
Legendrian non-isotopic

unit conormal bundles

in high dimensions

Yukihiro Okamoto

(Tokyo Metropolitan University )



31
.

A question in contact topology
& Main results

S2 .

A coproduct from string topology

33 . Outline of proof of thum



51
.

Terminology
M : 12n-1)- dim .

Comanifold.

&ef . @fl'(M) is a contact form
n - 1

# on-do 12 (M)
def

is nowhere vanishing
Today ,

we only consider the following contact manifold.

Example IP" ~ T*R" = IR" xIR"

I
*

181, , En) *

181- An
,
P, . Pu)

S
*R" : = (18 , P) &T *"1 Pi +... + Pi = 13 : sphere

cotangent bundle

:= 1
,

P : dgi) El'IS* IRY
S*/Rh



1 < M : Co submanifold
,

dim1 = n-1
.

Let . 1 is a Legendrian submanifold of (M
,
d)

t & (1 = 0 = R'(t)
.

Ao
,

A ,: Legendrian submanifold of (M
.

d)

So is Legendrian isotopic to 1 , /10 Tegl , )

/Atte , 1)
: Smooth family of

Legendrian submanifolds of (M, a).

· Classifying Legendrian submanifolds up toLeg
is an important problem in Contact topology.



Example & More specific question

I
Example ↓

K <IR" : compact Co submanifold

Ak : = [18 .p)eS
*

RY/gek
,
PelTgKIt]

is a Legendrian submanifold of (SYR" , 0) ,

called the unit conormal bundle of K
.

Obviously,
Ko Yok ,

in R => Ako YegAk ,

in IS*
Y

,
d

Question Does (E) hold ?



Preceding researches

· Ihm (ShendeEkhomg-Shed
↓ ko -Leglk ,

= Ko K ,
or mirror) Kil

Tools : S
Shende : microlocal sheaf theory

EkholmiNg-Shende : Legendrian contact homology
· Including high dimensions : Ko .

K
,
<Rh

Shande 19

Ako Teglk ,

=
& [i , (IR" (Ko)] = I [i , (IR" (Ki)]

Asplund21

(S" = /"Ecob ( &HSkol) = HS(ki)I
preservingj based loop space
Pontrjagin productoKe

,
Ki



Main results of 0'25

diagonal subsetFor KIR" : compact submanifold
9(9 ,
9119 = k]

↓

|Hx(k) : = Hx +2 - codimk)kxK ,
Uk : E)

.

In2
,

I will introduce a coproduct
6k : ((x+ (k) - H(k)H(K) .

#hm. Sko YegSk , ,& · Ki is connected and mik: 24 ( : = 0
, 1)

=> EY : H(ko) = Hx(kil preserving the coproducts

|+(ko) H(ko) @HalKol
i

.

e
,

Yt A ↓ YeY
|+(ki)# Hx(ki)(Halki)



Application.
This I can be

#hm.2 d = 124 # generalized.I&: closed surface ,

connected
,

I S"

=

fo
.

f: Sox* - 1***: embeddings ,

codim = d

S
.

t
.
for Ko := Info and K := Infi,

(i) Ako and 1k
,

have the same

I - Il S
Thurston - Bennequin number

"classical invariants Legendrian regular homotopy class

Legendrian isotopy Coisotopy class

viil Sk
o

= 0
,
Gx, 0 .

In particular , AkoLeg 1k ,
by Em.



&2 . coproduct 8K from string topology

#CIRV : compact submanifold

Hx(kxk
.

Ok : #
.
) Ha + 1-colimk))kxK , 0k)

*-iF)
sll Kinneth

H (kxk . OkiF)
* 2 [l-codimk]

We have an identification

[V : [0 . 1) -> I" : linear
= kxk

I V101 ,
011 = K] e

V + 18101
.
Es)

Us j W& & constant paths Uk
&

K Vlos in K3



pin =

[V : [0 , 1) + 1" : linear
Ek +k)/101 ,

01x = k]

Idea 184er :
a family (or chain) ofWhe Plan
parametrized by (

> 18"lots
.
8"lit is)use Y

: a family (or chain) in Drx Din parametrized by

:= ((t ,u)(0st < -ney
rit) +]

.

& 12 "Jueu 24(z
, 1)

· [.................⑧i..................%&

=/



Sk : Hp (Pi. i))-> Hpr (Pisis) **)
31

- codimk

HMp(kxk , Ok) HMp +, ((k *k
,
0k)
* )

&Remark
- codiml

Aprecise definition can be given by using Morse homology of K* K.

/

Example K R

(e H
,
)Piis 2 = (10)t ,

Sint
, 0)

represented by%:fo
- & () = Ho()P (i) * 2)Fl

represented by a pair of paths:



Examples Ko and K ,
of Thm . 2

d24
,

Zi closed surface #S"

Koi= S
-

xz

-

ME &
Ko =Sx

connected sum .



%am. Sko() =0Hx)P)
. Ipd+
=p -

-
octt /

17

·
V + )4Ko ·

o

im. S,

H ,
(2 :E2) 0 · ppd+

non-vanishing p"2 cle

Everested #...........
S

.
t

. Sk ,

1) 70
.

