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Chapter 0

Overview

This dissertation comprises eight published papers of the author, each constituting one chapter:
[96, 98, 99, 105, 100, 101, 103, 104]. They have been lightly edited to unify the formatting, but
otherwise left identical to the versions that were accepted for publication.

1 Bounded arithmetic and its origins

The central subject of this dissertation—bounded arithmetic—arose from the confluence of two
seemingly disparate fields: first-order theories of arithmetic, and complexity theory (proposi-
tional proof complexity and computational complexity).

The investigation of theories of arithmetic has been one of the primary fields of research
in modern logic. Arithmetical theories are interesting for both mathematical and metamathe-
matical reasons. Integers are one of the most fundamental mathematical structures, and their
study has been a core mathematical topic for centuries; it is not uncommon for problems from
number theory to have simple and easy to understand statements, and yet be extremely hard
to solve, which has made this subject intriguing for generations of mathematicians.

The best-known first-order theory of arithmetic is the Peano arithmetic (PA), an elegant
and powerful axiomatic system conceived to capture the valid statements of elementary (first-
order) number theory, i.e., true in the structure (N,0,S,+,-,<). It can be seen as a first-
order approximation to the original second-order axioms of Peano [149] that characterize the
structure of positive integers uniquely up to isomorphism; while first-order Peano arithmetic no
longer has this property, it has the important advantage of enjoying an effectively axiomatized
proof system, which means that it can be actually employed to prove number-theoretic facts
(second-order logic has no complete proof system, hence it is useless in practice for derivation of
arithmetic truths—even though in theory, all true arithmetical statements semantically follow
from the second-order Peano axioms).

An early impetus for logical investigation of arithmetic and related theories was given by
Hilbert’s program, which sought to provide solid foundations for abstract, infinitary mathematics
(“analysis”, though for us it is better to think of it as something like set theory) by showing
its consistency by finitary proof-theoretic methods, as well as its conservativity over finitary
mathematics for simple enough statements. While the extent of finitary methods was not



exactly specified, it is generally assumed that what Hilbert had in mind could be formalized
in PA, or even its weaker fragments such as primitive recursive arithmetic; this was certainly
true for proof-theoretic arguments employed at around that time e.g. in Presburger’s analysis
of the theory of (N, +).

The original conception of Hilbert’s program was shattered by the seminal work of Gédel [81],
who proved that effectively presented theories that can simulate a strong enough fragment of
arithmetic, such as PA, are incomplete, and cannot even prove their own consistency, let alone
the consistency of a much stronger theory. Yet shortly thereafter, Gentzen [79] discovered how
to analyze PA proofs after all, leading to a proof of consistency of PA in a weak fragment
of arithmetic augmented with primitive recursive transfinite induction up to the ordinal gg
(whereas PA can prove transfinite induction up to any strictly smaller ordinal). This, in a
sense, pin-points the amount of infinitary reasoning lacking in PA that’s necessary to prove the
consistency of PA.

These results set the stage for much of later developments in the investigation of theories
of arithmetic. Godel’s theorem led to the understanding that any sufficiently expressive theory
comes with a rich web of statements of varying strengths independent of the theory, and that
provability in such a theory as well as other associated computational problems are undecidable.
But it also showed that finite strings, formulas, proofs, and other syntactic and combinatorial
objects, can be adequately encoded by integers, and reasoned about in first-order theories
of arithmetic; in particular, arithmetical theories can serve as meta-theories to study logical
properties of themselves and of other theories. Gentzen’s work led to development of proof
theory of sequent calculi, which can be used to gauge the strength of theories of arithmetic by
means of ordinal analysis or description of their provably total computable functions, and to
prove conservation results between such theories.

While the essential incompleteness of PA ensures that it has many different extensions, it
turns out that it also has many interesting subtheories. A particularly fruitful way of introducing
a range of subsystems of PA of varying strength is to restrict the scheme of induction only to
formulas from some syntactic class, typically constraining the shape of quantifier prefixes. A
systematic study of such fragments was initiated by Parsons [147], who introduced the theories
now called I'Y,, and BY,,, and Parikh [142], who introduced the prototypical theory of bounded
arithmetic now denoted IAg. In I Ay, induction is postulated only for Ag formulas, i.e., formulas
(in the basic language of arithmetic) all of whose quantifiers are bounded.

As a part of his original motivation, Parikh relates IAg to computational complexity (then
a nascent field). The basic goal of computational complexity is to assess the resources (time,
space, ...) required to solve various computational tasks in suitable machine models, and to
classify the complexity of such tasks accordingly. Of particular importance are the class P of
decision problems solvable (deterministically) in time polynomial in the length of the input,
which is taken as an idealized mathematical model of problems that are efficiently solvable
on a computer, and the class NP of problems whose positive instances have polynomial-time
verifiable witnesses, or equivalently, problems solvable nondeterministically in polynomial time.
It is generally assumed that NP-hard problems (problems to which all NP problems can be
reduced) cannot be solved in polynomial time; this is the content of the famous P # NP
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conjecture. The class NP can be generalized to the polynomial-time hierarchy PH, which is
included in the class of problems solvable in polynomial space (PSPACE).

Parikh’s reasons for introducing A stems from consideration of feasibility (efficient com-
putability) of definable functions and predicates. Strong theories of arithmetic such as PA or
I3 prove the totality of fast-growing functions, e.g. expomnentiation, that are infeasible. In
contrast, all provably total computable functions in IA( are bounded by a polynomial (i.e., a
term of the language; a similar property holds for theories with bounded induction over richer
languages), and evaluation of A( predicates involves only numbers polynomially bounded in the
arguments, i.e., they are computable in deterministic linear space; more precisely, they comprise
the linear-time hierarchy:.

For various reasons, one obtains a more convenient and more robust theory by extending
IAy with the axiom €; (introduced in the works of Paris and Wilkie [143, 144, 145, 179]),
postulating the totality of the function wi(z) = #'°6*. The computational complexity reason is
that while the provably total computable functions of 1Ay are polynomially bounded in value,
they are only linearly bounded in terms of the length of the input when written in binary
notation (whence the connection to linear-time hierarchy); however, computational classes with
polynomial resource bounds, such as P and NP, are more interesting than linear. The wq(x)
function grows quadratically (in terms of length in binary), hence its finite iterations give
arbitrarily large polynomial bounds; thus, Ag(w;) formulas define predicates from PH, and
the provably total computable functions of TAg 4 €; comprise FPPH. The logically motivated
reason is that when discussing Gédel’s theorems and in other contexts involving formalization
of logical syntax, we need to be able to substitute a term for a variable in a formula; since this
substitution function may quadratically increase the length of the input, it is not provably total
in IAp, but it works as expected in TAg + Q.

The realization that P # NP is one of the most fundamental mathematical problems owes
much to the seminal paper by Cook [62], who proved the NP-completeness of the propositional
satisfiability problem. It is no coincidence that Cook also became one of the founders of propo-
sitional proof complexity (Cook and Reckhow [69]), and in a development independent of the
work of Wilkie and Paris, he pioneered a form of bounded arithmetic and its connection to
propositional proof complexity in Cook [63].

Propositional proof complexity studies proof systems for (usually) classical propositional
logic, such as the resolution system, Frege (also known elsewhere as Hilbert) systems, or se-
quent calculi; in general, a propositional proof system is any sound and complete scheme for
certification of propositional tautologies by witnesses (“proofs”) that are verifiable in polyno-
mial time (in the lengths of the proof and of the tautology). The basic question is what is
the minimal complexity of proofs of a given tautology in a given proof system, with the most
important complexity measure being the length of the proof; in particular, we are interested if
there are tautologies that require proofs of superpolynomial, or even exponential, length. This
is related to computational complexity: there exists a polynomially bounded proof system (i.e.,
one where every tautology has a polynomial-size proof) if and only if NP = coNP.

In [63], Cook builds upon Parikh’s idea of formalization of feasibly constructive reasoning by
introducing an equational theory PV (for “polynomially verifiable”), which has function symbols



for polynomial-time algorithms, and a polynomial induction rule. Importantly, he establishes a
prototypical propositional translation of bounded arithmetic: a true equation in the language
of PV can be translated into a sequence of propositional tautologies, and if the equation is
provable in PV, its translations have polynomial-time constructible proofs in the extended
resolution proof system (equivalent to extended Frege, EF'). This result became a precursor to
a more general correspondence between theories of arithmetic and propositional proof systems;
in a sense, bounded arithmetical theories (or at least their low-complexity fragments) may be
considered to be “uniform versions” of propositional proof systems.

A different (though ultimately related) translation of IAy(R) to bounded-depth Frege was
later introduced by Paris and Wilkie [144]. A first-order variant PV; of PV was defined by
Krajicek, Pudlak, and Takeuti [121].

Buss [37] reformulated IAg+€; as the theory T in an expanded language including function
symbols |x/2], |z| (meaning [logy(z+41)]), and z#y (meaning 21*I1¥). An important advantage
of this language is that the individual levels Ef of the polynomial-time hierarchy (including 2113 =
NP) have transparent syntactic descriptions: they correspond to Zg’ formulas of the bounded
quantifier alternation hierarchy (ignoring the so-called sharply bounded quantifiers Jz < [¢],
Va < |t|). This makes the connections of the theory to computational complexity classes much
tighter, and provides a good motivation to shift focus from full bounded arithmetic T3 to its
fragments with induction restricted to Ei-’ formulas. Buss introduced two main sequences of
such fragments: the theories T4 = Zf-IND with usual induction, and S% = Ef—PIND using the
polynomial induction schema; they form an intertwined hierarchy S% - T21 - 522 CcT 22 - Sg’ -
T3 C ---. Tt is often convenient to extend the language of Buss’s theories further by including
all function symbols of PV, which are ¥%-definable in Si. This unifies this set-up of bounded
arithmetic with Cook’s PV'; the theory S%(PV) is a conservative extension of PV, and in fact,
a V¥¢-conservative extension of PVi = T9(PV) as a consequence of Buss’s witnessing theorem.

Buss’s one-sorted (“first-order”) theories became one of the two most commonly studied
frameworks for theories of bounded arithmetic. The other one is the framework of two-sorted
(“second-order”) theories with a sort of small/unary integers, and a sort of finite sets of these,
also viewed as binary strings, or as large/binary integers. These theories were in fact also
originally introduced by Buss [37], but current usage follows the considerably simpler set-up
due to Zambella [182]. The one-sorted and two-sorted theories are related by the RSUV-
isomorphism (Takeuti [170]), which identifies the second (set/string/binary) sort of the two-
sorted theories with numbers of the one-sorted theories, and the first (number /unary) sort with
logarithmically small numbers. In this way, the theories S4 and T4 are bi-interpretable with two-
sorted theories V¥ and TV? (for i > 1). While the one-sorted theories are formally simpler, the
advantage of two-sorted theories is that one can easily introduce theories corresponding to small
complexity classes that do not necessarily include (binary) integer multiplication; in particular,
the base theory V0 corresponds to the important complexity class (DLOGTIME-uniform) AC?,
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2 Our contribution

The work presented in this dissertation is an investigation of several themes in the subject of
bounded arithmetic and related complexity theory. While each chapter was published as a
separate paper, they are connected in various ways. We will now give brief introductions of the
individual topics.

2.1 Approximate counting

The first two chapters of the dissertation (originally published as [96, 98]) are devoted to ap-
proximate counting. Here, counting refers to determination of the cardinality of a finite set.
In the context of theories of arithmetic, we consider definable bounded sets X (i.e., subsets of
intervals [0,a) = {z : < a} for some parameters a), and ideally, we would like to define the
cardinality |X| < a in such a way that we can conveniently manipulate it in the theory. Such a
notion of definable cardinality can be useful for formalization of all kinds of counting arguments
or probabilistic arguments in combinatorics, complexity theory, number theory, etc., and for
presentation of randomized algorithms in theories of arithmetic.

It is not difficult to show that the cardinality of all bounded definable sets has a well-
behaved definition in PA. In fragments of arithmetic with restricted induction schema, we
cannot expect this to work for arbitrary sets, only for sets whose definitions have a sufficiently
low complexity; with this caveat, counting still works well in the “strong fragments” ¥ for
k > 1 (where we can count Ag(Xy)-definable sets), down to the theory IAg 4+ EXP, where we
can count Ag(exp)-definable sets. Perhaps the best way to think about it is that a very weak
fragment of bounded arithmetic (PVy, or even VTC?) has a well-behaved definition of counting
for sets explicitly encoded as sequences of elements, and then strong fragments of arithmetic
prove bounded comprehension principles that ensure that a bounded definable set of suitable
complexity can be arranged into a sequence: A+ EXP proves this form of comprehension for
Ap(exp) sets, and X proves comprehension for ¥ (and consequently, Ag(X)) sets.

However, this set-up essentially requires the presence of exponentiation, as subsets of [0, a)
need more than a bits to encode, which is exponential in the bit-length of a. In fact, there are
good reasons to think that exact counting of, say, polynomial-time bounded sets is not possible
to define in any reasonable way in theories of bounded arithmetic (say, subtheories of Buss’s T5):
if we could define it (in a provably total way) by a ¥; formula, then using Parikh’s theorem,
we could define it by a bounded formula, i.e., E? for some i. Thus, it would belong to the
complexity class F Pl However, counting of polynomial-time sets is #P-complete, and this
class is PH-hard by Toda’s theorem [174]; thus, we would get the collapse of the polynomial-time
hierarchy (and in fact the whole counting hierarchy CH) to A,l;l, which is generally assumed
to be quite unlikely. It fact, it is outright disprovable for often-considered “relativized” variants
of bounded arithmetic with an uninterpreted new predicate. A similar argument applies even
to modular counting, i.e., determination of |X| modulo a fixed constant m.

This leaves open the possibility that bounded arithmetic can define an approximation of | X|,
up to a polynomially small error . Here, we may consider either additive error, i.e., we want
to compute s such that | X| —ea < s < |X]| + €a, where X C [0, a), or multiplicative error, in



10

which case we want s such that | X|(1—¢) < s < |X|(1+¢). (Counting with multiplicative error
is more precise than with additive error, especially when X is rather sparse.) It is known that
approximate counting can be accomplished within the polynomial-time hierarchy, hence there
is no a priori complexity obstacle to formalization in bounded arithmetic.

The pigeonhole principle PHPT(f) asserts that a function f: [0,a 4+ 1) — [0,a) cannot
be injective. This amounts to a “passive” form of (exact) counting: the most natural way of
witnessing that a bounded set X has size s is to provide a bijection X — [0, s); while PHP
does not (at least in an obvious way) imply that such bijections exist, it ensures that if they
exist for a given X, then s is unique. In a similar way, a passive form of approximate counting
is provided by the weak pigeonhole principle PHPZ(f) where b is much larger than a. (The
exact meaning of “much” depends on the context. Common choices include b = a? or b = 2a;
below, we will take b = a(1 + 1/|a|), which corresponds to counting with polynomially small
error € &~ 1/|a|. That is, if ® is a class of definable functions, WPHP(®) denotes the schema
Va PEPIT 1) for f e @)

In bounded arithmetic, PHP is as intractable as other forms of exact counting; in particular,
the relativized theory T5(a) does not prove PHP(«) [3, 24]. But crucially, it does prove the weak
pigeonhole principle, as shown by Paris, Wilkie, and Woods [146]; more precisely, T: 2”1((1) F
WPHP(X!(a)) for i > 1 by Maciel, Pitassi, and Woods [125]. This already shows that bounded
arithmetic is capable of approximate counting to some extent. Besides being an interesting
principle in its own right, WPHP can be used to simulate certain counting arguments in 75:
the very reason it was introduced in [146] was to prove the unboundedness of primes, and for
another important example, Pudldk [152] used it to prove Ramsey’s theorem.

Although it may look less intuitive at first sight, the surjective (or dual) weak pigeon-
hole principle happens to be more useful for formalization of counting arguments in bounded
arithmetic than the usual injective principle: for a < b, sSPHP{(f) says that f: [0,a) — [0,b)
cannot be onto, and sWPHP(®) denotes Va sPHPg,, for cach f € ®. We are partic-
ularly interested in the case of ® being the set of all PV-functions. By [125], we still have
T2 - sWPHP(PV), and more generally, Tg“ F sWPHP(X?) for i > 1. From now, we will de-
note the original injective form of the weak pigeonhole principle as i WPHP rather than WPHP
to distinguish it from sWPHP.

The basic idea of emulating counting arguments by iWPHP is that we witness |X| < s by
providing an injective function (efficient, say, computable in polynomial time or by polynomial-
size circuits) X — [0, s), whereas if we work with sWPHP, we use a surjection [0,s) — X. It
turns out that such counting surjections are easier to construct and manipulate than injections!.

