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Gauge theories

Electromagnetis: G =U(1)

B

Geometric picture —
principal G-bundle

B

copies of G

Standard model: G — compact connected Lie
G = U(1) x SU(2) x SU(3) group
g = Lie(G) its Lie algebra
Tr — invariant product on g
gauge connection A € QY(P, g);
curvature:
F=dA+ L[A Al € Q3(P,g).




Nonlocal observables

Wilson loop observable

A Wilson line is defined by

@ the holonomy of the gauge field A along a closed curve I', embedded
in a manifold N,

@ finite dimensional representation R of G.

Wilson line formula:

WE(A) = Trg Pexp (/r AR> ,

The gauge field takes values in the Lie algebra g of G:
AR =" A2l dx’.

The gauge invariance is guaranteed by taking the trace in the
representation R.



Alekseev-Faddeev-Shatashvili presentation of Wilson
Line

Involves a path integral quantization of coadgoint orbits of G.

@ An irreducible finite dimensional representation is uniquely determined
by its highest weight A € h*, h C g is a Cartan subalgebra of g.

@ Associate to A the orbit of the coadjoint action in the space of g*.

o Denote the coadjoint action by Ad}(\) = gAg™.

The coadjoint orbit:

Or={grg '[N eg'ge G}




Nonlocal observables.
Wilson lines and surfaces

g:v— G, AcQY(P,g)

A € h* — the highest weight

of the representation R
Or={glg ' eg’lgc G rcg}
b:~v— g*is a field s.t. ~
b(t) = g(t)a ()" : o

WWR = TrRPexp(/ A) = /Dge"sk(g’A),

N
where Sy (A, g, b) = f7 Trb(dgg_1 -+ A) iIs WL action functional.
Sws(A, g) = Js Trb(FA -+ (dAgg_1)2) is the bulk / WS functional

Important result: Sy s is defined by an equivariant extension of
Kirillov—Kostant—Souriau symplectic form on O,
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Recall: Poisson o-model

e Consider a Poisson manifold (M, )

@ with Poisson structure m = %ﬂ'ij a{if A 8‘1-.
Poisson o-model:
1
S™(X,a) = /z (a;dX’ + EWU(X)CV,' A ozj> :

where X' = x' o X are components of the map X : ¥ — M,
«; are 1-forms on X representing gauge fields of the Poisson o-model.

o In case ¥ is invertible, (M, 7) is also symplectic with w; = (7).



Recall: Poisson o-model on a coadjoint orbit

@ Let the target space be O,

@ then the action

Scp = —/ Tr (g tdg)? = —/ Tr b(dgg 1)?.
> >

rw‘ QP\W\M b\/l* Mu;i Ve \M.(- a*o\ﬂf
Poisson o-model on O,:

SW(b,oz):/Trb(doH—oF),
y

where oo € Q}(X, g) is the auxiliary gauge field. ¢
%

@ Remark: CS%JV%% e)

/ Tr b(da + a?) = / Trb ((dgg ™ + a)? — (dgg1)?).
2 2




Poisson o-model for a Wilson surface

@ View Wilson surface action as a version of the action S, interacting
with the external gauge field A.

Poisson o-model version of the action

S+(b, A, a) = / Trb (Fa+ (dagg ™' + a)® — (dagg 1)) .
> —

a—

. const mined
Poisson o-model as a BF theory / o
4 0O
S, (b, A ) = /zTerA+a,
where the field b is constrained and A + « is a new connection on P.

he S — U, C/Da*



Recall: Canonical quantization of 2- dimensional BF
theory

@ Principal G-bundles over X are cIaSS|f|ed by the eIements of the
fundamental group of G: m1(G) =T C Z(G) G—/’v

@ Consider a surface with one boundary component. Glumg th|s
puncture to an infinitesimal disc is described by identifying U = C;,
where C; € [ is a central element of G.

The formula for a closed surface:

@ The contribution to the partition function of each class [P] of a principal
G-bundle over the surface:

ZBr(G) =) dg *Exr(G).
R

N"%AG\A‘ W'l{'!ﬂz.\/\




Wilson surface theory

Theory on a closed surface

The formula of the Wilson surface theory for a closed surface for a class

[P] of principal bundles P — ¥: hole "OOLW"Y
ot AT
Ci
ZEo(Ci \) = XACSA ), (10)
- r%v y
G = C&/r
a_’ . covesr) Wou/‘g (S'MP(V con neche d ) ~

A ot the  comper o €
[ < Z(G‘) gulpﬁwu,)

ro(¢)x T ~
CC er’ OZMM e/eeJMem.{‘s ',n C



Result 3: Topological interactions

The presence of a Wilson surface modifies the partition function of the
background theory multiplying by a phase e'¥7 = %AC”) the individual
contributions for each class of principal bundles:

Z/nteract _ E : Zbackgr(Cv) el
vem1(G)



Because the world
is an odd place..

