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Motivation and Goals
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Understanding K-theory of spaces G/P, where G is complex
semisimple Lie group and P a parabolic subgroup of G.
Complex vector bundles over G/P correspond to P-modules.
Let G’ C G be a complex semisimple (sub)group and P’ C G’
a parabolic subgroup s. t. P = PN G’. There is a natural
embedding ¢ : G'/P' — G/P.

¢ induces a short exact sequence of P’-modules/vector
bundles:

0——T(G'/P") —— *T(G/P) N(2) 0.

N(¢) is the normal bundle of the embedding ¢ and we are
interested in its characterictic classes.

So far we have analyzed the situation G/P = Gr(n, k).
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Topology and cohomology of (complex) Grassmannians and associated representation theory
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CW Structure of Gr(n, k) - Schubert Cells

» k-dimensional subspace V of C” can be represented as a
row-space of a k x n matrix Ay in echelon form. Example
given for Gr(9,4):

O O O
¥ ¥ ¥ O
¥ ¥ ¥ O
O O = O
O = O O
* O O O
_ O O O
o O O O

o

» To V € Gr(n, k) assign indices 1 < t; <...<t, <ns. t
the t;-th column of Ay is the i-th canonical vector of CK.

> V. W € Gr(n, k) belong to the same Schubert cell, iff the
indices t1, ..., tx are the same for both Ay and Ay.
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Schubert Cells and Partitions

» Schubert cells of Gr(n, k) correspond to partitions of length k
with maximal element < n — k.

» Schubert cell defined by the sequence 1 < t; < ... <t <n
corresponds to a partition A = (A1,...,Ax), where
Aj =n—k —t; + i. Denote this cell by C,.

» For a partition A = (A1,...,Ak); A1 < n—k; let
ANi=(n—k—=Ag,n—k—Xg_1,...,n—k—X1).

» Schubert cells Cy s. t. |[\| =/ form a free basis of
Hok(n—k)—21(Gr(n, k); Z).

» Denote by o) the Poincaré dual of the class Cy. Then
{ox;|\| = I} is a free basis of H?/(Gr(n, k); Z). Moreover,
oy = Cic (the Hom-dual of Cy).
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Grassmannian as a Homogeneous Space

» Left multiplication by matrices from SL(n,C) on C” induces a
transitive action of SL(n, C) on Gr(n, k).

» Let {e1,...,en} be the canonical basis of C". The stabilizer
of (én—k+1,--.,en) is the subgroup P, consisting of matrices

(% 5)
* P2

with py € GL(n — k,C), p» € GL(k,C),det p; det p, = 1.
» Thus, Gr(n, k) ~ SL(n,C)/Pp .

» Representation p : P, — GL(d,C) defines a complex
vector bundle with total space SL(n, C) x, C9 defined as

SL(n,C) x Cd/[(gp, v) ~ (g, p(P)v); P € Pnil
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The Grassmannian Lattice
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The Vertical Maps

» an i Gr(n, k) — Gr(n+ 1, k) is induced by the linear
inclusion C" < C"t! as the last n coordinates.

» It is also induced by

ank: g € SL(n,C) — < 10

0 g ) € SL(n+1,C).

» «a,, maps a Schubert cell C to the Schubert cell (C|0) and
the corresponding partition (A1,..., Ax) to
M+, +1).
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The Horizontal Maps

» ok Gr(n, k) = Gr(n+1,k+1) maps V € Gr(n, k) to
v(V) @ (ens1), where v : C" — C"*! as the first n

coordinates and {ey, ..., epn, ent1} is the canonical basis of
Cn—l—l

P It is induced by

Nk - & € SL(n,C) — (g (1) ) € SL(n+1,C).

» 75k maps a Schubert cell C to the Schubert cell ( é 2_ )

and the corresponding partition (A1, ..., ) to
(n— k,)\l,...,)\k).
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Homeomorphism Gr(n, k) ~ Gr(n, n — k)

» Let S = (0int1—j)1<ij<n. Then S defines a symmetric
non-degenerate bilinear form on C". Denote by L
orthogonality w. r. t. this bilinear form.