Another reason suggesting a close connection of sWPHP to counting or probabilistic argu-
ments is Wilkie’s witnessing theorem (first published in Krajicek [116]): the ¥¥% consequences of
S1+sWPHP(PV) can be witnessed in randomized polynomial time (equivalently, the NP-search
problems provably total in S3 + sWPHP(PV) are included in TFZPP). The basic intuition for

1A similar phenomenon occurs in set theory without the axiom of choice, where comparing cardinalities by
existence of surjections sometimes works in a more robust way than with injections: e.g., the most natural
definition of inaccessible cardinals in ZF renders x being strong limit as “there is no surjection from V, to x for
any o < k7 [32, 167].
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this result is that if we are given a poly-time function f: [0,a) — [0,b) with b > a, we can find
an element outside the range of f with high probability by considering a random element of
[0,0).

In contrast, witnessing i WPHP(PV') is computationally hard: e.g., it is at least as hard as
integer factoring [95]. Strictly speaking, sWPHP(PV') and iWPHP(PV') are (presumably) in-
comparable; nevertheless, sWPHP(PV) is weaker than i WPHP(PV) in that Si +sWPHP(PV)
is V¥¢-conservative over Si + iWPHP(PV). More precisely, the VX} consequences of S3 +
sWPHP(PV) are axiomatized by PV; + rWPHP(PV'), where the retraction-pair weak pigeon-
hole principle rWPHP(PV') asserts that it is impossible for two PV-functions f: [0,a) — [0,0)
and g: [0,b) — [0,a) to satisfy fog =idjy) if b>> a [172, 93]. Clearly, rWPHP is implied by
iWPHP.

As we already mentioned, some counting arguments were formalized in bounded arithmetic
using variants of WPHP for example in [146, 152]. Both papers rely on ingenious (and, at least
in the case of [146], quite complicated) constructions of counting functions designed ad hoc to
make the arguments go through. They do not give any suggestions how to turn this into a
general method; as a case in point, the tournament principle (due to Erdés [77]) can be proved
by a simple counting argument quite similar to a proof of Ramsey’s theorem, but it stood open
for a long time whether it can be proved in a bounded arithmetic (this problem, along with
a certain generalization relevant to relating the collapse of Buss’s hierarchy to the collapse of
the polynomial-time hierarchy, originated in Krajicek, Pudldk, and Takeuti [121]; it was stated
explicitly in Clote and Krajicek [55]).

The main goal of Chapters I and II is to develop a systematic framework for formalization
of approximate counting and probabilistic arguments in bounded arithmetic using sWPHP,
including a toolbox of basic facts.

Chapter I (originally [96]) is devoted to approximate counting with additive error, working
in the theory PVi + sWPHP(PV), also called APC) in [45]. (It partially builds on [93], which
is however not included in this dissertation.) The basic idea is that if X,Y C [0,2") are sets
defined by Boolean circuits (or equivalently, by PV -functions with parameters), we witness that
|X| < |Y| by the existence of a circuit that computes a surjection Y — X, but we weaken it in
two ways to make it much easier to construct such circuits: first, we actually consider surjections
Y x [0,v) - X x [0,v) for some v > 0, and second, instead of Y, we take its disjoint union
with [0,£2™) for some rational e > 0. We denote the resulting concept by X <. Y, spelled out
as the size of X is approximately less than the size of Y with error . We also write X =, Y if
X <YandY <, X.

The crucial result that makes this definition well behaved is that PV; +sWPHP(PV') proves
that any set “has a size”: that is, given X C [0,2") as above, and ¢ at least inverse polynomial
in n (or more generally, in a length of something), there exists s < 2" such that X =~ [0, s). (The
witnessing surjections also have inverse injections computable by small circuits.) This is shown
by formalization of the analysis of the Nisan-Wigderson pseudorandom generator [135]: supplied
with the truth-table of a sufficiently hard Boolean function (whose non-uniform existence follows
from sWPHP(PV')), the NW generator can compute the approximate size s by sampling X, and
the proof of “correctness” of this estimate can be turned into a construction of the witnessing



12

counting functions.

Besides basic consequences of the definition (such as monotonicity), we show that it behaves
in the expected way with respect to disjoint unions and Cartesian products (the latter generalizes
to a formalization of the averaging principle: if Pryex yev [P(z,y)] > p, there exists z € X such
that Prycy [P(z,y)] > p). For more sophisticated counting arguments, we prove a form of the
inclusion—exclusion principle and a Chernoff-Hoeffding bound.

In the second half of Chapter I, we apply this machinery to develop the theory of various
randomized complezity classes in PV1+sWPHP(PV): specifically, we look at the classes of FRP
and TFRP search problems, BPP languages and promise problems, APP real-valued functions
(introduced by Kabanets, Rackoff, and Cook [111]), MA languages and promise problems,
and—upgrading the theory by one level of the hierarchy to Ty + sWPHP(PVa)—the classes
of AM languages and promise problems. For each class, we indicate how to formally define
algorithms from the class in bounded arithmetic using the approximate counting framework,
and we prove basic properties of the class in the theory, such as amplification of the success
probability, simulation of randomness by nonuniformity, and standard inclusions between the
classes. (Along the way, we solve an open problem from [111] on the recursive enumerability
of APP, and find a proof of success amplification for APP which is much simpler than the
original one as given in [111].)

We now turn to Chapter II (originally published as [98]), devoted to approximate counting
with multiplicative error. In contrast to Chapter I, we work in the theory Ty + sWPHP(PV3)
(called APCy in [45]), which is up one level of the hierarchy from PV;+sWPHP(PV'). The basic
idea is taken from Sipser’s coding lemma [166], which employs a universal family of hashing
functions (specifically, Fo-linear functions, represented by matrices) to distinguish sets X of size
< s from sets of size Q(slogs). We consider here bounded sets X definable by ¥%-formulas
(i.e., NP/poly). In order to get the error down to es for a polynomially small e, we apply
Sipser’s definition to a suitable Cartesian power X¢ in place of X itself; we write X =. s for
the resulting notion (note the difference from =.). The key result is that, up to relative error e,
X = s is equivalent to the existence of PVa-surjections s¢ — X¢ for some ¢: we prove this in
T21 + sWPHP(PV3) by formalization of Sipser’s lemma, using the machinery from Chapter I for
probabilistic reasoning.

Again, we provide a toolbox showing that the definition of X =, s interacts in the expected
way with finite unions, Cartesian products, and more generally, unions of parameterized families,
i.e., averaging principles. (Due to the asymmetry of the X 3. s relation, all these results need
to have upper bound and lower bound versions, rather different from each other.) We also
prove that any bounded Zl{—deﬁnable X has an “almost bijective” increasing enumeration by a
PV,-function, in a suitable sense.

As applications, we show how the general framework can be used to formalize various count-
ing arguments in combinatorics and complexity theory. We prove Ramsey’s theorem (using a
much simpler proof than Pudlék [152]) and the tournament principle (solving the open problem
from [55]). In fact, we prove a multi-dimensional generalization of the tournament principle
with several applications. First, we use it to directly formalize in bounded arithmetic the ar-
gument from [121] relating collapse of the T3 hierarchy to collapse of PH, which improves the
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previously known results in this area [121, 39, 182, 67]: specifically, we show that if T4 = Sé“,
then T3 = T5 proves that £% = B(X?, ;) C A, /poly and X% C ¢ ,/O(1). Second, even
in the two-dimensional case, our generalized tournament principle applies to arbitrary directed
graphs rather than just tournaments; we use this to formalize in T} + sWPHP(PV3) the result
SP € ZPPNF due to Cai [47]. We also use our approximate counting machinery to prove that
any interval in a model of 75 admits a nontrivial approximate Euler characteristic in the sense
of Krajicek [118], and we prove in T} + sWPHP(PV5) that graph isomorphism is in coAM.

Let us mention some follow-up work. Buss, Kolodziejczyk, and Thapen [45], besides intro-
ducing the names APCj and APC; for the theories PVi+sWPHP(PV) and Ty +sWPHP(PV5),
prove VX%-separations of several fragments of APCy from APCs itself and from 7% in the rel-
ativized setting. (One case they left open was solved by Atserias and Thapen [15].) The
separations are based on the fact that (using the approximate counting machinery and the
tournament principle) APCs proves the ordering principle, which states that any partial order
on a nonempty bounded domain has a minimal element.

Using our approximate counting, Buss, Kolodziejczyk, and Zdanowski [46] formalize Toda’s
theorem on the collapse of Mod, PH to BP - @©,P in bounded arithmetic relativized with a ©,P
oracle, specifically showing that APC’g9 o 2(@pP). Using the Paris-Wilkie translation, they
obtain a collapse for propositional proof systems: the constant-depth Frege system with @,
gates is quasipolynomially simulated by its depth 3 fragment (using /\ of &, of polylogarithmic
N\ of literals). We recall that proving superpolynomial lower bounds for constant-depth Frege
with @, gates is one of the longest-standing open problems in proof complexity.

Pich [150] formalizes the exponential PCP theorem in A PC} using our approximate counting,
and proceeds to prove the full PCP theorem (scaled logarithmically down, whence the weaker
theory) in PV;. Miller and Pich [129] employ approximate counting to formalize in APC)
several prominent super-polynomial circuit lower bounds: AC? lower bounds for PARITY, AC?[p]
lower bounds for MoD,, and monotone lower bounds for CLIQUE. They also formalize the
Razborov-Rudich [157] theorem on natural proofs.

2.2 Abelian groups, quadratic residues, and factoring

Chapter III (originally published as [99]) is devoted to a formalization of several inter-related
problems from modular arithmetic, elementary number theory, and algebra in suitable fragments
of bounded arithmetic. As a follow-up, some of these results are used in Chapter IV (originally
published as [105]) to draw consequences in pure computational complexity that are not a priori
connected to bounded arithmetic, specifically about the complexity of integer factoring.

The first motivating problem (still unresolved) for Chapter III is whether some fragment
of bounded arithmetic T proves Fermat’s little theorem (FLT): a? = a (mod p) for all a and
prime p. This is a basic principle of modular arithmetic which admits a number of simple
elementary proofs (to name a few, using Lagrange’s theorem, by counting necklaces, or by
induction on a using the binomial theorem), nevertheless all seem to require exact counting or
exponential-size sums or objects, and as such resist formalization in bounded arithmetic. On
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the other hand, there is no evidence that it is hard for bounded arithmetic?. We mention that,
as shown in [93], a natural formalization of the Rabin—Miller coRP primality testing algorithm
in APC) using approximate counting has the property that its correctness is provably equivalent
to FLT (in other words, APCj proves that Va (O <a<p-—a~! =1 (mod p)) is a coRP
predicate of p).

More generally, we may ask about the structure of the multiplicative groups I’ for prime p.
FLT asserts that these groups have exponent p — 1. Another important property is that these
groups are cyclic, which is expressed by the formula 39 < pVa (0 <a<p— Jug" =a
(mod p)) Like FLT, it is an open problem whether the cyclicity of IF;; for all primes p is provable
in Ty. Cyclicity and FLT together are equivalent over S3 + iWPHP(PV) to the statement that
primes have Pratt’s primality certificates (while the theory unconditionally proves the converse),
making primality E?.

Another elementary principle related to FLT is Euler’s criterion, stating that

(a) =P V/2 (mod p)

p

a

for all @ and odd primes p, where (5) or (alp) denotes the Legendre symbol

1 if pfa and a is a quadratic residue modulo p,
(a) =4 —1 if pfa and a is a quadratic nonresidue modulo p,
0 ifp|a.
Clearly, Euler’s criterion implies FLT, and we may ask how much stronger (if at all) it is. This

brings us to properties of quadratic residues and of the Legendre symbol. The most fundamental
properties of the Legendre symbol are its multiplicativity

()G)= ()

(which is implied by Euler’s criterion), and the celebrated quadratic reciprocity theorem (QRT)

(-

for odd primes p # ¢, together with the supplementary laws

<—p1> (<)o),

(;) = (—1)@*-1/8,

*Krajicek and Pudldk [120] show that FLT is not provable in S3 if RSA is secure against polynomial-time

attacks, and Thapen [171] points out the same applies to APC; assuming security of RSA against randomized
polynomial time. In fact, it follows from [93] that the weaker assumption that factoring is not possible in
randomized polynomial time suffices. However, all these results are misleading in that they actually show the
unprovability of the much weaker statement that any a not divisible by a prime p has a finite order mod p. This
is a consequence of FLT, but it is also provable in S3 4+ iWPHP(PV); thus, the results really show the conditional
independence of iWPHP(PV') from APC) (which is also mentioned in [95]), and do not say anything about the
provability of FLT in Ts, or even in S5 + iWPHP(PV).
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These properties also imply the corresponding statements for the Jacobi symbol (a|n), which
extends the Legendre symbol to all odd n > 0 such that it is completely multiplicative in n; one
consequence is that it leads to simple polynomial-time algorithms (similar to the Euclidean or
binary GCD algorithms) for computing the Jacobi, and therefore Legendre, symbol.

QRT was originally proved by Gauss (who found no less than eight proofs in his lifetime),
and until today, well over 300 proofs (not all essentially different, of course) were published
by various authors; see Lemmermeyer [123] for the history. In the context of weak theories
of arithmetic, Cornaros [70] proved QRT in I€? (a fragment of arithmetic with induction for
LinSpace predicates), and Berarducci and Intrigila [29] proved the supplementary laws in TA
extended with modular counting principles. (They also proved multiplicativity of the Legendre
symbol in IAg + WPHP(Ay); their proof works in PV; + iWPHP(PV), too.) D’Aquino and
Macintyre [73, 74] developed the basic theory of quadratic forms in IAg + ©; with a vision of
eventually formalizing a proof of QRT along the lines of Gauss’s second proof, but so far this
did not materialize.

We tackle the problems introduced above in Chapter III in the following ways. As a first
step towards clarifying the structure of the multiplicative groups F,’ of prime fields, we look
at the structure of arbitrary finite abelian groups (more precisely, E’{—deﬁnable groups with a
bounded domain): we prove the fundamental theorem that any such group is a direct sum of
(essentially unique) cyclic groups of prime power order in the theory 522 + +WPHP (Elf); if the
group operation is defined by a PV-function, S3 + iWPHP(PV) is enough.

It is a basic observation that i WPHP implies that any element of a finite abelian group has
a finite order, from which it easily follows that any finite abelian group is a direct sum of its
p-primary components (this is already noted by D’Aquino and Macintyre [72] for IAg+€;). On
the other hand, 522 (the Eg—LMAX principle) implies the existence of maximal independent sets
in finite structures such as modules, as long as they are a priori of logarithmic size: e.g., this
shows in the presence of iWPHP (which gives the logarithmic bound) that any finite F)-linear
space has a basis, as noted by Riis [160]. Usually, proofs of the fundamental theorem for finite
abelian groups proceed by first establishing the decomposition to primary components, and
then proving the theorem for p-groups by induction on |G| (passing from G to its subgroups or
quotients). It’s not immediately clear how to set up such inductive arguments so that we do not
need to quantify over exponentially large objects (all groups of a given size; recall that the size
is given in “binary”, thus our groups are too large to be represented by a multiplication table).
We manage to overcome this issue by finding a more direct proof, generalizing the maximal
independent set argument to show the existence of a “basis” of any finite abelian group, again
using iWPHP to get a logarithmic size bound.

Returning to Fermat’s little theorem, if p is a prime, then I is a group with domain [1, p);
i< C(p;") (defined by a
PV-function) for some sequence (p;’ : i < k) of prime powers. Here, G is a group with domain
[0,a) where a = [[;p;*, and it has exponent a, thus so does F). The FLT would follow if
a = p — 1. The weak pigeonhole principle applied to f ensures that a =~ p, and we know that a

by the structure theorem, there is an isomorphism f: F; — G = &b

is even, but other than that, it seems quite difficult to rule out that, say, a = p+1, in which case
the FLT spectacularly fails. Thus, we only obtain a proof of FLT if we add to S3 +iWPHP(PV)
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the strong pigeonhole principle PHP(PV'), which is likely not provable in T5. All in all, this
argument seems to suggest that FLT is not provable in T3, but the evidence is very weak.

Concerning the cyclicity of F), the structure theorem implies (over S5+ iWPHP(PV)) that
it is equivalent to there not being too many gth roots of unity in F, for any prime ¢ # p. More
precisely, we obtain an interesting dichotomy: either IF is cyclic, and for any prime ¢ # p, [0, q)
PV-surjects onto {z € F, : 29 = 1}; or F; is not cyclic, and there exists a prime ¢ # p such
that [0,¢%) PV-injects into {x € F, : 29 = 1}. (Both functions also have suitable PV inverses.)
Thus, one way to prove the cyclicity of F; in bounded arithmetic might be to formalize the
principle that a degree-q sparse polynomial (here, 27 — 1) may only have at most ¢ roots in a
finite field, in the sense of approximate counting. Usual proofs of this fact require the existence
of exponentially large objects (e.g., a proof by induction on the degree of the polynomial would
need the induction hypothesis to apply to non-sparse polynomials as well), but there is a distinct
possibility that this can be circumvented somehow.

