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What is non — dissipative transport?
(CME,CSE,CVE,QHE, ...)

Appearance of current (electric, axial,
energy) that flows without dissipation.

The conductivities of all known non —
dissipative transport phenomena are given
by topological invariants.



Non = dissipative transport in quark matter

Chiral separation effect (CSE): Axial current in the presence of magnetic field

Chiral vortical effect (CVE): Axial current in the presence of rotation

Chiral magnetic effect (CME): Vector current in the presence of magnetic field

And chiral disbalance
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Non — dissipative transport in condensed matter

Quantum Hall effect (QHE): Electric current orthogonal to electric field

Chiral separation effect (CSE): Axial current in the presence of magnetic field

Chiral vortical effect (CVE): Axial current in the presence of rotation

Chiral magnetic effect (CME): Vector current in the presence of magnetic field

And chiral disbalance
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Degree of mapping S, = S,

N

+1 +2 +3

The first circle winds n times (1,2,3) around the second circle.
In complex plane this mapping is given by function
Q(z) = z" :S1=>» S1,

where the first circle is z(¢)=r e'®, ¢p€ [0,21)

1

degree[Q] = — [~ " Q7 (2(¢))dQ(z(p))=n

2TT1L



Degree of mapping S, =» U(N)

N

+1 +2 +3

The first circle winds n times (1,2,3) around the second circle.
This mapping is given by function

Q(z) = e"® :S1=» U(N),

where the circle is z(¢)=r %, ¢p€ [0,2m)

1

degree[Q] = 3 [y Tr Q7 (2(9))dQ(z(¢))=r




Degree of mapping S, =2 SU(N)

S; winds around U(N) n times (ng(SU(N)) =7)

Q: S, = SU(N)

degree[Q] = f Tr Q= 1dO A Q0 'dO A Q~'dQ =n

4n2

This is topological invariant: it is not changed if function Q is
changed smoothly



Intrinsic Anomalous Quantum Hall Effect QHE

homogeneous system T. Matsuyama, Quantization of

L Conductivity Induced by Topological
o magnet{c flE_’/d Structure of Energy Momentum Space in
no interactions Generalized

no disorder QED in Three-dimensions, Prog. Theor.
Phys 77, 711 (1987)
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Intrinsic Anomalous Quantum Hall Effect QHE
homogeneous system
no magnetic field
with interactions

no disorder

NOT RENORMALIZED BY INTERACTIONS

2D topological insulator (Chern insulator)

_ Eijk 3 ~!(p) 90G(p) 0G~(p)
N = 31 472 /dpﬂ[g(p) Opi  Op;  Opg
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Influence of interactions on the anomalous quantum Hall effect
C.X. Zhang, M.A. Zubkov

Journal of Physics A: Mathematical and Theoretical 53 (19),
195002 (2020)



Intrinsic Anomalous Quantum Hall Effect QHE
homogeneous system
no magnetic field
with interactions
no disorder

the particular case of massive relativistic 2D fermions
intereacting with 2D U(1) gauge field

NOT RENORMALIZED BY INTERACTIONS
E

| > OH =
J

N
2w

Coleman S. and Hill B. 1985 Phys. Lett. B159 184. Lee T 1986
Phys. Lett. B171, 247.



Applications to Quantum Hall Effect QHE
Equilibrium, T=0

non-homogeneous system 4
(in particular, in the presence of magnetic field)
Average electric current E

)

L 1 y
(%) = _—QWNE:RJEJ-:
2 1 1 Dl.
Tij

IQw (p,x) IGw(p.xr) IQw(p.x)
_ Bodda Tr [0 . /AP, ]
N S 3! 472 / pa-s w(p,x) * Jp; ) dpj ) Ipx

M.A. Zubkov *', Xi Wu

Annals of Physics 418 (2020) 168179



Quantum Hall Effect Equilibrium, T=0 QHE
non-homogeneous system
Average electric current

2+1 D:
1 .
Fy = —— Nk |
(%) o WK
Téijr 3 3 OQw(p,z) OGw(p,z) IQw(p,x)
_ d d.Tr[G y _ ! ! ]
N 53!4w2/ ple Ty | Gw (p o) x —5 = —

smooth deformation of the system

8-

the system without disorder, elastic deformations etc, with
constant magnetic field

N is not changed!

If N is known for less complicated system, we know it

also for the more complicated one



The absence of (perturbative) interaction QHE
corrections to Quantum Hall Effect

equilibrium, T=0

Electric current orthogonal to electric field
in the presence of magnetic field

E
() = —5-N W B, /
| D
N =g [ @pdba T (G () 8@121(5, ") Mgzg? ") . an;f? 2] @
C.X. Zhang, M.A. Zubkov

Annals of Physics 444, 169016 (2022)
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Relation to cyclic cohomology theory QHE

Topological invariant in phase space

T€z’jk
N = S 3! 472

0Qw(p,x) IGw(p.r) IQw(p, 11’-*}]

d3d3mTr[G AL ! !
f P Wb o) Ip; Ipr

One can consider the algebra of functions G,, on phase
space with the Moyal product as a product. Then Q,,, is
inverse to G, Let us omit subscript W and *, denote

Q, as Gland [ d3x d3p Tr as Tr:

T &jk TrlG 0G~1 a6 oG~ 1

N = —
31412 S dp; Opj Opg




Relation to cyclic cohomology theory QHE
Here are the alternative notations:

the topological invariant in phase space

N = — T &ijk rle 0G~1 a6 a1
- 31412 S op; apj 0Pk

function G produces a K —theory class [G]

Ch, ([G]) is the Chern — Connes character of [G] (element of
cyclic cohomology).

cyclic 3-cocycle t,(aga;,a,,a5 )=1/(3!) | Tr(agd ;0,50 a5)el*d3xd3p
It corresponds to cyclic homology class [t;]

Now

N =(Ch, ([G]), [t5])T/S is pairing of elements of cyclic
homology and cohomology



Non - dissipative transport phenomena
vs. topological invariants
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We extend the consideration to the non — Abelian versions
of the chiral separation effect and quantum Hall effect.
Xavier, Praveen D., and M. A. Zubkov. "Generalized Wigner-
Weyl calculus for gauge theory and nondissipative
transport."” Physical Review D 112.5 (2025): 056035.

We also would like to obtain expression for chiral anomaly
in the presence of external non - Abelian gauge field in the
case when topology of fermions in momentum space is
nontrivial.

Praveen D. Xavier, M.A. Zubkov, Chiral anomaly in
inhomogeneous systems with nontrivial momentum space
topology, Physics Letters B, 2025, 140021, ISSN 0370-2693,
https://doi.org/10.1016/j.physletb.2025.140021.



Weyl calculus Weyl calculus
model with fermions model with fermions

7 = / DDy S:Y

typical action | typical action

S[G,4] = / P25 (@2)O(0, )b (2

Conventional Wigner — | Covariant Wigner —

Qd,) = ind, — M Q=Y  colw)(=iD)

|| <m

o = (@1,@2,@3,@4)? |@| L= Z# a,-‘.t

(=i0)* =[], (=10,)™

Green function Green function
G=Q !

