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Štěpán Holub

October 30, 2024



FormalCoW Project

• Motivation: classification of binary equality words

• ŠH, Jǐŕı Sýkora, Jana Hadravová
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• GAČR project (2020-2023)

• with Š. Starosta (ČVUT) and Martin Raška (MFF)

• Gitlab repository

• ∼ 3000 lemmas

• ∼ 50 000 lines of codes

• Archive of formal proofs (AFP)







Proof assistants

The dominance of classical first-order logic is challenged every year

by something new.
Larry Paulson, 1989

Mizar



Why Isabelle

Freek Wiedijk’s

100 theorems
• Isar structured language

• sledgehammer

• generic prover

(meta-logic / object-logic distinction)

• polymorphic simple types

• ’a list

• but not n-tuples
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simple types
or

dependent types?



Grothendieck’s schemes : a rivalry case study

Kevin Buzzard’s 2020 challenge:

What can Isabelle/HOL actually do before it breaks? Nobody knows. [. . . ] Can

your system even do schemes? I don’t know. Does anyone know? If it cannot

then this would be very valuable to know because it will help mathematician

early adopters to make an informed decision about which system to use. [. . . ]

I am not sure that it is even possible to write this code in Isabelle/HOL in such

a way that it will run in finite time, [. . . ], and a sheaf is a dependent type, and

your clever HOL workarounds will not let you use typeclasses [. . . ]



Grothendieck’s schemes : a rivalry case study

Lawrence Paulson’s Simple Type Theory is not too Simple, 2021:

Challenge accepted and met [. . . ]

Kevin Buzzard reported on his blog the difficulties he faced during his

formalization in Lean:

“The project is completely incompatible with modern Lean and mathlib [. . . ] During

our proof we ran into a huge problem [. . . ]”

We did not meet this difficulty in Isabelle [. . . ]

It seems that this difficulty cannot possibly have a direct counterpart in Isabelle,

since it arose from the difference between the so-called equality types, and the

definitional equality, a difference which is peculiar to dependent type theories.



A short history

• A. Church: λ- calculus (untyped, typed, 1930–1940)

• D. Scott: interpretation by continuous function logic (PPλ,

1969, 1993)

• D. Milner, L. Paulson: Logic of Computable Functions (LCF,

implementation of PPλ, 1972–1995)

• D. Milner: Meta Language (ML), programming language for

Edinburg LCF (1973)

• M. Gordon: HOL (based on LCF and higher order logic,

originally for hardware verification, 1980s)

• L. Paulson: Isabelle, generic framework for arbitrary object

logic



Isabelle/HOL

Standard ML

Pure

Isabelle/HOL

Isar

Isabelle/jEdit

Implementation:

Meta-logic:

Object logic:

Structured proofs:

User interface:

−→

=⇒



Binary equality words

A word w ∈ {a, b}∗ for which

there are non-periodic

morphisms g and h such that

g(w) = h(w)

Example (Czeizler, Karhumäki,

Laine, ŠH, 2007): aabbbaa is not

a binary equality word.

That is,

xxyyyxx = uuvvvuu

can hold only trivially