Next, we look at Euler’s criterion. We first show that the Legendre symbol (—|p) is multi-
plicative whenever IF ¢ is a torsion group (this improves the result of Berarducci and Intrigila [29]
on its being provable from iWPHP(PV)). We use this to show that Euler’s criterion is equiv-

alent over S3 to the conjunction of FLT with the statement Jaa®~1/2 = —1 (mod p). In
particular, Euler’s criterion is provable in S5 + iWPHP(PV) + PHP(PV). We also observe
that, assuming FLT, the assertion Ja aP~1/2 = —1 (mod p) amounts to the sparse polynomial

2(P~1/2 _1 having less than p— 1 roots, hence we are in a similar situation as with the cyclicity
of F.

The last section of Chapter III is devoted to quadratic reciprocity. Our starting point is
the observation that elementary proofs of QRT often distinctly involve some form of counting
modulo 2 (e.g., proofs based on Gauss’s or Zolotarev’s lemmas, or Eisenstein’s proof); in the
context of arithmetic, as we already mentioned, Berarducci and Intrigila used counting modulo
4 and 8 (in the form of so-called equipartition principles) to prove the supplementary laws.
Since modular counting (much like exact counting) is not available in T3, this suggests that we
should look at some extension of bounded arithmetic, but that perhaps some form of counting
principles mod 2 is all we need. The weakest modular counting principle we thought of expresses
that we cannot partition an odd-size domain [0,2a + 1) into a disjoint union of two-element
sets, where the partition is represented in a very explicit way by a PV-function f that maps
each element to its partner. In other words, f is a fixpoint-free involution. Thus, our counting
principle County(PV') states that every involution on [0,2a + 1) defined by a PV-function has
a fixpoint. Interestingly, this principle was used outside the formalism of bounded arithmetic
in slick proofs of Fermat’s theorem on sums of two squares (related to the first supplementary
law of QRT) by Heath-Brown [89] and Zagier [181].

We find a short proof of QRT (as well as the supplementary laws, and multiplicativity of
the Legendre symbol) using only simple manipulations of involutions, which can be formalized
in PVj + Counto(PV) or IAg + Counta(Ag) (more precisely, IE; + Counta(V1)). The proof is
loosely based on Gauss’s third proof, but we replace the key Gauss’s lemma by a formulation
with explicit involutions. Strengthening the base theory from PV;j to Si, we can also prove
the corresponding statements about the Jacobi symbol, leading to its being polynomial-time
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computable (i.e., equivalent to a PV -function).

This brings us to Chapter IV, which is devoted to the computational complexity of integer
factoring, and the closely related problem of computing modular square roots. Factoring is
one of the most fundamental problems in mathematical computation, going back to classical
antiquity. In modern times, it has significant applications in cryptography. In particular, various
cryptographic protocols rely on the computational hardness of factoring: it is generally assumed
it has no deterministic or randomized algorithms running faster than in exponential time (with
polynomial exponent); the best currently known general-purpose factoring algorithm (GNFS)
has running time 20("*) Tt also has an efficient quantum algorithm.

Factoring is closely related to the problem of computing square roots modulo a given integer.
There are randomized poly-time algorithms for computation of square roots modulo primes;
using Hensel’s lifting and the Chinese remainder theorem, this gives a randomized reduction of
square roots with general moduli to factoring. One can also give randomized reductions in the
opposite direction.

When formulated as a decision problem, factoring sits somewhere inside NP N coNP (more
precisely, UP N coUP) and in BQP. However, here we study the complexity of factoring as a
total NP-search problem, which is arguably a more natural setting than as a decision problem.
The influential paper by Papadimitriou [140] introduced several classes of NP-search problems
(subclasses of TFNP) that are based on “combinatorial proofs” of totality: in particular, he
defined a class PPP corresponding to the (injective) pigeonhole principle, and several classes
based on “parity arguments”—we are interested here in the class PPA, whose defining complete
problem is, given a circuit representing an undirected graph of degree 2, and a vertex of degree 1,
find another such vertex. Papadimitriou posed the question whether FACTORING belongs to
some of his classes. The first progress on this problem was made by Buresh-Oppenheim [35],
who proved that factoring of integers of a certain special form is in PPA, and has a randomized
reduction to a PPP problem.

We prove in Chapter IV that the general FACTORING problem has a randomized reduction to
a PPA problem, and to a problem in the subclass PWPP of PPP corresponding to iWPHP. We
can derandomize the reductions under the assumption of the Riemann hypothesis for quadratic
Dirichlet L-functions. Moreover, we prove unconditionally that PPA contains the problems
of computing modular square roots, and finding square nonresidues (the latter problem is not
really hard, as it can be done in randomized polynomial time; however, an efficient determin-
istic algorithm is not even known modulo primes, hence a deterministic reduction to PPA is
nontrivial).

Our basic strategy is to apply a witnessing theorem to the results of Chapter III on
provability of the quadratic reciprocity theorem. First, it is easy to show that the theory
S1 + Counta(PV) corresponds to PPA, in the sense that NP-search problems witnessing its
VEI{ consequences are in PPA (the Counts principle is virtually identical to an alternative PPA-
complete problem LONELY from Beame et al. [23]). Since the theory proves that the Jacobi
symbol (a|n) is computable by a PV-function, say .J(a,n), it also proves the VX! sentence ex-
pressing “if J(a,n) = 1, then a is a quadratic residue mod n, unless n is composite”. Thus,
PPA contains the following problem FACROOT: given a,n such that (a|n) = 1, find a square
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root of @ mod n, or a proper divisor of n.

In order to make the original paper self-contained and accessible to an audience of complexity
researchers not necessarily familiar with bounded arithmetic, we include a direct combinatorial
proof of FACROOT € PPA. Its main part is a rather complicated dynamic programming algo-
rithm. We believe the bounded arithmetic proof is much more transparent; this seems to be a
not-so-common case where witnessing applied to a bounded arithmetic proof yields a genuinely
new algorithm (the more usual situation is that one needs to know an algorithm in the first place
before formalizing a result in bounded arithmetic; the typical use case for witnessing theorems
is to show unprovability in arithmetical theories).

Now, to reduce FACTORING to FACROOT, it suffices to choose a at random: we show easily
that if n is odd and not a prime power, then with a probability > 1/4, we have (a|n) = 1, but
a is not a quadratic residue, hence FACROOT(a,n) must split n. On the other hand, we can
show that FACROOT can be used (deterministically) to compute square roots mod n. While
our reduction of general factoring to PPA is randomized, we exhibit a class of special cases
of factoring that are deterministically in PPA; this generalizes the original result of Buresh-
Oppenheim.

The reduction of FACTORING to PWPP we also include is based on the proof of multiplica-
tivity of the Legendre symbol in PVj +iWPHP(PV'), which gives the following search problem:
given odd n and a,b, compute a square root of one of a, b, or ab modulo n, or split n. Again,
this leads to a factoring algorithm just by choosing a and b at random.

2.3 Sorting networks and monotone sequent calculus

The material in Chapters V and VI (originally published as [100, 101]) is primarily motivated
by a problem from propositional proof complexity. As we already mentioned, one of the most
fundamental proof systems is the Frege system. This system is quite robust in that it can be
presented in a variety of ways which turn out all to be p-equivalent: as a system operating
with formulas (over any finite functionally complete set of connectives whose choice does not
matter) that allows derivation by means of a finite set of schematic axioms and rules (whose
choice does not matter as long as they are sound and implicationally complete), as a natural
deduction system (again, using a finite complete set of schematic rules), or as a Gentzen-style
sequent calculus LK. Tt also does not matter whether proofs are required to be tree-like, or
allowed to be dag-like (i.e., sequences).

An interesting variant of the sequent calculus is the monotone sequent calculus MLK (intro-
duced by Pudldk [153]): it operates with two-sided sequents that only use monotone formulas,
i.e., formulas using the connectives A, V, L, and T (but not = or —); the calculus includes the
usual derivation rules of the sequent calculus (including the cut rule) pertaining to the restricted
language. There is a simple tautologicity-preserving reduction from arbitrary Boolean formulas
(or sequents) to monotone sequents, showing the latter to be coNP-complete, and justifying the
role of MLK as a fully fledged propositional proof system. A natural question to ask (dubbed
the Think Positively Conjecture by Atserias [12]) is whether MLK is p-equivalent to the usual
sequent calculus LK, in the sense that given an LK proof of a monotone sequent, we can con-
struct its MLK proof in polynomial time. MLK is also included in the intuitionistic sequent
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calculus LJ, and we can similarly ask if LJ p-simulates LK for monotone sequents.

A part of the original motivation for studying MLK was that, unlike general circuits, we
know exponential lower bounds on the size of monotone circuits for explicit natural problems,
which suggests that perhaps we could prove unconditional exponential lower bounds on the
size of MLK proofs, separating it from LK. However, it soon turned out that MLK is quite
close to LK: first, Atserias, Galesi, and Gavalda [13] proved that MLK has quasipolynomial
proofs of the pigeonhole principle, and then Atserias, Galesi, and Pudlék [14] proved that in
general, MLK (and therefore LJ) quasipolynomially simulates LK for all monotone sequents.
A question remained whether we can improve this simulation to polynomial.

For LJ, the question was resolved by Jefdabek [97], who presented a simple p-simulation of
LK-proofs of monotone sequents in L.J.

For MLK itself, the basic idea of [14] was to use the monotone threshold (slice) functions

1 if’{i<n:xi:1}‘2k‘,

0 otherwise.

0?(560, e ,xn_l) = {

In particular, if we assume that exactly k of the variables xg, ..., x,_1 are true, we can express
—x; by the monotone function 6} (xo,...,2;—1, L, Zir1,...,Tn—1), which can be used to make
formulas in a proof monotone. There is a straightforward construction of quasipolynomial-size
monotone formulas for 67, and this allowed [14] to prove a quasipolynomial simulation of LK
by MLK. They observed that if we could find a polynomial construction of monotone formulas
for 07 such that certain basic properties of these formulas have polynomial MLK proofs, we
would obtain a polynomial simulation of LK by MLK. But surprisingly, they also showed
that the same conclusion holds if we only assume that the properties of 6} have polynomial
LK proofs, using a sort of boot-strapping argument.

Polynomial-size monotone formulas for 6} do, in fact, exist: first, Ajtai, Komlés, and Sze-
merédi [5, 4] proved that there are sorting networks of depth O(logn), which also gives monotone
formulas of depth O(logn) for 6}, and second, Valiant [175] gave a simple probabilistic con-
struction of such formulas. However, in both cases it’s quite unclear how to prove properties of
the formulas efficiently in LK: Valiant’s construction is randomized, hence it does not even give
a uniformly constructible sequence of ¢}’ formulas, and gives no handle how to reason about
such formulas in LK; the Ajtai-Komlos—Szemerédi (AKS) sorting network is explicit, but it is
immensely complicated, hence proving the relevant properties in LK is a major undertaking,
and it relies on an expander graph construction, whose formalization is a separate difficult issue
on its own.

The goal of Chapters V and VI is to formalize the AKS sorting network proper (i.e., minus
the expander construction) in a suitable theory of bounded arithmetic, which then yields mono-
tone 0} formulas whose defining properties have polytime-constructible LK proofs by means
of propositional translation of bounded arithmetic, modulo an assumption that the theory can
prove the existence of the necessary expanders.

The most natural theory that translates to LK (Frege) is VNC'! of Cook and Morioka [61],
which is a basic theory corresponding to fully uniform NC! (i.e., Ug-uniform N C! in the ter-
minology of Ruzzo [162], or equivalently, ALOGTIME); in particular, its provably total X-



20

definable functions are exactly the uniform NC! functions. As such, the theory can prove that
we can evaluate O(logn)-depth (bounded fan-in) Boolean circuits that are presented by their ez-
tended connection language (ecl) (as defined in [162]). Unfortunately, the intricate construction
of the AKS network, where elements are shuffled around by means of expanders in hard-to-
predict paths, does not seem to lend itself to an efficient description of the extended connection
language; we only have the direct connection language (dcl) available. This precludes formal-
ization in VNC!, as evaluation of O(logn)-depth circuits presented by their dcl is (likely) not
computable in uniform NC!.

In order to solve this problem, we have to find a suitable theory extending VNC! where the
formalization can go through, but such that it still translates to polynomial-size Frege proofs.
This is the purpose of Chapter V. We introduce a theory VNCL, axiomatized using a derivation
rule that ensures that we can evaluate any O(logn)-depth circuit whose dcl is definable by a
formula without second-order parameters which is VN Ci—provably Ajlg . We also consider its
universal conservative extension VNC1, whose terms correspond to the Ef—deﬁnable functions
of VNCL. We develop both theories and establish their basic properties. In particular, we show
that the provably total computable functions of VNC! form a class that includes fully uniform
NC! functions, and is included among L-uniform NC! functions; we prove that VNC': +3xnB-AC
is V3XB-conservative over VN CL; and crucially, we establish that propositional translations of
VZ% theorems of VNC! (even in the richer language of VNC}) have L-uniform polynomial-size
LK proofs.

In Chapter VI, we proceed to formalize the AKS sorting network in VNCL. Our argument
is actually based on the somewhat simplified construction of Paterson [148] rather than the
original network from [5, 4]; we modified some inessential details to facilitate the formalization,
and we stream-lined the presentation. The whole formalization is done under an assumption
(left to future work) that VNC?! can prove the existence of suitable expander graphs.

We then apply translation of bounded arithmetic to propositional logic: the VNC'-function
that defines the AKS network translates to an L-uniform sequence of monotone O(logn)-depth
formulas for the ¢} functions, and our VN CL proof that the network correctly sorts translates
to L-uniform Frege proofs establishing the defining properties of the 6;' formulas. Thus, all in
all, we obtain a proof that MLK polynomially simulates LK on monotone sequents (the Think
Positively Conjecture), modulo our assumption on the existence of expanders in VNC'1.

This assumption was subsequently proved (even in the weaker theory VNC 1) by Buss, Ka-
banets, Kolokolova, and Koucky [44], hence the polynomial simulation of LK by MLK is now
fully settled. (A rudimentary form of some of their results [114] circulated already before our
work here.) By results of Jetdbek [102], this also extends to a p-simulation of LK (on arbitrary
sequents) by the proof system MCLK which allows arbitrary sequents in the proof, but re-
stricts the cut rule to monotone cut formulas (thus, MCLK coincides with MLK when proving
monotone sequents).

We mention that it remains an open problem if tree-like MLK p-simulates MLK (or equiv-
alently, if tree-like MCLK p-simulates LK).
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2.4 Induction in TC? theories and root finding

The last two chapters of this dissertation investigate the power of theories of bounded arithmetic
corresponding to (DLOGTIME-uniform) TC®. First, TC® is not just a random complexity
class, but it has fundamental significance as describing the complexity of elementary arithmetic
operations. The basic integer operations +, —, -, /, and the < relation, are computable in TCY;
while +, —, and < are even in the subclass AC? C TCY, the operations - and / are TCP-
complete under AC? Turing reductions. We can also compute in TCP iterated addition Y ien Xi

and iterated multiplication [[,_, X;; apart from integers, we can also do the corresponding

<n
operations in rationals, Gaussian rationals Q(), or number fields, as well as other structures such
as polynomial rings. Using iterated addition and multiplication, we can compute approximations
of analytic functions given by sufficiently nice power series, such as sin, arctan, exp, or log.

It is worth pointing out that the TC%-computability of integer division and iterated mul-
tiplication (and other above-mentioned functions that depend on these) is a quite nontrivial
result of Hesse, Allender, and Barrington [90] (building on Beame, Cook, and Hoover [25], who
showed that these problems are reducible to each other, and are in P-uniform TC, and Chiu,
Davida, and Litow [52], who proved they are in L-uniform TCY).

The basic theory of bounded arithmetic corresponding to TCY is the Zambella-style two-
sorted theory VTC? introduced by Nguyen and Cook [133]. We may interpret provability in
VTCY as a formalization of feasible reasoning about elementary arithmetic operations +, -, <:
what can we prove about them while only referring to concepts that do not exceed their com-
plexity? (Note that we are concerned here with operations on binary integers, i.e., the second
sort of VTCY; operations on unary integers have much lower complexity.) More precisely, we ask
what sentences in the basic language of arithmetic {+, -, <} are provable in VT'C? if we interpret
them over the binary integer sort. (This is a particular case of the RSUV isomorphism.)

We are particularly interested if VT'C° proves any nontrivial instances of induction for
binary integers. (Of course, VT'C? includes Y P-induction for unary integers, but a priori it
does not seem to prove any induction on the second sort.) The specific question we tackle
in Chapters VII and VIII is whether VT'C? (or some extension thereof that still corresponds
to TCO) proves open (i.e., quantifier-free) induction, that is, the RSUV -translation of the theory
IOpen introduced by Shepherdson [164].