Euclidean %pace - time



conventional Wigner — Weyl calculus

Weyl symbol of operator
Aw(ap) = [ dye ™ @+ 5 Al -5 = [ dae o+ I Alp-3)

covariant Wigner — Weyl calculus
Weyl symbol of operator

Xw(x,p) :Z/d“ye“'py Ulw,x—y/2) (@ —y/2| X |z +y/2) Uz +y/2.x)

Uy, r) =Pexp (3/ dzt A#(z))

Xiw(w.p) = [ dye™ (o] e8I K e80T )

where 7, :=p, —A,(2)



conventional Wigner — Weyl calculus
Moyal product

(f*g)(x,p) = (2m)~® / d*yd*kd*y' d*k e~ E—P) =W (F=p) £ — o/ /2 B)g(x + y/2, k)

the product of two operators (AB)w (z,p) = Aw (2, p) * By (z,p)

covariant Wigner — Weyl calculus Star product
:(QW)_S/d4yd4kd4y’d4k! e—iy(k—p)—z’yf(k’—p)x

Ulr,o —(y+vy)/2)Ulx = (y+y')/2,0 =y /2) Xw(x =y /2, k) U(x =y /2,2 + (y — ¥')/2)
U+ (y—vy)/22+y/2)Yw(@+y/2,K) Uz +y/2, 2+ (y+¢)/2) Uz + (y +v')/2,7)

x+(y-y)/2

Yw(x+y/2) Xw(x-y'/2)

Wilson loop

X+ +y)/2 x X=(y+y)/2



conventional Wigner — Weyl calculus

Moyal product Aw (z,p) x By (z,p) = Aw (z, p)e

the product of two operator (AB)w (z,p) =

covariant Wigner — Weyl calculus Moyal product

X (2, )k Yiw (2, p) = wxYw = (XY)w
(e;(ﬁ’pﬁ?pg)_ﬁme;?mﬁ

e_%gm _D)“’Y (

W Eapg)e_% :




Weyl calculus Weyl calculus
model with fermions model with fermions

Z = / DDy 5V

typical action | typical action
Sl 0] = [ @00

Conventional Wigner — | Covariant Wigner —

-~

Q(0;) =in"d, — M Q=) calr)(—=iD)"

o = (Ofl.a 05210331054)? |Of| L= Z,u e
(=20)" i= [, (i)

Green function Green function

(QG)w = Qw »CGw =1




Weyl calculus Weyl calculus
model with fermions model with fermions

7 = / DDy S:Y

typical action | typical action

S[G,4] = / P25 (@2)O(0, )b (2

Conventional Wigner — | Covariant Wigner —

Green function Green function

-~

(QG)w = Qw *Gw =1 Gw (v.p)%Q(x,p) =1

Quw (r.p) = / dhy eV (x — y/2| QA=) [z + y/2)

QW(I?;D) = (Q)W(qu) — Q(qu)




Conventional Wigner — Weyl calculus -
Green function (QG)w =Qw xGw =1

Covariant Wigner — Weyl calculus Gw (2. p)%kQ(z,p) = 1

Q.—~iD) = 3" oala) o (~iD)"

|| <m




Conventional Wigner — Covariant Wigner —

Weyl calculus Weyl! calculus
Green function

(,p.2) =Y G (x.p, =
n>0

G")(x,p, z) contains n powers of D..

i
G(Q) (mapa Z) — _56(0) (ﬁ?,p) x 8}3” Q(map) x 8puG(0) (map)va(Z)




QUANTUM HALL EFFECT
Conventional QHE Non — Abelian QHE
(normal Wigner —Weyl calculus)| (Covariant Wigner — Weyl)

-y

(QG)w = Qw *Gw =1 Gw (r,p)kQ(r,p) =1

3 ‘ )
G(g)(‘r- P, 2) — _§G(OJ (I- p) * ()p;_LQ(I*p) * dpuG(O)(i‘a p)F;LV(Z)

Abelian Vector current Non — Abelian vector current

_ 0log Z A
jk('r) — 6_14]3(3:) (JP&(I» = —ter(;i??;éleap”Q

Response to (chromo) Electric field in 2+1 D

- 1
v,QHE
J. = —QWEzJﬂngJ

1

1
My =5 [/dzzr/trg (G(O) xdQ+ NG % /\dQ)}
T reg

S 2




QUANTUM HALL EFFECT

Conventional QHE Non — Abelian QHE
(normal Wigner —Weyl calculusz (Covariant Wigner — Weyl)
E
D
J

5 ()
Abelian Vector current Non — Abelian vector current
Response to (chromo) Electric field in 2+1 D




CHIRAL SEPARATION EFFECT
Conventional QHE Non — Abelian QHE
(normal Wigner —Weyl calculus)| (Covariant Wigner — Weyl)

-y

(QG)w = Qw *Gw =1 Gw (r,p)kQ(r,p) =1

G (2, p,2) = —;G(OJ (0, ) 5 D, Q. p) % B, G\ (i, p) Fu (2)
Abelian axial current | Non — Abelian axial current
1 d? ‘ -
(@) = =5trp [ G, Q.
Response to (chromo) Magnetic|field and p in 3+1 D

d = 1 .
d_’UJJ%( ) = @EzjkNgij

1 3. - 0 0
Ny = _487r2V/d I/ZOurD (G< ) % dQ % AdG! JAdQ)

Y0 in 4D momentum space consists of the two hyperplanes py = £e — 0.
I



CHIRAL SEPARATION EFFECT

Axial current along magnetic field in the presence of chemical potential

Ba p— AB Js4
Sa P15 a7 p " . S 4P
@@ &
5 uF - Sy _aD L
b | &b oW @ > |5y
Or (')"‘-,
.”73 p & e
Momentum space
A
D4 Fermi surface

Y0 in 4D momentum space consists of the two hyperplanes py = £ — 0.



CHIRAL SEPARATION EFFECT

Axial current along magnetic field in the presence of chemical potential

—-— — s

Ba . AB Js4

Sa_aD| 5P '5’,)1’ 5 7

" " " "

; =
@)
==l

>0 in 4D momentum space consists of the two hyperplanes py = e — 0.

Xavier, Praveen D., and M. A. Zubkov. "Generalized Wigner-Weyl calculus for gauge theory and

nondissipative transport." Physical Review D 112.5 (2025): 056035.



Chiral anomaly vs. Atiyah — Singer theorem

— [ DyDy oJ drr i (x)Qi(x)
/ O= > falx)(=id
0 OT || <m
Q p—
O 0

Principal symbol of operator O o= 3, fule

|ov|=

ny —n_ = dimker O — dim ker OT = index O

ny (resp. n_) is defined as the number of zero modes of @ with positive (resp. negative) chirality

anomaly o = /(tI‘D#_J#) — 2.?:(71_+ — n._)
Atiyah — Singer theorem

index O = /d4:rd4p ch(&)(x,p) = topological index O

o = 2-i/d4;rd4p ch(&)(x, p) = 2i x topological index O

associated “virtual bundle” &



Chiral anomaly vs. Atiyah — Singer theorem

- / Dy Dy ef Tt @)Qu ()

o 0 OT || <m
(05

o = / (1D, J,) = 2i(ny —n_)
ny (resp. n_) is defined as the number of zero modes of @ with positive (resp. negative) chirality
For the fermions with conventiona/ Dirac operator
I

