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Coverings in geometry

p: R — S, where p(t) = e*™".
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Properties of a universal covering

@ For any smooth connected manifold X there exists a simply
connected covering p : Y — X, which is unique up to
isomorphism.

@ Let X’ be connected, simply connected. Any smooth map
f: X' — X, factors through Y

ol

X’*>X

A covering of X in the category of simply connected manifolds.
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Jinzhong Xu, Flat Covers of Modules. Lecture Notes in
Mathematics, 1996.

Let R be a ring and F be a family of left R—modules.

Definition. Let M be an R—module. A surjective morphism
p: C— M, where C € F, is called an F-cover of M if:

a) Any morphism f : N — M, where N € F, is factored
through p
C

a

N*>I\/I

b) If ¢ : C — C such that p o ¢ = p, then ¢ is automorphism.
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Example 1. (Torsion-free cover.) Over an integral domain, every
module M has a torsion-free cover p: C — M.

C € L = {torsion-free modules} C {all modules}.

Example 2. (Flat cover.) Flat cover conjecture (Enochs 1981).

For a general ring, every module M has a flat cover C.

The conjecture resolved positively simultaneously by Bican, El
Bashir and Enochs (2001).
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Graded coverings of supermanifolds
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Overview

Graded covering for a supermanifold

Two categories:
© Supermanifolds: the objects and morphisms are Z,-graded.

@ Graded manifolds: the objects and morphisms are

(non-negatively) Z-graded. They are also called N-graded
manifolds.
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Overview

Graded covering for a supermanifold

Two categories:
© Supermanifolds: the objects and morphisms are Z,-graded.

@ Graded manifolds: the objects and morphisms are
(non-negatively) Z-graded. They are also called N-graded
manifolds.

Idea: To define a covering of a supermanifold in the category of
graded manifolds: graded covering for a supermanifold, which
has to satisfy universal properties.

Theorem (E.V.) For any supermanifold there exits a graded
covering.
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Briefly about graded manifolds

Graded manifolds: the objects and morphisms are Z-graded. In
general, H-graded, where H is a finitely generated abelian group.
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Briefly about graded manifolds

Graded manifolds: the objects and morphisms are Z-graded. In
general, H-graded, where H is a finitely generated abelian group.

A graded manifold \ is locally isomorphic to a graded domain.

Graded domain. Local coordinates:

0 0 k k
Xiyeony X §1s--5&ny kKEN,

» Xng >

with _
Ix°| =0, |§j<\ =keZ,=1{0,1}.
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Graded domain

Consider the following Z-graded vector superspace V

vzév,-, V=Vie Vi, Ys=PVv. r= P V.

i=0 i=2q i=2q+1

where dim V; < oo for any i € Z.

Let S*(V) be the super-symmetric algebra of V.
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Let Vo C Vj be an open set and Oy be the sheaf generated by the
following presheaf

Fvo @s+(vp) S*(V),

where JFy is the sheaf of smooth or holomorphic functions on V.
We put V = (Vp, Oy).

Definition
The ringed space V is called a graded domain of degree n and of
dimension {n;}, where n; :=dimV;, i =0,...,n.
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Let Vo C Vj be an open set and Oy be the sheaf generated by the
following presheaf

Fvo @s+(vp) S*(V),

where JFy is the sheaf of smooth or holomorphic functions on V.
We put V = (Vp, Oy).

Definition

The ringed space V is called a graded domain of degree n and of
dimension {n;}, where n; :=dimV;, i =0,...,n.

Definition

A graded manifold of degree n and of dimension {n;}, i =0,...,n,
is a Z-graded ringed space N' = (N, Oxr), that is locally
isomorphic to a graded domain of degree n and of dimension {n;},
I=0,...,n.

.
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Briefly about graded manifolds

Graded manifolds are used for instance in mathematical physics
and Poisson geometry.

Examples of graded manifolds.
(1) Let M be a manifold. Then the tangent bundle TM is a
Z-graded manifold with local coordinates:

0 1
xi =xj, & =dx;.
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Briefly about graded manifolds
Graded manifolds are used for instance in mathematical physics

and Poisson geometry.

Examples of graded manifolds.

(1) Let M be a manifold. Then the tangent bundle TM is a
Z-graded manifold with local coordinates:

0 1
xi =xj, & =dx;.

