tw)/Mt. □

The following proposition provides an explicit description of a K-invariant function on
Ω× Ω, holomorphic in z, w̄. The proof is modeled on the proof of [3, Proposition 2].

Proposition 2.2. If F (z,w) is a K-invariant function on Ω×Ω holomorphic in (z, w̄),
then it has an expansion

F (z,w) =
∑
s

csKs(z,w) (2.7)

with some cs satisfying (2.6).

Proof. Assume first that F extends continuously up to the boundary of Ω×Ω, and fix a
maximal tripotent e. The holomorphic function F (z, e) =: Fe(z), being bounded, then
belongs to the ordinary (unweighted) Bergman space on Ω, for which {ψs

α/
√
(p)s}α,s

(p being the genus of Ω) serves as an orthonormal basis. Thus the Fourier decomposition

Fe =
∑
s

∑
α

⟨Fe, ψ
s
α⟩

(p)s
ψs
α =:

∑
s

fs

converges in L2(Ω) and, by the properties of the reproducing kernels [4], absolutely and
uniformly on compact subsets of Ω. If L denotes the stabilizer subgroup of e inK, then for
any l ∈ L we have, by K-invariance, Fe(lz) = F (lz, e) = F (z, l−1e) = F (z, e) = Fe(z);
in other words, Fe and, hence, each fs are L-invariant. However, the only L-invariant
element in Ps, up to constant multiples, is Ks(·, e) [11, Theorem 2.1]. Thus



6 M. ENGLIŠ, S. HAZRA, AND P. PRAMANICK

F (z, e) =
∑
s

csKs(z, e) ∀z ∈ Ω,

with uniform convergence on compact subsets. By K-invariance of both F and Ks, this
equality remains in force also for F (z, ke) = F (k−1z, e), uniformly for z in compact
subsets of Ω and k ∈ K. Since, for each fixed z, the anti-holomorphic functions F (z,w)
andKs(z,w) of w attain their maximum moduli on the Shilov boundary {ke : k ∈ K}, it
transpires by the same argument as in the proof of Proposition 2.1 that (2.7) holds, with
convergence absolute and uniform for z,w in compact subsets of Ω. (In fact, w could
even be taken in the closure of Ω.) By part (ii) of Proposition 2.1, the claim follows.

For general F (i.e.not necessarily continuous up to the boundary), apply the argument
above to F (tz, tw) for each t ∈ (0, 1). □

The last proposition applies, in particular, to F = K with any K-invariant kernel K,
and to F = 1 − 1/K with any such K which is in addition zero-free. If K(z,w) =∑

s asKs(z,w) is a K-invariant kernel on Ω × Ω, then there exists a sequence of real

numbers {bs} with b0 = 0 such that 1− 1
K

=
∑

s>0 bsKs.

Corollary 2.3. Any F as is the last proposition satisfies

F (tz,w) = F (z, tw) ∀z,w ∈ Ω

for any 0 < t < 1. In particular, for each w ∈ Ω, F (·,w) extends to a function
holomorphic in a neighborhood of the closure of Ω.

Proof. For each s and any 0 < t < 1, Ks(tz,w) = t|s|Ks(z,w) = Ks(z, tw). □

Now we have all the necessary tools to formulate a criterion for a non-vanishing K-
invariant kernel K =

∑
s asKs on Ω to posses the CNP property in terms of the sequence

{as}s≥0. We first observe that every non-vanishing K-invariant kernel is irreducible.

Lemma 2.4. Let K =
∑

s asKs be a non-vanishing K-invariant kernel on Ω. Then K
is irreducible.

Proof. Note that it is enough to prove K(·,w1) and K(·,w2) are linearly independent
for any two distinct points w1,w2 ∈ Ω. Let w1 and w2 be two distinct elements of
Ω. Suppose wj(i), j = 1, 2, 1 ≤ i ≤ r, represents the ith component of the point wj.
Assume that there exists a c ∈ C such that

K(·,w1) = cK(·,w2). (2.8)

Evaluating both sides of Equation (2.8) at 0 ∈ Ω, we obtain c = 1. Substituting c = 1
and the expression of K in Equation (2.8), we get

0 =
∑

s∈N⃗r
0,|s|≥1

as(Ks(z,w1)−Ks(z,w2))

= aε1⟨z,w1 −w2⟩+
∑

s∈N⃗r
0,|s|≥2

as

ds∑
α=1

ψs
α(z)(ψ

s
α(w1)− ψs

α(w2)), z ∈ Ω. (2.9)

Recall that aε1 ̸= 0. Thus, differentiating both sides of Equation (2.9) with respect to
the ith variable and then evaluating at z = 0, we conclude that w1(i) = w2(i). This
proves that w1 = w2. Hence, K is irreducible. □
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Henceforth, we consider only non-vanishing K-invariant kernels on Ω. The following
corollary is an immediate consequence of Proposition 2.2 which provides a criterion of a
K-invariant kernel to have CNP property.

Corollary 2.5. A non-vanishing K-invariant kernel K : Ω×Ω → C is CNP if and only
if there exists a sequence of non-negative real numbers {bs}s>0 such that

1− 1

K(z,w)
=
∑
s>0

bsKs(z,w) (2.10)

holds for every z,w ∈ Ω.

Proof. If K is a non-vanishing K-invariant kernel, then the existence of a sequence of
real numbers {bs}s>0 follows from Proposition 2.2. Note that K is irreducible, thanks
to Lemma 2.4. Due to [5, Theorem 7.28], it follows that K is a CNP kernel if and only
if 1 − 1

K
is non-negative definite. Also, note that

∑
s>0 bsKs is a non-negative definite

kernel if and only if each bs ≥ 0 (cf. [11]). □

Remark 2.6. The last corollary even holds for general nonvanishing K-invariant func-
tions K, i.e. it is not necessary to assume that K(z,w) is a nonnegative-definite ker-
nel —the nonnegative definiteness follows automatically. Indeed, if 1 − 1/K =: L is
nonnegative-definite, then

K =
1

1− L
= 1 + L+ L2 + L3 + . . .

must also be nonnegative-definite: any power Lk, k = 0, 1, 2, . . . , is a nonnegative definite
kernel by [4, Section I.8], hence also any finite sum of these powers [4, Section I.6],
and, finally, their increasing limit [4, Section I.9.B]. (For the last, observe that K being
nonvanishing implies that 0 ≤ L(z, z) < 1 for all z ∈ Ω.)

Note that a non-vanishing unitary invariant kernel KU(z,w) =
∑

n≥0 an ⟨z,w⟩n on
the unit ball Bd has CNP property if

an+1

an
≥ an
an−1

holds for every n ≥ 1. This is the classical Kaluza lemma [5, Lemma 7.38]. In the
following theorem, we generalize Kaluza lemma providing a criteria for a K-invariant
kernel K =

∑
s≥0 asKs on Ω to have the CNP property in terms of the sequence {as}s≥0.

Theorem 2.7 (Generalized Kaluza lemma). Let K =
∑
asKs be a K-invariant kernel.

Then K is a CNP kernel if for each signature s0 of length k ≥ 1, the following holds∑
s̃0∈I(s0)

∑
|p̃|=k−1−|q|

ap̃

as̃0
c
s̃0
p̃,q ≥ |I(s0)|

∑
|p|=k−|q|

ap

as0
cs0p,q, (2.11)

where q is any signature with 1 ≤ |q| ≤ k − 1, I(s0) = {s0 − εi : s0 − εi is a signature}
and |I(s0)| is the cardinality of the set I(s0).

Proof. Due to [5, Theorem 7.28], K is a CNP kernel if and only if 1− 1
K

is non-negative
definite. It follows from Proposition 2.2 that there exists a sequence of real numbers
{b̂s}s≥0 with b̂0 = 1 such that 1

K
=
∑
b̂sKs. This implies that

1− 1

K
= −

∑
s>0

b̂sKs.
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Thus, 1 − 1
K

is non-negative definite if each b̂s, s > 0, is a non-positive real number.