We first observe that the provability of IOpen in VTCY, even extended with arbitrary true
universal (i.e., VXF) sentences, has nontrivial computational consequences: if f(X) is any poly-
nomial (with integer or rational coefficients given by second-sort parameters), induction for the
formula f(X) < 0 is a YXP statement, where the witness to the existential quantifier solves the
following search problem: given a (fixed-degree) polynomial f and an integer X > 0 such that
f(0) <0< f(X), find an integer Y < X such that f(Y) <0 < f(Y +1). Thus, if this instance
of induction is provable in VTC® + Thvzg‘ (N), the corresponding search problem is computable
by a TC? function. We can then easily manipulate it to obtain, for each constant d, a TC? root
approximation algorithm for degree-d univariate polynomials: given such a polynomial f and a
rational € > 0, compute rational approximations within additive error e of all real roots of f,
or even Gaussian rational approximations of all complex roots of f. (One can show that this
is, in fact, equivalent to provability of IOpen in VTCY + Thvzg (N).)
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Another way to look at it is to consider Shepherdson’s criterion stating that (the non-
negative part of) a discretely ordered ring D satisfies IOpen iff D is an integer part of a real-
closed field, specifically of the real closure of (the fraction field of) D. Here, an integer part of
a real-closed field R is a discrete subring D C R such that every element of R is within distance
1 of D. Since elements of the real closure rcl(D) are just the “real” roots of polynomials from
D[X], this says that such roots can be arbitrarily well approximated in the fraction field of D,
and witnessing functions for V3 statements expressing this property amount to constant-degree
root approximation algorithms.

We tackle the computational complexity problem as a first step: in Chapter VII (originally
published as [103]), we prove that TC® degree-d root approximation algorithms exist for any
constant d. The argument uses tools from complex analysis. The basic idea is that if a is “close”
to a root « of a polynomial f, then f has an analytic inverse function g on a neighbourhood
of f(a) including 0, and g(0) = . The coefficients of the power series of g can be determined
by the Lagrange inversion formula (LIF), which makes them TC°-computable, and then g(0)
can be approximated in TCY by computing a partial sum of the power series.

The exact meaning of a being “close” to a can be quantified using the Cauchy integral
formula; the criterion is based on the ratio of |a — «| to the distance from a to the set of
critical points of f (i.e., roots of f’). Using this, and bounds on the roots, we can set up a
polynomial-size set of sample points a (in patterns centred around critical points of f, which
can be approximated by induction on d) such that each root of f is close enough to some sample
point; thus, locally inverting f (as explained above) near all sample points in parallel, we obtain
a TCY algorithm that computes approximations of all roots of f.

The existence of such algorithms implies that the RSUV translation of IOpen is provable
in VTC° + Thvz(l)? (N). The argument does not allow to restrict the usage of true universal
statements to something provable in a reasonable fragment of bounded arithmetic, as it relied
on fancy tools from complex analysis that would be difficult to even formulate, let alone prove,
in bounded arithmetic.

One consequence of our results is that for any algebraic constant «, we can compute the
nth digit of a in TCY given n in unary (hence we can compute it in the counting hierarchy CH
when n is given in binary).

The provability of IOpen (and more) in a mild extension of VTC is demonstrated in
Chapter VIII (originally published as [104]). The reason it does not go through in VTC°
proper is that we need iterated multiplication (and division) all over the place, but formalization
of the Hesse, Allender, and Barrington algorithm is a serious problem in itself that’s mostly
tangential to the question of constant-degree root finding. Thus, we work in the theory VT'C°+
IMUL, where the IMUL axiom is a suitable formalization of the totality of iterated integer
multiplication.

Again, one idea we use is to locally invert polynomials by power series whose coefficients are
given by LIF. We can prove a suitable version of LIF in VT'C®+IMUL by direct manipulation of
multinomial coefficients; in absence of other complex-analytic tools, this allows us to formalize
root approximation for polynomials f such that, roughly speaking, the constant coefficient of f
is very small w.r.t. the remaining coefficients.
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We complement this with a model-theoretic argument based on properties of valued fields.
Any ordered field F', such as the fraction field of a model M of arithmetic, carries a natural
valuation; the completion I of F as a valued field coincides with the Scott completion of F,
which is the largest ordered field extension of F' in which F' is dense. Using Shepherdson’s
criterion, M F IOpen iff F is a real-closed field. By basic properties of valued fields, one can
show that I’ has a real-closed completion iff its value group is divisible, its residue field is real-
closed, and F' is almost henselian (i.e., all proper quotients of its valuation ring are henselian).
In the case of F induced from a model of VT'C° + IMUL, the divisibility of the value group is
easy, and we can arrange the residue field to be R if the model is sufficiently saturated. Crucially,
the condition of F' being almost henselian follows from root approximation of polynomials with
small constant coefficients that we proved earlier using LIF.

In this way, we prove IOpen in VTC? + IMUL. However, we can actually leverage the
argument to get quite a bit more: we can formalize in VT'C° + IMUL a suitable version of a
result of Mantzivis [127] on the structure of sets defined by sharply bounded (2§) formulas, using
root approximation for constant-degree polynomials for the base case of atomic formulas; thus,
VTC + IMUL proves the RSUV translation of induction and minimization for E(b) formulas in
Buss’s language (and even in certain extensions of the language).

We remark that Jefdbek [106] recently succeeded to formalize a suitable version of the
Hesse—Allender-Barrington algorithm in the base TC°-theory VT'C?, showing that VTC® proves
IMUL. Thus, by the results of Chapter VIII, the RSUV translation of Eg-MIN (including
IOpen) is provable in VTCY.
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Chapter 1

Approximate counting in bounded
arithmetic

Abstract

We develop approximate counting of sets definable by Boolean circuits in bounded arith-
metic using the dual weak pigeonhole principle (sWPHP(PV')), as a generalization of results
from [93]. We discuss applications to formalization of randomized complexity classes (such
as BPP, APP, MA, AM) in PV; + sWPHP(PV).

1 Introduction

One of the most important aspects of bounded arithmetic is its close connection to compu-
tational complexity. There is a correspondence between arithmetical theories, and complexity
classes: Buss’s theories S§ and T4 [37] correspond to levels of the polynomial-time hierarchy,
and various second-order theories were constructed for weak classes such as TC?; Cook [65]
presents a uniform way of constructing “minimal theories” associated to complexity classes
below P. Consequently, fundamental problems from complexity theory are tied to similar ques-
tions about the arithmetical theories; for instance, the hierarchy of Buss’s theories collapses if
and only if bounded arithmetic proves the collapse of the polynomial hierarchy.

Our main motivation for studying approximate counting is the problem whether we can
associate theories to randomized complexity classes, like BPP or AM. The problem is a loose
research program rather than an exact question. On one hand, the concept of correspondence
between theories and complexity classes does not admit a general definition; the way in which

PNP is rather different from the correspondence of U' to NC. On the other

T} corresponds to
hand, many probabilistic classes like BPP are “semantic classes”, which means that attempts to
characterize them as provably total functions of some kind in a recursively axiomatized theory
are bound to failure. Nevertheless, we will try to provide evidence that PV; + sWPHP(PV)
(i.e., PV} extended by the dual (surjective) weak pigeonhole principle for poly-time computable
functions) is the “right” theory for reasoning about randomized algorithms.

The connection of sWPHP(PV') to probabilistic computation was first noticed by A. Wilkie,

who proved that Y%-consequences of S} + sWPHP(PV) are witnessed by TFRP-functions, and
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in particular, predicates provably A% in Si + sWPHP(PV) are in ZPP (the result was pub-
lished in Krajicek [116]). Jerdbek [93] considered the converse problem of formalizing prob-
abilistic algorithms in S} + sWPHP(PV), and introduced a way to define FRP-functions in
S1+ sWPHP(PV) which covered at least the witnessing functions from Wilkie’s theorem; how-
ever, the method used was seemingly ad hoc, and it was not clear how it could be generalized
to other complexity classes like BPP.

In this paper, we will show that the dual weak pigeonhole principle is strong enough to
provide a general method of approximating probabilities. More precisely, if X is a subset of an
interval [0, a) definable by a PV -formula, we can estimate Pr,,(z € X) within a polynomially
small error in PVj + sWPHP(PV), and events of higher complexity can be dealt with by
appropriate relativization. This allows us to treat various randomized classes like BPP, APP,
AM, in a uniform and intuitive way—in fact, once we have a reasonable notion of (approximate)
probability, the usual definitions of these classes can be formalized almost literally. As we have
already mentioned, provably total functions are not an appropriate standard for establishing
correspondence of theories to probabilistic complexity classes: for semantic classes there is no
hope, and as we will see, for syntactic classes the problem is either meaningless or trivial (with
the notable exception of APP). Instead, we will show that PV; + sWPHP(PV') proves basic
properties of the relevant probabilistic algorithms, such as amplification of success, or simulation
of randomness by nonuniformity.

Estimating probabilities in uniform distributions is only a fancy name for approximate
counting of bounded sets. Approximate counting has other applications besides randomized
algorithms; most importantly, counting arguments are often used to prove various combinato-
rial theorems. We will provide basic counting tools like the inclusion-exclusion principle, but
the overall utility of our methods in this area seems rather limited. Proofs of combinatorial
statements such as the Ramsey theorem or the tournament principle typically rely on counting
of sparse sets, which is impossible in our setup. We can only approximate the size of a set
X C [0,2") within a polynomial fraction of 2", whereas here we would need to approximate it
within a polynomial fraction of | X]|.

The paper is organized as follows. In Section 2 we provide elementary background on basic
arithmetic, and fix notational conventions. In Section 3 we introduce approximate counting of
sets defined by circuits in PV} +sWPHP(PV'), and formalize a toolbox of counting principles. In
Section 4 we discuss in detail the development of several randomized complexity classes (FRP,
BPP, APP, MA, and promise variants) in PV, + sWPHP(PV). In Section 5 we indicate how
to relativize our approach, and we discuss the class AM.

2 Preliminaries

We assume some degree of familiarity with first-order bounded arithmetic, however the basic
definitions are summarized below. More background can be found in [116, 40, 86].

Buss’s S4 and T [37] are first-order theories with equality in the language L = (0, S, +, -, <,
#, ||, |%]), where the function |z| is intended to designate [logy(x + 1)] (the number of digits
in the binary representation of x), and x # y is 21zl Bounded quantifiers are expressions of
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the form

Jr<t....=Jx(xz<tA...),
Ve<t....=Ve(z<t—...),

where ¢ is a term without an occurrence of x. A bounded quantifier is sharply bounded, if t has
the form |s| for some term s. A formula ¢ is sharply bounded, if all quantifiers in ¢ are sharply
bounded. The hierarchy of Y- and II’-formulas is defined inductively: %§ = II} is the set
of sharply bounded formulas, Zg’ 1 is the closure of Hf under bounded existential and sharply
bounded universal quantifiers, and Hi’ 1 is the closure of Z? under bounded universal and sharply
bounded existential quantifiers. Bounded formulas capture the polynomial-time hierarchy (PH).
More precisely, for any 7 > 1 the class EZP coincides with sets of natural numbers definable by
»b-formulas in N (the standard model of arithmetic), and dually II¥’ = M?(N), in particular
NP = 2%(N).

The theory S% consists of a finite list of open axioms denoted by BASIC, and the polynomial
induction schema

(Z}-PIND) p(0) AVz < a(p([5]) = (@) = ola),
where ¢ € Eé’. The theory T4 is axiomatized by BASIC and the induction schema
(33-IND) @(0) AVz < a(p(z) = (@ +1)) = ¢(a).

PV is a purely equational theory introduced by Cook [63]. Its language contains a few
basic function symbols, and it is inductively expanded by symbols for functions defined from
previously introduced functions by composition, and limited recursion on notation. PV is
axiomatized by equations defining all the function symbols, and a derivation rule similar to
open PIND. In the standard model, PV-functions define exactly the class of polynomial-time
computable functions (FP). We will slightly abuse the notation and denote by PV also the
language of PV (the set of all PV -functions).

PV; (also called QPV) is an extension of PV to first-order logic [121, 39, 64]. It has an
axiomatization by purely universal sentences, and it is conservative over PV. The hierarchy of
Y2 (PV)- and II2(PV)-formulas is defined similarly to %2 and TI?, but in the language of PV.
PVj proves IND and PIND for %3(PV)-formulas.

SI(PV) is the combination of S} and PVj: i.e., it has the language of PV, and it is
axiomatized by PV and £%(PV)-PIND. All PV-functions have well-behaved provably total A}-
definitions in Si; it follows that Si(PV) is an extension of S by definitions, and in particular,
S1(PV) is conservative over S3. Thus there is little practical difference between S and Si(PV),
and we will simply identify these two theories. Buss’s witnessing theorem [37] implies that S3
is Y¥-conservative over PVi, and in fact, we may identify PV; with ¥Y¥?(S3).

The theories PV for i > 0, introduced in [121], are defined similarly to PVj, except that
the basic functions of their language include the characteristic functions of all Z?—predicates,
thus PV, i1-functions correspond to FP* in the standard model. PV;,1 is a conservative
extension of T4 (contrary to popular belief, essentially the same also holds for i = 0 [94]), and
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S3(PVii1) is a conservative extension of S5, Sitt is X0 . 1-conservative over PV;1 and T} by
Buss’s witnessing theorem.

All these theories can be relativized. We consider the language L(«) = LU{a}, where « is a
new predicate, and define %?(a) and I1?(a) in the same way as %2 and 112, but extended to the
new language. The theories Si(«) and T4(a) are axiomatized by BASIC and X.¢()-PIND resp.
¥%(a)-IND, with no other axioms about a. PV (a) and PV;(«) can be defined similarly (the
characteristic function of « is allowed to appear in functions constructed by limited recursion
on notation). PV («)-functions correspond to polynomial-time algorithms with an oracle. We
write p® and f* when we want to stress the dependence of an L(a)-formula or PV (a)-function
on «; in that case, ¥ or f¥ denotes the result of substitution of a formula 1 for o. We may
generalize L(«) by allowing an arbitrary set of new predicates and function symbols instead of
«; in the case of functions, we have to include axioms enforcing an explicit polynomial bound
on the length of the output of the function.

For any function f we define the formula

sPHP(f) == Jv <yVu <z f(u) # v,

where f may involve other parameters not explicitly shown. The dual (or surjective) weak
pigeonhole principle for f, written as sWPHP(f), is the universal closure of the formula

zly|
z>0— sPHPx(l"yHl)(f),

and if " is a set of functions, sWPHP(I") denotes the schema {sWPHP(f) | f € T'}. We will
mostly work with sWPHP(PV), i.e., the dual weak pigeonhole principle for poly-time functions.
sWPHP(PV) is over Si equivalent to the more usual schema

x>1— sPHP,(f),

but it is not clear whether this reduction also works over PV;. sWPHP(PV) is provable in T2
[146, 116, 125], but sWPHP(«) is not provable in S3(«) [160]. The schema sWPHP(PV) is
finitely axiomatizable: PVj proves that any PV-function is computable by a poly-size circuit
on any bounded domain, thus sWPHP(PV) is equivalent to its instance s WPHP (eval), where
eval(C, x) is a two-place PV-function which evaluates a circuit C' on an input x.

We will often work with bounded definable sets, which are collections of numbers of the form

X ={z<alp)},

where ¢ is a formula. Bounded sets are mot genuine objects in our arithmetical theories, but
a figure of speech: x € X is an abbreviation for z < a A ¢(x). When used in a context which
asks for a set, a number a is assumed to represent the integer interval [0, a); thus, for example,
X C a means that all elements of X are less than a. We will use simple set-theoretic operations,
whose meaning should be generally clear from the context; for example, if X C ¢ and Y C b,
we may define

XxY:={bz+y|lzeX,yecY} Cab,
XUY =XU{y+alyeY}Ca+b.
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The sets we will encounter most often will be defined by Boolean circuits: a circuit C: 2" — 2
defines the set {x < 2" | C(x) = 1}. (Here again, 2" denotes the interval [0,2"), which may be
identified with the set of binary strings of length n; thus C is a circuit with n Boolean input
variables.)

We will use the shorthand notation

x € Log <» Jyx = |y,
x € LogLog < Jyz = ||y||.

If f is a function of two variables, f(a,—) denotes the function of one variable which results
from f by fixing its first argument to a. The set of natural numbers will be denoted by w (in
the metatheory).

We will also work with rational numbers in PV, which are assumed to be represented by
pairs of integers in the natural way. The expression = € Log is a shorthand notation meaning
that x is a positive rational number, whose inverse is bounded from above by a natural number
n € Log.

Many of our results take place inside formal theories like PV; + sWPHP(PV). If T is a
theory, a parenthesized expression “in T after the heading of a definition or theorem indicates
that the definition is introduced in T, or that the theorem is formulated and proved inside T'.
However, we will slightly abuse this convention for reasons of compactness: when we write e.g.

2

“for every PV-function f ...” in a formalized context, it is assumed that the quantification
over PV-functions takes place in the metatheory, and only parameters of the function are
quantified inside 7. Formulas, definable sets, and other non-first-order objects are treated
similarly. Expressions like “a pair of PV -functions (f, g)” also fit in this category; inside 7', no

actual pairing operation is involved.

