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Q-manifolds

Definition (Q-manifold)

A Q-manifold is a graded manifold M together with a vector field
Q of degree one such that Q> = 0.

\,

Let M be a smooth manifold. The shifted tangent bundle
T[1]M is a Q-manifold with the homological vector field given
by the de Rham differential.

Let g be a Lie algebra. The shifted vector space g[1] is a
Q-manifold endowed with the Chevalley-Eilenberg differential. )
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L -algebras

Definition (L~-algebra)

Let L be a graded vector space. We say that L is an I.-algebra if
it is endowed with graded symmetric brackets
Ig : Lx---x L—> L of degree one satisfying:

> Y e@)Uilxoy - ) Xg(i))> Xo(i+1)s - - - s Xo(n)) = O

i+j=n+10€®; ,_;

where o denotes a permutation such that o(1) < --- < o(i) and
o(i+1)<---<oa(n).




Q-manifolds
[e]e] lele]e]

It follows that:

1) /12 = 0 gives us a cochain complex.
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2) /1(/2(V1, Vg)) = /2(/1(V1), V2) + (*1)‘V1‘/2(V1, /1(V2)), for all
homogeneous vi, v» € L. This means that /1 is a derivation of
b.
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It follows that:
1) /12 = 0 gives us a cochain complex.
2) /1(/2(V1, Vg)) = /2(/1(V1), V2) + (*1)‘V1‘/2(V1, /1(V2)), for all
homogeneous vi, v» € L. This means that /1 is a derivation of
b.
3) For homogeneous vy, vo, v3 € L:

h(h(vi,v2),v3) £ h(hk(v1,v3),v2) £ b(h(v2, v3), vi)
+ h(hB(vi, v2,v3)) + B(h(v1), vo, v3)
+ (v1, h(v2), v3) £ K(vi, va, h(v3)) =0,

which means that the Jacobi identity holds in the cohomology
of L.
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L .-algebras as formal pointed Q-manifolds

A vector space endowed with an L.~ structure can be seen as a
pointed Q-manifold by defining the formal homological vector field

Q as:

i>1
for v € L. It can be seen that Q is homological if and only if the
brackets {/;}i>1 define an L.-algebra.
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Now, consider a general @-manifold M and let p € M. The
homological vector field has a Taylor expansion:

Q(x) = Q“(p) + QE(P)X + 5 Ql(pIX + .

where (x?) are coordinates around p.
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Now, consider a general @-manifold M and let p € M. The
homological vector field has a Taylor expansion:

Q(x) = Q“(p) + QE(P)X + 5 Ql(pIX + .

where (x?) are coordinates around p.

If Qk(p) =0, then the Taylor coefficients produce an
Loo-algebra on the tangent space T, M with basis
{e1,...,en} by setting:

/,' . TPM®i — TPM, /,-(ebl, ey eb/) = Qil;l.--b,-ek

In general, if Qk(p) = 0, such term is known as the curvature
and the corresponding structure is called “curved” |.-algebra.
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The previous construction defines an |-algebra on the tangent
space at a fixed point p in the zero locus of Q.



Q-manifolds
00000e

The previous construction defines an |-algebra on the tangent
space at a fixed point p in the zero locus of Q.

Problem Different local coordinates induce different |,.-algebras
on the tangent spaces. We also may obtain curved | .-algebras in
general.
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The previous construction defines an |-algebra on the tangent
space at a fixed point p in the zero locus of Q.

Problem Different local coordinates induce different |,.-algebras
on the tangent spaces. We also may obtain curved | .-algebras in
general.

What do we wish? We would like to introduce a construction
that is independent of local coordinates.
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Fedosov-like construction for graded manifolds

Consider the bundle whose fiber at a point x € M is

S(T*M) @ T M.

If {y"}"_, and {pj}/—; denote coordinates on T, M and TgM
respectively, then we can write an element in the fiber

ax € 5(T: M) ® TM as follows:

n

ac=Y a(y)pi

i=1

where a'(y) is a formal power series on y''s variables.
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Lie bracket

Each fiber is a Lie superalgebra endowed with the following bracket:
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Lie bracket

Each fiber is a Lie superalgebra endowed with the following bracket:

Definition

Let {y'} and {p;} be coordinates in TxM and T; M respectively,
then we can express the (fiberwise) Lie bracket between formal
vector fields as:

n o . 8 .
_ j _(—p)allblpi 2 i p,
o=y <a ayib’ (—1)lallelp ayia/>pj

i=1

for ax = 3211 a'(y)pi, bx = 20 bi(y)pi € S(T; M) @ TAM.

v
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Derived brackets

Proposition

Let L be a Lie superalgebra and A € L a nilpotent odd element. If
there exists a projector P from L onto an abelian subalgebra A
satisfying the distributivity condition

Pla, b] = P[Pa, b] + P[a, Pb], Va,be L

then there exists an |, —algebra on A with the n-ary bracket given
by:

An(a1,...,an) = P[...[[A,a1],a2],...], Va1,...,a, € A.
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It turns out that:

the space of sections [(S(T*M)® TM) is a Lie
superalgebra.