Consequently, existence of a sequence of non-positive real numbers {b̂s}s>0 such that
1
K

= 1+
∑

s>0 b̂sKs is equivalent to the fact that K is a CNP kernel. Therefore, to prove

the theorem, we have to prove that the existence of a sequence {b̂s}s≥0 with b̂0 = 1 and

b̂s ≤ 0, s > 0 such that the equation(∑
s≥0

asKs

)(∑
s≥0

b̂sKs

)
= 1 (2.12)

holds. Comparing the coefficient of Kε1 from both sides of Equation (2.12), we obtain

b̂ε1 = −aε1 . (2.13)

For any two signatures s and s̃, note that

KsKs̃ =
∑

|p|=|s|+|s̃|

c
p

s,s̃Kp, (2.14)

where the coefficients c
p

s,s̃ ≥ 0, p ≥ s and p ≥ s̃ (cf. [2, Equation 2.9]).
Let k ≥ 1. Suppose s0 is a signature of length k. Comparing the coefficients of Ks0

from both sides of Equation (2.12), we get

b̂s0a0 +
∑

0<|q|<k

 ∑
|p|=k−|q|

apc
s0
p,q

 b̂q + b̂0as0 = 0. (2.15)

Note that |s̃0| = k − 1 for every s̃0 ∈ I(s0). Therefore, for each s̃0 ∈ I(s0), comparing
the coefficient of Ks̃0

from both sides of Equation (2.12), we obtain

b̂s̃0a0 +
∑

0<|q|<k−1

 ∑
|p̃|=k−1−|q|

ap̃c
s̃0
p̃,q

 b̂q + b̂0as̃0 = 0. (2.16)

Multiplying Equation (2.16) by
as0

|I(s0)|as̃0
, adding them up for all s̃0 ∈ I(s0) and then

subtracting it from Equation (2.15), we obtain

b̂s0a0 =
∑

0<|q|≤k−1

 ∑
s̃0∈I(s0)

 ∑
|p̃|=k−1−|q|

ap̃as0
|I(s0)|as̃0

c
s̃0
p̃,q

−
∑

|p|=k−|q|

apc
s0
p,q

 b̂q. (2.17)

Therefore, it follows from Equation (2.17) that b̂s0 ≤ 0 if Equation (2.11) holds for every
signatures q with 1 ≤ |q| ≤ k − 1. □

Remark 2.8. Denoting momentarily

As
q :=

∑
p

ap

as
csp,q

(note that csp,q is nonzero only for |s| = |p|+ |q|, so the last sum is automatically finite),

Equation (2.11) can be rephrased as

1

I(s0)

∑
s̃0∈I(s0)

As0
q ≥ As0

q , forall |q| ≥ 1.

That is, A
s0
q has to be less than or equal to the average of the same quantities over I(s0).
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For Ω the ball, I(s0) becomes a singleton, As
q becomes just as−q/as, and the connection

with the ordinary Kaluza Lemma becomes evident.

2.1. Examples. The space of all the square integrable holomorphic functions on Ω
A2(Ω) with respect to the Lebesgue measure dm(z) is known as the Bergman space
over Ω. It is a reproducing kernel Hilbert space. The reproducing kernel of A2(Ω), also
known as the Bergman kernel, is B(z,w) = ∆(z,w)−p, where p = 2+a(r−1)+b, is called
the genus of the domain Ω (see [19, Theorem 2.9.8 ]). Here ∆(z,w) is a K-invariant
sesqui-analytic polynomial on Ω× Ω, known as the Jordan triple determinant.
Also, for ν ∈ WΩ :=

{
0, . . . , a

2
(r − 1)

}
∪
(
a
2
(r − 1),∞

)
, the sesqui-analytic function

K(ν) : Ω× Ω → C defined by

K(ν)(z,w) := ∆(z,w)−ν =
∑
s

(ν)sKs(z,w), z,w ∈ Ω, (2.18)

is non negative definite (see [11, Corollary 5.2] ). Here, (ν)s denotes the generalized
Pochhammer symbol

(ν)s :=
r∏

j=1

(
ν − a

2
(j − 1)

)
sj
=

r∏
j=1

sj∏
l=1

(
ν − a

2
(j − 1) + l − 1

)
.

Therefore, by the Moore-Aronszajn Theorem, K(ν) determines a Hilbert space A(ν)(Ω),
known as the weighted Bergman space. If ν = d

r
and ν = a

2
(r − 1) + d

r
+ 1, then

the weighted Bergman spaces A(ν)(Ω) coincide with the Hardy space over the Shilov
boundary of Ω and the classical Bergman space, respectively.

Proposition 2.9. Let Ω be a Cartan domain of rank r > 1. For any ν ∈ WΩ, the
weighted Bergman kernel K(ν)(z,w) := ∆(z,w)−ν is a CNP kernel if and only if ν = 0.

Proof. By the criterion recalled above, ∆(z,w)−ν being a CNP kernel is equivalent to
1 − ∆(z,w)ν being a positive semi-definite kernel. By the Faraut-Koranyi binomial
formula (2.18), this in turn is equivalent to

(−ν)s ≤ 0 ∀|s| ≥ 1.

For s = (1, 0, . . . , 0) and s = (1, 1, 0, . . . , 0), this becomes

−ν ≤ 0 and (−ν)(−ν − a
2
) ≤ 0,

respectively. The first means that ν ≥ 0, while the second means that −a
2
≤ ν ≤ 0 (note

that the characteristic multiplicity a is always a nonnegative integer). Hence ν = 0 is
the only possible solution. □

Hence, it is natural to ask whether there exists any K-invariant CNP kernel on Ω.
Indeed, there exist K-invariant CNP kernels. In the following, we provide examples of
such kernels.

Let {b̂s}s≥0 be a sequence of real numbers with b̂0 = 1 and b̂s ≤ 0 for all s > 0. Also,

assume that the series L̃ =
∑

s≥0 b̂sKs is convergent uniformly on compact subsets of
BR × BR and non-zero everywhere on BR × BR where BR is the open ball centered at 0,
radius R > 0 in Cd. For c = r

R
, the function L(z,w) = L̃(cz, cw), z,w ∈ BR, defines a

function which is holomorphic in z and anti-holomorphic in w on Br. Also, note that L
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is non-zero everywhere on Br. Recall from Equation (1.1) that for each signature s,

Ks =

ds∑
α=1

ψs
αψ

s
α,

where every ψs
α is a homogeneous polynomial of degree |s|. Hence, it follows that

L(z,w) =
∑
s≥0

b̂sc
2|s|Ks(z,w), z,w ∈ Br.

Using mathematical induction and Equation (2.15), we obtain a sequence of positive real
numbers {as}s≥0, a0 = 1, such that Equation (2.12) holds. In fact, for every s0 > 0,
Equation (2.15) provides a positive real number as0 . Thus,

K :=
1

L
=
∑
s≥0

asKs

is a non-negative definite kernel on Br, in particular on Ω. Also, it follows from Corollary
2.5 that K is CNP.

Remark 2.10. In fact, all CNP kernels on Ω arise essentially by a construction as in
the last example. Namely, let cs ≥ 0 be such that∑

|s|>0

csKs(e, e) ≤ 1

where e is any element of the Shilov boundary of Ω (a maximal tripotent, see [1]; the
value of Ks(e, e) is independent of the choice of e and there is an explicit formula for it
in terms of the signature s and the domain invariants r, a and b, see [11, Theorem 3.4]).
Setting

L :=
∑
|s|>0

csKs,

we then have 0 ≤ L(z, z) < 1 for all z ∈ Ω. The Cauchy-Schwarz inequality |Ks(z,w)|2 ≤
Ks(z, z)Ks(w,w) thus shows that the series for L converges on all of Ω×Ω, is bounded
by 1 in modulus there, defines a nonnegative definite kernel. By Remark 2.6,

K :=
1

1− L

will therefore be a CNP kernel on Ω. Reversing this procedure also shows that all CNP
kernels on Ω arise in this way.