3 Counting

Our definition of approximate counting in bounded arithmetic is based on the following observa-
tion: if X and Y are sets, and there exists a circuit which maps X onto Y, then the cardinality of
Y is at most the cardinality of X. We need to make sure that such a definition is well-behaved,
i.e., that it satisfies common properties we expect from a cardinality function. In particular, it
is conceivable that a large but complicated set X cannot be disentangled by a polynomial-size
circuit and mapped onto an interval [0, s) approaching its size; we must show that such cases
do not happen. The natural way to guarantee sufficient precision of these counting circuits is
to consider a two-sided comparison: if we find a mapping of X onto [0, s — e), and a mapping
of [0, s + e) onto X, we know that the size of X is s within error e.

It turns out that an extra complication is necessary: rather than mapping X onto Y directly,
we will take several copies of both sets, i.e., map v X X onto v X Y for some v > 0. With this
modification, we are able to prove in PV; + sWPHP(PV') that there exists a pair of counting
circuits which estimates the size of X within a polynomially small error (relative to the size of the
ambient interval containing X ), for any X defined by a circuit. We will construct such counting
circuits by analysis of the Nisan-Wigderson pseudorandom generator [135]; formalization of the
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Nisan-Wigderson generator in S3 + sWPHP(PV) was already considered in [93] for a different
goal. We start by overview of the relevant concepts.

Definition 3.1 (in PVi) Let f: 28 — 2 be a truth-table of a Boolean function (f is encoded
as a string of 2¥ bits, hence k € LogLog). We say that f is (worst-case) e-hard, written as
Hard. (f), if there does not exist a circuit C of size at most 2°¥ which computes f. The function
f is average-case e-hard, written as Hard?( f), if there does not exist a circuit C' of size at most
2¢k such that

|{u <28 C(u) = f(u)}’ > (% +2_5k)2k.

Notice that Hard.(f) and Hard?(f) are IT}-formulas.

Lemma 3.2 ([93]) For every constant € < 1/3 there ezists a constant ¢ such that PVy +
sWPHP(PV) proves: for every k € LogLog such that k > ¢, there exist average-case e-hard
functions f: 2F — 2.

Moreover, there exists a PV -function g: 2"~™ — 2™ such that any f < 2™ outside the range
of g is average-case e-hard, where n = 2%, and m > n'=2¢.
Definition 3.3 ([135]) (in PV}) Let k,¢,t,m € Log, k < ¢ <t. A (k,{,t,m)-design is a se-
quence (S;)i<m of subsets S; C ¢, such that |S;| = £ and |S; N S;| <k for all i < j < m.

Lemma 3.4 ([93]) Let 0 < v < 1. There are constants 6 > 0, ¢ > 1, and a PV -function d
such that
PViFd(z) is a (v¢, 0, cl,2°) -design, where { = ||z||.

Definition 3.5 ([135]) (in PV;) Let z < 2!, and X C ¢, |X| = £. Let {s;};<¢ be the increasing
enumeration of the set X. Then we put 2 [ X := gy, where y < 2¢ and bit(y,) = bit(x, s;) for
all 7 < /.

If f:20 =2 and S = (S;)icm is a (k,£,t, m)-design, the Nisan-Wigderson generator is a
function NWy g: 2t — 2™ defined by

bit(NWys(2),1) = f(x | S))-

Definition 3.6 (in PV;) We adopt a few conventions on functions computed by circuits. Let
C: 2™ — 2™ be a circuit, and X and Y definable sets. We say that C' computes a function from
X toY, written as

C: XY,

if X C 27, Y C 2™, and C[X] C Y. We write
C: X<—=Y

if, in addition, the function computed by C' is injective on X.
We write
C: XY
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if X C2" Y C2™ and C[X] D Y. Notice that this does not imply C: X — Y. An equivalent
condition is C': X' — Y and C[X'] =Y for some X' C X.

(This way of introducing — is mostly a technicality, needed to overcome the annoying fact
that a non-empty set cannot be mapped onto the empty set.)

We are ready for the main theorem of this section, which guarantees the existence of suitable
counting circuits. It is an extension of [93, Prop. 4.7].

Theorem 3.7 (in PVi + sWPHP(PV)) Let C: 2" — 2 be a Boolean circuit, and e~* € Log.
Denote

X ={r<2"|C(x) =1}.

There exist s < 2", v < poly(ne~1|C|), and circuits G¢, He, £ = 0,1, of size poly(ne~*|C|) such
that

Go:v(s+e2") »vx X Hp:vx X — v(s+e2")

Gi:vx (XUe2") - vs Hi:vs — v x (X Ue2")
and such that

Gg o H{ =id

on their respective domains.

Proof: Let ¢ and ¢ be the constants from Lemma 3.4 for v := 1/12. Put
¢ :=max{4ne""|,12|n|, $|n|,4(||C|| + 1)},

and k := 0, t := ¢, v := 28, As n < 2% there exists a (k, £, t,n)-design S = (Sp,...,Sn_1).
By Lemma 3.2, there exists an average-case 1/4-hard Boolean function f: 2¢ — 2. We define

Y = {:L' < 2! ’ C(NWﬁS({B)) = 1},
s:= 2"ty

(We may count |Y| directly, as ¢t € LogLog.)
For any i < n, we define

M;={(Fx) € 2" x 2" | C(f(z 1 50), ..., f(@ [ Sic1),7is - rney) = 1}.

Notice that My = X x 2%, and M,, = 2" x Y. Suppose we find a sequence of circuits Ge;, He,
where £ = 0,1 and ¢ < n, such that

Goi: My U (i + 1)a2" =t — M; Uda2ntt=*

Ho;: M; Uia2" % < My U (i + 1)a2" ¢

Gri: M; U (n—i)a2™ = — My U(n —i— 1)a2n "
Hi;: My U(n—i—1)a2" % < M; U (n —i)a2" ¢
GejioHey =id
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where a = 23¢/4, Then we can define

Go=GoooGpro---0Gon-1 Ho = Hyn-10Hop20---0Hyg
G1=Gin-10G1p20---0Gg Hy=HypoHyj0---0Hyy, 1

Notice that ve2" > na2" ¢ asne= < 20/4. For any z € X x 2! and y € 2" x Y, we can show

((GoooGoro---0Go;)o(Hpio---0HyyoHpp))(x)
((Gin—10Gip—20--0Gip—i)o(Hip—jo---0oHip-o0Hin1))(y)

T
Y

by straightforward induction on i, in particular G¢ o H¢ = id, which also implies that G¢ are
surjective, and H¢ are injective.

It thus suffices to construct G¢; and H¢;. There exists an easily computable bijection
between pairs (y,u) € 27¢ x 2¢, and numbers x € 2¢, so that 2 maps to (z [ (£~ S;),z [ S;)).
If j <m,y< 27 u<2f and 2 < 2! is such that (y,u) = (z [ (t ~ S;),z [ S;)), we define
f;’y(u) = f(z [ Sj). Notice that f;’y(u) = f(u). Then

~ Ot /
where

M = {(riy1,...,To_1,y, 1 u) € 277 x 2=t x 2 x 2! |

C(f(l;y(u)? ey f;f/l(u), T Titly. - ,T’n_l) = 1}7

-1

and A =~ B means that there exists a bijection g of A onto B such that g and ¢~ are computable

by a polynomial-size circuit. In a similar way we have
Mz+1 ~ 2 X M/+1,
where
M@(+1 = {<ri+17 vy Tn—1,Y,T, U> | C(fgy(u)) ) f;f/l(u)a f(u)ari-‘rh .. ) = 1}
Fix y < 2¢7¢, and 7441,...,7n_1 < 2. Define

U™ = {(r,u) € 2x 2" | C(fy"(u)..
(ryu) €2 x 28 | (7 y,r,u)
(r.u) )
{ry u)

( ) 7",7‘1'4_1,...,7“”_1) = 1}

€M }
e2x 2| C(f¥ (u),...
c2x2f | (F,y,r,u) EMH}

C( ( ) ceey Zfl(u)vnari+1a--‘a’rnfl)a

(), fu),rigr, .. rpe1) = 1}

r? b

{
{
{

U

Ap(u) :

where 7 < 2. As £ € LogLog, we can directly count the sets U™ and V™¥; an easy calculation
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shows

VT = (U] = 2 {u | f(u) A Ar(u)}] +2[{u [ ~f(w) A Ag(u)}]
— [{ul A} = {u | Ao(w)}]
= [{u | f(u) A AL()}] = [{u | =f(u) A Ar(u)}]
+{u | =f () A Ao(u)}| = [{u] fu) A Ao(u)}|
= [{u | f(w) A AL ()} + [{u | =f(u) A —~Ar(u)}|
+ [{u | =f(w) A Ao(w)}| + [{u | f(u) A=Ao(u)}| - 2°
= [{u| f(w) & Ar(w)}] = [{u ] f(u) & Ao(w)}]

On the other hand, for any j # 1, f;y(u) depends only on |S; N S;| < k variables of u, and is
thus computable by a circuit of size 2¥. Therefore, A, and —A, are computable by circuits of

size at most

As f is average-case 1/4-hard, we have
[1{u | Ay(w) = Fu)}] — 21| < 2794 =g,

thus
[V — U] < 2a.

We may arrange the sets U™ and V™ in increasing sequences, match their initial parts, and
pad to get functions

gg’y: U™ () 2a — V7Y hg’y: VI UTY ) 2a
gy VT U2 — UTY WY U™ s VI () 2q
such that gg’y ) h?y = id. As this construction is uniform in 7 and y, we may construct

polynomial-size circuits

Gh: M} a2t — M/, H{y: My — M} Ua2m "t
Gh: Ml Ua2" 8 o M Hy: M] < M/, Ua2n— i+t
and from these we obtain G¢;, H¢; as required. O

We formally introduce the concept of approximate size comparison, as described in the
introductory paragraph of this section. Notice that the definition applies to a more general
situation than what is permitted by Theorem 3.7. The main reason is that we will occasionally
need to express that a set is exponentially small, even though Theorem 3.7 cannot provide

counting with exponential precision.

Definition 3.8 (in PV; + sWPHP(PV)) Let X, Y C 2" be definable sets, and € < 1. We say
that the size of X is approximately less than the size of Y with error €, written as

X =Y,
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if there exists a circuit G, and v # 0, such that
G:vx (YUe2") »vxX.
The sets X and Y have approzimately the same size with error e, written as
X =Y,

if X <. YandY <. X.
We recall that we identify a number s with the interval [0, s), thus as a special case, X =~ s
means that the size of X is equal to s with error e.

Remark 3.9 In this definition, “error ” is somewhat a misnomer. The counting is not exact
even if we take ¢ = 0, there is always some error present due to the fact that only the weak
pigeonhole principle is available. In fact, we will often conveniently use < for approximate size

comparisons.
The lemma below summarizes elementary properties of Definition 3.8.
Lemma 3.10 (in PVy) Let X, Y, X' Y', Z C 2™ and W, W' C 2™ be definable sets, ande,d < 1.
(i) X =Y, e<d= X =Y.
(i) XCY = X <pY.
(i) X 2. Y, Y <572 =X <45 2.
(iv) If X 2. X', Y 25Y’, and X' andY' are separable by a circuit, then X UY =<.,5 X' UY".
(V) X 2. X, W W = X xW Zi54e6 X x W
Proof: Exercise. O

The next lemma exploits consequences of Theorem 3.7.

Lemma 3.11 (in PVy + sWPHP(PV)) Let X, Y C 2" be definable by circuits, s,t,u < 2™,
g,6,n,&6 <1, 71 € Log.

(i) There exists s < 2" such that X =~¢ s.
(i) s = X <5t = s <t+(e+0+6)2m
(i) X 2¢ Y orY =¢ X.

(iv) X .Y =2 2"\Y 242"\ X.

(V) Xmes, Yrst, XNY =pu= XUY R y514e s+t —u.
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Proof:

(i) follows from Theorem 3.7.

(i): by transitivity, it suffices to show that s =g ¢ implies s < ¢t 4+ £2", which follows from
sWPHP(PV).

(iii) follows from (i) and the linearity of <.

(iv): let ¢ = &/11, and choose s,t,s",t’ such that X ~¢ s, Y ~¢ ¢, 2"\ X ~¢ s/, 2" \Y =~ /.
We have s < t+ (e 4+ 3¢)2" by (ii). As ¢t + 1t =9¢ 2" by Lemma 3.10 (iv), we have also
t' < 2" —t+3(2" by (ii), and in a similar way, 2" —s < §'+3¢2". This implies ' < s'4(£49¢)2",
thus 2" \Y ja—l—ll( 2" X

(v): fix r such that X \Y =/, r. By Lemma 3.10 (iv), we have X =, ¢/ r + u, and
X UY =51¢/2 7+t The former implies s ~. ;) ¢/o 7+ u, thus s+t —u x4y ¢/p 7+, and
SHt—URepsinse XUY. 0

The definition of <. is problematic, if we wish to use it in induction formulas in more
sophisticated arguments. As it stands, it is an unbounded EIHg—formula; even if we restrict its
usage to the case covered by Theorem 3.7, and include the relevant bounds, we cannot do much

better than Eg. We can solve this problem by working in a suitable conservative extension of
PVi + sWPHP(PV), introduced in [93].

Definition 3.12 The theory HARD? is an extension of PV;(a) + sWPHP(PV(a)) by the
axioms

a(z) is a truth-table of a Boolean function in ||z|| variables,

r>c— Hard’f‘/4(04(33))7
lell = [l = alz) = aly),

where ¢ is the constant from Lemma 3.2.

Theorem 3.13 HARD? is a conservative extension of PV, + sWPHP(PV). More generally,
for any i > 1, HARD? + Si(a) and HARD? + Ti(a) are conservative extensions of Sh +
sWPHP(PV) and Ts + sWPHP(PV), respectively.

Proof: This was shown in [93] with S3 as a base theory. It is easy to modify the proof so that
it works over PVj. O

We note that the axiom s WPHP(PV (a)) is redundant in HARD?+ 51 (a); i.e., the existence
of functions hard on average implies sWPHP(PV) over S3 [93]. We do not know whether this
also holds over PVj.

Lemma 3.14 There is a PV («)-function Size such that HARDA proves: if X C 2" is definable
by a circuit C, then
X = Size(C, 2", e),

where ¢ = |e|~'. The “witnessing circuits” Ge, He from Theorem 3.7 are also constructible by
PV (a)-functions.
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Proof: By inspection of the proof of Theorem 3.7, we see that the only non-uniformity was in
the choice of the hard function f. O

We will abuse the notation and write Size(X, ) instead of Size(C,2", ).

The advantage of HARD# is that the complexity of approximate counting drops from 23
to PV («), which means that we can use approximate counting freely in induction, and we can
count parametric families of sets uniformly. Some of the results below illustrate these techniques.
We begin by showing that the size of the disjoint union of a sequence of sets is the sum of sizes
of the sets.

Proposition 3.15 (Disjoint union) (in PVi+ sWPHP(PV')) Let {X; | i < m} be subsets of
2", defined by a sequence of circuits. Let e,& < 1, £€1 € Log, and {s; | i < m} a sequence of
numbers such that X; <¢ s; for every i < m. Then

U Xi Reqe Z Si,
<m <m

where the disjoint sum UKm Xi = Ujem(Xi x {i}) € 2" x m is considered a subset of gntiml
The same holds for »= in place of <.

Proof: 'We may work in HARD? by Theorem 3.13. First, notice that the error in < is relative
to the ambient set size, thus if we reconsider X; as a subset of 2" x m, we have X; <, Jm Si- Put
¢=¢/(3m+1). We will show

Size(U X, C) < Z si + (e/m + 3Q)k
i<k i<k

by induction on k < m. Assume that the statement is true for k. We have

U X ~¢ SiZG(U X, C) =s Zsi,

i<k i<k i<k
where § = (¢/m + 3()k. As X}, <./, sk, We obtain

SiZG(U Xi, C) ~¢ U Xi 2e/mrcts Zsi
i<k i<k i<k
by Lemma 3.10 (iv), thus
Size(U Xi, C) < Z si+ (e/m+3¢)(k+1)
i<k i<k

by Lemma 3.11 (ii).
For k = m, we get

U X~ Size< U XZ-,C) Serame Y si 0

<m <m <m
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We can apply Proposition 3.15 only to sequences of sets encoded by a number, in particular,
the length of the sequence is in Log. We present a variant which applies to larger families of
sets, whose sizes are uniformly bounded. We can also read it contrapositively as an averaging
argument: if we have a family of at most ¢ sets, such that the size of their union is more than
st, then one of the sets must be larger than st/t = s.

