
Interactions of Riemannian geometry,

-contacttopology &spectralTheory-

Outlineto contact topology

2) Riemannian geometry & Contact topology : why & how ?

3) Outlook



*rief intro to (3D) contact topology

11 : basic objects

Def:Da
P"contact form on a

3-dim wfl is a
-

anda > 0
1- fam salific trustwith a foliation

-

2) a Lorientable)
confact structure on a

3-dim

mfd is the hannel of a contact form.

Ex :

· / M = T, < =
sintzldx-cos(z)d)

(M= IR, a =
dz - ydx

da = cos(z)dzec + Sin (a) dzdy
->dayLyndz 0 Ra = sin(z)bx-cos(z) by

Ra =bz



La: Given a contact form I
! VF Ra

sit .

da(Rx
,

- ) = 0

< (Ra) = 1

Ra is called the Reb VF associated to a

Def : (M, x)
& (Mi , x') are regarded as equivalent

as contact manifolds ("contactomophic") if

- differ 4 : M + M' s . t.

↑*(x)) = fx

for some fe 2% (M)

Et Dr. (keral = herd'

-

Parbox Thm : Let (M
,
2) be a 3d contact aff.

dz + Ev2dt Then UpeM JUpubhd of p S. t.

Kup . Up) is contactomorphic to a

nbld of 0 in (dzvidO, IR'

i. e .
all contact rfds look the same locally



12 :
Global properties

wheneverone has a structure would like

to have somesotofdiationia results.

eyn stability Thm : Let at be a 1-par family ofatat
forms on a opt mifd .

M

Then 31-par· fam , of differs If s. t.

↑* X+ = f+ do

·
Fundamentaldichotomiy :

⑰str.* Fonclose to

I ↓
-

-
redenti Fig

costr)dz + usin( do



2 : Riemannian Geometry + Chat structures :

-hom?
-

1: Why ?

- distinction
between Eight & OT is in terms of

twistin
g... Fry

to quantify that

- philosophically,
"(Riemannian) geometry dominates in Cow dimensions

"

eg
: all closed 2-dim surfaces are quotients
of model spaces
-

② /
& some

wealer version of this
is true in 3D

in particular : geometric analysis solved the

31 Poincare conjecture

= I interesting geometric flow on
1forms

"Altschuler flow



Litt?

1If: a pair (g)
is called (weakly) compatible if

(1) I Rall= 1)
2) Batigher
3) anda = 1 drolg , - = const.

"measure of rotation of 3"

equivalently : g
= g,Op
*

F
I

2 obvious problems : 1) a contact form, not structure !

2) even with a fixed, there is an

infinite-dim . space of comp.
metrics

...

which to choose

Ethyra, Komendary
Massot

Ihm : (x, g) compatible. Then

1) Ra geodesic VF
2) geodesic spheres

So look like this

reen
lines are intersections[ 19 IpnTpSr S ↑



I~
Ithmcontactsphere theoremEve

,

Momendaryasa
17 seelg)>

Then (2) Ec++ ($3, xst)



Elook (an invitation (

Sympleatiatry,
I-curves Ano &Confoliationas

I ↓
Geometry Topology
-

-
-

- Demannian Analysis
-

↓ "
spectral theory topologicalin

a

curl

in particular : Hemostpowerfultools oneed how. Radies

or Riem .
(Ricci flow , min , surfaces

have not been employed at all