» We add odd degrees of freedom to the structure group
» We add odd degrees of freedom to the target

» We study linear super Poisson sigma model with super
coadjoint orbit as a target



Super Wilson surface action functional

S = /z Tr(bFA+a).

G :,G\ovx ’I:I’g\;—(zjs a matrix Lie supergroup , g = go b ¢1.
The fields are now superfields.

The gauge potential is A = Afgdx" ® T, ® e € QY (P,go ® g1).
The field b: 2 — g5 @ g7

b = (g,a)(X,8)(g,a)7",

where (g,a) € G,

(X, B8) = A € b§ @ b7 is the orbit representative with

ho C g being the dual to the Cartan subalgebra of go,

h1 = b, being the odd extension of bj;

acQ (P,g)¢, as before, is an auxiliary field,

hor
Ir is invariant bilinear product on the Lie superalgebra g = go & g1.



Example G = UOSp(1|2)

The algebra uosp(1|2): the even (bosonic) generators h, by, b_
are those of su(2),

the odd (fermionic) generators fi, f_ are the basis of the odd
subspace [lp,,

where p, is the invariant compliment of the Cartan subalgebra
bho C go in the Cartan decomposition go = hg @ po,

h is the generator of bhy. .

Then uosp(1|2) = su(2) @ Mp,. ) 44“)'@ P"

The commutation relations read:

h,by] = by, [hb]=—b_, [by,b_]=2h [hF]=3F,

:ha f—] — _%f—a [b—7 f—|—] — f—a [b—|-7 f—] — f—l—7 [b—|-7 f—|—] — 07
b_,f]=0,[f, f]=3by, [,f]=-3b_, [f,f]=—3h




Example G = UOSp(1|2)

We use the fact that for UOSp(1|2), g = g* and identify adjoint
and coadjoint orbits.

It is enough to consider the orbit representative
(X,0) € h = bho @ 0 which is purely even, since Cartan subalgebra
of go does not have an odd counterpart.

The stabilizer of (X, 0) is purely even: H = U(1).
And the orbit is

O(x.0) = SU(2) x Mp,/U(1) = 5% x MR*.



Example G = UOSp(1|2)

Then the partition function of the Wilson surface labeled by the
element (X, 3) for a particular equivalence class of principal
bundles P — ¥, defined by v € 7m1(G) is given by:

X(X,B)(Cv)

2(C, (o) = S

,

where x(x 5)(Cy) = sTr(C,) is a value of the character x(x g) on
the element C, in the representation R(x gy, corresponding to the
orbit element (X, 3), and sDx gy is the “super dimension” of the
matrix R x g)(C,) (i.e. number of nontrivial diagonal elements of
the even block minus the number of diagonal elements in the odd
block in its normal form).



For G = UOSp(1|2) the highest weight (X,0) € h* defines an
irreducible finite-dimensional representation. In this case the target
space of the theory is given by the coadjoint orbit O(x o) passing
through the point (X,0) € g*.

For G = UOSp(1|2), since there exists only the trivial class of
principal G-bundles over a closed surface X, the partition function

of the Wilson surface is

Ti D
Z(e,(X,0)) = X(x,0)(€) _° rix0)(e)  sDix o) _

— 1’
SD(X70) SD(X,O) SD(X,O)

just like in non-supersymmetric case.



Bosonization conjecture

For G = UOSp(1|2)/Z, = SO(3) x pg there are two classes of
principal G-bundles over a closed surface 2. The partition function
of the Wilson surface for the trivial class is

X(x,0)(€) _ sTrix,0)(e) ~ SD(x 0

= 1.
SD(X,O) SD(X,O) SD(X 0)

Liriy = Z(ev (Xv O)) —

The partition function of the Wilson surface for the nontrivial
class:

T — —sD
Zooneriv = Z(—e. (X, 0)) = X(XO)( e) S r(X,O)( e) _ sU(x,0) N

SD(X,O) SD(X,O) SD(X,O)

This result agrees with the (non supersymmetric) case of
G = SU(2)/Zy = SO(3) computed by A-C-M, in spite of the fact
that the orbit is supersymmetric.
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Spin-off: Weird Lie Algebras




Generalisations of Wilson surfaces Wilson surfaces
en 2d

Reg Sing

Continuous interactions and multiverse systems
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