A



&3. Outline of proof of/

(i) We use a Legendrian isotopy invariant

(HLx(1) ,
S1

Strip Legendrian contact homology ↑product .

defined under index-positivity condition on 1

(ii) If KCIR" : compact ,

connected submanifold

codimK14
in

then AxcS** is index-positive.

Moreover,
↑ unit conormal bundle of K

(H(x(1k) , Sex) = (Hx(k) .

Gk]
-

Il

Hx + 2(kx k,0k)
- codimk



& Proof of Thm, assuming (i) . (ii)

S Ako -Leg 1k ,

in S*"

Ki is connected and codimki <4 (i = 0
. 1)

=> (H(Kol . Gro) (HLx(Axol , Seko)
(i)
= (HL(1k

.
)

,
Gak)

(Hx(k,)
, Sk ,

) 1

F or i = 0 , 1.

I # (ki) : = Hx
+2-codimki /Kiki .

OkFl(
Ski : the coproduct in 52 .



(i) Strip LCH and coproduct

1 : compact ,

connected Legendrian submanifold

of IS
*R"

,
a) generalized to contact manifold

w/ no contractible periodic
st . Maslor class =0

H'(A : 2) Reeb orbit.

Ro : Read rector field

associated w/d (In fact
,
Ro =Z

,
P : Eg : on STR)

12(1) : = (C : [0 ,T] -> SRY ⑮s

Reeb chord -> ((t) = (Ro(c) vt [0 ,T))of1 I ((0)
,

C (T) - S

For generic 1 ,
YCERIA) is non-degenerate and we can define

M : R(1) -> 1 : CHMK) : Maslow index



pseudo-holomorphic strips

J : almost complex sir on IP-* S*R

* IR-invariant (IR@IRxS*R" : r : (r : x) = Ir + rix)
S

.

t. I · died)) :, J : ) is a Riemannian metric on /RxS*R"
· J(fr) = Ro

,

J(kerd) < Kerd

↑
Co

,
C , <R(1)

M1
,

j(( : 2) (S ,
t)

↑

:= [U : /Rx[0 . 1) -> RRXS
*

RY co =

"

Ulta,.,
"

↑ 2 , u + 52 + u = 0

I · u(IRx90 , 17) cIx1
,

asymptot ic
"↑ [in]condition
-E

- /R, XIRe"UI-0.. 1"



For generic land J . Me
,
j(o ,
2) is a Comanifold o f

dim = M(c0) -M(2) - 1
.

(x (1) ==RAL
# c (c) : = y () - 1 .

Dj : (x + 1(1) -> ((1)1 Co # IMe-

djod; # 0 in general. However,

CER(1) c .

t
.
homotopic w/ endpoints in 1
to a constant path constant path[ => M(15130 .

↓

As
=> djodj = 0

.

Strip Legendrian
We obtain HLx(1) : = Hx(((1) , dj) : contact homology

of A



& : CeRIAl
, null-homotopic = MIC > 1

. )
Remark indesitivity
· prevents a "bubble" for pseudo-holomorphic strips
in 1-dimensional moduli spaces o

&

Music Lut
ICo - 14 - 1 = 1
i

convergence
2 1 u

· Without
.

Chekanov - Eliashberg DGA of 1

can be defined. E reduction
D

It involves pseudo-hol .
curves / I (((A) , dj)

Vmelzo

-



Co

Sj : ( + (1) -> Cx(1102 +o
->

is defined by using pseudo-hol .

curves + /M]
With &

,
SJ is a chain map and india

S : HLx() HLAIOHLxAl

#hm So
,
1

,
< S *RV : compact .

connected Legendrian submtd

satisfying
So Tegh ,

= HLxAdEEHLx(dil
preserving the coproducts.



(ii) KCIR" : compact ,
connected submanifold

Lem ,

↑ccR/1k)
,
MIC11 codimK - 2

[In particular ,
codimk 14 = Ak satisfies &

Thus. (HLx(1k) , SMk) is defined . H tra
H(x(1k)

*

= H x+ -mmk(kxk ,
0x)Y

#which intertwines Shi and 81 8. : chain-level .

def

The idea of proof is from Cieliebak-Ekholm-Latscher-Ng 7
on the Chekanov - Eliashberg DGA of AK for KCIR3 : knot

Note : Pi : = [V : [0 , 17&" Vol ,
Vin + KYI hompy P= [V: 0 . 1+ IRV : linear (2101 , Vek) = K * K

equivalent
2 (8101 ,

2111)



Sketch of HLx(k)= Him)k*K
.

0x)

N() : moduli space
of pseudo-hol .

curves in TYRY

I
U: 50 .010 . 1) ->TRT

# : the Gromor compatification
of NIC)

.

"l10x50
. 13

quasi

(x((k) - (ing(PL)yigk
- Lodimk

c)Proxi
,
)

Actually ,

I used a Morse chain complex of K*K



Intertwing the coproducts

We use moduli
space

of pseudo-hol · curves

T*R"

·t
1/h

and observe theboundary of its compactification.
which contains C

End↓


