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Braided vector spaces

Let (V ,c) be a braided vector space, that is a K-vector space V
with a bijective linear map c ∈ GL(V ⊗V) that satisfies the braid
equation:

(c⊗ id)(id⊗c)(c⊗ id) = (id⊗c)(c⊗ id)(id⊗c).

=



Ï If V has dimension n, say with basis {v1, . . . ,vn}, then the
tensor product V ⊗V is the vector space of dimension n2

with basis
{vi ⊗vj : 1≤ i, j≤ n}.

Ï If A ∈Km×n y B ∈Kp×q, the Kronecker product of A= (aij) and
B is the matrix

A⊗B=

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

 .



A concrete example

The matrix

R= 1p
2


1 0 0 1
0 1 −1 0
0 1 1 0
−1 0 0 1


satisfies

(R⊗ I)(I⊗R)(R⊗ I) = (I⊗R)(R⊗ I)(I⊗R),

where I =
(
1 0
0 1

)
.



Another example

Let V be a vector space with basis {x1,x2, . . . ,xθ}. Then

c(xi ⊗xj) = qijxj ⊗xi,

where qij ∈K×, is a braiding (of diagonal type).



Yet another example

Let G be a group and X be a union of conjugacy classes of G.
Let V be a K-vector space with basis X. Then

c(x⊗y) = qxyxyx−1 ⊗x,

where qxy ∈ K× is a certain collection of scalars, is a braiding (of
group type).



Braid groups

The braid group Bn has generators σ1, . . . ,σn−1 and relations

σiσi+1σi =σi+1σiσi+1 1≤ i≤ n−2,

σiσj =σjσi i− j≥ 2.

If (V ,c) is a braided vector space, then

ρ : Bn →GL(V⊗n), σi 7→ ci,

is a group homomorphism, where

ck = id⊗(k−1) ⊗c⊗ id⊗(n−k−1).



For example, let n = 4. If we represent the braiding c by the
diagram

then the maps c1 and c2 are given by

respectively.



A braided vector space (V ,c) gives a special type of algebra
called the Nichols algebra B(V ,c).



Nichols algebras

The Nichols algebra of (V ,c) is constructed as a quotient of the
tensor algebra of V:

B(V ,c) =K⊕V ⊕⊕
n≥2

V⊗n/kerSn,

where Sn is the quantum symmetrizer. For example:

S2 = id+c,

S3 = id+c1 +c2 +c1c2 +c2c1 +c1c2c1,

...
Sn+1 = (id⊗Sn)(id+c1 +c1c2 +·· ·+c1c2 · · ·cn).



Some well-known examples of Nichols algebras:
Ï (V ,flip) gives the symmetric algebra.
Ï (V ,−flip) gives the exterior algebra.

Nichols algebras (also known as Fock spaces) were rediscov-
ered several times: Nichols, Woronowicz, Lusztig, Andruskiewitsch–
Schneider, Majid...



Nichols algebras have more structure:
Ï They are braided Hopf algebras.
Ï They are graded by non-negative integers:

B(V) =⊕
n≥0

Bn(V) =K⊕V ⊕B2(V)⊕B3(V)⊕·· ·



The Hilbert series of a Nichols algebra

B(V) =K⊕V ⊕B2(V)⊕B3(V)⊕·· ·

is the (formal) series

H(t) = 1+ (dimV)t+ ∑
n≥2

(dimBn(V))tn.

If dimB(V) <∞, then H(t) is a polynomial.



Problem
Classify finite-dimensional Nichols algebras.

For applications, the interesting Nichols algebras all come from
groups. Which braided vector spaces should we consider?



Yetter-Drinfeld modules (over groups)

Let G be a group. A Yetter-Drinfeld module V over G is a G-
graded KG-module

V =⊕g∈GVg

such that
g ·Vh ⊆Vghg−1

for all g,h ∈G.



Yetter–Drinfeld modules were discovered in 1949 by Whitehead.

John Whitehead (1904–1960).

Yetter–Drinfeld modules were rediscovered several years later in
connection to quantum groups and solutions to the Yang–Baxter
equation.



Fact:
A Yetter-Drinfeld module V is a braided vector space:

c(v⊗w) = g ·w⊗v,

where v ∈Vg and w ∈V.

Moreover, the category KG
KGY D of Yetter-Drinfeld modules over

KG is a braided tensor category.



