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E= (M,F(S(EB,;GNEL-))) together with a degree +1 homological
vector field Q € X,1(E), i.e., which satisfies Q% = % @Q,Q] =0.

Theorem (Th. Voronov, G. Bonavolonta & N. Poncin)

N-graded dg-manifolds ~ Lie oco-algebroids

Algebraic point of view
We replace C°°(M) by an arbitrary unital commutative algebra </
and T'(E_;) by a projective .o7-module.
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Tangent complexes and Lie-Rinehart algebras

Every Lie oo-algebroid comes equipped with a sequence:

41 12

E,-"TM

E_3

which is a complex of vector bundles on M.

1. The “red” map is a morphism of brackets.
2. The 2-bracket ¢5 does not satisfy Jacobi but

is a Lie-Rinehart algebra over C*>°(M).
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In a purely algebraic setting

A Lie-Rinehart algebra is the algebraic axiomatization of Lie
algebroid, i.e., it is an &/-module .Z together with

1. a K-bilinear Lie bracket [-,-] , on .#
2. a (/-linear) Lie algebra map p: .# — Der(</) satisfying

[u, fvlg = p(u)[flv+ flu,v]., (Leibniz)

Lie-Rinehart algebras are "nice" but with

1. No projective module!
2. No connections!

3. Bad differential geometry!



Results

Let (A,[,] ,,p) be a Lie-Rinehart algebra over .o7.
Theorem (PhD, J. Algebra, 2022)

Any resolution by free </ -modules of .#

£ ¢ L
‘-'—1>(§_3—1>(o@_2—1>éa_1i>%—>0

can be given a (unique up to homotopy) Lie cc-algebroid
structure (&,,4s, p) whose unary bracket is (1. It is called the
universal Lie co-algebroid of 4 .



Results

Let (A,[,] ,,p) be a Lie-Rinehart algebra over .o7.

Theorem (PhD, J. Algebra, 2022)
Any resolution by free </ -modules of .#

£ ¢ L
‘-'—1>(§_3—1>(o@_2—1>éa_1l>%—>0

can be given a (unique up to homotopy) Lie cc-algebroid
structure (&,,4s, p) whose unary bracket is (1. It is called the
universal Lie co-algebroid of 4 .

Losses

Many more structures for .#

Gains

Projectives modules, free modules, defined on generators
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What the theorem says is

Acyclic Lie co-algebroids ~ Lie-Rinehart algebras

This result generalizes Laurent-Gengoux, Lavau, Strobl result on
solvable* singular foliations.

Definition
A submodule .7 C X(M) is said to be solvable if it admits a
projective resolution of the form

- ——(E_3) 4, ['(E_9) 4, N(E_) 27 ——0

My (PhD) result is valid even for non-solvable singular
foliations!
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Why Z-graded extensions?

Let £ — M be a vector bundle over a smooth manifold M and
s: M — FE a section, and let ¥ = {s =0}

There exists a rather unusual Lie oo-algebroid (negatively graded
Q-manifold),
(TAE[-1]),Q = 1)

where ¢ is the contraction with s.
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The 0-th homology is

HY((D(AE[-1]"),Q)) = C%(M)/Z;

with Z, being the ideal generated by functions of the form (¢, s) for
¢ e'(EY).

® What is the universal Lie oo-algebroid associated with Z, (the
derivations that preserve Z;)?

® How is it related to the negatively graded manifold associated
with s7?



Z-graded extensions

One can always choose a negatively graded dg-variety so that there
is no homology in degree less than or equal to —1, namely a
Koszul-Tate resolution of C*°(M)/Z
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o/ | 7 is a negatively graded Q-variety (6, 9) over &7 such that
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Z-graded extensions

Definition
Let .7 be an ideal of an algebra 7. The Koszul-Tate resolution of
o/ | 7 is a negatively graded Q-variety (6, 9) over &7 such that
¢ & ~ S(Bi<_17;), for some collection of projective
/-modules ¥;.
e the homology, H*(&~,9) =0 for i > 1 and
HY(&=,80)=4/F.

There exists an explicit construction of KT given by trees!
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Arborescent Koszul-Tate resolution

Ingredients
® A projective resolution of <7 /.9

d d

m: .- om m, -4 g0

® The 47/-module of symmetric decorated trees T ree[9],
together with a map

Y Tree[M] — M

® A derivation &y : S(Tree(I)) — S(Tree(M)) of degree +1
that is defined recursively.



Arborescent Koszul-Tate resolution

For example

Oy ‘ =d(v), forve M.

5w< \/2 >=v1®1)2—¢< U]\/ﬂ >7 for v1,v2 € M_s.

() ) mon- ) ().

if |vg| < —1, || = —1.



Arborescent Koszul-Tate resolution

Theorem (Hancharuk, 2023)

There exists a map 1: Tree[IM] — M of degree +1 such that
(S(Tree[M]),éy) is a Koszul-Tate resolution of <7 /.7 .



Arborescent Koszul-Tate resolution

Theorem (Hancharuk, 2023)

There exists a map 1: Tree[IM] — M of degree +1 such that
(S(Tree[M]),by) is a Koszul-Tate resolution of </ /.7 . In
addition, there is a homotopy retract

- T
(S(Tree[dM]), dy) (M, d)
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Arborescent extension of N-graded (Q-varieties

It is natural to ask

Question 1
Is there a Z-graded Q-variety (& = S(®¥cz), Q) encoding both
¢ the Koszul-Tate resolution of <7 /.# (a singular space),

® and a positively graded Q-variety (&%, Q") associated with
vector fields on the singular space?