In general case (obtained in our work for the first

trF' A F

time) & =-N;x trF A F
N3 = ZIVI /d J_"/ TI‘D 0) * dQ{,V * G(O) * /\dQVV * G(O) * /\dQH])
Provided that the topology Y defined as the union of the two hyperplanes py = 0%

in coordinate space

Is due to the gauge field A only G (0) * QH] — J_



Derivation 7 _ / DiDw S

with S :/d4I1;(I)Q(I —iD)(x)
Q. ~iD) = Y colw)(~iD)"

o] <m
S = —trptratry (Q,ﬁ) <I| 16' |y> r— -?;'TIJ(;I?)?;'}(y)

Regularization: point splitting | p© := e’lﬂfﬁ,etﬂf

_ﬂE

P

) =U(z,x +e)(x+e)Y(x —e)U(x — €, )




Derivation 7 = | DD e

(2] p ) =U(a, 2+ €)P(x+ )t (x — )U(x — €,x)
Noether current corresponding to chiral transformation

W(x) — e ()
() = (x)e @

Variation of action sge _

SRS
—itrptratn (a(077Q0) a5 = e [dtrator @

d4 € ipe ipe
() = —'itl“D"r’5/ (27) 7 (Qw ki + Pk Qw) pw = e Sepw e’

I“(x) =D, J5(x) axial current: higher orders in derivatives

/

1 - d*p
Tuw)i= =07 [ 8 (0, Qw e (0.) = pi 2. 2)0p, Qu (1)



Derivation Z:/D@Dﬂb e ge

= —trptraotry (

e iox)y®
w\r) — e wlax
I_( ) _ o ( 3 05 = trg /d4;r. a(x)l(x) I(x) =D, J,(v)
() = (x)et@)

axial current: higher orders in covariant derivatives
€ 1 - 5 d4p ‘ € € ‘
Ju(@) == —gtrpy / 2n) (Op, Qw (. p) Py (2. p) — Py (2, 1) Dp,, Qw (. p)) + J
Chiral anomaly:
tre (D JS) =itrptras / (27) " d p (Quw ke K Gy ke + e P K Gy ke P K Q)
With extra integration over x we have a divergent expression =»

infrared regularization (integration over a finite region of space)
Expansion in powers of F: sum of ~ e2*Pe” F™ with m > n
The terms with n> 1 are irrelevant in the limit € — 0

. 1
/d4:rtrg(D#JfL> = —2itrptrgys /(271’)_4d4zrd4p BQZPEE# (8%QW — F,,0,,Qw + ﬂ'DaDBFpuapaapﬁaquW) Gw



7 = / DD e”
Chiral anomaly:

trq(DyJ),) =itrptrays /(2’“')_407423 (Qw ke K Gy ke + P Gy ke K Qw)

Up to the terms, which do not disappear in the limit € — 0

/d421" trq(DyJy,) = —2itrptrays f(QW)_4d4Td4p e?'P%€,, (33:# Qw — F,,0,,Qw + iDQDﬂ%F;tyapﬂapﬁapy QW) Gw
e use‘the theor.em . lim </d4p eipfeuf(p)> = -i/d‘*p@u.f(p)
(averaging over directions) <=0

|[e|—0

1
lim fd4r tre: (D, Jﬁ_) = +trptrays /(27?)_4d4;rd4p I, ((ﬁ% Qw — F,,0,, Qw + ﬂD&Dﬁﬂl_,,ﬁpa Ops O, QW) GW)

P

Topology in coordinate space is:due to the gauge field only
Qw (x,p) is homotopic to a function Q(p) Gwkx(Q =1
o = —trptrans / (2m)~tdtad'p 0, ((ﬂwapvé — Q—tLDQD_.ngé)paé)pﬁ Dy, é)éw)



Chiral anomaly:

c|—0

lim fd4r tre; (D, Jﬁ_) = +trptrays /(27?)_4d4;rd4p I, (((")Iu Qw — F,,0,, Qw + QDQDL;EW&%@W@W QW) G’W)

Topology in coordinate space is due to the gauge field only

U

Qw (. p) is homotopic to a function Q(p) éw*é =1

_ o~ 1 o
o = —trptras / (2m) " *d*ad'p 0, ((F#Uapvcg — ﬂDaD,gFWapq e)pﬁapvcg)aw)

1
i 3/16‘7r2d rtr(FFE™)

o1
Ns = / ds

1 [T) —~ I ~ i ~ P oy i
S () =5t (, G, @G0, G, Q) — (& fB)




/= / DD e”
Chiral anomaly:

tre (D, J,) =itr ptrays /(271')_403410 (Qw ke K Gy ke + P Gy ke K Qw)

Up to the terms, which do not disappear in the limit € — 0

/d‘l;rtrg(D#J;) = —2itrptrgys /(27?)_4d4;rd4p egipee# (8%QW — F,.,0,,Qw + Q—ZDQDBFWE)%@M@MQW) Gw
We use_the theor.em . lim </d4p eipee#f(p)> = -i/d4p8#.f(p)
(averaging over directions) <=0

1
lim /d‘l:r trq(DyJ,) = +trptrays /(27?)_4d4;rd4p O, ((c“)&,u Qw — F,,0,, Qw + ﬂDaDﬁFp.yﬁpaﬁpﬁﬁpy QW) GW)

|[e|]—0

Topology in coordinate space is.due to the gauge field only

Qw (. p) is homotopic to a function é(p)

1
o =—2iN frtr(FE
i 3/167r2d rtr(FFE™)

1 — e~ - -
Ny = / S—— / trp (ﬂﬁG(O)dQ GO A dOGO A dQ)
> A8m= [




4 = / DD e”
Chiral anomaly:

tre (D, J,) =itr ptrays /(271')_4(1’423 (Qw ke K Gy ke + P Gy ke K Qw)

Up to the terms, which do not disappear in the limit € — 0

/d4:r tr (D, J5) = —2itrptrays f(QW)_4d4;rd4p 2P, (8% Qw — F,,0,,Qw + iDQDﬁFﬂyﬁpaﬁpﬁﬁpy QW) Gw
We use'the theorgm | . </d4p eipeepf(p)> _ -i/d4p8#_f(p)
(averaging over directions) <=0

1
lim /d‘l:r tro (D, J,) = +trptrays /(27?)_4d4;rd4p8p“ ((&NQW — F,.,0,, Qw + ﬂDaDﬁFp_yﬁpaﬁpﬁﬁprw) GW)

|[e|—0

Topology in coordinate space is.due to the gauge field only

Qw (. p) is homotopic to a function @(p)

1
d :_Q‘JT\!T 4 'J Rl k.3
2 3/167r2d rtr(FE™)

1 i
/ 437 / trp) (nyG(O) « dOw + G %« AdQuy GO « /\dQW)
4871_2“/' 3




4 = / DD e”
Chiral anomaly:

Topology in coordinate space is %E to the gauge field only

Qw (z,p) is homotopic to a function @(p)

o

1
o = / (trD,,J,,) o =—2iNy / gt t(FF)

1 -
Ny = 7] / 37 / trp (fy'”G(O) % dQuw + GO % AdQyy « G /\dQW)
b

48T

In Minkowski space — time:

d:j\r
27 on

/ d*z tr(E.B)



4 = / DD e”
Chiral anomaly:

Topology in coordinate space is 55 to the gauge field only

Qw (z,p) is homotopic to a function @(p)

of — /(trD#_J#) o = Qifd4md4p ch(&)(ax, p) = 2i x topological index O

S 1 4 0Tk
M:—Q-zj\-_g/ 16"-2d rtr(FFY)

il

1

;'T\'T —
ST 48TV

/dngf trp (*}*‘3(}(0) * dQw GO & ANdQyy * G /\dQW)
)

: : : 1 |
In Minkowski space — time: 7 = N3 x 5 /d4:rtr(E.B)



In Minkowski space — time:

of — /(tﬂ)p_,]p_) of = 2i / d*xd*p ch(&)(x, p) = 2i x topological index O

1
s / d*ztr(E.B)

=

Praveen D. Xavier, M.A. Zubkov, Chiral anomaly in inhomogeneous
systems with nontrivial momentum space topology, Physics Letters B,
2025, 140021, ISSN 0370-2693,
https://doi.org/10.1016/j.physletb.2025.140021.