(2) 2-fold (or double) vector bundle:
T(T(M)), T(T*(M)),....

are Z-graded manifolds.

Elizaveta Vishnyakova About graded coverings of supermanifolds and their applicatio



Graded coverings of super- or graded
manifolds

Let us fix the group Z; for supermanifold, and Z for graded
manifolds.
Let us fix the following homomorphism

¢ 72— Zo, n+— 0,

or more general any homomorphism ¢ : H; — Hy of finitely
generated abelian groups.

For any such a homomorphism we can consider a H-covering for a
supermanifold or graded manifold. Such coverings we call graded.
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Graded coverings of supermanifolds

Let X be a supermanifold.

We consider coverings of X in the category C of non-negatively
Z-graded manifolds corresponding to a homomorphism

b7 — 7
and satisfying the universal properties as in topological case.

@ A covering p: Y — X, where Y € C, is unique up to
isomorphism.

@ Let X’ € C. Then any morphism f : X’ — X, factors

through Y-
Y

p

X/

4
f
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Example 1.

Infinite jet space of a (super)manifold M.

Coverings of supermanifolds in the category of graded
supermanifolds, corresponding to the following homomorphism

¢ L X Loy — Lo, (m,ﬁ)i—)HGZz

of type Z=0. (For usual manifolds ¢ : ZZ% — 0 the
homomorphism is trivial.)
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Example 1.

Infinite jet space of a (super)manifold M.

Coverings of supermanifolds in the category of graded
supermanifolds, corresponding to the following homomorphism

¢ L X Loy — Lo, (m,ﬁ)i—)HGZz

of type Z=0. (For usual manifolds ¢ : ZZ% — 0 the
homomorphism is trivial.)

The covering projection p : P — M in local charts:
pr(xi) = xi+Xx;i + X+
P& =&+E+E+ .

Here x; is even, &; is odd. The sum is taken over ¢~1(0) N Z=0 for
x; and over ¢~1(1) N Z=0 for ¢;
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Example 2.

Coverings of supermanifolds corresponding to the following
homomorphism

QS:Z—)Zg, Z>n—ne€ L.

of type Z=°. (E.V., arXiv:2212.09558)

A covering p: P — M is an oco-dimensional graded manifold:

PZ@(PQFP‘%F//%%---).

A construction of P5:

“Super Atiyah classes and obstructions to splitting of supermoduli
space”, 2014, Donagi and Witten.
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Graded covering of RO/,
Q@ Supermanifold: RO = (pt, A\(€)).

@ Graded covering:

P = (pt, \(m, .- ..))

is a graded manifold with deg(n2x+1) = 2k + 1.

© Covering map:

prE)=m+m+n+---.
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Universal properties of P.

o Let M =R, M’ be any graded manifold and
P = (ptv /\(77177737 .. ))

(pt, A(m1,m3,--.))

le

M - R0|1’

M
/ I*
P
&) =G+ G+ ---

o ‘“local diffeomorphism™ & +— n;, where i =1,3,....

@ P is unique up to isomorphism.
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Example (Superquadric Q)

A superquadric Q is a supermanifold of dimension 1|2 with the
base space CP!, which has the following transition functions

1 1
y=—-+=&&, & -&HL=-8-&;
X X
1 .

The graded manifold P, of degree 2 with the base space CP! has
the following transition functions

1
y = —; degree0
X

1
0; = ;Cj, j=1,2; degreel

1 1
w = —;z+ 3C1 - (p, degree 2.

X
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About non-split supermanifolds

The moduli space of super Riemann surfaces is not split for g > 5.
(Donagi, Witten, 2013).

“Physically, this (= not split, E.V.) means that certain approaches
to superstring perturbation theory that are very powerful in low
orders have no close analog in higher orders. Mathematically, it
means that the moduli space of super Riemann surfaces cannot be
constructed in an elementary way starting with the moduli space of
ordinary Riemann surfaces. It has a life of its own.”

R. Donagi, E. Witten
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The graded manifold P, of degree 2 with the base space CP! has
the following transition functions
1
y0 = o degree 0
X
1 .
n = Wg}, j=1,2; degreel
2 I 5 I a0 4
y = —WX + Wél o 62’ degree 2.
V.