The abelian subalgebra corresponds to the space of sections
r(rm).
So, in order to define an |, — algebra on the space of vector fields
F(TM)A, we need to construct a nilpotent operator

A ecT(S5(T*M)® TM) and a projector P from
M(S(7T*M) ® TM) to the space of vector fields ['( T M).
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The key results

Let V be a torsion-free connection on TM. Then there exists a
one-form r with values in S(T*M) ® TM such that the operator
D :=V +[r,] is nilpotent.
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Let V be a torsion-free connection on TM. Then there exists a
one-form r with values in S(T*M) ® TM such that the operator
D :=V +[r,] is nilpotent.

The operator D allows us to construct a bijection between I'( T M)
and covariantly constant sections in T(S(T*M) ® TM).
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The key results

Let V be a torsion-free connection on TM. Then there exists a
one-form r with values in S(T*M) ® TM such that the operator
D :=V +[r,] is nilpotent.

The operator D allows us to construct a bijection between I'( T M)
and covariantly constant sections in T(S(T*M) ® TM).

.

.

Notation. Given a vector field X € ['(TM), we will denote the

A

corresponding covariantly constant element in I'(S(T*M) ® TM)
by X.
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By applying the previous lemmas to the homological vector field Q,
we obtain a nilpotent and covariantly constant element

Q € N(S(TM) ® TM) such that Q| _, = Q. Then, by the
previous proposition we obtain the fo”vowing brackets:
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By applying the previous lemmas to the homological vector field Q,
we obtain a nilpotent and covariantly constant element

Q € N(S(TM) ® TM) such that Q| _, = Q. Then, by the
previous proposition we obtain the follyowing brackets:

Ao corresponds to Q.

The unary map Ay : [(TM) — I(TM) is defined by:
M(X) = [@,X]\y:o, for X € [(TM). This will correspond to
—(-)XIvxQ.

The binary map Ay : T(TM) @ (TM) — [(TM) is given
by Xa(X, Y) = [[Q, X]. Y, o

In general, for the n-ary bracket:
A( Xty Xn) = [[Q, Xi], Xal, - . -Xn]!yzo,

where Xi,..., X, € [(TM).
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Kapranov-type |- algebras

Mehta, Stiénon and Xu [18] proved that the space of vector fields
on a graded manifold M admits an |- algebra.
The unary bracket is the Lie bracket with the odd vector field
QY

A :(TM) — T(TM)
X — [Q, X]

The binary bracket Ay : [(TM) x [(TM) — [(TM)
coincides with the so-called Atiyah cocycle:

XX, Y) =[Q,VxY] - VigxY — (-1)¥Vx[Q, Y]

In general, they showed that ), for n > 2 is recursively
determined by the Atiyah cocycle and the curvature of the
connection.
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A small remark

We have two different structures defined on the space of vector
fields on a Q-manifold M.

We have a curved |- algebra for the Fedosov procedure.

For a torsion-free connection, we obtain:
A (X) =[Q, X] = VX — (—1)XIVxQ, VX € [(TM)
for the Kapranov l,.-algebra, while
M(X) = —(-1)XVxQ

for the Fedosov procedure.
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We wish to have a general understanding on how to obtain both
structures from a more general and unifying approach.
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Geodesic exponential map

Let p1,p2 : M x M — M be the two projections onto M. By
considering the geodesic exponential map

exp: TM — Mx M

we identify the formal neighborhood of the diagonal M(>) with the
formal neighborhood of the zero section of TM, denoted by Ag°.
We can reproduce the two previous |- algebras by considering two
different liftings of the homological vector field Q.

A

We can lift Q by the condition dp;(Q) = Q for i = 1,2, or
We can consider dp;(Q@) = 0 and dpx(Q) = Q.
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Flat coordinates

If (x1,...,x",n,...n") denotes coordinates on T M, the geodesic
coordinates on M x M take the form (x1,... . x" yl ... y"),
where y' = x' +n'.
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Flat coordinates

If (x1,...,x",n,...n") denotes coordinates on T M, the geodesic
coordinates on M x M take the form (x1,... . x" yl ... y"),
where y' = x' + 7'
FAirst lifting We consider the lifting of @ given by:
Qx,y) = Q' (x) g + V()75
We express @ in coordinates (x,n) and expand around n = 0.
By applying the construction of derived brackets (Voronov
[27]), we obtain an |- algebra in the space of vector fields of
the form X = X'(x) 8?7,- whose brackets coincide (up to some
factors) with the Kapranov |- algebra.
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Flat case

Second lifting On the other hand, if we consider the lifting
given by Q(x,y) = Qi(y)a?/, and proceed as in the previous
way, the construction of derived brackets produces an
|o-algebra that coincides with the one obtained in the
Fedosov-like procedure.
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Non-zero curvature

In general, we also expect to reproduce the two | ,-algebras in the
case where we have general geodesic coordinates.
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Non-zero curvature

In general, we also expect to reproduce the two | ,-algebras in the
case where we have general geodesic coordinates.
The next steps

We write the geodesic coordinates (x,y) in terms of
coordinates (x,n) on TM by a formal power series in 7.

Next, we reconstruct the Fedosov operator D. This will
coincide with the one mentioned previously.

We proceed to construct the lifting of the homological vector
field @, written in geodesic coordinates, and compute the
corresponding |..-algebra. We plan to prove that this
coincides with the Fedosov /,.-algebra.
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