N; is expressed through Green function, which means it is valid for
the interacting case (conjecture)



In Minkowski space — time:

of — /(trpﬂ_,]#) o = 2i / d*xd*p ch(&)(x, p) = 2i x topological index O

1
o =Ny x 5 / d*rtr(E.B)
=

The similar result has been obtained in

Dantas, Renato MA, Francisco Pena-Benitez, Bitan Roy, and Piotr
Suréwka. "Non-Abelian anomalies in multi-Weyl semimetals." Physical
Review Research 2, no. 1 (2020): 013007.

(but N; was expressed there through Berry curvature, which means
That unlike our expression it is not valid for the interacting case )



_ g O ( 0 Of )
Example 4 = / DDy e O 0
N~ - ’ft‘g h(’ﬁ'l — '?:’?‘Tg)n
O =m4+1 ( fi’-(’ﬁ_l + ?,’ﬁ'g)n — g )

o = /(trD#_J#_) o = 2i/d4zrd4p ch(&)(x. p) = 2i x topological index O

Topology in coordinate space is due to the gauge field only

1
d :_Q'AN'T 4: ) 2k
i 3/16W2d rtr(FF")

1
4872 |V |

N3 = /dng.’/ trp (",r’SG(O) x dQw * G« AdQu x G « /\dQW)
5

: : : 1
In Minkowski space — time: 7 = N3 x 5 /d4:rtr(E.B)
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Vathematical tools

Wigner — Weyl calculus in continuum theory
Equilibrium, T=0

model with fermions Z / DyDy> e

| | Sliv) = [ dai@R.) v
typical action

-~

Q(0;) =in"0, — M

Green function (i7,,0" —m)G(x —y) = 6(z —y)



, . . Mathematical tools
Wigner — Weyl calculus in continuum theory

Weyl symbol of operator

0

Aw(ap) = [ dye™ @+ 5| Ale=5) = [ dae (p+ 5| Alp-5)

— 0



, . . Mathematical tools
Wigner — Weyl calculus in continuum theory

Moyal product Ay (2. p) * By (2. p) = Ay (2. p)e > By (. p)
R =i(5.2-57.)

Weyl symbol of the product of two operators

(AB)w (z,p) = Aw (z,p) * By (z,p)



, . . Mathematical tools
Wigner — Weyl calculus in continuum theory

model with fermions _ _
J Z = / D¢Dy SV

typical action Sl ] = f d a1 (2)Q(, )1 (x)

-~

Q(0:) = 7;7”8;& - M

Green function (i7,0" —m)G(x —y) = 6(x —y)

Groenewold equation (QG\w = Qw Gy =1



Viathematical tools

Lattice models
Example of Wilson | \ |
fermions
S e
In the presence of 1 “U (x )’"
gauge field NI SN Dfl‘i,_c .
-~ _.uh.h "!_Fh rs
sy Z% (n)DSY) (n,m)is(n)
thf
Dry = =5 30 [+ 7y + (1 =70 y] Uy + (m® 4 215

i

U_'r y — PEi fmy dIEA(E}



Approximate Wigner — Weyl

calculus for the lattice
models

Weyl symbol of operator
(momentum space)

Alw (0 p) = / dqeit™n (;
M

q

2

| Alp —

Viathematical tools

q

2

)



Approximate Wigner — Weyl Mathematical tools
calculus for the lattice models

Weyl symbol of operator
(momentum space)

A - _ Biqxn . g Al g
Weyl symbol of the product of “" 7 /M doe A=)
two operators

This identity is
approximate. It is valid for
the near diagonal operators




Vathematical tools

This identity is
approximate.
It is valid for the near diagonal operators

» . _ [ DiDw S
partition function 7= [ i

; d
] S = — 10
Action 0= [ Q00 200

Lattice model for the description of electrons in crystals:

In condensed matter systems:

The typical Lattice Dirac operator Q is almost diagonal if
the external magnetic field strength is much smaller than
10 000 Tesla while wavelength of external electromagnetic
field is much larger than 1 nanometer




Vathematical tools

This identity is
approximate.
It is valid for the near diagonal operators

» . _ [ DiDw S
partition function 2= [ v

; d
] S = —1 10
Action 0= [ Q00 200

Lattice model for the reqularization of continuum quantum
field theory:

The typical Lattice Dirac operator Q is almost diagonal
when we approach continuum limit of the lattice model.



Mathematical tools

We can use the approximate Wigner — Weyl calculus
dealing with any lattice regularized continuum quantum
field theory

and dealing with the lattice models of solid state physics if
the external magnetic field strength is much smaller than
10 000 Tesla while wavelength of external electromagnetic
field is much larger than

1 nanometer



partition function Z- / DiDy SW¥  Mathematical tools

- _ dPp ..
Action S, ] = ]M ﬁw(m@(zaﬁpw(m
Green G(p1,p2) =(p1| G |p2) =
. o D,
function 2 ] DY Dy(p2)th(p1) exp ( f ﬁw—ﬁﬂ:(p)c?(iap?p)@(p))
Groenewold
equation
Moyal product

Electric current




Mathematical tools

Groenewold
equation

Moyal product

[terative solution

Electric current o _dlogZ [ dPp .. y
5 () ./M ) TG (2:P)0. Qw ()]

ky 1 kIR
The case of 2D system (%) = =5 - NeME;,

T€a’jk

N — Qw(p.x) IGw(p,x) OQw(p, :rf)]
- S3472

Ip; E)pj Ipi

/ d®pd®z Tr [Gw(p, ) %




Mathematical tools

Precise Wigner — Weyl calculus for the lattice models
(the details at the end of the talk, if time remains)

Finite rectangular lattice:
M.A. Zubkov (2023)
Journal of Physics A: Mathematical and Theoretical 56 (39), 395201

Infinite rectangular lattice:
1.V. Fialkovsky, M.A. Zubkov (2020)
Nuclear Physics B 954, 114999

Infinite honeycomb lattice:
R. Chobanyan, M.A. Zubkov
arXiv preprint arXiv:2302.00723



Mathematical tools

We can use the precise Wigner — Weyl calculus dealing
with any lattice regularized continuum quantum field theory

and dealing with the lattice models of solid state physics
if the external magnetic field strength is of the order of
10 000 Tesla (unphysical!) while wavelength of external
electromagnetic field is of the order of 1 nanometer

Which is more important, we can use this formalism for
artificial lattices, when magnetic flux through the EFFECTIVE
lattice cell is compared to 1

And also for the precise treatment of lattice regularized QFT



CHIRAL SEPARATION EFFECT CSE

Axial current along magnetic field in the presence of chemical potential

— = )