> Define ®, 4 : Gr(n, k) — Gr(n,n — k) by ®, (V) = Vis.

» &, is induced by the (outer) automorphism of SL(n,C)
given by ®, 4 : g+— S(g")71S. We have
q)n,k(Pn,k) = 'Dn,n—k and (Dn,n—k ° <I>n,k =id.

» &, is a cellular map and the image of any Schubert cell of
Gr(n, k) is a Schubert cell of Gr(n, n — k).

» Thus, the maps (¥, ).« and ®* , in (co)homology " permute”
the free basis given by Schubert cells and their Poincaré duals.
In particular, ¢:’k(a(17._71,07“_,0)) =0(j0,..0)-

> At the level of partitions/Young diagrams ®, , acts by
transposing the diagrams.
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Associated Cohomology Lattice of Grassmannians

Denote A/, := H¥(Cr(n, k); Z). We have the j-th cohomology
lattice

A£1 AJ3,2 A{13

) ’
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Cohomology Lattice Il

Fix j > 1. Partitions of j admit a lexicographic ordering, w. r. t.
which (1,1,...,1) is the first and (j,0,...,0) is the last. Denote
by Rj the number of all partitions of j. Let o7, 0%, ... ,oJRj be the
J

generators of Asz corresponding to these partitions.

Lemma

(1) The j-th cohomology lattice stabilizes below and to the right
from Ajsz, i e Ajmk ~ Alsz iffn>2jand k > j.

(2) The projections in the following diagram are the obvious ones:

i R-1,, | i R—-1,, j
Ajz'—z,j—1 =L Lo « Aj2j—1,j = b4, Loy

T |

Ai—1jo1 = Dslo Los ——— Ay ; = B, Zos
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Cohomology Lattice Il

Lemma
(3) Let o« = Q2j—1j0 .- 0Qj41 " GI‘(] + 1,]) — GI’(QJ,]) and
N ="1m2j-1j-1°0...0Mj411: CP! — GI'(Z_],_]) Then

Kero* = @iz Zol, Ima* = Zo{
Kern* = @, Zok | Imn* = Lo,

I. e., there are short exact sequences

*

J j o J

0— ’Azj—l,j—l Ajzj j Aj+1J 0,
. . n* .

O—— Ay 4 Ay A1 » 0.
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Cohomology Lattice IV

For example, if j = 3, there are exactly three partitions of 3,
namely (1,1,1),(2,1,0),(3,0,0). Only (2,1,0) defines a 6-cell of
Gr(4,2). The HC-lattice is

0 0 Z Z
T T T 1

0 Z LTl L L— ..
T T T T
L2067 26L6l—LoLlel ...
T T T T
260266 LaLeL ...
T T

T T
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Cohomology Lattice V

» (1) follows from the fact that Young diagrams of all partitions
of j fit inside a j X j square.

» (2) follows from the fact that the only two partitions of j that
do not fit inside the (j — 1) x (j — 1) square are the row and
column of length ;.

> (3) follows from the fact that CP/ only has partitions with
one-row-diagrams and Gr(j + 1,/) only has partitions with
one-column-diagrams.

Gr(j +1,J)
!
Gr(2j —2,j—1) Gr(2/ - 1,J)

o221 o214

CP/— 5 Gr(2j — 1,5 — 1) Gr(2),))
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Computation of Chern classes of norm:
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Chern Classes

Theorem

There is a unique sequence of functions c1, ¢, ... which to a
complex vector bundle E over a paracompact base space X assign
cohomology classes ¢;(E) € H¥(X;Z) such that

(1) f*(¢i(E)) = ¢j(f*E) for a continuous map f : ¥ — X.

(2) c(E1 @ Ep) = c(E1) — c(E2), where c(E) =1+ 372, ¢(E).
(3) ¢;(E) =0 for all j > rank E.