3. CNP property and Characteristic function

A non-vanishing unitary invariant kernel K on Bd is said to be an admissible kernel if
the tuple M = (Mz1 , . . . ,Mzd) of multiplication operators by the co-ordinate functions
is bounded and M is a 1

K
-contraction. In [7], it is proved that an admissible kernel

K on Bd possesses the CNP property if and only if every pure 1
K
-contraction admits a

characteristic function. In this section, given a K-invariant kernel on Ω, we provide a
suitable definition of 1

K
-contractivity. Our main objective of this section is to provide a

necessary and sufficient condition for K-invariant kernels to possess the CNP property
in terms of the existence of the characteristic function of every pure 1

K
-contraction.

Recall that if K =
∑

s≥0 asKs is a K-invariant kernel, then, due to Proposition 2.2,

there exists a sequence of real numbers {bs}s>0 such that 1 − 1
K

=
∑

s>0 bsKs. Unless
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otherwise mentioned, henceforth, for a K-invariant kernel K =
∑

s asKs, {bs}s>0 repre-

sents a sequence of real numbers such that 1 − 1
K

=
∑

s>0 bsKs. We begin with a few
necessary definitions.

Definition 3.1. (i) Let K =
∑

s asKs be a non-vanishing K- invariant kernel. Suppose
T is a commuting d-tuple of bounded operators. Assume that the series∑

s>0

bs

ds∑
α=1

ψs
α(T )ψs

α(T )∗

converges strongly. If

I −
∑
s>0

bs

ds∑
α=1

ψs
α(T )ψs

α(T )∗ ≥ 0,

then T is called a 1
K
-contraction. Denote

∆T :=

I −∑
s>0

bs

ds∑
α=1

ψs
α(T )ψs

α(T )∗

 1
2

,

the positive square root of I −
∑

s>0 bs
∑ds

α=1 ψ
s
α(T )ψs

α(T )∗.

(ii) A 1
K
-contraction T is said to be pure if

∑
s≥0

as

ds∑
α=1

ψs
α(T )∆2

Tψ
s
α(T )∗ converges to

the identity operator I strongly.

Definition 3.2. A K-invariant kernel K is called admissible if the operators of multi-
plication by the co-ordinate functions Mzi are bounded operators on HK for i = 1, . . . , d
and the d-tuple M = (Mz1 , . . . ,Mzd) is a

1
K
-contraction.

In the following lemma, we provide a sufficient condition on a K-invariant CNP kernel
such that the multiplication operators by the co-ordinate functions on the corresponding
Hilbert space are bounded.

Lemma 3.3. Let K be a K-invariant CNP kernel and HK be the corresponding Hilbert
space. Then, the multiplication operators Mzi, 1 ≤ i ≤ d, by the coordinate functions on
HK are bounded. Furthermore, K is an admissible kernel.

Proof. Recall that as > 0 for each signature s ∈ N⃗ r
0 . From Equation (2.13), we have

bε1 = −b̂ε1 = aε1 and therefore, bε1 > 0. Due to Corollary 2.5, bs ≥ 0 for all s and

(1−
∑
s>0

bs

ds∑
α=1

ψs
α(z)ψ

s
α(w))K(z,w) = 1.

Thus, it follows that

(1−
|s|=N∑
s>0

bs

ds∑
α=1

ψs
α(z)ψ

s
α(w))K(z,w) (3.19)

is non-negative definite. Taking N = 1 we see that, ( 1
bε1

− ⟨z,w⟩)K(z,w) is non-

negative definite. Hence by [6, Lemma 3.1] it follows that the multiplication operators
Mzi , 1 ≤ i ≤ d, are bounded.



12 M. ENGLIŠ, S. HAZRA, AND P. PRAMANICK

The fact that the tuple of multiplication by the coordinate functions M on HK is a
1
K
-contraction follows by an argument similar to that in the proof of [10, Lemma 5.2]. □

In the following, we provide a technical lemma.

Lemma 3.4. Let K =
∑

s≥0 asKs be a K-invariant kernel on Ω. If 1− 1
K

=
∑

s>0 bsKs

for a sequence of real numbers {bs}s>0, then, for every signature p > 0, we have

ap =
∑

s≥0,s̃>0,
|s|+|s̃|=|p|

asbs̃c
p

s,s̃. (3.20)

Proof. The existence of a sequence of real numbers {bs}s>0 such that 1− 1
K

=
∑

s>0 bsKs

follows from Proposition 2.2. The equation 1 − 1
K

=
∑

s>0 bsKs is equivalent to the
following equation ∑

s≥0

asKs = 1 +

(∑
s≥0

asKs

)(∑
s̃>0

bs̃Ks̃

)
.

Using Equation (2.14) and then, comparing the coefficient of Kp from both sides of the
above equation, we obtain

ap =
∑

s≥0,s̃>0,
|s|+|s̃|=|p|

asbs̃c
p

s,s̃,

for every signature p > 0. □

The following proposition proves that the series
∑

s≥0 as
∑ds

α=1 ψ
s
α(T )∆2

Tψ
s
α(T )∗ is al-

ways convergent for every 1
K
-contraction T .

Proposition 3.5. For any 1
K
-contraction T = (T1, . . . , Td) the series

∑
s≥0

as

ds∑
α=1

ψs
α(T )∆2

Tψ
s
α(T )∗

converges strongly to a positive contraction.

Proof. If the convergence of the series, given in the statement of the lemma, is proved,
then the positivity follows immediately. For N ≥ 1, let

SN =
N∑

|s|=0

as

ds∑
α=1

ψs
α(T )∆2

Tψ
s
α(T )∗.

Let h ∈ H. Then,

⟨SNh, h⟩

=
N∑

|s|=0

as

ds∑
α=1

〈
ψs
α(T )∆2

Tψ
s
α(T )∗h, h

〉
=

N∑
|s|=0

as

ds∑
α=1

∥ψs
α(T )∗h∥2 −

N∑
|s|=0

as
∑
s̃>0

〈
ds∑
α=1

ds̃∑
α̃=1

bs̃ψ
s
α(T )ψs̃

α̃(T )ψs̃
α̃(T )∗ψs

α(T )∗h, h

〉
.

(3.21)
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Note that the identity

ds∑
α=1

ds̃∑
α̃=1

ψs
α(T )ψs̃

α̃(T )ψs̃
α̃(T )∗ψs

α(T )∗ =
∑

|p|=|s|+|s̃|

c
p

s,s̃

dp∑
β

ψ
p

β(T )ψ
p

β(T )∗

follows from Equation (2.14). Using the above identity in Equation (3.21), we obtain

⟨SNh, h⟩ =
N∑

|s|=0

as

ds∑
α=1

∥ψs
α(T )∗h∥2 −

N∑
|s|=0

∑
s̃>0

∑
|p|=|s|+|s̃|

asbs̃c
p

s,s̃

dp∑
β=1

∥ψp

β(T )∗h∥2

≤
N∑

|s|=0

as

ds∑
α=1

∥ψs
α(T )∗h∥2 −

∑
1≤|p|≤N


∑

0≤|s|≤N
s̃>0

|s|+|s̃|=|p|

asbs̃c
p

s,s̃


dp∑
β=1

∥ψp

β(T )∗h∥2

=
N∑

|s|=0

as

ds∑
α=1

∥ψs
α(T )∗h∥2 −

∑
1≤|p|≤N

ap

dp∑
β=1

∥ψp

β(T )∗h∥2

= ∥h∥2.