B el

S

P g» ) . o .
‘f Ctg ) .
- — <R

1&:1

@y PR o 0

D.E. Kharzeey, J. Liao, S.A. Voloshin, G. Wang,
Progress in Particle and Nuclear Physics, Volume 88, 2016, Pages 1-28,

1 ..
jé: — —EEUED}_LFTL'

A. Metlitski and Ariel R. Zhitnitsky,Phys. Rev. D 72 (2005), 045011



Lattice Dirac operator Q CSE

Is 4 x 4 matrix expressed through the Gamma matrices

d‘D
j(z) = — /M o 176w (2, 2) 0 Qu ()]

The system with Fermi surface of arbitrary complicated form

N

Tk _ ijk0 1 72 .
- ] = = Tt Gy * dQuyr » Gy A *dQyr + Gy ,
JE 4?]_25 .Ir-’:Flj J'V' 48?1’2V '/EB / Tir |y W * QW * Gy * QW * Gy *ﬂde

Surface X3 consists of the two hyperplanes p, = +¢ -0

A

P4

e P1,2,3

M.Suleymanov, M.Zubkov, Physical Review D
102 (7), 076019 (2020)



Lattice Dirac operator Q CSE

Is 4 x 4 matrix expressed through the Gamma matrices

. dD
() = /M o 176w (2, 2) 0 Qu ()]

The system with Fermi surface of arbitrary complicated form

3
48—-r2V/ /d o

Surface X3 consists of the two hyperplanes p, = +¢ -0

LN
Jk _ tj.i:l] Fi: _
) pri; N =

VP Gy * dQy * Gy A *dQuyy + Gy * AdQyy

A

N is topological invariant if: p,

&

XX :

-

e

Surface Xs surrounds the singularities ' of

P1,2,3

VGW % dQY) * Gl A+dQY * GYY « AdQ\Y

y° commutes/anticommutes with Q in small vicinity of the singularities



Lattice Dirac operator Q CSE

IS 4 X 4 matrix expressed through the Gamma matrices
BA ) 5 7 AB J5A

Si Sh_aD -

XD D) @)
AN “ ot g
| &b o g >
(@) 3 @0 pn#0

The system with Fermi surface of arbitrary complicated form
_ N .
J5 = ~22€ TOuF;

Irrespective of the form of the Fermi surface the value of
N is equal to the number of chiral

4 — component Dirac fermions

M.Suleymanov, M.Zubkov, Physical Review D 102 (7), 076019
(2020)



Non — renormalization of CSE CSE

by interactions in QCD

N ijk0
e

Jh =
2 A2

pki;

Chemical potential is counted from the level, where

the CSE disappears (the position of the phase transition)

_ 3
N = 48?1’2V/ /d Ttr

VP Gy * dQuy * Gy A *dQuyy *Gw * NdQyy

23 Py = *e -0
Pa
s £ \ P1,2,3
\% X = >
f A
Surface ¥z surrounds the singularities  of |Gl *dQy « G A=dQy « G « AdQyy)

y° commutes/anticommutes with Q in small vicinity of the singularities



Non — renormalization of CSE CSE

by interactions in QCD
N (ik0

L )
Js =g b

Chemical potential is counted from the level, where

the CSE disappears (the position of the phase transition)

_ 1 3,
N = 48W2V_[33_/d Ttr

YV Gy * dQuy * Gy A *dQyy * Gy * AdQyy

Surface X surrounds the singularities
of |26 «dQyy « G A +dQYy) « GYy) « f\dQ%ﬁr}]
The Green function entering this expression is the complete

one with interactions taken into account
M.Zubkov, R.Abramchuk Physical Review D 107 (9), 094021 (2023)



N CSE
k ijk0 F. .
Is arzt M

Chemical potential is counted from the level, where

the CSE disappears (the position of the phase transition)

P! Quark — gluon plasma
LHC
RHIC
160 MeV [— — —

Quarkyonic T

Matter? /.f‘
ReStore~'d Color superconductivity ?

H /
Nuclear chiral
Hadron gas o \

symmetry:

300 MeV  Neutron stars [J



Non — renormalization of CSE by CSE

interactions in magnetic Weyl semimetals

—

ﬁ 51"'32"‘53 w ) % H

W, (2)
‘\\w (2)

.___ -® w (3)
ﬁ W it
w1 -

if”;

L

Weyl fermions near Weyl points in momentum space



Non — renormalization of CSE by CSE

interactions in magnetic Wevl semimetals
N

.72 (JL) = JCSEkai#- OCSE = ﬁ

Chemical potential is counted from the level of Weyl point

1 3
N = _48WEV_[ES_/d Ttr

Y Gy * dQyy * Gy A *dQy x Gy x AdQyy

Surface %z surrounds the positions of Weyl points

A

P4 Dy — ig -0
£ P1,2,3
< .

ST

Surface Xs surrounds the singularities ' of

VG *dQW « GV AdQY) « G+ AdQL

y° commutes/anticommutes with Q in small vicinity of the singularities



Non — renormalization of CSE by CSE

interactions in magnetic Wevl semimetals
N

jg (JC) = JCSEBké‘#- OCSE = ﬁ

Chemical potential is counted from the level of Weyl point

_ 1 3,
N = 48?1'915’_[33_/{1 Ttr

Surface ¥; surrounds the positions of Weyl points

YV Gy * dQuy * Gy A *dQyy + Gy + AdQyy

The Green function entering this expression is the complete

one with interactions taken into account

M A Zubkov 2024 J. Phys.: Condens. Matter 36 415501



Proposal for experimental detection CsSE

of CSE in magnetic Weyl semimetals
o
-

Contribution to QHE conductivity due to the CSE

E’Weyl :28(#_#0)}6’ 1
xy

L.
Amh?  p N vg)



m

Chiral Vortical Effect oY
as particular case of the CSE
S= [ i, + ) = My
U is the four — velocity of rotation =» effective gauge field

|
w = y()(1 = Q0. y(r) = = A, = —pu,

Effective magnetic field B = —(V x (yu(r)))
Weak rotation 7~ 1w =pur(r)~p B = (0,0, —2uQ)

Abramchuk, Ruslan, Z. V. Khaidukov, and M. A. Zubkov. "Anatomy of
the chiral vortical effect.” Physical Review D 98.7 (2018): 076013.

Now we can use the obtained results for the CSE to obtain
the conductivity of the CVE  J = —f?eiﬂ%ﬂj > 5o f\g GI;k 20

with N 1 / / .

Y
(rotation around the third axis)

Y GH *d@w *CH ﬁ*d@ﬁ *GH *ﬁdQﬁJ




Applications to Chiral Magnetic Effect CME
non-homogeneous system, equilibrium, T=0

Average electric current

3+1D:

.-_Iji. i -, (
S . |8

D.E. Kharzeey, J. Liao, S.A. Voloshin, G. Wang,
Progress in Particle and Nuclear Physics, Volume 88, 2016, Pages 1-28,




Applications to Chiral Magnetic Effect CMIE
non-homogeneous system, equilibrium, T=0
Average electric current
3+1D:
- 1

Jk = o) EUMM;FI'J'

topological invariant:

—1T€jji 0) o A 0 0 0) o A0
= 3782 fdﬂxdepTI‘ [G“(N)*6piQ§V)(p,X)*G‘EV)*Eiij{N)(p,x)*Gév’\'*kain)]
M

external magnetic field:  Fij = €jjk B

M,

C. Banerjee, M. Lewkowicz, M.A. Zubkov
Physics Letters B, 136457 (2021)

Homogeneous systems: M.A.Zubkov, Physical Review D 93 (10),
105036 (2016)



Chiral magnetic effect Equilibrium, T=0 CMIE
non-homogeneous system
Average electric current

- 1

k __ ijkl .
= €M pqF
] A2 [11]
—fTE"H . ‘
My = dexdepTr |G * p,Q (9. 30« G+ 3, QU (P, ) % Gy 3, QY |

M
smooth deformation of the system

the system without any inhomogeneity
M is not changed!