We have the base space CP!, the locally free sheaf £ (degree 1),
and the following short exact sequence of locally free sheaves

0= A2 =0, > Q—0.

Manin's Theorem about H(Q* ® A2€) < the Atiyah Theorem
about short exact sequences.
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Graded covering of a Lie superalgebra

Let a be an Z-graded Lie superalgebra and

Pra—g

be a homomorphism of Lie superalgebras.

Then there exists unique homomorphism W : a — p of Z-graded
Lie superalgebras such that

b

A

Jv - l
e p
// 'lp

a——4g

Let Z € as, then V(Z) = ¢(Z) @ t°.
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Example. General linear Lie superalgebra.

) ={( 2 5 )}

The a Z=%-covering of g contains all matrices in the following form

A, 0 0 0
G Do 0 0
A, By Ay O
G Dy G Do
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Example 3.

Multiplicity free covering of a graded manifold.

Covering of a graded manifold corresponds to the following
homomorphism

G LXx--XL—L, (ki,...,kn)— ki+---+ k.
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Applications of graded coverings of
supermanifolds

Following a paper in preparation by Luiz F.A. Campos and E.V.
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Consider a covering P of M corresponding to a homomorphism
7 — ZQ.

Recall

M ~ P = (P, 0), Po= M.

We have the following sequence of graded manifolds
Po—P3+— Py —Ps---

For any n the subsheaf (locally free sheaf) of homogeneous
elements of weight n is defined

0,cO
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Let n = 2. Then the graded manifold P, has the following local
graded coordinates

(2, x%), (&.8),

where upper index indicates the weight of a coordinate.
The sheaf O, is locally generated by

2 1 1
Xis gs 'ft'

We have the following exact sequence

05N =50, 50Q—-0, £=0;.
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For 0> we have the following exact sequence

0—— 0101 02 Q 0.

Here O1 = &, where grM = (Mo, A E), and Q is the sheaf of
1-form on Mg.

Donagi and Witten observed that the Atiyah class w, of this
sequence is equal to the first Berezin (Palamodov) class by. It is
also called the first obstruction class.
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Since the Z-covering P of M is a prolongation of the
Donagi-Witten construction, ([V.]), we also can look at the further
Atiyah classes.

For example, for O3 we have two exact sequences

0—— /\301 03 03//\301 — 0,
we denote the corresponding Atiyah class by ws, and

0 —— 0102 03 & 0.

We denote the corresponding Atiyah class by vs.
Considering O,, we will get two series of classes

(W27W37W47"')7 (V27V37V47"‘)7

where wo = vo» = by is the first obstruction class.
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About Berezin (Palamodov) classes.

Let M = (Mg, Opq) be a supermanifold, J be an ideal generated
by odd elements.
Denote

My = (Mo, Opg/T™HH).
We put

G ={a € Aut(grOr) | a=id mod J'}

We have the following exact sequences of sheaves of groups

e — GiJrl G,' T(_l)i ® /\IS — 0.

The class v € HY(G,) corresponding to M we call the Green class
of M.
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The first Berezin (Palamodov) class b; is the image of the Green
class v by the following map

2
HY(G) — HY(Q @ \ &)

Recall that the class wo = v» = by is also the Atiyah class of the
exact sequence

0 —— A%€ O, Q 0.

Hence ws € HY(Q* @ A2 E).
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We also have

Theorem (—, Campus)

The image of the Green class y of the supermanifold M by the
following map

HY(G) — HY(T2).

is equal to ws.
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More about Berezin (Palamodov) classes

(1) The class by is always defined, but the class b3 is defined if
b, = 0. And so on.

(2) If by # 0, then M is not split.
(3) If bp=0,...,by =0, then the supermanifold M is split.

(4) If by =0, hence b3 is defined. It may happen that b3 # 0, but
the supermanifold is split.
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Classes (w2, ws, ..., w,,) are defined for any supermanifold.

Theorem (Luiz F.A. Campos, E.V.)

If M is split, then w, =0, ..., wy, = 0.

Further,
Theorem (Luiz F.A. Campos, E.V.)

If the Berezin (Palamodov) class
b € HX(T(_1e ® )\ €)

is defined, then wy is the image of by under a natural map.