(4) c1(L) = A, where L is the canonical line-bundle over CP> and
\ is a specified generator of H2(CP*>; Z).

We now choose c¢i(L) = —o7 for all further calculations.
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Vector Bundles over Gr(n, k)

» Vector bundles over Gr(n, k) correspond to representations of

Pok = ( GLn—k©) GL((/’(’C) ) c SL(n,C).

» TGr(n, k) is defined by the rep. p, x of P, on
Hom(C¥, C"%) = sl(n, C) /pyk given by

0 -
Pn,k(< P ))V_Plvpzl

* P2

and is induced by the adjoint rep.
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The Normal Bundles

» The maps «a,  and 7, x induce

0 — TGr(n, k) — a;,  TGr(n+ 1, k) — N(apk) — O,

O — TGr(n, k) —n;,  TGr(n+1, k +1) — N(nn k) — O.

» rank N(a, ) = k and N(a, k) is defined by the rep.

p1 O Ty\-1 k
n = v e Cr.
ensd (P2 =) i

» rank N(nn«) = n — k and N(7, ) is defined by the rep.

0 _
lbn,k(( il i >)W—plw;W€C" k.
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The Normal Bundles - Properties

Lemma

(a) Oéi? kN(ani1,6) = N(ank),

(b) ?7n «N(nt1,k+1) = N(nnk),

(c) an kN(nt1,6) = N(nn) © C,
(d) 5, N(ant1,k+1) = N(ank) © C,
(e) d)m N(an,n—k) = N(1n,k),

(f) (D:,kN(nn,n—k) = N(an,k)'

(g) TGI‘(I‘I, k) = N(an,k) ® N(nn,k)'
(h) There is a short exact sequence

O —— N(apx)? —— C"—— N(npx) — O.
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Chern Classes of N(a,, «) and N(7,.)

Theorem
(a) c(N(apk)) =1+ 0f +02+...+ 0ok
)=1

(b) C(N(nn:k) + O-% + 0-1‘2‘_\’2 +...+ O-Ir%n_,kk
Proof

> First, c(N(an1)) = c(Ocpn-1(1)) = 1 + o},
> Let k > 1 and assume ¢(N(apx—1)) =1+ Zf;llo{.
> M1 k-1(c(N(a2kk))) = c(N(azk-1,k-1) & C) =
1+ ij:—ll of.
» This determines ¢;(N(azx,k)) for 1 < j < k — 1 because of the

stability of 2j-th cohomology lattice
(Aj2k,k = Aj2k71,k71 = Aj2j,j)‘
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Chern Classes of N(a,, «) and N(7,.4) Il

» Moreover, since c,(N(a2k—1,4-1)) = 0, we have
ck(N(aakk)) € Kermzy g4 1 = Zof.

> (azk_Lk 0...0 ak+171)*N(a2k,k) = N(Oék+1,k) and
(a2k—1,k © - - © Ak41,1)"[ 0 is an isom. onto Af i1k Thus, it
is enough to find ¢, (N(o1.4)).

> ¢’;+17kN(ak+1,k) o~ N(7k41,1) and we have the short exact
sequence

OoO—— Ocpk(—l) Ck+1 N(T/k—f—l,l) — 0.
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Chern Classes of N(a,, «) and N(7,4) Il

> H*(CPk;Z) = Z[o}] /(1) *L, c(Ocpi(—1)) =1 — o1 and we

must have
1= c(C) = (1 - 0}) - c(N(msn.1))-
> We compute cx(N(nk11.1)) = (o1)k = a,’f‘,k.
» Then

ck(N(aks1,6)) = (@i ,fN(mkr11)) = @y 1 (0F,) = of-

» Thus, also ck(N(a2x)) = ok and previous lemma together
with stability of cohomology lattices determines
c(N(ank)) = c(N(aokk)) for all n.
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Chern Classes of N(a, «) and N(n,4) IV

» This proves c(N(apk)) =1+ 0} + 02 +...+ 0ok
» Then

c(N(nk)) = c(®%  N(ctn n—4))
n—k

= (1+ o))
j=1

n—k )
=1+) ok
j=1
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The Normal Bundle of ¢ : Gr(n, k) — Gr(n’, k)

» Let ¢: Gr(n, k) — Gr(n’, k") be the composition
Mn'—1,k'—1 O -+ - O Np/—k/+k k O ¥p/—k/+k—1,k O -+ . O Qp k, SO that
n<n k<Kk.