We know that in homogeneous systems M =0

Absence of equilibrium chiral magnetic effect, M.A. Zubkov
Physical Review D 93 (10), 105036

No CME in non — uniform syS!ems at T=0



Applications to Chiral Magnetic Effect CMIE
non-homogeneous system, equilibrium, T>0
Average electric current

_ 1 .
J¥ = e MaF;

topological invariant:

My=21T ZNf:l(fU) w=2nTn+1/2),neZ,0<n <N, where N=1/T
()]

_i(:’--kdl R .
Ni(w) = 3'V8u;.rr2 de 'xde 'pTr [G{ﬂ)*apiQiﬁj(p, X) % Gy * 9p; Q) (P, x)*G‘Eﬂ)*akaﬁ]
B

Response of N to chiral chemical potential is zero

-

No CME at T>0 C. Banerjee, M. Lewkowicz, M.A. Zubkov

Physics Letters B, 136457 (2021)

The absence of CME at T>0 for homogeneous systems has been reported earlier in
C.G. Beneventano, M. Nieto, E.M. Santangelo J. Phys. A, 53 (46) (2020), Article 465401,



Chiral Magnetic Effect non-equilibrium systems e
Keldysh technique
Green functions (lower sign for fermions)

{éR}(al;az) (r1;20) = —i0(t; — 12 <[ oy (1), ]+>
{GAA}(QI;QQ) (x1;29) = 0(t2 — 14 <[ oy (1), LW (22 ]+>

{éf"}(m;az) (21: a29) = _@'< [%1 (;el):lpgz(xg)])j
{é<}(al;a2) (ar1; ) = *_@'<LDC";2 (xg)%l(m)>
Keldysh Green function

Gt ot 2!y = —i (TO(t, )T (', 2")) —(PT(t',2")D(t,2))
AGE =T @, )@, ) (TR, )BT (Y, 2"))

G- Gt GA=G"" -G =G T -Gt
G‘|—— G‘|“|‘ GR — G — (‘;—+ _ G+_ o G-I—-l-

G< Gt



CME
Keldysh technique and Wigner — Weyl calculus.

Keldysh Green function

Gttt o) = s ( (T®(t, 2)F (¢, %)) — (@ (¢, 2') (1, 2)) )
A (O(t,z)PT(t',2")) (TO(t,z)PT(t', 2')

- (G G S
= (G+— G’++) GA=G— -Gt =Gt -Gt
GR=Gg -G T=GgT -Gt
Wigner transformation Q< = G+
G(X1, X2) = (X1|G|X5) A(X1, Xo) = (X1]A|X5)

Aw (X|P) = deHY V' PuAX +Y/2. X —Y/2)
Moyal product

(A% B) (X|P) = A(X|P) e~ i(0x13r,=0r, Txu)/2 g (x| P)



Lesser representation

G =UGV CME
1 I /10
U= % G —01) V= 7 (—1 2)
A ({:) B GR QG{ At =ttt
G 0 GA GR=G -G T=atT-agtt
GH: = G~ T

The inverse Q of Green function

QG =1

After Wigner transformation



CME
Response of electric current to external field strength

i 1 dD+1?T <. 4 A o A e A\ v
V=5 | Gyt (G 0mQr Gx0QxG0,Q) F

1 dD—l—l':‘T ) A A ‘ R . i R N < e
i/(QW)DH tr(deG* w#Q*G*dﬁuQ*G) FH

Electric conductivity tensor for non — homogeneous
systems

p 1 dD—l—l,ﬂ. . . ) N <
=1 [ Gt (0r,Q [ 0, @ w02, ] )+ cc

C Banerjee, IV Fialkovsky, M Lewkowicz, CX Zhang, MA Zubkov
Journal of Computational Electronics 20, 2255-2283 (2021)



2D Hall conductivity Ny

G_H — _—+5.H,f’

“Topological part” 27

1
4872 Y

Ny = ekvP f dn® /dgﬁdz;v tr (Ogn Q * Opv G % 070 Q + G) f(7°) + c.c.

C Banerjee, IV Fialkovsky, M Lewkowicz, CX Zhang, MA Zubkov, arXiv:2009.10704

|

\4

A similar expression has been obtained independently in F.R. Lux, F. Freimuth, S. Bl'ugel,
Y. Mokrousov, Physical Review Letters 124 (9), 096602 (2020)

contour in complex plane of °
in the case of thermal equilibrium at T->0

1

Nr==9um2 ER%

ehve / d®X / AT tr (amQM « CM 4 O OM s+ €M e 910 OM % éM)

Matsubara Green function

G" (we replace inside G® n°

- i)



2D Hall conductivity o ==L+
“non - topological part”

1 .. [ dPrd%x _
Om,f = +W€” / (;T)f tr (O QR * G+ 0, Q% x G ) % 0,5, QR 5 (G — G1)) Do f(70) + coc.

ordinary symmetric conductivity

_ij 1 d*rd?x - R R, - A Ay, s R A R\ £ 0 : ;
O'“JZSV/ PIE tr ((—0,1Q" * G 4+ 07 QN x GH) % 0 Q7+ (GH = G)) Opo f(17) + (i ¢ J) + ¢.d




Lattice model with Wilson fermions

Out of equilibrium

e e

CMIE

ol
>

b
k.

=
—~

Y
il

-

- il
= (]
) }
=
P}
"

Thermal equilibrium (in Euclidean space - time)

Z'}f Gpu(

—zm

m) + 7 ga(ma)

g; — Sin(ﬂ'i)



CME
Lattice model with Wilson fermions

Out of equilibrium

>

b
k.

=
—~

Y
il

-

Real time dynamics (in Minkowski space - time)

M ) i —ing = Z Y g, () (

(Z (1 —cos(m;)) + (1 — ch(wo))) — iy*sh(m)



Lattice model with Wilson fermions

Out of equilibrium - ([ Q__ Q_.
Keldysh Green function @ = ( Qi Qi )
1 —
Qs = Q. ) + 60, Ao F) g
Q- = Q. 7) + +iedr, Q. F) o3
| B 1
Q+— — _21687T0 Q(Troﬂ ﬂ-) 1 _|_ 0(71'0) y
(7o) =P —A(X)

Q__|_ m— Qieﬁm Q(ﬂ'g, 7?)