Hence it may happen that by # 0, the supermanifold M is split,
but we have wy = 0.
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Classes (v, v3,...,Vy) are defined for any supermanifold.

Let M be any supermanifold, gr/M be the corresponding split
supermanifold. Denote by v the classes of grM. We have v, = 0.

Theorem (Luiz F.A. Campos, E.V.)

~ ~

M is split is and only if (va,...,Vm) ~ (Va,..., Vm).
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Classes (v, v3,...,Vy) are defined for any supermanifold.

Let M be any supermanifold, gr/M be the corresponding split
supermanifold. Denote by v the classes of grM. We have v, = 0.

Theorem (Luiz F.A. Campos, E.V.)

~ ~

M is split is and only if (vo,...,vm) ~ (Va,...,Vm).

As a corollary we get Koszul's Theorem:

Corollary (Luiz F.A. Campos, E.V.)

If M admits an affine connection, then we have
Vi = O, /V\k = O, Vk.

In particular, v ~ v (Koszul's Theorem).
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Berezin (Palamodov) retraction of a supermanifold.

Let M be a supermanifold with b = 0. Then in Berezin's book,
Theorem 4.6.2 suggests an explicit change of coordinates such
that, after this transformation, we have modulo 73:

Yi = F,'(X), N = G(X)fga + G(X)jtqgsgtgq-
Further, if b3 = 0 we can continue this process.

What to do if b3 # 07
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New retraction method. [Luiz F.A. Campos, E.V.]

Theorem (Luiz F.A. Campos, E.V.)

M ~grM if and only if Ppg ~ Perm-
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New retraction method. [Luiz F.A. Campos, E.V.]

Theorem (Luiz F.A. Campos, E.V.)

M ~grM if and only if Ppg ~ Perm-

Idea of our retraction method

Let O be the structure sheaf of P and O be the structure sheaf of
Perrm. Then we have two possibilities

Q@ v» = by = wp # 0, hence the supermanifold is not split.
Q@ v» = bp = wpr =0, we apply the following procedure.
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If vo =0, then there exists a bundle isomorphism such that the
following diagram is commutative

0 —— @1@1 02 s Q > 0
: \
ili 2 id
- ~ \L

0—— 01@1 02 s Q > 0
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If vo =0, then there exists a bundle isomorphism such that the
following diagram is commutative

0 —— @1@1 02 Q 0
ili 4;5 ilf
~ v 3

0—— 01(91 02 Q 0

Such an isomorphism @) is not unique, it is defined up to
automorphism of Oy, which is identical on 01 = £ and Q.

We apply the graded change of coordinates in P, induced by 5.
(This step is close to the Berezin method, but in the sheaf O,.)
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Consider the exact sequence for the class v3 in our new
coordinates:

~
e

0%@1@2 >O3 s £

We see that R
V3, V3 € Hl(fﬁk & 0102).

So we can compare these classes.
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Consider the exact sequence for the class v3 in our new
coordinates:

0—— @1@2 03 E 0.

We see that R
V3, V3 € Hl(fﬁk & 0102).

So we can compare these classes.

Denote by Aut; the group of graded automorphisms of the sheaf
0>, which are identical on O; and Q. We have two possibilities

Q@ v3 ¢ Auty - v3, hence the supermanifold is not split.

1

@ v3 € Auty - 3, then we have v3 = o~ - 3 for some

al e Auts.
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In the case v3 = ! - V3, we apply coordinate change o to O, and
continue in a similar way.

In other words, in this case we can find bundle isomorphism ®»
such that the following diagram is commutative

0—— 0101 02 Q 0
i‘d ¢‘2 ili
+ + I

0—— 0101 02 Q 0

and in addition ¢2(V3) = .

And so on. Since we have ®(v3) = 3, there exists a bundle
isomorphism ®3:
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We repeat the procedure for v4 and vy:
Q vy ¢ Auts - vy, hence the supermanifold is not split.
@ vs € Autsz - Vi, then we have va = a1 - Vi for some
a~! e Auts. Hence, we can construct the next isomorphism
(Dﬁl : 04 — 04.
Conclusion.
Berezin method works if all classes by = 0.

Our method always gives an answer, whether a supermanifold is
split or not.
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