Here, the second last equality follows from Lemma 3.4. This proves that the sequence of
operators {SN} converges strongly to a contraction. □

Remark 3.6. For any 1
K
-contraction T = (T1, . . . , Td), the proof of Proposition 3.5

implies that

SN =
N∑

|s|=0

as

ds∑
α=1

ψs
α(T )∆2

Tψ
s
α(T )∗

is a contraction for every N ≥ 1 and therefore {∥SN∥} is bounded above by 1.

The operator VT , defined in the following corollary, plays a significant role in the theory
1
K
-calculus and also, in the theory of 1

K
-contractions (cf. [2]). Following corollary is an

immediate consequence of Proposition 3.5 and [2, Theorem 1.3].

Corollary 3.7. If T = (T1, . . . , Td) is a 1
K
-contraction on a Hilbert space H, then the

operator VT : H → HK ⊗ Ran ∆T , defined by

VT (h) =
∑
s≥0

as

ds∑
α=1

ψs
α ⊗∆Tψ

s
α(T )∗h, h ∈ H, (3.22)

is a contraction and satisfies

V ∗
T

(
p(Mz ⊗ IRan ∆T

)
)
= p(T )V ∗

T ,

for every polynomials p.

Let E0 denote the orthogonal projection of the reproducing kernel Hilbert space HK

onto the one dimensional subspace consisting of the constant functions. The following
lemma asserts that the d-tuple of multiplication operators by the co-ordinate functions
M = (Mz1 , . . . ,Mzd) on HK is pure whenever K is an admissible kernel.
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Lemma 3.8. Suppose K is an admissible kernel. Then ∆M = E0 and the d-tuple of
multiplication operators by the co-ordinate functions M = (Mz1 , . . . ,Mzd), acting on the
Hilbert space HK, is pure.

Proof. LetH0
K := {

∑n
i=1 ciKwi

: n ≥ 1, c1, . . . , cn ∈ C, w1, . . . ,wn ∈ Ω} . The spaceH0
K

is dense in HK . Take an arbitrary element
∑n

i=1 ciKwi
of H0

K . A straightforward calcu-
lation implies that

∆2
M

(
n∑

i=1

ciKwi

)
=

〈
n∑

i=1

ciKwi
, K0

〉
K0.

Since H0
K is a dense subset of H, it follows that ∆M is the projection E0.

For N ≥ 1, let SN denote
∑

|s|≤N as
∑ds

α=1 ψ
s
α(M)∆2

Mψs
α(M )∗. Suppose w ∈ Ω be an

arbitrary element. Since the sequence of partial sums {
∑

|s|≤N as
∑ds

α=1 ψ
s
α(w)ψs

α(·)}N≥1

converges to Kw in the norm topology, given an ε > 0, there exists a natural number m
such that

∥Kw −
∑
|s|≤N

as

ds∑
α=1

ψs
α(w)ψs

α(·)∥ < ε (3.23)

holds for every N ≥ m. A straightforward computation implies that

SNKw =
∑
|s|≤N

as

ds∑
α=1

ψs
α(w)ψs

α(·). (3.24)

Combining Equations (3.23) and (3.24), we obtain

∥Kw − SNKw∥ < ε

holds for every N ≥ m. This implies that the sequence {SNKw} converges to Kw.
Consequently, for each h in H0

K , the sequence {SNh} is convergent. Combining the
facts that H0

K is a dense subset of HK and that the sequence {∥SN∥} is bounded - a
consequence of Proposition 3.5 - we obtain that {SN} converges to the identity operator
in the strong operator topology of HK . □

The following theorem is due to Arazy and Englǐs. For the proof of the following
theorem, see [2, Theorem 1.3].

Theorem 3.9. Let T = (T1, . . . , Td) be a commuting tuple of operators on a Hilbert
space H. If T is a pure 1

K
-contraction, then the map VT : H → HK ⊗Ran ∆T , given by

h→
∑
s>0

ds∑
α=1

asψ
s
α ⊗∆T (ψs

α(T ))∗ h,

is an isometry satisfying

V ∗
T

(
p(M )⊗ IRan ∆T

)
= p(T )V ∗

T

for all p ∈ C[z1, . . . , zd].

We recall the definition of a (K,T )-factorable positive operator from [7, Definition
2.3]. Suppose K is an admissible kernel and T = (T1, . . . , Td) is a commuting d-tuple of
operators on H. A positive operator X ∈ B(H) is said to be (K,T )-factorable if X has
closed range and there exists a Hilbert space L with a bounded linear transformation
Θ : HK ⊗ L → H such that X = ΘΘ∗ and Θ (Mzi ⊗ IL) = TiΘ holds for each i. The
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following proposition is the key ingredient of the main theorem of this section. Both the
proposition and proof are motivated from [7, Proposition 2.4].

Proposition 3.10. X ∈ B(H) is (K,T )-factorable if and only if

(1) for all i, ∥Mzi∥2X − TiXT
∗
i ≥ 0.

(2) PT (X) =
∑
s>0

bs

ds∑
α=1

ψs
α(T )Xψs

α(T )∗ converges strongly such that X−PT (X) ≥ 0.

(3)
∑
s≥0

as

ds∑
α=1

ψs
α(T ) (X − PT (X))ψs

α(T )∗ converges to X.

Proof. Let X be (K,T )-factorable, that is, there exists a Hilbert space L with a bounded
linear transformation Θ : HK ⊗ L → H such that X = ΘΘ∗ and Θ (Mzi ⊗ IL) = TiΘ
holds for each i. Then

∥Mzi∥2X − TiXT
∗
i = ∥Mzi∥2ΘΘ∗ − TiΘΘ∗T ∗

i

= ∥Mzi∥2ΘΘ∗ −Θ(Mzi ⊗ IL)
(
M∗

zi
⊗ IL

)
Θ∗

= Θ
(
∥Mzi∥2I − (Mzi ⊗ IL)

(
M∗

zi
⊗ IL

) )
Θ∗ ≥ 0.

This proves (1). The following computation implies (2):

X − PT (X) = X −
∑
s>0

bs

ds∑
α=1

ψs
α(T )Xψs

α(T )∗

= Θ
(
I −

∑
s>0

bs

ds∑
α=1

(ψs
α(M )⊗ IL)(ψ

s
α(M )∗ ⊗ IL)

)
Θ∗ ≥ 0.

Also, observe that

N∑
|s|=0

as

ds∑
α=1

ψs
α(T )(X − PT (X))ψs

α(T )∗

=
N∑

|s|=0

as

ds∑
α=1

ψs
α(T )(ΘΘ∗ − PT (ΘΘ∗))ψs

α(T )∗

= Θ

 N∑
|s|=0

as

ds∑
α=1

(ψs
α(M ⊗ IL)ψ

s
α(M ⊗ IL)

∗ −
N∑

|s|=0

ds∑
α=1

asψ
s
α(M ⊗ IL)∑

s̃>0

bs̃

ds̃∑
α=1

(ψs̃
α(M ⊗ IL)ψ

s̃
α(M ⊗ IL)

∗

ψs
α(M ⊗ I)∗

Θ∗.
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Since M is a pure 1
K
-contraction, it follows that N∑

|s|=0

as

ds∑
α=1

ψs
α(M ⊗ IL)ψ

s
α(M ⊗ IL)

∗ −
N∑

|s|=0

ds∑
α=1

asψ
s
α(M ⊗ IL)∑

s̃>0

bs̃

ds̃∑
α=1

ψs̃
α(M ⊗ IL)ψ

s̃
α(M ⊗ IL)

∗

ψs
α(M ⊗ I)∗


converges to IHK⊗L in the strong operator topology and therefore, (3) holds.
Conversely, let us assume (1), (2), and (3). For each i = 1, . . . , d, define the operator

Ai on the range of X, RanX, by AiX
1/2h = X1/2T ∗

i h, h ∈ H. It is easy to see that
A = (A1, . . . , Ad) is a commuting tuple of bounded linear operators. Now, using the
condition (2), we get〈∑

s>0

bs

ds∑
α=1

ψs
α(A

∗)ψs
α(A)X1/2h,X1/2h

〉

=
〈∑

s>0

bs

ds∑
α=1

ψs
α(T

∗)Xψs
α(T )h, h

〉
≤
〈
Xh, h

〉
=
〈
X1/2h,X1/2h

〉
.