1+ p(mo)

initial one — particle distribution

f(mo) = p(mo)(1 + p(mo)) ™"



- (Q_ Q. CIVIE
© = (Q+— Q++)

Q.. = (Z Vg (m) —im(7, —imo — ips()7”)

Qo

. 4
Q4 = 2’}’456 o

7 ga(—imo — ips(t)y°) — ylee ™ 1 J_rzgzi )’
Z Y gu(m) — im(T, —imo — ips (U’VB)
p—1
-yt ga(—imo — ips(t)7°) + vree ™7 1 -T- Zgg% ’
a1
= —27lee™™ o(mo)’
1 E(ZFT)TO) | w

time depending chiral chemical potential

Ois(t) = cm( )cosw()t



Response of electric current both to magnetic CMIE
field and to chiral chemical potential

J" = Yeome B
response to chiral chemical potential Sus(t) = ot coswot
1 )
&ECME — mﬁcﬂgg(wg)ﬁﬂéﬂ)emﬂt -1 (C.E.)

(1) (IT)

two parts of conductivity come(wo) = 0ol 5 (wo) + oot (wo)

1,10 [

00 01 02 03 04 05
Wo

T = ‘i (solid line), ﬁlﬁ (dashed line), _5% (dashed - dotted line)



Response of electric current both to magnetic CMIE
field and to chiral chemical potential

J" = Yeome B

response to chiral chemical potential Sus(t) = ot coswot
1
AYcME = mﬁcﬂjg(wg)ﬁﬂg ) lw‘:'t -1 (C.c.)
two parts of conductivity cenn(wo) = o) (wo) + o% D) (wo)
1_20;l """"""""""
w 1.15 C. Banerjee, M. Lewkowicz,
1;, o M.A. Zubkov
- Physical Review D 106 (7),
® 105 074508 (2022)

100:—-

0000 0.002 0.004 0.006 0.008 0.010
T

r = wo/T = 30 (solid line), x = 60 (dashed line), = = 80 (dashed dotted line)



CMIE

Out of equilibrium the CME 1s back!!!

When chiral chemical potential 1s time dependent,
the CME conductivity depends on frequency w. In
the continuum limit the conventional value of CME
conductivity is reproduced for any ratio w/T.



The absence of interaction corrections to
Quantum Hall Effect

Electric current orthogonal to electric field
in the presence of magnetic field

S = [dT [0 — AT X)3y = 1By )Wy

+ o (T, X)P(T, X)B()WV (X — X")O(V ) P(T, X IW(T. X')]
as an example:

fo+e';.x

91',”_- — —i [{I + Gj)axﬂr x'€
T (l — 0 )61—@' _'.|; s o ]G]- + E(m + 2}61,1'53

without interactions:

JOy (p. X)

N = Egk‘[d x‘[d pTrGy(p.x) * Y
i

53*411:
* aGW(p'.r x} ” aQ\V(F! I)'
dp; Ipy




N

Xy E
g | x| & . 90w (p,x)
N = mEUkJ.d I‘I.d PTTGW(P,I) apf
o8 aGW(p’ x) ” aQW(Px)
Ip; dpx
Gedankenexperiment:

we consider the system on the torus
and divide it into the two pieces

T y,[




we consider the system on the torus
and divide it into the two pieces

T Y ‘

o
is zero in the part I, E(l) = - E(lI

hot = (11 +12)/2 = @1E +62(=E)/2+ lear | 01(0) = 02(0),

We prove that the total current remains

. . . . 7 — a3(0
zero With the interaction corrections 1(8) = 02(0)

¥

no interaction corrections a1(0)=a1(g)



] v
» “ L » (I)HF ....... 1
- (I1) e =0

i‘o’ero in the part 11, E(1) = - E(l])

3}—f 2 }gTrGgw[R,p)*—ai Qw (R, p) Gg,w —GCw +GCw *»XZw «GCw + ...
X
_ E :L"'-': (m) a
an exampie: 1-100p
d’q | 3
f (23'1')3 f[231.)3GW(R,P—Q}D(Q)]*B—MGW[R,}J}

*

R [ &Ep [ Lq 3 ,
f (2m)3 f 22 Vaps [GW{R= P—a* Gw(R*P)]D(q} =0




— () m_ [FR [ dp n. 90
l!(g} — ”:_ .l! I():f ﬁS f(ZJI)3Tr(Gw*EW*] Gy * id

an example: 1-loop diagram

dpx
(&)

ﬁﬂq ) !
f (23:)3 f 21 )° GW(Rsp—q}D(q)]*a—mGw(&p}

*

/dBR d3p daqT 3 CoR B T
(2:"!)3,[(2:&')3 rﬂpx[ w(R, p—q)*Gw( ep)] (@ =0




Y on
= . 90w (P, x)
o8 aGW(p’ X) e aQW(P I]'
9P, Ipy

In the presence of interactions the sum of the currents in
the two pieces is zero = the electric conductivity receives
no corrections in the part |

T Yy




Another example of diagram technique

ff [G1(R,p) o1 xG2(R,p —kq1) o2 xG3(R, p —ky —k2) 1 0 G4(R, p —k2) x2 0 G5(R, p)]

D) (R,k1)D\7) (R, kz)dk1dks.

p—idpig /2 pidd D p/2. 3

acts on DY only.

0j = anrt:lj



Precise Wigner — Weyl calculus. Finite rectangular lattice

O = {(my.....mp)|m; €{0.1,2, ..., N — 1}}

O ={(my,...,mp)|lm; € {0,1/2,1,.... N — 1/2}}
2 2
M = {(my ;, ey D ;:)|-m-?; €{0,1,2,....N — 1}}

refined lattice O

M ={(2mmy/N,....2rmp/N)|m; € {0,1/2,1,.... N — 1/2}}

Weyl symbol of operator
Aw(p,g)= > P {g—v+n/2Alg+v+n/2)
n;=0,1;v€0’

1L;

1+ EQz’vi:er(N) 1+ Egﬂi{qi_”i'F”ng)

2 2



Precise Wigner — Weyl calculus. Finite rectangular lattice

O = {(my,....,mp)|lm; € {0,1,2,..., N — 1}}

O ={(my,...,mp)|lm; € {0,1/2,1,.... N — 1/2}}

2 2T
v e, MpD N

M = {(my

)lmi € {0.1,2,....N —1}}

refined lattice ¢

M ={(2mmy/N,....2rmp/N)|m; € {0,1/2,1,.... N — 1/2}}

Weyl symbol of operator for continuous arguments

1 i((po—p)(q1— o) (p—
Aw(p,q) = Z WEZ (P2=P)(@—D)+(@2=a)(P=P1) A (py, 1)

preM g1 €O i pae M g2’



Properties of Weyl symbol

» 1

Trd = p > Aw(p.q)

i pEM’ g’
. 1

TAB=rmp 2. Awr.oBw(p.9)
- ns AT as Y
(AB)w (p.q) ey = AW (D e @P=B0) By (p ) = A (p.q) * Bw (p. q)
r 1
pEM’ g0’

translation to one lattice spacing

Ti(p,q) = e 7+ e NP 5

| (1 + EQ?J’H/N N 1 — EQ?JW/N)



Applications: QHE N

gl = 21 (i

1 1 I . i NV
N:g_!prwfdn?’ oo (aHpQﬁ-},*Gﬁ*anygﬁ*c;%*an,)@%*@%)

pEM’ zEOK
electric
current | >
| ()
electric field E

M.A. Zubkov (2023)
Journal of Physics A: Mathematical and Theoretical 56 (39), 395201



Quantum Hall Effect QHE

constant magnetic field, no interactions, no disorder
k is Bloch vector,
[u(k)> is the eigenvector of