The state of the art

Braided vector spaces

Diagonal type
(abelian groups)

Non-diagonal type
(non-abelian groups)

“Indecomposable”
objects

“Decomposable”
objects

Still open

Solved in characteristic zero

Completely solved



Braided vector spaces of diagonal type

A braided vector space V is of diagonal type if there exists a
basis {v1, · · · ,vθ} of V such that

c(vi ⊗vj) = qijvj ⊗vi, qij ∈K×.

Nichols algebras of braided vector spaces of diagonal type have
many interesting properties and applications.



Complex finite-dimensional Nichols algebra of diagonal type:
Ï Classified by Heckenberger.
Ï Generators and relations: Angiono.
Ï Applications to Hopf algebras: Andruskiewitsch and

Schneider’s classification.
Ï Applications to physics: Semikhatov, Lentner.
Ï Applications to the Etingof-–Ostrik conjecture:

Andruskiewitsch, Angiono, Pevtsova, Witherspoon,
Jaklitsch, Nguyen, Oswald, Plavnik, Shepler, Wang.



What about non-diagonal Nichols algebras?

This is important to study combinatorial Schubert calculus and
pointed Hopf algebras with non-abelian coradical.



We will show some concrete examples, over “indecomposable”
braided vector spaces.



Example 1

This example goes back independently to Fomin–Kirillov and
Milinski–Schneider.

Let X be the conjugacy class of (12) in the symmetric group S3.
Let V be the complex vector space with basis

a= v(12), b= v(13), c= v(23)

and
c(vg ⊗vh) =−vghg−1 ⊗vg, g,h ∈X.

This braided vector space can be realized as a Yetter–Drinfeld
module over S3.



Example 1

The relations in degree two are:

0= a2,

0= b2,

0= c2,

0= ab+bc+ca,

0= ac+ba+cb.

One can prove that dimB(V) = 12 and

{1,a,b,c,ab,ac,ba,bc,aba,abc,bac,abac}

is a basis. Moreover, the Hilbert series of B(V) is

1+3t+4t2 +3t3 + t4.



After discussing a case which yields a finite-dimensional Nichols
algebra, let me mention a related important family of braided
vector spaces.



Consider V with basis

a= v(12), b= v(13), c= v(23)

and braiding

c(vg ⊗vh) =ωvghg−1 ⊗vg, g,h ∈X,

where ω is a primitive root of unity of order > 2.

For some time, it remained an open problem whether the corre-
sponding Nichols algebra is finite-dimensional.

This problem was solved only recently, in joint work with Heck-
enberger and Meir: dimV =∞.



Example 2

This example goes back to Graña.

Let X be the conjugacy class of (123) in A4 and V the complex
braided vector space with basis

a= v(243), b= v(123), c= v(134), d = v(142)

and braiding

c(vg ⊗vh) =−vghg−1 ⊗vg, g,h ∈X.

This braided vector space cannot be realized as a Yetter–Drinfeld
module over A4, but over the group C2 ×A4.



Example 2

The relations in degree two are:

0= a2,

0= b2,

0= c2,

0= d2,

0= ba+db+ad,

0= ca+bc+ab,

0= da+cd+ac,

0= cb+dc+bd,

and there is one relation in degree six:

0= cbacba+bacbac+acbacb.



Example 2

One can prove that dimB(V) = 72. The Hilbert series of B(V) is

1+4t+8t2 +11t3 +12t4 +12t5 +11t6 +8t7 +4t8 + t9.



Now let me turn to a different example. Here, too, there was an
open problem: what happens with the Nichols algebras associ-
ated to the group A4?



We consider the braided vector space with basis

a= v(243), b= v(123), c= v(134), d = v(142)

and braiding

c(vg ⊗vh) =ωvghg−1 ⊗vg, g,h ∈X.

where ω is a primitive cubic root of one.

Is dimB(V) <∞?

No. This problem was solved only recently, in joint work with
Andruskiewitsch and Heckenberger.



An open problem: Fomin–Kirillov algebras

For n ≥ 3, let Xn be the conjugacy class of (12) in the symmetric
group Sn. Let Vn be the complex vector space with basis

{vg : g ∈Xn}

and
c(vg ⊗vh) =−vghg−1 ⊗vg.

Question
When is dimB(Vn) =∞?



Fact:
B(Vn) is finite-dimensional for n ∈ {3,4,5}.

n dimVn dimB(Vn)
3 3 12
4 6 576
5 10 8294400

Conjectures

Ï dimB(Vn) =∞ for n≥ 6.
Ï B(Vn) is quadratic.



So far only few examples of finite-dimensional Nichols algebras
over “indecomposable” braided vector spaces of group type are
known!