Answer:
YES!
A. Kotov, C. Laurent-Gengoux, and V. Salnikov, J. of Geom. and
Phys (2023).
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Question 2

To what extent the Z-graded Q-variety (& = S(©¥%cz), Q) is
computable? Is there an algorithm that terminates in a finite
number of steps?

Answer:
YES! (H-L, 2025, Arxiv)
If we take an arborescent Koszul-Tate resolution of &7 /.
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Assume that the (smooth) Kahler module Q. x is a projective
/-module. Let .# C & be a proper ideal of .
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Arborescent extension from &7 /.7

Assume that the (smooth) Kahler module Q. x is a projective
/-module. Let .# C & be a proper ideal of .

Theorem 1 (H-L, 2025, Arxiv)
1. Let (6" = S/47(Di>17), Q") be a positively-graded
Q-variety over </ / .,

2. Let (S(Tree[M]),dy) be an arborescent Koszul-Tate
resolution of .7 /.# with hook map ¢ : Tree[Mt] — M.

Then there is a Z-graded extension (&, Q) such that

e the homological vector field () decomposes as



Arborescent extension from &7 /.7

o the negative degree —1 component Q(_1) is dy.

(Va)(oy(a) = Q*(a), if a € At;

Qoy(a) = o .
(Vo) (@) = topZ* o ([dy, (Vo)) + (Ls)(o) © 8y) (a) — Bo)(a), if a € Tree[M(a).

(Ls)0)

(12)

e For N > 0, the negative degree N + 1 component Q1) is given recursively as:

(Va)wsn(a) == ¥ topo [Qi, Q»] (a) — a11)(a), ifac O

Quv+1y(@) = { (Va)van(@) —top?? o [ 8y, (Va)wan] + Le)vsn 00+ D [Qw, Q] | (@) = Buvsn (@),
it+j=N

(Lg)(v+1)

if a € Tree[M] @) ® Vs1.
(13)



Arborescent extension from &7 /.7

a and 3 are respectively K-linear and «7-linear maps of degree +1

a: o — MOET  with ay =0
) (1)
B: Tree[M] @ #51 — MOET  with 5(0)’"@1 =0



Arborescent extension from &7 /.7

a and 3 are respectively K-linear and «7-linear maps of degree +1

a: o — MOET  with ay =0
) (1)
B: Tree[M] @ #51 — MOET  with 5(0)’"@1 =0

® the homological computations are restricted to the collection
of &7-modules

(Tree[m](i% 937(1+j—1)©53+)U<%a Em(j)éé:;—tj-%l)

and 3
(ks MHOEL,), 0,5 > 1.
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Arborescent extension from &7

If QT is defined over &7 and preserves .7, i.e.,
QH(F)C .7ET.

We can drop the assumption on Q//x

Theorem 2
There is a very explicit formula!

On A*: QX:QA#
On IM: QX:5¢+V(0) *ﬂ(o)‘

On Tree[M:  Qx(tlor,. .. an) =t "tlon,oyanl + D (~1)"40atfas,.., ]
A€InVert(t)

+ > (-)™ta,...,Q(aa),---,an] — > (=)™t alas, ..., x(tra(aa)), - .-

A€Leaves(t) A€InVert(t)URoot

@n]-
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Example

Let & = K[x,y] and let .¥ = (22, zy, y?). Let .# C Der(</) be
the Lie-Rinehart algebra made of derivations X of & that preserve
S, ie., X[#] C 7. The Lie-Rinehart algebra .# is spanned by

o o9 o0 0

<x%7y%7wayvyaiy>
A has a resolution by free <7-module:

4

0 P_, Pt (2)
with P_; ~ @74, P_, ~ /> The anchor map p:
0 0 0 d
ple) =ao—, ple2) =yz-, ples) = 5y ples) = Yoy
The map £ :
l(u) = zes —yer, L(v) =xeq — yes.

where u, v are basis elements of P_,.



The positive graded part (S(V1 & V), @+)

Write £1,£2, €3 for the basis of Vi := P*; and n',n? for the basis
of VQ = PjQ.
Qt = élmg +§2y% +£313 +§4y6% +n1(za% - ya%)
0 0 0
+n (93654 yaég) (€ 53)@+(€ & +¢ 54)352 (£1§3+€3£4)6?3

_ @ )6—54 (@ — g )3771 (g +§3n1)3%.



The negative graded part dy,

It is obtained from a free resolution (9, d) of <7 /.9

0—— M o—Lsom | -2 o7



The negative graded part dy,

It is obtained from a free resolution (9, d) of <7 /.9

0—— Mg —2sm 4 -4 o7 0
d is defined on the basis {71, m2, w3} of M_; and {m, 7} of M_4 as
d(’”l) = .1‘2, d(ﬁg) = 7Y, d<7T3) = y27

d(m) = xmg —ymy, d(7) = xms — yma.



The negative graded part dy,

The arborescent Koszul-Tate resolution (S(7ree[9M]), dy) is
determined by:

¢( 1\‘/2)3«"”, Tb( 2\/3),@”7 1/1( 1\0/3)y7r+:1:7r

and 0 in all other cases.



The total Z-graded description

For example

m M3 T

where

(A) is of the form



The total Z-graded description

(B) is the contribution from d acting by derivation on leaves of the

tree:
T T3 T2 T T3

v V\/ —y \/\/

Note that terms where d acts on leaves 71 or 73 are zero.



Thank you for your attention!
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