Thus A∗ is a 1
K
-contraction on Ran X. Also, a similar argument with condition (3) shows

that A∗ is pure:〈∑
s≥0

as

ds∑
α=1

ψs
α(A

∗)∆2
A∗ψs

α(A)X1/2h,X1/2h
〉

=
〈∑

s≥0

as

ds∑
α=1

ψs
α(T

∗)
(
X − PT (X)

)
ψs
α(T )h, h

〉
=
〈
Xh, h

〉
.

Now Theorem 3.9 yields there exists an isometry V : Ran X → HK ⊗Ran ∆A such that

V ∗
(
Mi ⊗ IRan ∆A

)
= AiV

∗.

Finally, if we define Θ = X1/2V ∗ it is easy to check X = ΘΘ∗ and for each i

Θ
(
Mi ⊗ IRan ∆A

)
= AiΘ.

□

Below, we provide the definition of the characteristic function of a 1
K
-contraction, fol-

lowing [7, Definition 2.5]. The definition of the characteristic function of a 1
K
-contraction

T in [7, Definition 2.5] is given by assuming that T is pure. In our context, we give the
definition of the characteristic function for any 1

K
-contraction.

Definition 3.11. Let T = (T1, . . . , Td) be a 1
K
-contraction. The tuple T is said to

admit a characteristic function if there exists a Hilbert space E and an analytic function
ΘT : Ω → B(E,Ran ∆T ) such that the corresponding multiplication operator MΘT

:
HK ⊗ E → HK ⊗ Ran ∆T fulfills the following identity

I − VTV
∗
T =MΘT

M∗
ΘT
.
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If K is an admissible kernel, it follows from Theorem 3.9 that kerV ∗
T is an invariant

subspace for each Mzi ⊗ IRan ∆T
, 1 ≤ i ≤ d.

Definition 3.12. For a pure 1
K
-contraction T = (T1, . . . , Td), associated d-tuple of com-

muting operators BT is defined as

BT :=
(
(Mz1 ⊗ IRan ∆T

)|kerV ∗
T
, . . . , (Mzd ⊗ IRan ∆T

)|kerV ∗
T

)
. (3.25)

The theorem below is one of the important theorems of this section. It gives a nec-
essary and sufficient criterion for the existence of the characteristic function of a pure
1
K
-contraction.

Theorem 3.13. Let K be an admissible K-invariant kernel over the Cartan domain Ω.
A pure 1

K
-contraction T = (T1, . . . , Td) on a Hilbert Space H admits a characteristic

function if and only if BT is a 1
K
-contraction.

Proof. Let T admit a characteristic function. Then there exists a B(L,Ran ∆T )− valued
bounded analytic function θT on Ω such that

I − VTV
∗
T =MθTM

∗
θT
.

Thus for any N ≥ 1,

(I − VTV
∗
T )−

( N∑
|s|=1

bs

ds∑
α=1

(ψs
α(M)⊗ I)(I − VTV

∗
T )(ψ

s
α(M )∗ ⊗ I)

)

=MθT

(
I −

N∑
|s|=1

bs

ds∑
α=1

(ψs
α(M )⊗ I)(ψs

α(M )∗ ⊗ I)
)
M∗

θT
. (3.26)

Since K is an admissible kernel, it follows that the tuple of multiplication operators M is

1
K
-contraction and therefore, the series

∑
s>0

bs

ds∑
α=1

(ψs
α(M )⊗ I)(ψs

α(M )∗ ⊗ I)
)
converges

strongly and
(
I −

∑
s>0

bs

ds∑
α=1

(ψs
α(M ) ⊗ I)(ψs

α(M )∗ ⊗ I)
)
≥ 0. This with (3.26) implies

that BT is a 1
K
-contraction.

Conversely, assume that BT is a 1
K
-contraction. Let ci = ∥Mzi∥2. Suppose PkerV ∗

T
:=

I − VTV
∗
T is the projection of HK ⊗ Ran ∆T onto kerV ∗

T . For each i, define a linear
operator Ri :=Mzi ⊗ I|kerV ∗

T
. Then ∥Ri∥2 ≤ ci. In other words, ciI ≥ RiR

∗
i , i.e.,

ci(I − VTV
∗
T )− (Mzi ⊗ I)(I − VTV

∗
T )(Mzi ⊗ I)∗ ≥ 0.

This proves condition (1) of Proposition 3.10. Since M is a 1
K
-contraction, it follows

that the series ∑
s>0

bs

ds∑
α=1

ψs
α(M ⊗ I|kerV ∗

T
)ψs

α(M ⊗ I|kerV ∗
T
)∗

=
∑
s>0

bs

ds∑
α=1

ψs
α(M ⊗ I)(I − VTV

∗
T )ψ

s
α(M ⊗ I)∗
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converges strongly and

(I − VTV
∗
T )−

∑
s>0

bs

ds∑
α=1

ψs
α(M ⊗ I)(I − VTV

∗
T )ψ

s
α(M ⊗ I)∗

= (I − VTV
∗
T )− PM⊗I(I − VTV

∗
T ) ≥ 0,

where the map PM⊗I is defined in Proposition 3.10 (2). This proves condition (2) of
Proposition 3.10.

Let N ≥ 1 be a natural number. Suppose

SN =
N∑

|s|=0

as

ds∑
α=1

ψs
α(M ⊗ I)

(
(I − VTV

∗
T )− PM⊗I(I − VTV

∗
T )
)
ψs
α(M ⊗ I)∗.

We prove that SN converges strongly to (I − VTV
∗
T ). Consider an element

∑n
i=1(Kwi

⊗
xi) ∈ HK ⊗ Ran ∆T . Then

〈
SN

n∑
i=1

(Kwi
⊗ xi),

n∑
i=1

(Kwi
⊗ xi)

〉

=
n∑

i,j=1

[〈 ∑
|s|≤N

as

ds∑
α=1

ψs
α(M ⊗ I)

(
(I − VTV

∗
T )
)
ψs
α(M ⊗ I)∗Kwi

⊗ xi, Kwj
⊗ xj

〉

−
〈 ∑

|s|≤N

as

ds∑
α=1

ψs
α(M ⊗ I)

(
PM⊗I(I − VTV

∗
T )
)
ψs
α(M ⊗ I)∗Kwi

⊗ xi, Kwj
⊗ xj

〉]

=
n∑

i,j=1

[〈∑
s≤N

as

ds∑
α=1

ψs
α(wi)ψ

s
α(M ⊗ I)

(
(I − VTV

∗
T )
)
Kwi

⊗ xi, Kwj
⊗ xj

〉

−
〈 ∑

|s|≤N

as

ds∑
α=1

ψs
α(wi)ψ

s
α(M ⊗ I)

∑
s̃≥0

bs̃

ds̃∑
α̃=1

ψs̃
α̃(wi)ψ

s̃
α̃(M ⊗ I)(I − VTV

∗
T )
)
Kwj

⊗ xj,

Kwj
⊗ xj

〉]
=

n∑
i,j=1

[ N∑
|s|=0

as

ds∑
α=1

ψs
α(wi)ψ

s
α(wj)

〈(
(I − VTV

∗
T )
)
Kwi

⊗ xi, Kwj
⊗ xj

〉

−
N∑

|s|=0

as

ds∑
α=1

ψs
α(wi)ψ

s
α(wj)