Known examples

This is the list of known finite-dimensional examples over “inde-
composable” complex braided vector spaces.

dimV dimB(V) group
3 12 S3
4 72 C2 ×A4
4 5184 SL2(3)
6 576 S4
6 576 S4
6 576 S4
5 1280 C5⋊C4
5 1280 C5⋊C4
7 326592 C7⋊C6
7 326592 C7⋊C6

10 8294400 S5
10 8294400 S5



Question
Are there other finite-dimensional Nichols algebras?



Let us describe the full solution to the “decomposable” case now.



What does it mean “decomposable”?

We first start with the case of two irreducible summands.

Remark (Graña)

If cW,VcV ,W = idV⊗W then

B(V ⊕W) ≃B(V)⊗B(W)

as graded vector spaces.

The remark implies that in order to be in the “decomposable”
case one needs to assume that

cW,VcV ,W ̸= idV⊗W .



Technical definition:
The support of a Yetter-Drinfeld module

V =⊕g∈GVg

is the set
suppV = {g ∈G : Vg ̸= 0}.

Fact:
supp(V) is a union of conjugacy classes of G.



Theorem (with Heckenberger)

Let G be a non-abelian group, and V and W be two absolutely
irreducible Yetter-Drinfeld modules over KG. Assume that
Ï G is generated by the support of V ⊕W,
Ï cW,VcV ,W ̸= idV⊗W , and
Ï dimB(V ⊕W) <∞.

Then G is either an epimorphic image of a certain central
extension T of the group SL2(3), or an epimorphic image of a
certain central extension of the dihedral group of order 2n for
n ∈ {2,3,4}.



Non-diagonal type: the “decomposable” case

The theorem has deep consequences. One obtains:
Ï The structure of the braided vector spaces V and W.
Ï The dimension of B(V ⊕W).



Theorem (with Heckenberger)

Let G be a non-abelian group, and V and W be two irreducible
Yetter-Drinfeld modules over CG. Assume that
Ï G is generated by the support of V ⊕W,
Ï cW,VcV ,W ̸= idV⊗W , and
Ï dimB(V ⊕W) <∞.

Then B(V ⊕W) is one of following Nichols algebras:

dim(V ⊕W) dimB(V ⊕W)
4 64

4 or 5 10368
5 2304
5 80621568
6 262144



An example: the group T

Let us show one of the examples we found (over the complex
numbers).

The group T can be presented by generators z,x1,x2,x3,x4 and
relations

zxi = xiz, i ∈ {1,2,3,4},

and

x1x2 = x4x1 = x2x4,

x1x3 = x2x1 = x3x2,

x2x3 = x4x2 = x3x4,

x1x4 = x3x1 = x4x3.



An example: the module V

Let G be a non-abelian epimorphic image of the group T. We
show the structure of the modules V and W.

How does V look like? Let ρ be a character of the centralizer
Gz = G and v ∈ Vz \ {0}. Then {v} is basis of V and the action of G
on V is given by

zv= ρ(z)v, xiv= ρ(x1)v for all i ∈ {1,2,3,4}.



An example: the module W

How does W look like? Let σ be a character of Gx1 = 〈x1,x2x3,z〉
with σ(x1) =−1 and σ(x2x3) = 1. Let w1 ∈ Wx1 be such that w1 ̸= 0.
Then the vectors

w1, w2 =−x4w1, w3 =−x2w1, w4 =−x3w1

form a basis of W. The degrees of these vectors are x1, x2,
x3 and x4, respectively. The action of G on W is given by the
following table:

W w1 w2 w3 w4
x1 −w1 −w4 −w2 −w3
x2 −w3 −w2 −w4 −w1
x3 −w4 −w1 −w3 −w2
x4 −w2 −w3 −w1 −w4
z σ(z)w1 σ(z)w2 σ(z)w3 σ(z)w4



An example: the dimension

Assume further that

(ρ(x1)σ(z))2 −ρ(x1)σ(z)+1= 0, ρ(x1z)σ(z) = 1.

Then
dimB(V ⊕W) = 63 723 = 80621568.



The theorem holds for arbitrary characteristic!



The Nichols algebras of the classification

dim(V ⊕W) dimB(V ⊕W) characteristic
4 64
4 1296 3

4 or 5 10368 ̸= 2,3
4 or 5 5184 2
4 or 5 1152 3
4 or 5 2239488 2

5 2304
5 80621568 ̸= 2
5 1259712 2
6 262144 ̸= 2
6 65536 2



We now study the case of at least three irreducible summands.