Hamiltonian
4K T - N
wro | /] » OH =S
21 /dik[? x A(K)]
i
n (10" cm?) A(k] — _1 {u(k)|v|u(k}> :
TKNN invariagnt

D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den Nijs
Phys. Rev. Lett. 49, 405 (1982)



Intrinsic Anomalous Quantum Hall Effect QHE

homogeneous system T. Matsuyama, Quantization of

S Conductivity Induced by Topological
o magnet/'c f/E_’/d Structure of Energy Momentum Space in
no interactions Generalized

no disorder QED in Three-dimensions, Prog. Theor.
Phys 77, 711 (1987)

F__Eijk 9 ~!(p) 9G(p) G (p)
N =3 fdpﬁ{g{p} dp;  Op;  Opx

E A

F=

2D topological insulator




Applications to Quantum Hall Effect QHE
Equilibrium, T=0

non-homogeneous system o
Average electric current E
J
I
G
2+1 D: () = ~5-N W B,
N = Tgijk fd?'de’ETT [Gw(p ’E) « aQW(p :E} « a(;w(pil) 4 E)QW(p T}]

- S3l47x2 Ip; dpj Opr
M.A. Zubkov *!, Xi Wu

Annals of Physics 418 (2020) 168179



Precise Wigner — Weyl calculus. INFINITE rectangular lattice
N 9infinitv
O = {(my,....,mp)|m; € {0,1,2,. —1}}

O ={(my,....,mp)|lm; € {0,1/2,1,. — 1/2}}

27 2T
A7 D RE —)|m; € {0,1,2,. — 1}}

M = {(??’11

refined lattice ¢

M ={(2mmy/N,....2rmp/N)|lm; € {0,1/2,1,. —1/2}}

Weyl symbol of operator
(momentum space becomes continuous)

Aw(p,q) = / dPp_ ((p—p_|Alp +p_)) 2P, (1 + eP~)
M

((p1lp2)) = d(p1 — p2)



Properties of Weyl symbol N = infinity

» 1

Trd = p > Aw(p.q)

i pEM’ g’
. 1

TAB=rmp 2. Awr.oBw(p.9)
- ns AT as Y
(AB)w (p.q) ey = AW (D e @P=B0) By (p ) = A (p.q) * Bw (p. q)
r 1
pEM’ g0’

translation to one lattice spacing

NP
5 € 5

1+ EQ*&’H}'N ~ 1 — EQiﬂfN)

Tj(p,q) = e'Pd ( T;(p,q) — €'



Applications: QHE i N

1 1 IRV . i NV
N = gfﬁupwfdm oo (aHpQ{‘;{, * G+ O QN % G % O QY- *GE;E,)
' l pEM’ zEOK

N = infinity
electric
current | >

| *®

electric field E

1.V. Fialkovsky, M.A. Zubkov (2020)
Nuclear Physics B 954, 114999



Precise Wigner — Weyl calculus. INFINITE HONEYCOMB lattice
N = infinity
coordinate space

L @ [ ® ™) ™ e ™
| e ° ° ° e ° ° °
FIG. 2. An illustration of the physical lattice &. FIG. 5. An illustration of the extended lattice D.
@ 8 @ @ L
® [ ] ® @ L]

FIG. 3. The first Brillouin zone and the reciprocal lattice FIG. 6. The first Brillouin zone and the reciprocal lattice
of . of ©.



Precise Wigner — Weyl calculus. INFINITE HONEYCOMB lattice
N = infinity

L] [ ] [ ] ® ™) ® ® ™
| L o L L L] e o ™ ™
FIG. 2. An illustration of the physical lattice &. FIG. 5. An illustration of the extended lattice .

Weyl symbol of operator

Ay (2, p) = / Pqe?™1(p 4+ gl Alp — q)
A

» (1 L e—2ilig 4 ,—2il2g _I_E—Qi(l1—|—.!2)q)



Properties of Weyl symbol N = infinity

TrA= Zf |9ﬁ|AW(I‘p)

re®

" a dg
TrAB =) /ﬁ IfmIAW(r .p)Bw (. p)




Applications: QHE N

_ij _ NV ij
2 Q’JTE
1 1 B . . . . ) .

N = e / dP° / Py tr (am@%%r*c;% x O QM % G % 0170 QML | 0%:&;)

24 ’?TQ |:D| Y4 e

A
N = infinity

electric
current | >
| (+)

electric field E

R. Chobanyan, M.A. Zubkov arXiv preprint arXiv:2302.00723
Symmetry 2024, 16(8), 1081



We can use the precise Wigner — Weyl calculus dealing
with any lattice regularized continuum quantum field theory

and dealing with the lattice models of solid state physics
if the external magnetic field strength is of the order of
10 000 Tesla (unphysical!) while wavelength of external
electromagnetic field is of the order of 1 nanometer

Which is more important, we can use this formalism for
artificial lattices, when magnetic flux through the EFFECTIVE
lattice cell is compared to 1
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Non = dissipative transport in quark matter

Chiral separation effect (CSE): Axial current in the presence of magnetic field

Chiral vortical effect (CVE): Axial current in the presence of rotation

Chiral magnetic effect (CME): Vector current in the presence of magnetic field

And chiral disbalance

P! Quark — gluon plasma
LHC
RHIC
160 MeV | — — — _ o
NICA
FAIR  Quarkyonic T
Matter? \,
ReStore/d Color superconductivity ?
H /
Nuclear chiral
Hadron gas o \
symmetry:

300 MeV  Neutron stars [J



Non — dissipative transport in condensed matter

Quantum Hall effect (QHE): Electric current orthogonal to electric field

Chiral separation effect (CSE): Axial current in the presence of magnetic field

Chiral vortical effect (CVE): Axial current in the presence of rotation

Chiral magnetic effect (CME): Vector current in the presence of magnetic field

And chiral disbalance

|
4 .
L Solid
z 3+ Superfluid A phase
] g |
o 2+
% - Superfluid B phase
a 1k
- Mormal fluid
D L 1 1
(a) Hall Effect 0 1 2
Temperature (mkK)

2d materials: QHE 3d Weyl semimetals: CSE, CME, QHE He3-A superfluid:CVE




Conclusions

* Wigner — Weyl calculus allows to represent in
compact form the conductivities of non —
dissipative transport phenomena in non —
uniform systems.

* In equilibrium systems these conductivities are
given by topological invariants composed of the
Wigner transformed two-point Green functions.
This expression i1s not renormalized by
interactions (perturbatively). We considered this

for the cases of CME and CSE. (The case of
CME 1s marginal: the CME conductivity is zero.)



Conclusions

We consider the non — Abelian versions of
quantum Hall effect and chiral separation effect.
Their conductivities are the same as for their
Abelian versions.

Chiral anomaly 1s equal to the product of the
topological invariant responsible for the CSE and
the number of instantons. This may have
experimental consequences if Dirac operator 1s
not linear in momentum 1n certain circumstances.



Conclusions

* Out of equilibrium the CME 1s back 1f chiral
chemical potential depends on time and 1if the
corresponding frequency tends to zero (1.e. the
system 1s approaching to equilibrium).

* Precise Wigner — Weyl calculus 1s built for the
lattice models, which allows us to investigate the
lattice regularized QFT precisely. So far the
application of this technique was proposed to the
consideration of the QHE for the condensed matter
systems with artificial lattices (when magnetic flux
through the lattice cell becomes large— these are
the systems that possess Hofstadter butterfly.
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