∑
s̃≥0

bs̃

ds̃∑
α̃=1

ψs̃
α̃(wi)ψ

s̃
α̃(wj)

〈
(I − VTV

∗
T )
)
Kwi

⊗ xi, Kwj
⊗ xj

〉]

=
N∑

|s|=0

as

ds∑
α=1

ψs
α(wi)ψ

s
α(wj)

[
1−

∑
s̃≥0

bs̃

ds̃∑
α̃=1

ψs̃
α̃(wi)ψ

s̃
α̃(wj)

]〈
(I − VTV

∗
T )
) n∑

i=1

Kwi
⊗ xi,

n∑
i=1

Kwi
⊗ xi

〉
.
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The equation above implies that SN ≤ (I − VTV
∗
T ). Also, note that the series

N∑
|s|=0

as

ds∑
α=1

ψs
α(wi)ψ

s
α(wj)

[
1−

∑
s̃≥0

bs̃

ds̃∑
α̃=1

ψs̃
α̃(wi)ψ

s̃
α̃(wj)

]
converges to 1 as N → ∞, which implies that {SN} converges to (I − VTV

∗
T ) for ev-

ery element of the set (HK ⊗ Ran ∆T )0 := {
∑n

i=1Kwi
⊗ xi : n ≥ 1,w1, . . . ,wn ∈

Ω, x1, . . . , xn ∈ Ran ∆T }. Since (HK ⊗ Ran ∆T )0 is a dense subset of HK ⊗ Ran ∆T

and {SN} is bounded above by (I − VTV
∗
T ), it follows that SN converges to (I − VTV

∗
T )

in strong operator topology. This proves condition (3) of the Proposition 3.10. There-
fore, (I − VTV

∗
T ) is (K,M ⊗ I)-factorable. In other words, T admits a characteristic

function. □

Recall from [7] that an admissible kernel K is said to admit a characteristic function
if every pure 1

K
-contraction admits a characteristic function. A sufficient condition for a

K-invariant kernel to have CNP property is obtained in the theorem below.

Theorem 3.14. If K is a K-invariant CNP kernel, then K admits a characteristic
function.

Proof. Let T be a pure 1
K
-contraction. To show that T admits a characteristic function,

it is enough to show BT is a 1
K
-contraction (see Theorem 3.13). Since K is an admissible

kernel, M onHK is a 1
K
-contraction. ThusM⊗I onHK⊗Ran ∆T is also 1

K
-contraction.

For any N ≥ 1,

N∑
|s|=1

bs

ds∑
α=1

ψs
α(BT )ψ

s
α(BT )

∗ =
N∑

|s|=1

bs

ds∑
α=1

PkerV ∗
T
(ψs

α(M )⊗ I)PkerV ∗
T
(ψs

α(M )∗ ⊗ I)|kerV ∗
T

≤
∑
s>0

bs

ds∑
α=1

PkerV ∗
T
(ψs

α(M)⊗ I)(ψs
α(M )∗ ⊗ I)|kerV ∗

T

≤ IkerV ∗
T
.

Thus BT is a 1
K
-contraction. □

Now, we have all the necessary ingredients to prove the main theorem of this section.
It professes that the CNP property for an admissible kernel on a Cartan domain is
characterized by the requirement of the existence of the characteristic function of every
pure 1

K
-contraction. A similar characterization of a unitary invariant kernel on a unit

ball is proved in [7, Theorem 3.4].

Theorem 3.15. Suppose K is an admissible kernel on a Cartan domain Ω. Then, the
kernel K is CNP if and only if any pure 1

K
-contraction admits a characteristic function.

Proof. The proof of the forward direction follows from Theorem 3.14. Therefore, we
prove the converse direction. Assume that any pure 1

K
-contraction admits a characteristic

function. Let H be Hilbert space. It is trivial to verify that the d-tuple T = (0, . . . , 0)
of zero operators on H is a pure 1

K
-contraction and ∆T = IH. Consequently, we have

Ran∆T = H. From Theorem 3.9, it follows that the operator VT : H → HK ⊗ Ran∆T

is given by
VT (h) = 1⊗ h, h ∈ H,

where 1 denotes the constant function in HK which maps every element of Ω to 1.
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Let Hc
K denote the set of all constant functions in HK and E⊥

0 denote the orthog-
onal projection of HK onto (Hc

K)
⊥. A direct computation verifies that ker(I − VT ) =

(Hc
K)

⊥ ⊗ H. Due to Theorem 3.14, it follows that BT , defined in Equation (3.25), is
a 1

K
-contraction. A straightforward computation implies that BT is a 1

K
-contraction if

and only if

E⊥
0 −

∑
s>0

bs

ds∑
α=1

ψs
α(M)E⊥

0 ψ
s
α(M )∗ ≥ 0, (3.27)

where the sequence {bs}s>0 of real numbers is given by Corollary 2.5. To prove that K
is a CNP kernel, it suffices to show bs ≥ 0 for each signature s > 0, thanks to Corollary
2.5.

Let N ≥ 1 be an arbitrary natural number, s′ be a signature of length N + 1 and ψs′

α′

be an arbitrary element of the orthonormal basis of Ps′ . From [19, Proposition 4.11.36],
it follows that

ψs
α(M)∗ψs′

α′ =


0, if |s′| < |s|∑
|s̃|=|s′|−|s|

as̃′

as′

(
ψs
α(∂)ψ

s′

α′

)
s̃
, if |s′| ≥ |s| (3.28)

where the summation is taken over all signatures s̃ such that |s̃| = |s′| − |s|, ∂ denotes

the tuple of partial differentials (∂z1 , . . . , ∂zd) and
(
ψs
α(∂)ψ

s′

α′

)
s̃
denotes the component of

ψs
α(∂)ψ

s′

α′ in Ps̃ (see also [18, Lemma 15]). Let w be an arbitrary element of Ω. Therefore,
from Equation (3.28), we have

∑
s>0

bs

ds∑
α=1

ψs
α(M )E⊥

0 ψ
s
α(M )∗Ks′(·,w) =

∑
|s|≤N

bs

ds∑
α=1

ψs
α(M )ψs

α(M)∗Ks′(·,w).

From [18, Page 5], it follows that there exists a scalar γ(s′) such that

∑
|s|≤N

bs

ds∑
α=1

ψs
α(M)ψs

α(M )∗Ks′(·,w) = γ(s′)Ks′(·,w). (3.29)

To determine the value of γ(s′), take inner product with K(·,w) to the both sides of
Equation (3.29) and observe that

γ(s′)Ks′(w,w) =

〈∑
|s|≤N

bs

ds∑
α=1

ψs
α(M)ψs

α(M )∗Ks′(·,w), K(·,w)

〉

=
∑
|s|≤N

bs

〈
Ks′(·,w),

ds∑
α=1

ψs
α(M )ψs

α(M )∗K(·,w)

〉
=
∑
|s|≤N

bs ⟨Ks′(·,w), Ks(·,w)K(·,w)⟩

=
∑
|s|≤N

bs

〈
Ks′(·,w), Ks(·,w)

∑
s̃≥0

as̃Ks̃(·,w)

〉
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=
∑
|s|≤N

bs

〈
Ks′(·,w),

∑
s̃≥0

as̃
∑

|p|=|s|+|s̃|

c
p

s,s̃Kp(·,w)

〉

=

 ∑
|s|≤N,s̃≥0,
|s|+|s̃|=|s′|

as̃bsc
s′

s,s̃

 Ks′(w,w)

as′
.