To be in the “decomposable” case, we need to assume that

M = (M1, . . . ,Mθ)

is connected, i.e. M1 ⊕·· ·⊕Mθ admits no decomposition

M1 ⊕·· ·⊕Mθ =M′⊕M′′

as Yetter-Drinfeld modules over G with M′ ̸= 0, M′′ ̸= 0 and

cM′′,M′cM′,M′′ = id.



We need to introduce the following terminology.

Skeletons (of finite type). A skeleton (of finite-type) is a deco-
rated Dynkin diagram (of finite-type) that encodes the structure
of the Yetter-Drinfeld module.



The following are the simply-laced skeleton of finite-type (i.e.
Dynkin types ADE):

αθ qq qq · · · qq qq
δθ qq qq · · · qq

qq
qq

ε6 qq qq qq
qq

qq qq
ε7 qq qq qq

qq
qq qq qq

ε8 qq qq qq
qq

qq qq qq qq



The other skeletons of finite type are:

βθ qq qq · · · qq qq > qq charK = 3

β′
3

qp p−1 qp > q qq q (3)−p = 0

β′′
3

qp p−1
> qq > q qq q (3)−p = 0

γθ qq qq · · · qq qq <−1 q charK ̸= 2

ϕ4 q −1 q >−1 qq qq charK ̸= 2

Here (n)t = 1+ t+·· ·+ tn−1.



Theorem (with Heckenberger)

Let θ ≥ 3, G be a non-abelian group and

M = (M1, . . . ,Mθ)

be a connected tuple of absolutely irreducible Yetter-Drinfeld
modules over KG. Then dimB(M1⊕·· ·⊕Mθ) <∞ if and only if M
has a skeleton of finite-type.



The theorem gives the dimensions of

B(M) =B(M1 ⊕·· ·⊕Mθ)

and the structure of the Mi can be obtained from the skeletons
of finite type.

Example:
In the case where M has a simply-laced skeleton of finite type
(Dynkin type ADE), the dimensions of the Nichols algebras in
the classification are

dimB(M) 4θ(θ+1)/2 4θ(θ−1) 436 463 4120

skeleton αθ δθ ε6 ε7 ε8



These theorems have strong applications to the “indecompos-
able” case.



Strategy

Let V ∈ KG
KGY D. We want to prove that dimB(V) = ∞. Find a

braided subspace W ⊆V such that dimB(W) =∞. Since

B(W) ⊆B(V).

it follows that dimB(V) =∞.

For example, W could be “decomposable” with dimB(W) =∞ by
some of the theorems mentioned before.



Theorem (with Andruskiewitsch, Fantino and Graña)

Let n≥ 5 and G=An. If 0 ̸=V ∈ CG
CGY D, then dimB(V) =∞.

A similar result is valid for sporadic simple groups.

Theorem (with Andruskiewitsch, Fantino and Graña)

Let G be a finite sporadic simple group. If G ̸∈ {Fi22,B,M} and
0 ̸=V ∈ CG

CGY D, then dimB(V) =∞.



Question
Let G be the Fischer group Fi22, the Baby Monster B or the
Monster M, and let 0 ̸=V ∈ CG

CGY D. Is dimB(V) =∞?

Several results concerning Nichols algebras over finite simple
groups of Lie type were found by Andruskiewitsch, Carnovale,
Costantini, García.



Conjecture

Let G be a finite non-abelian simple group. If 0 ̸=V ∈ CG
CGY D,

then dimB(V) =∞.



Let us now see some classification results that use the theorems
mentioned before.



Theorem (with Heckenberger and Meir)

Let G be a non-abelian group and V ∈ CG
CGY D be an irreducible

of prime dimension. Assume that suppV generates G. Then
dimB(V) <∞ if and only if B(V) is one of the following Nichols
algebras:

dimV dimB(V)
3 12
5 1280
5 1280
7 326592
7 326592



The tools used to previous the previous theorem can be push
forward to obtain far more general theorems on the structure of
finite-dimensional Nichols algebras.



Theorem (with Andruskiewitsch and Heckenberger)

Let G be a non-cyclic solvable group and V ∈ CG
CGY D. Assume

that suppV generates G. If dimB(V) <∞, then V is irreducible
and B(V) is one of the following “known” Nichols algebras:

dimV dimB(V)
3 12
4 72
4 5184
5 1280 two algebras
6 576 three algebras
7 326592 two algebras



The theorem has applications to Hopf algebras (e.g. yields some
sort of Feit–Thompson theorem for finite-dimensional pointed
Hopf algebras) and to study other Nichols algebras.



Thanks!


