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A first attempt to define singular foliations on M :

Definition
A partitionifold of M is a partition of M into connected immersed
submanifolds ?, called leaves.

a. From now on, "submanifold" means by default "immersed submanifolds".

v

Notation Le: m— L.

Question J

Should we take it as a definition of singular foliation ?
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Definition
A partitionifold L, is said to be smooth if for every £ € M and every

tangent vector u € TyL, , there exists a vector field X through u
which is tangent to all leaves.

y

This forbids isolated lasagnas, magnetic or Wzl partitioniolds. It is
better.

Should we take it as a definition of singular foliation ?

Question J
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The flow of a vector field tangent to all leaves preserves L,.

Proposition
Let L, be a smooth partitionifold.
Q Travelling along a leaf is boring
@ Every leaf has a transverse structure

© Which is unique
Q@ And there is a Weinstein-splitting theorem.




More explictt muybe 7

The flow of a vector field tangent to all leaves preserves L,.

Proposition
Let Ly be a smooth partitionifold.

Q@ Two points on the same leaves have open neighborhoods on
which L, are isomorphic.

@ For X transverseto L, m— > n L., is a smooth
partitionifold.on a neighborhood of L N ..

© And any two such transverse smooth partitionifolds have
iIsomorphic germs.

@ And near any point m, L, is a isomorphic to the direct product
of the leaf by any representative of the transverse structure

y
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Definition

A singular foliation on a smooth manifold M is a subspace

F < Xc(M) which eV
ga@w l

(cv) is involutive, /\'()Uj |

() is a C*(M)-module Y\&S NYAZA

(7) is locally finitely generated.
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Corollary 3.12. Let L be a manifold and (R% F,) be a formal singular foliation near
0 which vanishes quadratically. There 1s a one-to-one correspondence between the three

following sets:
(i) singular foliations along a leaf L with a transverse model (R?, 7y), and
(ii) pairs made of a Galois cover L — L together with a group extension of the form

Inner(Jy) < H — m (L, L)

where H C Sym(Jy), up to conjugation by an element in Sym(Jy).
(iii) group morphisms m (L) — Out(Jy), up to conjugation by an element of Out(Ty).
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