> We have a short exact sequence

O —— TGr(n, k) —— *TGr(n’, k') N(v) 0.
» Applying the pullback rules successively, we obtain

k'—k

@ N(nn,k)

where m = ((n' — k') — (n — k))(K' — k).
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Pieri Formula

Theorem

Let 0 </ < n—k, X the partition (1,0,...,0) and p a partition of
length k and maximal element < n— k. Then oy — o, =), 0y,

where we sum over all partitions v that can be obtained by adding
one box to exactly | different columns of the Young diagram of y.

» Since ®7 , acts on partitions by transposing their Young
diagrams, we also obtain the "dual” Pieri formula:

Theorem

Let 0 < /< n—k, X the partition (1,...,1,0,...,0) of | and i a
partition of length k and maximal element < n — k. Then

o) — 0y =), 0,, where we sum over all partitions v that can be
obtained by adding one box to exactly | different rows of the
Young diagram of p.
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Chern Classes of N(¢)

» Applying the Whitney product formula for characteristic
classes, we obtain

c(N(1)) = e(N(an )" =078 — c(N( )< *

» The only cohomology classes appearing in this products are
o(1,..,1,0,....0) and o(; 0. o), hence the two Pieri formulas
suffice for computing this product.

» For example, whenever k,n — k > 2 we have (0})? = 02 + 03
and

c(N(1)) = (" = n)oi,

NW) = (K = Kof + (= K) = (o= kg + (") "o
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The Endomorphism Bundle

» For vector bundles E, F — X we define the bundle
Hom(E, F) as EP ® F. In particular, End E = Hom(E, E).
» TGr(n, k) ~ Hom(N(an k)P, N(nnx))
> Then
End N(ay )P @ TGr(n, k)
Hom(N(amk)D, N(oz,,yk) ) ® Hom(N (o, )P N(Nnk)) =~
Hom(N(an x)?, N(an k)P @ N(10.4)) =~
Hom(N(ap )P, C") = N(ap k) ® C" =~ @" N(avp k).
» The pullback of N(ap ) over the variety of complete flags in
C" splits into a direct sum of line bundles L1 @& ... ® L.
> Hence the pullback of End N(a, x)P = End N(av, &) splits
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The Endomorphism Bundle [l

> c(EndN(ank)) = [1i(1 — a(Li) + ally)) =
H1§i<j§k(1 (a(Li) — a(Ly ))?)

» The odd Chern classes of End N(«a, «) are zero and the even
Chern classes are polynomials in Chern classes of N(a ).

» Thus, we can compute the Chern classes of TGr(n, k) from
Chern classes of N(ap k) only.

> c1(TGr(n, k)) = c1(®"N(ank)) = not and for j > 2:
&(TGi(n, k) =
j-1

ci(®"N(ank))— = [ ] cs(TGr(n, k))gj—s(End N(vn ))-
s=0

Faculty of Mathemati‘cs and Physics, Charles Uniersity - -



The case k =2

» The formula is in particular nice for ¢;(TGr(n,2)).

» The only nonzero Chern class of End N(a, k) is
c(EndN(ap2)) = —(a(L1) — a(L2))? =
—(Cl(Ll) + Cl(LQ))2 + 4C1([_1)61(L2) =
—c1(N(an2))? + 4c2(N(an2)) = —(0})? + 40?2 = 302 — 03.
» So we have ¢;(TGr(n,2)) = noi and for j > 2:

¢i(TGr(n,2)) = ¢j(®"N(an2))—cj—2(TGr(n, 2))c2(End N(avp 2)).
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