Proposition 3.16 (Averaging) (in PVi + sWPHP(PV)) Let X C 2" x 2™ and Y C 2™ be
definable by circuits, Y =<5 t, and X, <. s for everyy € Y, where Xy := {z | (x,y) € X}. Then

XN (2n X Y) j€+5+5§+£ st
for any €1 € Log.
Proof: By Lemma 3.14, there are PV («)-functions f,v such that
fy, =) v(y) x (Size(Xy, &) +£27) = v(y) x X,

We may easily arrange v(y) = v to be independent on y, while increasing the error slightly.
Also, if y € Y, we have Size(X,,&) < s+ (¢ + &£)2", thus we obtain a function f’ such that

'y, —):vx (s+(e+3)2") » v x X,
for every y € Y. There is a function g and number w such that
g:wx (t+02™) »w x Y,
and suitable composition of g with f’ gives a function
vw(t+902™)(s + 3£2") — vw x (X N (2" x Y)).
We have
(t+02™)(s + 3£2™) < st + (e + 6 + &6 + 6£)2" ™,

thus X N (2” X Y) j€+5+€5+6§ st. O

The next task is to formalize a suitable version of Chernoff’s bound, which is sine qua non
for development of randomized algorithms. The proof consists of two parts. The number-
theoretic part is a bound on certain sums of binomial coefficients; we reduce it to a special case
which was formalized in [93]. The combinatorial part of Chernoff’s bound relies on the fact
that we can construct counting circuits for a set X and its complement 2" ~\. X so that the sizes
approximately add up to 2.

Lemma 3.17 There is a constant ¢ such that PV, proves: for anyn >0, ¢ > 0, y < x, and
d,e € [0,1], such that n € Log,

Z <n> (y + Ex)j(;c —y+ m)ﬂ*j < I

jen(—s)
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Proof: Put
+ .
b= g imre ()

We assume k > i > 0, the remaining borderline cases are left as an exercise. The left-hand side
is at most

Si= > <”> (k+1)Y(n— k)" (M)n <caz" <1 + ;)k (1 + 2e)ma=%/m

n
j<hi N

1\*
1+—-) <4,
(1+7) <

Assume for simplicity ¢ < 1/4, and put ¢ := [1/(2¢)]. Then

1\ " 1 £[n/0]
(1+2e)" < (1 + ) < (1 + z) < 4ln/a,

by [93, Prop. A.5]. We also have

4
and
E< n _ 2en < den
¢~ 1/(2e) =1 1—-2¢~ 7
thus (14 2¢)" < 4-4%n,
We have
Y Y y+ex e(2y — x)
" - +n<x (1—1—25)x> +n(1+25)x_ +ne,
thus
izk—n(g—(5>:5n—(ng—k)Zén—(l—i—sn),
T T
and

_ﬁ < _(6n — (1+en))?
n n

< —6%n + 26(1+en) <2-— 5%n + 2en.

Putting everything together, we have

S < 4461,7146671—5271‘ O

Proposition 3.18 (Chernoff’s bound) (in PVy + sWPHP(PV)) Let X C 2" be defined by
a circuit, m € Log, 0 <¢e,6,p <1, and X =5 p2". Then

{w S (2n)m } |{Z <m | w; € X}‘ < m(p — 8)} <0 C4m(c6752)2nm

for some constant ¢, where w is treated as a sequence of m numbers less that 2™, and w; is its
ith member.
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Proof: Let £ = 1/m, and s = Size(X,&). There is a v > 0 and functions f, g such that

fro(s+&2") »vx X,
g:v(2" —s+£2") » v x (2" N X).
We can construct a function h by taking f and g coordinatewise so that
h(I,=): v™(s 4+ €2")7 (2" — s+ 2" " x {w | I ={i <m|w; € X}}

for every I C m of size j. (The straightforward way of showing the surjectivity of h uses BBX?
to collect preimages under f or g into a sequence. The choice schema BBX! is not available
in PVy, but we can avoid it as f and ¢ have coretractions computable by poly-size circuits by
Theorem 3.7.) We combine h with enumeration of small subsets of m, and obtain a function

o <m) (s +€27)7 (2" — s + £2")"
e\
j<m(p
v x{we @) ||{i<m|w; € X} <m(p—e)}.

Notice that p2™ < s+ (6 + 2£)2" by Lemma 3.11 (ii). We invoke Lemma 3.17 with “z” = 2",
“P =54 (6 +26)2", and “6” = 3¢ + §, which gives

> (m> (s + £2M) (2" — 5 4 €2m)"T < cgnmym(Be/mted—e?) _ gpe onmym(cd—e?)
j<m(p—e)

O

Another widely used property of counting is the inclusion-exclusion principle, which we
formalize below. Notice that the assumptions on k& and m are necessary so that the bounded
sum in the statement of the principle is well-defined; thus it is not an additional restriction on
applicability of the principle.

Proposition 3.19 (Inclusion-exclusion principle) (in PV + sWPHP(PV)) Let {X; | i <
m} be subsets of 2", defined by a sequence of circuits. Let k < m be such that k € LogLog and
(m/k)* € Log. Assume

m X Rer SI

el
for every I C m of size at most k, and define

s = Z (=), €= Z £r.

ICm ICm
0<|I|<k 0<|I|<k

Then

U X; Zete S

<m
if k is even, and

U X Rete S

<m

if k is odd, for any ¢~ € Log.
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Proof: The sums are well-defined, as

<sm k> =2 (7) < (4m/k)" € Log

i<k
can be shown by easy induction on k, using (1 + 1/k)* < 4. For any i < £ < m, we define
X 1</t
¢ i ;
X’L = { m—1 .
U‘]ZZ X], 1 = E.

Assume k > 0 is even, the case of odd k is similar. Let n~! € Log. We will show
l
i . n RV IER T 14
Slze<'U Xz,n) +5n<< k>2 > Z (-1) Slze(ﬂ Xi,n)
<m - I1Cl+1 iel

0<|I|<k

by induction on ¢ < m. The base case £ = 0 is trivial. Assume that the statement holds for
£ — 1. We have

(%) == Z (—1)|I|+ISize(ﬂXffl,77>

1ce i€l
0<|I|<k
= Z (=M Size(ﬂ Xi,n) - Z (=)l Size(ﬂ XﬂﬁXf:%,n).
1Ce—1 el 1Ce—1 el
0<|II<k 0<|I|<k

By Lemma 3.11 (v), we have

Size(ﬂX@'ﬂXf:ll,n):Size« ﬂ Xf)U( m Xf)ﬂ?)

i€l ieIu{e—1} ieIu{e}
:Size( ﬂ Xf,n)—&—Size( ﬂ Xf,n)
i€IU{e—1} ie1u{e}
—Size< N Xf,n) + 52",
i€ IU{e—1,0}
thus
=1\, n I1+1 ¢ k : ¢
(*)+577<<k 1)2 > Z (=)l SlZE:(ﬂXZ-,n)Jr(—l) Z Slze( ﬂ Xi,n>
=" ICl+1 icl ICi—1 ieTU{e—1,6}
0<|I|<k |I|=k—1
> Z (—1)'”‘H Size(ﬂXf,n).
IC+1 iel

0<|I|<k
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Using the induction hypothesis, we get

Size(U Xi,n) + 57 <<£§_k1> + <§€k__1 1)) 2" > Z (—1)|I|+1 Size(m Xf,n),
<m ICl+1 el
0<|I|<k

(£<_k1) * <<€k_ —1 1) N <<€k>
from (i) = (i51) + (‘7)-

We take £ = m — 1. We have

3 -yl size(ﬂ Xn) + (e + 2n<§mk)> M > s

ICm il
0<|I|<k

and we can easily derive

by Lemma 3.11 (ii), thus

U XZ ia—&-g S,

i<m
where £ < 77]( 22) As (2{3) € Log, we can make £ arbitrarily small by choosing a suitable
n~'eLog. - O

Approximate counting, and estimation of probability with respect to the uniform distribution
are two sides of the same coin, thus we can introduce probabilities in PV; + sWPHP(PV) as in
the following definition. All the results of Section 3 can be naturally restated in probabilistic
terms, which we leave to the reader’s imagination.

Definition 3.20 (in PV; 4+ sWPHP(PV)) Let X be a definable subset of 2/, and 0 < &,p < 1.
We define
Prooi(z € X) <. p < XNt = pt,

and similarly for &=, ~. If X is defined by a circuit and e~ € Log, we put

1
Proci(z € X). == n Size(X Nt,e).

4 Randomized algorithms

Our main application of approximate counting is in the formalization of probabilistic algorithms
in PV} + sWPHP(PV). We will consider in turn the classes FRP, BPP, APP, MA, including
their promise versions (prBPP, prMA). For each class we present a natural way to define
algorithms from the class in PVj + sWPHP(PV) (and its extensions), and we prove in PV +
sWPHP(PV) basic properties of the class (such as success amplification, or simulation by
circuits). We also discuss the problem whether all algorithms from the class can be defined
in PV, + sWPHP(PV): in general, algorithms from “syntactic classes” (like prBPP or APP)
are always definable, whereas “semantic classes” (like BPP) cannot be shown to be captured
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by PVi + sWPHP(PV) (or in fact, any recursively axiomatizable theory), without nontrivial
progress in their derandomization. In the case of semantic classes we pinpoint the problem
by showing that definability of any particular algorithm is equivalent to provability of a VX%-
sentence. (We show that the class APP is recursively enumerable, thus it can be considered a
syntactic class even if that is not apparent from its definition.)

4.1 NP search problems

The first class of algorithms we mention are probabilistic solvers to NP search problems.

Definition 4.1 An NP search problem S is given by a poly-time computable relation R(z,y)
such that

R(z,y) = |y| < p(|z|)

for some polynomial p. Any y such that R(z,y) is a solution of S for x, and x is called an
instance of S in this context. The search problem S is total if every instance of .S has a solution.

A deterministic algorithm solves S if it computes a solution for any given solvable instance
of S. A probabilistic algorithm A solves S if

Pr(A(z) is a solution for z) > 1/2

for every solvable instance z. (The constant 1/2 is rather arbitrary.)
The class of NP search problems solvable in probabilistic polynomial time is called FRP.
The class of total search problems from FRP is denoted TFRP.

Notice that we may require without loss of generality that an algorithm solving an NP search
problem rejects all unsolvable instances. The class of randomized poly-time algorithms which
solve NP search problems under this requirement can be defined directly, without any reference
to search problems: a probabilistic algorithm A computes an FRP-function, if for every input x,
either A(x) rejects with probability 1, or accepts and outputs a value with probability at least
1/2. FRP can thus be thought of as a class of partial multifunctions. Notice that a language
L is in ZPP iff its characteristic function is in FRP, and L € RP iff it is the domain of an
FRP-function, thus FRP generalizes the classes ZPP and RP.

Formalization of FRP in PV} + sWPHP(PV') was studied in [93]. We can restate the main
definition of [93] in the present notation as follows.

Definition 4.2 (in PVi+sWPHP(PV)) A B-definable randomized algorithm is given by a pair
of PV-functions (A, r) such that

Jw < 7(T) AT, w) # * — Prycp@) (AT, w) = *) 2o 5,

where * is a special symbol signalling a rejecting computation, and 0 < § < 1. If unspecified,
we take = 1/2.

Various properties of FRP were proved in PV; + sWPHP(PV') in [93]. We will not re-
peat these here, but instead we will concentrate on the question of which FRP-algorithms are
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definable in PV; + sWPHP(PV'). This is actually two questions: Which FRP-functions are
provably 1/2-definable in PVy + sWPHP(PV), and which TFRP-functions are provably total in
PVi + sWPHP(PV). We begin with the latter.

For any NP search problem S, the statement “S is total” is a VEI{—sentence. Conversely,
for any V¥%-sentence ¢, we can construct an NP search problem S, such that ¢ holds iff
S is total, thus description of provably total NP search problems of a theory is equivalent
to characterization of its ¥%-consequences. Wilkie’s witnessing theorem (see [116]) states that
provably total NP search problems of PV; +sWPHP(PV) (or S3+sWPHP(PV)) are in TFRP,
and it was shown in [93] that these witnessing TFRP-functions are definable and provably total
in PV} + sWPHP(PV):

Theorem 4.3 ([93]) Assume Si+sWPHP(PV) -V 3y p(x,y) with ¢ € X4, and let S be the
corresponding search problem. There exists a probabilistic algorithm A such that PVy proves

(i) A is 1/2-definable,
(ii) A solves S,
and PVi + sWPHP(PV') proves that A is total.

It is not clear whether all TFRP-functions are provably total in PV; + sWPHP(PV'), or
in any its r.e. extension for that matter, even if we restrict ourselves to univalued functions
with values in {0,1}, i.e., ZPP-predicates. On one hand, such a result cannot be shown by
a relativizing technique: it would imply that ZPP has a complete language due to Thapen
[172], and there exist oracles A such that ZPP# has no complete language [34]. On the other
hand, TFRP is widely believed to coincide with FP, in which case all TFRP-functions (but not
necessarily all TFRP-algorithms) are trivially definable in PV;.

We can obtain a more precise characterization of provably total search problems of PV; +
sWPHP(PV), if we consider “nonintensional” representations instead of particular TFRP-
algorithms.

Definition 4.4 A PV-formula ¢ represents a search problem S, if the following hold (in the
standard model):

(i) if ¢(x,y), then y is a solution of S for x,
(ii) if x is a solvable instance of S, then Jy p(z,y).

WPHPWIT is the following NP search problem: given a pair of circuits G: 2" — 22" and
H: 2> — 2" find an x < 22" such that G(H(z)) # .

Let S and S” be NP search problems. S is reducible to S’, if there are poly-time functions
f and g such that:

(i) if z is a solvable instance of S, then f(z) is a solvable instance of S,

(ii) if y is a solution of S’ for f(x), then g(x,y) is a solution of S for .
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Theorem 4.5 Let S be an NP search problem. The following are equivalent:
(i) S has a provably total representation in PV, + sWPHP(PV).
(ii) S is reducible to WPHPWIT.

Proof:

(i) — (ii) follows from Thapen’s proof of Wilkie’s witnessing theorem [173].

(ii) — (i): assume that S is given by a poly-time relation R(z,y), and f and g form a
reduction of S to WPHPWIT. We may easily modify f so that its output f(z) = (G, Hy)
consists of a pair of circuits as in Definition 4.4, provably in PV; + sWPHP(PV'). Put

p(x,y) = R(z,y) V (Go(H.(y)) # y A ~R(z, 9(z,y))).

The second disjunct never holds in the standard model by the definition of reduction, thus ¢
represents S. PV + sWPHP(PV) proves Va Iy o(x,y), as G, (H;(y)) # y implies ¢(x, g(x,y))
or (2, ). 0

As noticed in [93], WPHPWIT can also be used as an axiomatic description of %4-theorems
of PVi+sWPHP(PV), which is again implicit in Thapen’s proof of Wilkie’s witnessing theorem.

Proposition 4.6 The statement “WPHPWIT is total” aziomatizes ¥4 -consequences of PVi+
sWPHP(PV) over PVj.

We return to the question which FRP-algorithms (not necessarily total) are definable in a
given theory T'. Perhaps surprisingly, this question is essentially equivalent to a VEZ{—sentence,
it thus reduces to the problem of the provably total TFRP-functions discussed above. (The
constants 1/2 and 2/3 below are arbitrary.)

Theorem 4.7 Let A be a FRP-algorithm with error 1/2. There exists a true VZE{—sentence %)
such that PV, + sWPHP(PV') proves

(i) if @, then A is 2/3-defined,
(ii) if A is 1/2-defined, then .

Moreover, the (total) NP search problem S, associated with ¢ is in TFRP: there exists a
randomized algorithm B such that PVy + sWPHP(PV') proves

(ili) if A is 1/2-defined, then B is 1/2-defined, total, and solves S,.
Proof: The idea is to consider the PV («)-formula
U (x,y) = (y < r(@) AA@,y) # * = Prycr@) (A2, w) = *)1/50 < 5/8),
where * is as in Definition 4.2. Clearly, HARDA proves

Vo, y*(z,y) — A is 2/3-defined,
A is 1/2-defined — Vz,y¢*(z,y).
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We need to eliminate a from the formula. In the proof of Theorem 3.7 (resp. Lemma 3.14),
the exact choice of the function f is not relevant: the behaviour of Pr(...); /5 is preserved if
we replace « by any average-case 1/4-hard Boolean function f in the right number of variables.
We thus define

¢ (x,y, f) = ((f: 2" - 2) AHard),(f) — o/ (z,9)),

where /(z) € LogLog is chosen as in Theorem 3.7. Then ¢’ is a X}-formula, and PV; +
sWPHP(PV) proves

Va,y, f o' (x,y, f) — A is 2/3-defined,
A is 1/2-defined — Vz,y, f @ (z,y, f).

We use a witnessing argument to show that S, is solvable in randomized polynomial
time. Notice that the only non-sharply bounded existential quantifier in ¢’ is the one from
—|Hard‘14/4(f). PVy + sWPHP(PV) proves the ¥¢-formula

(f,g: 2lx) 2) AP/

w<r(x)

(A(z,w) = *)1/50 > 5/8 A Pr! (A(z,w) = *)1/50 < 9/16

w<r(z)

— ﬂHardfM(f) Y ﬂHardfM(g).