Here, the fifth equality holds because of Equation (2.14). Therefore, we have

γ(s′) =
1

as′

 ∑
|s|≤N,s̃≥0,
|s|+|s̃|=|s′|

as̃bsc
s′

s,s̃

 . (3.30)

Finally, evaluating the left hand side of Equation (3.27) at Ks′(·,w) and then, taking
inner product with Ks′(·,w), we obtain

0 ≤

〈
E⊥

0 Ks′(·,w)−
∑
s>0

bs

ds∑
α=1

ψs
α(M)E⊥

0 ψ
s
α(M )∗Ks′(·,w), Ks′(·,w)

〉

=

〈
Ks′(·,w)−

∑
s>0

bs

ds∑
α=1

ψs
α(M )E⊥

0 ψ
s
α(M )∗Ks′(·,w), Ks′(·,w)

〉
= ∥Ks′(·,w)∥2 (1− γ(s′))

=
∥Ks′(·,w)∥2

as′

as′ − ∑
|s|≤N,s̃≥0,
|s|+|s̃|=|s′|

as̃bsc
s′

s,s̃



=
∥Ks′(·,w)∥2

as′

 ∑
s,s̃≥0,

|s|+|s̃|=|s′|

as̃bsc
s′

s,s̃ −
∑

|s|≤N,s̃≥0,
|s|+|s̃|=|s′|

as̃bsc
s′

s,s̃


=

∥Ks′(·,w)∥2

as′
bs′c

s′

s′,0.

This implies that bs′ ≥ 0. Note that, in the above series of equalities, the third equality
holds because of Equation (3.30) and the fourth equality holds due to Equation (3.20).
This proves that K is a CNP kernel. □

Remark 3.16. Let Ω be a Cartan domain of rank r > 1 and for ν ∈ WΩ, let K
(ν) be the

weighted Bergman kernel on Ω. A direct consequence of Proposition 2.9 and Theorem
3.15 imply that there exists a 1

K(ν) -contraction T = (T1, . . . , Td) such that T does not
admit a characteristic function.

For ν > d
r
, the tuple of multiplication operators M (ν) on the weighted Bergman space

A(ν)(Ω) is a 1
K(ν) -contraction, [2, Theorem 3.3]. Lemma 3.8 yields that M (ν) is pure

and ∆M (ν) = E0. Recall that {ψα
s : s ≥ 0, 1 ≤ α ≤ ds} is a complete orthogonal set

of A(ν)(Ω). For any N ≥ 0, let MN be the closed subspace of A(ν)(Ω) spanned by the

set {ψα
s : |s| ≤ N, 1 ≤ α ≤ ds} and TN := PNM

(ν)|MN
, where PN is the orthogonal
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projection of A(ν)(Ω) onto MN . It is easy to verify that TN is a pure 1
K(ν) -contraction

and ∆TN
= E0. Furthermore, an adaption of the proof of [7, Proposition 3.3] establishes

that TN does not admit any characteristic function for ν ≥ d
r
+ 1.

4. Characteristic Function: Construction

In this section, we explicitly construct the characteristic function of a d-tuple of 1
K
-

contraction for certain K-invariant kernels K. Let K =
∑

s≥0 asKs be a K-invariant

kernel on Ω and T = (T1, . . . , Td) be a 1
K
-contraction. Then, recall that, the series

∑
s>0

bs

ds∑
α=1

ψs
α(T )ψs

α(T )∗

is convergent in strong operator topology and∑
s>0

bs

ds∑
α=1

ψs
α(T )ψs

α(T )∗ ≤ I.

The positive square root of I −
∑
s>0

bs

ds∑
α=1

ψs
α(T )ψs

α(T )∗ is denoted by ∆T . Also, recall

that a 1
K
-contraction T = (T1, . . . , Td) is said to admit a characteristic function if there

exists a Hilbert space E and an analytic function ΘT : Ω → B(E,Ran∆T ) such that
the corresponding multiplication operator MΘT

: HK ⊗ E → HK ⊗ Ran ∆T satisfies
I − VTV

∗
T =MΘT

M∗
ΘT
.

4.1. Functional Calculus. To explicitly compute the characteristic function of a 1
K
-

contraction T = (T1, . . . , Td) on a Hilbert spaceH, we need the existence of the functional
calculus K(T ,w) for each w ∈ Ω. In order to define the operator K(T ,w) for each
w ∈ Ω, we assume the followings.

(A) For each w ∈ Ω,
∑

s asKs(M ,w) and
∑

s>0 bsKs(M ,w) converges in the strong
operator topology.

(B) For some c > 0,
∑

s≥0 as
∑ds

α ψs
α(T )∆2

Tψ
s
α(T )∗ ≥ cI.

For the rest of this section, we assume Conditions (A) and (B). Note that if T is a pure
1
K
-contraction, then T satisfies Condition (B).
We observe that if HK is the subspace consisting of holomorphic functions in some L2

space, then Condition (A) automatically holds.

Lemma 4.1. If HK is the subspace consisting of holomorphic functions in some L2

space (with the inherited norm), then any bounded holomorphic function f on Ω is a
bounded multiplier of HK, and the corresponding multiplication operator Mf satisfies
∥Mf∥ ≤ ∥f∥∞.

Proof. Immediate from ∥Mfu∥2 =
∫
|fu|2 ≤ ∥f∥2∞

∫
|u|2 = ∥f∥2∞∥u∥2.

□

Corollary 4.2. Under the hypothesis of Lemma 4.1, for any F as in Proposition 2.2
and w ∈ Ω, F (·,w) is a bounded multiplier on HK. In particular, K(·,w) is a bounded
multiplier, and if K is zero-free, then so is 1/K(·,w).

Proof. Immediate from Corollary 2.3. □
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Corollary 4.3. Again under the hypothesis of Lemma 4.1, for any F as in Proposition
2.2 and w ∈ Ω, the series ∑

s

csKs(M ,w),

where M denotes the commuting tuple of multiplications by the coordinate functions,
converges to the operator of multiplication by F (·,w) on HK in operator norm. In
particular, this holds for F = K, and if K is zero-free, then also for F = 1/K.

Proof. By the lemma 4.1, ∥fm − f∥∞ → 0 implies ∥Mfm − Mf∥ → 0. Take fm :=∑
|s|≤m csKs(·,w) and use Proposition 2.2. □

The corollary above proves that if the norm of the reproducing kernel Hilbert space
HK is given by an integral, then Condition (A) is always satisfied. Now, we provide a
few necessary lemmas.

Lemma 4.4. The operator VT : H → HK ⊗ Ran ∆T , given by Equation (3.22), is
bounded below.

Proof. Let h be an element in H. Then, we have

⟨VTh, VTh⟩ =

〈∑
s≥0

as

ds∑
α=1

ψs
α(T )∆2

Tψ
s
α(T )∗h, h

〉
≥ c⟨h, h⟩.

This shows that ∥VTh∥ ≥
√
c∥h∥ holds for every h ∈ H. Therefore, VT is bounded

below. □

Remark 4.5. In particular, VT has closed range, hence (by Banach’s Closed Range
Theorem) so has V ∗

T ; thus Ran V
∗
T is all of H.

Lemma 4.6. For each w ∈ Ω, both the series∑
s≥0

as

ds∑
α=0

ψs
α(w)ψs

α(T ) and
∑
s>0

bs

ds∑
α=0

ψs
α(w)ψs

α(T )

converge in strong operator topology.

Proof. Condition (A) implies that the series
∑

s≥0 as
∑ds

α=0 ψ
s
α(w)ψs

α(M )⊗ IRan∆T
con-

verges in strong operator topology. Let ε > 0 and f ∈ HK ⊗Ran ∆T . Then there exists
N ≥ 1 such that

∥
N2∑

|s|=N1

as

ds∑
α=0

ψs
α(w)ψs

α(M )⊗ IRan ∆T
f∥ < ε

holds for every N1, N2 ≥ N . This implies that

∥
N2∑

|s|=N1

as

ds∑
α=0

ψs
α(w)ψs

α(T )V ∗
T f∥

= ∥V ∗
T

N2∑
|s|=N1

as

ds∑
α=0

ψs
α(w)ψs

α(M)⊗ IRan ∆T
f∥

≤ ∥
N2∑

|s|=N1

as

ds∑
α=0

ψs
α(w)φs

α(M )⊗ IRan ∆T
f∥ < ε, N1, N2 ≥ N.
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Here, the first inequality occurs since VT is a contraction. This proves that the series∑
s≥0 as

∑ds
α=0 ψ

s
α(w)ψs

α(T ) converges in strong operator topology on RanV ∗
T . Remark

4.5 yields that Ran V ∗
T is H. This proves that

∑
s≥0 as

∑ds
α=0 ψ

s
α(w)ψs

α(T ) converges in
strong operator topology on H.