By Wilkie’s witnessing theorem there exists a probabilistic algorithm h(z,y, f,g) € TFRP such
that

(f,9: 2!®) — 2) A P! (x)(A(x,w) =*)1/50 > 5/8 A Pr} (z)(A(xaw) = *)1/50 < 9/16

w<r w<r

- WitﬁHard‘l“/‘l(f) (h((E, Y, f? g)) v Witﬂ Hardf/4(g)(h(‘ra Y, f7 g))
holds with high probability. As A has error at most 1/2, the implication

y <r(z)AA(z,y) #* A Hardf/4(g) - Pr‘z,q(;p)

(A(z,w) = *)1/50 < 9/16

is true. Let B(x,y, f) be the probabilistic algorithm which generates a random function g, and
applies h(z,y, f,g). As most Boolean functions are average-case 1/4-hard, we have

y < r(z) A Az, y) £« A (f: 259 5 2) APr!

w<r(z

)(A(wvw) = *)1/50 > 5/8
- WitﬁHardfM(f) (B(xv Y, f))

with high probability. This construction can be easily formalized in PV} + sWPHP(PV'), using
Theorem 4.3 and Lemma 3.2. (]

4.2 The classes BPP and promise BPP

BPP, introduced by Gill [80], is arguably the most popular randomized complexity class. It is
generally considered a good approximation to the class of problems which are efficiently solvable
in practice.
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Definition 4.8 A language L is in BPP, if there exists a probabilistic poly-time decision algo-
rithm A such that for every x,

x € L= Pr(A(z)) > 3/4,
x ¢ L= Pr(Ax)) <1/4.

A promise problem is a pair L = (L1, L™) of disjoint languages. An ordinary language L is
identified with the promise problem (L,{0,1}<“ ~\ L). A promise problem L is in promise
BPP (L € prBPP for short), if there exists a probabilistic poly-time algorithm A such that for
every .,

€ LT = Pr(A(x)) > 3/4,
r €L = Pr(A(zx)) <1/4.

Formalizing the definition of prBPP in PV} + sWPHP(PV) is a straightforward application
of the approximate counting machinery.

Definition 4.9 (in PV; + sWPHP(PV')) Let 8 be a PV-function with values in (0,1/2), A
a PV-predicate, and r a PV-function. The pair (A,r) B-defines the prBPP problem L, =

<L2r,ﬁ’ Ly, 5), where

z €LY, 5 & Pryc (A, w)) 2o B),

x € LZJ‘,B — Prw<r(:v) (A(I,w)) =0 B(x)
More generally, if LT, L~ are disjoint definable sets, the promise problem L = (Lt L7) is
B-defined by (A,r) if LT C Lzrﬁ and L~ C Ly 4.

The pair (4,7) B-defines a BPP language if Vo (z € L}, rp VT ELy, 5)
If unspecified, we take = 1/4.

Lemma 4.10 (in PVy + sWPHP(PV)) Let L be a definable prBPP-problem, and n € Log.

There exists a Boolean circuit C: 2™ — 2 such that
re LT = C(x)
xe L = C(x)

)

1
0,

for every x < 2",

Proof: Work in HARD?. By Lemma 3.14, there is a PV (a)-predicate P(z) such that

r€ Lt = P(x),
x €L = -P(z).

We may compute P on a bounded interval by an oracle-free circuit, as a(x) only depends on
the length of x. O
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Proposition 4.11 (in PVy + sWPHP(PV)) Let t, s be PV -functions such that t(x), s(x) > 0,
and 1/s(z) + 1/|t(x)| < 1/2. Let L = (LT,L™) be a promise problem. The following are
equivalent.

(i) L is a (1/2 —1/|t|)-definable prBPP-problem,

(ii) L is a 1/4-definable prBPP-problem,

(iii) L is a 1/s-definable prBPP-problem.
Proof: The only interesting implication is (i) — (iii). Assume that L is (1/2 —1/|¢|)-defined by
(A,r). Let ¢ be the constant from Proposition 3.18, put m(z) = [t(z)[?|es(z)|, ' (x) = r(z)™®),

and
Afww') & (i < m) | Aw,w)}] = m(@)/2),

where w’ < /() is viewed as a sequence (w; | i < m(x)) of numbers less than r(z). Then L is
1/s-defined by (A’,r’) due to Chernoff’s bound (Proposition 3.18). O

Notice that prBPP is defined by a purely syntactic condition: in other words, every pair
(A,r) of PV-functions (provably) defines a prBPP-problem.

Corollary 4.12 FEvery prBPP-algorithm is definable in PV, + sWPHP(PV').

Definable BPP-languages are essentially “provably total” prBPP-problems. As in the case
of TFRP, we do not know whether all BPP-languages are definable in PV} + sWPHP(PV') or
its r.e. extension; again, relativizing techniques cannot work, as Thapen’s result is applicable
to BPP, and an oracle with respect to which BPP does not have a complete language was
constructed in [88]. We show that the totality of a BPP-algorithm is essentially equivalent to a
VEZ{—sentence, thus the characterization of the BPP-languages definable in a particular theory
can be reduced to the characterization of its provably total TFRP-functions.

Theorem 4.13 Let A be a BPP-algorithm. There exists a true ¥YX!-sentence ¢ such that
PVi + sWPHP(PV) proves

(i) if v, then A 1/3-defines a BPP-language,
(ii) if A 1/4-defines BPP-language, then .

Moreover, the NP search problem S, associated with ¢ is in TFRP. There is a randomized
algorithm B such that PVy + sWPHP(PV') proves

(iii) if A 1/4-defines BPP-language, then B is 1/2-defined, total, and solves S, .
Proof: We define

o =VaVf ((f: 2°7) — 2) AHard{),(f)
= Pr! (A, w))1s0 < T/24V Pr!_ (S A2, w))1 50 < 7/24)

w<r(z) w<r(z)
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with suitably chosen ¢(x) € LogLog, and proceed as in the proof of 4.7.

There is a minor complication in the construction of the probabilistic solver to Sy: the
algorithm cannot directly decide which of the disjuncts in ¢ should hold, as we do not know
whether BPP = ZPP. The solution is to try both possibilities, and check whether either of
them leads to a correct witness for — Hard‘f‘/ (). O

A similar argument can be used to prove that prBPP lies on the second level of the polyno-
mial hierarchy. The original result (formulated for BPP only) is due to Sipser and Gécs [166],
and it was simplified by Lautemann [122]. We follow an alternative proof due to Nisan and
Wigderson [135].

Proposition 4.14 Let A be a PV -predicate, and r a PV -functions. There are Eg—formulas
ot (z),07 () and I-formulas 7+ (x), 7~ (x) such that PVy + sWPHP(PV) proves

reL — 71t (x) = ot (x) >z € LT

Ar,1/4 Ar1/3

%
rel, 1/4—>777(x)—>07(a:)—>x€LAT1/3

In particular, any definable BPP-language is in Eg N Hg.

Proof: It suffices to define

Frol@ 9 Hard1/4 f) = Prl_ o (CA(@,w))1s0 < 7/24),
f:2%@) 2 AHardd, (f o (CA(@, w))1 50 < 7/24),

(@) = VF ( (f)
(z) =3f ( Wa(F) APl

7 (x) =V (f: 2% — 2 A Hard{) (f) = Pr Az, w))1/50 < 7/24),
() =3f (f: 1a(f)

r

w<7“(a:)(

The quantifiers over f are bounded as f < 22 and 0(x) = O(]|x]]). O

To complete the picture we mention an elegant alternative description of definable BPP-
languages, based on implicit definability in (extensions of) HARDA. The intuition behind this
characterization stems from the well-known result BPP = almost-P (cf. [27, 135]).

Definition 4.15 Let T be a simple extension of PV; + sWPHP(PV), and T («a) := T +
HARDA. A PV (a)-predicate P*(z) is a T " -definable implicitly poly-time predicate, if

T*(a) + TH(B) F P¥(x) + PP(x).
Theorem 4.16 Let T' be a simple extension of PVy + sWPHP(PV).

(i) Bvery T-provably total BPP-language is in T equivalent to a TT-definable implicitly
poly-time predicate.

(ii) Bvery T -definable implicitly poly-time predicate is in T equivalent to a T-provably total
BPP-language.
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Proof:
(i): let L be a definable BPP-language. By Lemma 3.14, there exists a PV (a)-predicate P
such that
TH(a) - P*(x) <>z € L.

Then clearly
T*(a), TH(B) F PY(x) + PP(x).

(ii): assume that
T (a), TT(B) F P*(z) <> P’(z).

Let ¢ be a constant such that P*(z) only accesses the value of a(y) for ||y|| < ¢||z||. Work
in Tt (a). Fix o, let f = (fi | i < c||z||) be a sequence of average-case 1/4-hard functions

h’! 22 — 2, and define
.j 9 y| S c | |?

a(y), otherwise.

Then f3 defines a (parametric) interpretation of T7(8) in T (), and consequently P(z) «
Pf(x).
We thus have

T () b Vi < clla|| (fi: 2" = 2 A Hardg),(fi)) = (P*(2) < P/ (x)).

Let A be the formalization of the following randomized algorithm: on input x, generate a
random sequence f = (f; | i < c||z||) of functions f;: 2¢ — 2, and output Pf(x). By [93,
L. 4.10], PV} + sWPHP(PV') proves

Pry(=Vi < cf|z| Hardf/4(fi)) =0 1/4,
thus
T"(a) F Pry(A(z, f) <> ~P%(x)) <o 1/4.

In particular,
T () b Pry(A(z, f)) =0 1/4V Pry(=A(z, f)) 20 1/4,

i.e., Ais a 1/4-defined BPP-algorithm in 7% (), and by Theorem 3.13, also in T'. If L denotes
the BPP-language defined by A, clearly
THa) - P¥z) <z €L

as required. O

4.3 The class APP

The class APP is a generalization of BPP introduced by Kabanets, Rackoff, and Cook [111].
It comprises a representative class of algorithms which can be derandomized using the current
methods for proving P = BPP (viz. hardness-randomness tradeoffs), and unlike BPP, it is
known to have a complete problem. A unique feature of APP is that it does not consist of
languages (or promise problems), but functions with real values in the interval [0, 1].
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Definition 4.17 A real-valued function f: w — [0,1] is in APP, if there exists a probabilistic
poly-time function g(z,y) with values in [0, 1]g such that

Pr(|f(z) — g(x,2)| < 1/k) > 3/4
for all x and k.

We cannot directly talk about real numbers in bounded arithmetic, we thus have to formalize
APP-algorithms without an explicit reference to the functions which they compute. The idea
is similar to methods used in constructive analysis (cf. [31]).

Definition 4.18 (in PV +sWPHP(PV)) Let B(x,y) be a PV-function with rational values in
(0,1/2). A p-definable APP-algorithm is given by a pair of PV -functions g(z,y,w) and r(z,y),
where 7 has positive integer values, g has rational values in [0, 1], and
VaVEk,l € Log Ja € [0,1] (Prw<r(a,72k)(\g(:n,2k,w) —al > 1/k‘) =0 5(:&2’“)
N Prw<r(m,2£) (!g(az, 247 w) - a| > 1/£) =0 ,B(CC, 26)) :

When unspecified, we take 8 = 1/4.
Let (¢',r") be a f(’-definable APP-algorithm. We say that (g,r) and (¢’,r') compute the
same function if

VzVk € Log Ja € [0, 1] (Prw<r(z72k)(\g(9:,2k,w) —al > 1/k) =0 B(z,2%)
A Prw<r’(ac72k) (!g'(:v, 2k7 w) - CL‘ > 1/k) =0 /Bl(x7 2k))

Proposition 4.19 (in PVy + sWPHP(PV)) Let t(x,y) and s(x,y) be PV -functions with pos-
itive integer values. If (g,7) is a (1/2 — 1/|t|)-definable APP-algorithm, there exists a 1/s-
definable APP-algorithm (g',r") which computes the same function as (g, r).

Proof: Let ¢ be the constant from Proposition 3.18, and let m(z,y) := |es(z, y)||t(z,y)|* € Log.
Put

r(2,y) = r(z,y) "V,
g/(xv Y, ’U}/) - Median(g(w, Y, wO)a <o 7g(xa Y, wm—l)):

where w’ < r'(z,y) is considered as a sequence of m = m(z,y) numbers w; < r(z,y). Fix z,
k € Log, and a € [0, 1] such that

Prw<r(|g(l‘a 2k7w) - CL| > 1/k) =0 1/2 - 1/|t|
By Proposition 3.18 (Chernoft’s bound), we have
Prw/<r,<}{z‘ <m ‘ lg(z, 2% w;) — a| > 1/k}‘ > m/2) <o cd™m/1H* < 1/s.

The median of a set of numbers falls into the interval I = [a —1/k, a+ 1/k] whenever more than
half of the numbers are in I, thus

Pry < (|9 (2,25, w') — a| > 1/k) <0 1/s. O
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Definition 4.20 An APP-function f: w — [0, 1] is representable in a theory T, if there exists
a pair of PV-functions (g, r) which, provably in T', 1/4-defines an APP-algorithm, and for any
z and k,

Prycr(ean) (19(2, 2%, w) = f(2)| > 1/k) <1/4

is true in N.

We want to show that all APP-functions are representable in PV} + sWPHP(PV'). Notice
that for any reasonable model of computation (such as APP), the class of algorithms repre-
sentable in a given recursively axiomatizable theory is recursively enumerable. We thus need

to establish recursive enumerability of APP as a necessary prerequisite (it was left as an open
problem in [111]).

Definition 4.21 Let f,g: w — [0,1] be real-valued functions. We say that f is (poly-time

many-one approzimately) reducible to g, if there is a poly-time function r such that for every x
and k,

|f(x) = g(r(z,2%))] < 1/k.
The Clircuit Acceptance Probability Problem (CAPP) is the real-valued function foapp such
that for every Boolean circuit C': 2" — 2,
chpp(C) = Pru<2n(0(u) = 1).
Theorem 4.22 ([111]) A function f is in APP if and only if f is reducible to foapp.

Theorem 4.23 The class APP is recursively enumerable. L e., there exists a recursive sequence

{4 | e € w} such that
e cach A. is a description of an APP-algorithm approximating a function fe,
o for every f € APP, there is an e such that f = f..

Proof: Let {ge | € € w} be a recursive enumeration of all clocked poly-time algorithms g(z,y),
such that the output of g(x,y) is a description of a Boolean circuit. Let Cut] be the cut-off
function

4 *=gq,

Cutg(x) =max{p,min{g,z}} =<z, p<x<q,

p, T <p.
Let A.(z,2%) be the algorithm described in Figure 4.1. Clearly, A, is a probabilistic poly-time
algorithm. Fix e and z, and define

Ci = ge($a2i)7
a; := Pr,(Ci(u) = 1),

k
2‘2
b, == Cut} (a1 + Z Cut_}fgigg(ai - a¢—1)>.
=2
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input: z, 2%
fori=1,...,k do:
Ci + ge(x,2Y)
whp, compute ¢; such that |¢; — Pr,(C;(u) = 1)| < 1/(4k?) by random sampling

k 4
output Cut} <01 +> Cut_%gg;(q — ci,1)>
i=2

Figure 4.1: The APP-algorithm A..
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thus the sequence {by | k¥ € w} is Cauchy, and converges to a number f.(z) := b € [0, 1] such
that 1
b—bg| = lim |by — b| < —.
b= bl = il =l < 5
Fix k, and consider a computation of A, on input (x,2*). For alli =1,...,k, let ¢; € [0, 1] be
as in Figure 4.1. With high probability, we have

|Ci - ai‘ < @
for every i. Let
k
i2
d:= Cuté (Cl + Z Cut_%gﬂ;(ci — Cifl)>
=2

be the output of the algorithm. Addition, subtraction, and the cut-off function are 1-Lipschitz,
thus

k
|d = bi| < ler = ar] + ) _|(ci = cim1) = (@i — ai—1)]

i=2
k
<lev—ar| + Y (lei — ail + i1 — ai1])
i=2
1 1
<2k-1)— < —
< )z < o

and
|d —b] < |d—bg|+|bx — b <

N

This means that A, is an APP-algorithm for f..
Let f be an arbitrary APP-function. By APP-completeness of CAPP, there is a poly-time
function g such that for any z and k, C := g(x,2F) is a Boolean circuit satisfying

|f(z) = Pru(C(u) = 1)| <

x| =
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Choose e such that
ge(x7 2]{:) — g<$7 24(k’+1)2).

Fix x, and define the sequences C;, a;, and b; as above. We have

| [P
N I I
TS24 T 2
thus
k
b, = Cut(l) (a1 + Z(ai - aifl)) = Cut(l)(ak;) = ag,
=2

which means

fe(z) = lim by = lim a; = f(x).
k—ro0 k—ro0

As z was arbitrary, f. = f. O

Lemma 4.24 CAPP is representable in PVy + sWPHP(PV).