A similar argument shows that the series
∑

s>0 bs
∑ds

α=0 ψ
s
α(w)ψs

α(T ) converges in the
strong operator topology. □

Recall that if K is a K-invariant kernel, then there exists a sequence {bs} of real
numbers such that 1− 1

K
=
∑

s>0 bsKs holds. This implies that∑
s≥0

as

ds∑
α=0

ψs
α(w)ψs

α(T )

I −∑
s>0

bs

ds∑
α=0

ψs
α(w)ψs

α(T )

 = I. (4.31)

For any w ∈ Ω, let

Kw(T ) =
∑
s≥0

as

ds∑
α

ψs
α(w)ψs

α(T ).

Then, for any z ∈ Ω, we have

Kz(T )∗ =
∑
s≥0

as

ds∑
α

ψs
α(z)ψ

s
α(T )∗.

Equation (4.31) implies that

Kz(T )∗ =

I −∑
s>0

bs

ds∑
α=0

ψs
α(z)ψ

s
α(T )∗

−1

.

4.2. Characteristic Function. In this subsection, we give an explicit construction of
the characteristic function of T with the assumption that K is a CNP kernel. The
CNP property of K implies that each bs must be a non-negative real number. Let

H̃ =
⊕

s>0

⊕ds
α H. Note that H̃ is a direct sum of countably many copies of the Hilbert

space H. Every z ∈ Ω gives rise to an operator

Z =
(√

bsψ
ds
α (z)I

)ds
s>0,α=1

: H̃ → H, (4.32)

mapping (hsα)
ds
s>0,α=1 to

∑
s>0

√
bs
∑ds

α=1 ψ
s
α(z)h

s
α and

∥Z (hsα)
ds
s>0,α=1 ∥2 = ∥

∑
s>0

√
bs

ds∑
α=1

ψs
α(z)h

s
α∥2

≤

∑
s>0

ds∑
α=1

bs|ψs
α(z)|2

∑
s>0

ds∑
α=1

∥hsα∥2


=

(
1− 1

K(z, z)

)∑
s>0

ds∑
α=1

∥hsα∥2
 .
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This proves that ∥Z∥ ≤
(
1− 1

K(z,z)

)1/2
< 1. Consider the operator

T̃ :=
(√

bsψ
s
α(T )

)ds
s>0,α=1

: H̃ → H,

defined by,

T̃
(
(hsα)

ds
s>0,α=1

)
=
∑
s>0

ds∑
α=1

√
bsψ

s
α(T )hsα.

Then, it is easily verified that T̃
∗
: H → H̃ is given by T̃

∗
h =

(√
bsψ

s
α(T )∗h

)ds
s>0,α=1

,

h ∈ H. Using the fact that T is a 1
K
-contraction, it is straight forward to verify that

T̃
∗
is a contraction. Also, we have ∆2

T = IH − T̃ T̃
∗
. Let DT̃ :=

(
IH̃ − T̃

∗
T̃
) 1

2
and

DT̃ := RanDT̃ . The identity

T̃DT̃ = ∆T T̃ (4.33)

follows from a direct computation. For each z ∈ Ω, since the operator Z, defined by
Equation (4.32), is a strict contraction, the operator IH − ZT̃

∗
is invertible. Now, we

are prepared to provide the definition of the characteristic function of T .

Definition 4.7. The characteristic function θT : Ω → B(DT̃ ,Ran ∆T ) of T is defined
by

θT (z) :=
(
−T̃ +∆T (IH −ZT̃

∗
)−1ZDT̃

)
|DT̃

, z ∈ Ω, (4.34)

where, for each z in Ω, the operator Z is given in Equation (4.32).

The relation T̃DT̃ = ∆T T̃ implies that θT (z) ∈ B(DT̃ ,Ran∆T ) for each z ∈ Ω. There-
fore, the characteristic function θT of T is a B(DT̃ ,Ran∆T )-valued analytic function on
Ω. Also, note that if z ∈ Ω, then

ZT̃
∗
=
∑
s>0

bs

ds∑
α=1

ψs
α(z)ψ

s
α(T )∗

and consequently, we have (
IH −ZT̃

∗)−1

= Kz(T )∗.

The proofs of the following lemmas are consequences of a straightforward computation
and therefore omitted.

Lemma 4.8. For every z,w ∈ Ω, we have the following identity

I − θT (z)θT (w)∗ =
1

K(z,w)
∆T (Kz(T ))∗Kw(T )∆T .

Lemma 4.9. For any w ∈ Ω and ξ ∈ Ran∆T , we have

V ∗
T (Kw ⊗ ξ) = Kw(T )∆T ξ,

where the operator VT is given by Equation (3.22).

The proof of the corollary below follows immediately from Lemma 4.8 and Lemma
4.9.

Corollary 4.10. For any z,w ∈ Ω and ξ, η ∈ Ran∆T , we have

⟨V ∗
T (Kw ⊗ ξ), V ∗

T (Kz ⊗ η⟩ = K(z,w) ⟨(I − θT (z)θT (w)∗) ξ, η⟩ .
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The characteristic function θT of T gives rise to the multiplication operator MθT :
HK⊗DT̃ → HK⊗Ran∆T . The following theorem shows that the characteristic function
θT of T , defined via Definition 4.7 satisfies the identity of Definition 3.11.

Theorem 4.11. The multiplication operator MθT : HK ⊗ DT̃ → HK ⊗ Ran∆T corre-
sponding to the characteristic function θT of T satisfies the following identity

I − VTV
∗
T =MθTM

∗
θT
.

Proof. The proof is similar to the proof of [7, Theorem 4.11]. Therefore, the proof of the
theorem is omitted. □

As a direct consequence of the theorem above, we obtain the following corollary.

Corollary 4.12. The characteristic function θT of T is a bounded analytic function on
Ω. In particular, supz∈Ω ∥θT (z)∥ ≤ 1.

Definition 4.13. Let T and R be two 1
K
-contractions defined on Hilbert spaces H and

K, respectively. The characteristic functions θT and θR of T and R, respectively, are
said to coincide if there exist unitaries τ : DT̃ → DR̃ and τ∗ : Ran∆T → Ran∆R such
that

τ∗θT (z) = θR(z)τ

holds for every z ∈ Ω.

Theorem 4.14. If T is a pure 1
K
-contraction, then the tuple T is unitarily equiva-

lent to the tuple
(
PHT

(
Mz1 ⊗ IRan∆T

)
|HT

, . . . , PHT

(
Mzd ⊗ IRan∆T

)
|HT

)
, where HT :=(

HK ⊗ Ran∆T

)
⊖MθT (HK ⊗DT̃ ) and PHT

denote the orthogonal projection from HK⊗
Ran∆T onto HT .

Proof. The proof if similar to the proof of [8, Theorem 3.7] and therefore, omitted. □

The main result of this section is the following theorem, which states that for certain
K-invariant kernels K, the characteristic function of a pure 1

K
-contraction T determines

the unitary equivalence class of T . The proof follows along the line of the proof of [8,
Theorem 4.4]. Therefore, we leave out the proof.

Theorem 4.15. Let K be a K-invariant kernel satisfying Condition (A). Two pure 1
K
-

contractions are unitarily equivalent if and only if their characteristic functions coincide.
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