Proof: Let (g,r) be the formalization of the following algorithm: given C' and 2¥, choose a
random Boolean function f in a suitable number of variables, and output Pr{i (C(u) = 1)1 /31
Fix C: 2" — 2, k < £ € Log, and let £ = 1/(3¢), Pr,(C(u) = 1) =¢ a. As PVi +
sWPHP(PV) proves
Prf(ﬁHard‘fM(f)) =0 1/4

(Lemma 3.2), we have
Prs(lg(C,2" f) —al > 1/(3k) + £ +€) =0 1/4
and
Pry(lg(C,2% ) —al > 1/(30) + £+ &) %0 1/4
by Lemma 3.11 (ii). O

We remark that the combinatorial core of Theorem 4.22 can also be formalized in PV; +
sWPHP(PV) with no difficulty. However, we do not know how to sensibly formulate the
statement of Theorem 4.22 in PV; + sWPHP(PV'), due to absence of real numbers in bounded
arithmetic.

Theorem 4.25 FEvery APP-function f is representable in PV; + sWPHP(PV').

Proof: The basic idea is to partially formalize Theorem 4.23 in PV; + sWPHP(PV).
As in Theorem 4.23, choose a PV -function h(z,y) such that for every x and k we have

|[f(z) = Pru(Cu) = 1) < 1/(8k?),

where C' = h(z,2%). Let (gcapp,rcapp) be the representation of CAPP from Lemma 4.24,
amplified by Proposition 4.19 so that the error on input (C, 2¥) is at most 1/k. We may assume
that rcapp(z,2¥) is always a power of 2. Define g(z,2%,w) as in Figure 4.2, and let r(z,2")
be a power of 2 large enough to accommodate all calls to gcapp inside g. The functions (g, r)
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input: z, 28, w
fori=1,...,k do:
Ci +— h(m, 21)
ci < goapp(Ci, 2V ) (w mod roapp(Cy, 2/ GF))))

k
output Cut} (61 + > Cut_ fgzgi(c i 1))
i=2

Figure 4.2: The function g, formalizing A..

represent f by the proof of Theorem 4.23, it remains to prove in PVj +sWPHP(PV') that (g, r)
is a 1/4-defined APP-algorithm.
Work in HARD?. Fix z, and k < £ € Log. Define

Cy := h(z,2Y),
a; = Pry(Ci(u) = 1)1/(10@)

a:= Cuto (a1 —i—ZC t }fé@i( ai—1)>,

= Cut} (a1 + Z Cut }f(gzzg(a ai— 1))

for every i < £. Consider first the computation of d := g(z, 2¢, w) on a random input w, and let
¢; be as in Figure 4.2. For every i < £ and suitably chosen small &, we have

1 1
ci-ul<ga e tise
with probability at least 1 — 1/(8¢?), thus

V1 < E’CZ — ai] < 1/<4£2)

with probability 1 — £/(8¢2) — ¢ > 3/4 by Proposition 3.15. When this happens, we have

14

d—a| <ley—ar|+ ) (lei — ail + [eim1 — aia]) <
i=2

20 —1 < 1
402 20
as in Theorem 4.23, thus
Pry, (|g(z,2% w) — a| > 1/€) <o 1/4.
Now consider the computation of d' := g(x,2*, w). We have

1
2k

with probability at least 3/4 by the same reasoning as above. Moreover,

1
1/(2i2) 1/1 1
a—a’< E ‘Cut 1/(22 azl S E 1—1 2<k_£>’

i=k+1 i=k+1

|d' —d| < o
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where the last equality follows by induction on £. Consequently

A 11 1

|g($72 7w)_a‘<7+7_7<

holds with probability at least 3/4. O

4.4 The classes MA and promise MA

Babai [16] (cf. [17]) introduced a hierarchy of complexity classes based on public-coin random-
ized interactive proof systems, Arthur-Merlin games. The game is played by the omniscient but
untrustworthy wizard Merlin, and king Arthur, who may flip coins, but otherwise his computa-
tional power is polynomially limited. The players exchange messages in turn, and the goal for
Merlin is to convince mistrustful Arthur to accept the input string. MA is the lowest level of
the hierarchy, where the game is restricted to one round, with Merlin playing first.

Definition 4.26 A promise problem L is in promise MA (prMA for short), if there exists a
probabilistic poly-time algorithm A(x,y) such that

Az, y) = [yl < p(lz)
for some polynomial p, and
r € LT = Jy Pr(A(z,y)) > 3/4,
x €L =VyPr(A(z,y)) <1/4.

A language is in MA if the corresponding promise problem is in prMA.

Definition 4.27 (in PV; + sWPHP(PV')) Let 5 be a PV-function with values in (0,1/2),
A a PV-predicate, and ¢,r PV-functions. The triple (A, q,r) (B-defines a prMA-problem
L=(L*,L7)if L* D L}, zand L™ D L7, where
v € LG, 5 < < @) Prycm (A, y,w)) o B(2),
pe L7 o = ¥y < @) Prycyp(Alzy,w) <o B(a).
(A,r,s) B-defines an MA-language, if Vz (z € ngil‘,s,ﬁ Ve LZ,VT’S”B). If unspecified, we take
B=1/4.
Corollary 4.28 (in PV} + sWPHP(PV)) Let t and s be as in Proposition 4.11, and let
L= (L",L™) be a promise problem. The following are equivalent.
(i) L is a (1/2 —1/|t])-definable prMA-problem,
(ii) L is a 1/4-definable prMA-problem,
(iii) L is a 1/s-definable prMA-problem.
Moreover, every definable prMA-problem is in (the natural formalization of ) prNP /poly.

Proof: This follows from Proposition 4.11 and Lemma 4.10, as the definable prMA-problems
are just existentially quantified definable prBPP-problems. O
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Trivially, every prMA-problem is representable in PV} + sWPHP(PV'). For MA-languages,
we again have a reduction to a El{—problem.

Proposition 4.29 Let A be an MA-algorithm. There exists a true Y4-sentence ¢ such that
PVi + sWPHP(PV) proves

(i) if ¢, then A 1/3-defines an MA-language,
(i) of A 1/4-defines an MA-language, then .
Proof: We may take the formula
o =VaVfVy3Iz (ﬂ Hardf/4(f) Vv Prﬁ(A(a:, v, w))1/50 <7/24Vv Pr{;(ﬂA(:c, z,w))1/50 < 7/24)

as in Theorem 4.13. O

We do not know whether the NP search problem associated with ¢ is solvable in probabilistic
polynomial time. It holds at least for languages from NPBPP C MA.

Proposition 4.30 Let A,q and v be PV -functions. There are ¥4-formulas ot (z),0 (x) and
15-formulas 7+ (x), 7~ (x) such that PVy + sWPHP(PV) proves

zeLt? — 7t (z) = ot (x) 5>z e L3

A,q,r,1/4 - A,q,m,1/3°
v - - v
reLy T (x) = 0o (:17)—>:L‘6LAW1/3

In particular, any definable MA-language is in ¥4 N 115.

Proof: Similar to Proposition 4.14. The extra quantifiers do no harm:

) =Vf (= Hard1/4(f) vV 3y < q(x) Prw<T(x)(_‘A($7va))l/50 <7/24),
x)=3fJy <qx (Hard1/4 ) A Priq(x)(—'/l(x,y,w)h/so < 7/24),
T (x) =VfVy <qx (ﬂ Hard1/4 )V Prwq(m)(A(a;,y, w))1/50 < 7/24),

) =3f (Hard1/4(f) Ay < q(x) Prw<r(x) (A(:L‘,y,w))l/m < 7/24)7

where f is bounded as in Proposition 4.14. O

5 Relativization and AM

The content of Section 3 can be relativized in a straightforward way: we work with PV (R)
instead of PV, where R is a new predicate, and we replace circuits with oracle circuits. The
relativized version of Theorem 3.7 then provides approximate counting of sets defined by oracle
circuits in PVi(R) + sWPHP(PV (R)). The other results relativize in a similar way.

In particular, counting of sets higher in the polynomial hierarchy may be achieved by sub-
stitution of Z?—predicates for R. Namely, approximate counting of PZi_definable sets (or more
generally, sets defined by circuits with X2 oracles) is possible in T4 + sWPHP(FPZ?) C Tit2.
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Relativization of Section 4 provides the formalization of FRPZ?, prBPPE?, APPZ?, and prMAZlf
in T + sWPHP(FP*).

Approximate counting of NP sets also permits formalization of Babai’s class AM [16], which
is defined by one-round Arthur-Merlin games where Arthur plays first.

Definition 5.1 A promise problem L is in promise AM (prAM for short), if there exists a
probabilistic poly-time algorithm A(x,y) such that

Az, y) = |yl < p(|z|)
for some polynomial p, and

r € Lt = Pr(3yA(z,y)) > 3/4,
x €L =Pr(IyAx,y)) <1/4.

A language is in AM if the corresponding promise problem is in prAM.

Definition 5.2 (in Ty + sWPHP(PV3)) Let 3 be a PV-function with values in (0,1/2). A
pair (@, r), where ¢(z,w) is a X¢-formula, and r is a PV-function, 3-defines a prAM problem
L=(L*,L7)if LT D L], sand L™ 2 Lz 5, where

RS L;,r,ﬁ — Prw<r(m)(gp($aw)) jé 5(1;)3

and <! denotes <. relativized with a Ef-complete oracle. The pair (p,r) B-defines an AM-

: + +
language, if Vo (z € L;,.zVx€E L%rﬁ).

If unspecified, we take § = 1/4.

Proposition 5.3 (in T} + sWPHP(PVz)) Let t and s be as in Proposition 4.11, and let
L = {(L",L™) be a promise problem. The following are equivalent:

(i) L is a (1/2 — 1/|t|)-definable prAM-problem,
(ii) L is a 1/4-definable prAM-problem,
(iii) L is a 1/s-definable prAM-problem.

Proof: As prAM C prBPPNP| the result follows from relativization of Proposition 4.11, ob-
serving that the formula ¢'(x,w) defined by

[{i <m(2) | p(x,w)}| > m(z)/2
is Ell’, as it is equivalent to

31 Cm(z) (|I| > m(z)/2 AVi € I p(z,w;)). O
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Babai’s Collapse Theorem [16] states that AM coincides with the class of languages rec-
ognized by an Arthur-Merlin protocol with a bounded number of rounds. It is not clear how
to define general Arthur-Merlin games in bounded arithmetic; the next theorem shows that
prMAM = prAM, which implies that any class obtained by a constant number of applications
of the 3 and BP operators to prP is contained in prAM.

Theorem 5.4 (in T} + sWPHP(PV3)) Let L = (L*,L™) be a 1/4-definable prAM-problem,
and q a PV -function. Define a promise problem L7 = (L1, L™7) by
re Ll — Jy<qlx)(x,y) €L,
rel™ — Vy<qx)(z,y) e L.
Then L7 is a 1/4-definable prAM-problem.
In particular, every definable prMA-problem is a definable prAM-problem.
Proof: By Proposition 5.3, there exists a 1/(4¢(z))-definition (¢, r) of L. Define

¢'(z,w) <= Ty <q(z)p(z,y,w).
Then (¢, 7) is a 1/4-definition of L7: if + € LT3, there is y < ¢(x) such that Pr,(—¢(z,y, w)) <}
1/(4q(x)), and a fortiori
Pry,(=3y < q(z) p(z,y,w)) <5 1/(4q(x)) < 1/4.

Assume z € L™7. Then Pry(¢(z,y,w)) =§ 1/(4q(z)) for every y < q(z), and we would like to
argue that

Pry(3y < q(2) p(z,y,w)) =5 1/4.
We cannot do it directly (say, by application of Proposition 3.19), as ¢(z) ¢ Log in general, but
we can explore the fact that the proof of Proposition 5.3 is sufficiently uniform.

We work in the relativized version of HARD, which we denote HARDA(X?). Let (1, s) be a
1/6-definition of L, and we assume that (¢, ) was constructed from (1, s) as in Proposition 5.3.
Keep z fixed. By the relativization of Lemma 3.14 there exist v and FP**!_functions f,9.h
such that

fly) <1/6,
9y, =) v(1/50 + f(y))s(x) = v x {w < s(z) | Y(z,y, w)},
My, —): v(1/50 + 1 = f(y))s(z) — v x {w < s(z) | 7p(z,y, w)}
for all y < g(z). By the proof of Proposition 5.3 and the relativization of Proposition 3.18 there
exists a v and an FP*Z!_function ¢’ such that
gy, =)V (r(@)/(4q(2))) — o' x {w <r(2) [ p(2,y, w)}
for all y < ¢(x). We define ¢”(u) = ¢'(u mod ¢(x), Lﬁj ), and observe that

!/

9" (r(x)/4) — v x {w <r(z) | Iy < q(z) p(z,y,w)},
thus
Pr,(Jy < q(x) p(z,y,w)) <5 1/4. O
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Proposition 5.5 (in Ty + sWPHP(PV3)) 1/4-definable prAM-problems are in prNP /poly.
Le., if L = (L" L) is a 1/4-definable prAM-problem, and n € Log, then there exists a poly-
size nondeterministic circuit C: 2™ — 2 such that

re Lt = C(x)
x €L = C(x)

)

1
0

for every x < 2",

Proof: Let (p,r) be a 1/4-definition of L. Using twice the relativized version of Lemma 4.10,
there exists a circuit D: 2" — {0, 1, x} with an NP-oracle such that

+ _ +
rely, 14— D(z)=1—zc¢€ Ly 13
reLly,, 14— D(z)=0—uz¢€ L, 13

for every = < 2". Let (1, s) be a 27 ?"-definition of L, /3, available by Proposition 5.3. For
simplicity, we may assume that s(x) = s is constant for all x < 2". Then

Prycs((D(z) = 1 A =(z,w)) V (D(2) = 0 Az, w))) <527"
for every x < 2™. Using the uniformity of the proof of Propositions 5.3 and 3.18, we obtain
Pro (o < 2" (D(x) = 1 A =z, w)) V (D(x) = 0 A th(, w))) <4 1/2
by the same reasoning as in Theorem 5.4. By sWPHP (FPE?) there exists w < s such that
D(w) =1 = i, w),
D(z) =0 — —(z,w)

for every x < 2", and then it suffices to define C(x) <> ¥ (z,w). O

As AM C BPPNP| the relativized version of Proposition 4.14 implies that every definable
AM-predicate is in Eg N Hg. We will formalize the stronger result AM C coRPNPI 115 from
[16]. The proof is based on [122].

Theorem 5.6 (in Ty + sWPHP(PV)) Let L = (L*,L™) be a 1/4-definable prAM-problem.
There exists a Ell’ -formula o(x,y) and a PV -function r(x) such that for every x,

ze L' =Vy <r(z)o(x,y),

v € L7 = Pryc, () (p(2,y)) 30 1/2.
Proof: In Proposition 5.3, the number of random bits increases polynomially in the number of
iterations, but the probability of error decreases exponentially. Thus there exists (¢, s) which
is a 1/(4]s(x)|)-definition of L. We may assume s(z) is a power of two. We define

r(z) = s(a)*@),
p(x,y) < Fw < s(x) Vi < |s(z)| ¢ (z, w S yi),
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where y is decomposed as a sequence of |s(x)| numbers y; < s(x), and @ is bitwise XOR.
Let z € L, and fix y < r(z). We have Pry, ) (—¢(z,w)) <5 1/(4|s(x)]), and — @ y; is a
poly-time computable involution on 2@ thus

1
Pl"w(ﬂﬁ(ﬂ?a w D yl)) j%’ 4’8(1‘)’

for every i < |s(z)|. We obtain
. !
Pry (3 <[s(z)| ~(z,w ® i) =174 3

from relativization of Proposition 3.19, thus ¢(x,y) by sWPHP(FPZIf).
Let x € L™, and write s = s(x). We have Pry,(¢(z,w)) < 1/(4|s|) < 1/4, thus there exists
a circuit Cq with an NP oracle such that

Cr: v(s/4) > v x {u < s | ¥(z,u)}

for some v > 0. As w @ — is a poly-time involution, we have a circuit Cy such that for any
w < s(z),
Co(w,—): v(s/4) » v x{u<s|yY(x,wBu)}.

We apply |s| copies of Cy in parallel to obtain a circuit C3 such that
Cs(w, —): vl¥l(s/a)lsh — ol s {y < sl | Wi < |s]|(z, w @ )},
and rearranging the domain yields a circuit Cy such that
Cy: 0¥l (s/D)1ls — vl¥l x {y < sl | Fw < sVi < |s| (2, w D y;)},

thus

Pry(p(z,y)) =6 — < =. O

4ls|

S
s

N | =
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Chapter 11

Approximate counting by hashing in
bounded arithmetic

Abstract

We show how to formalize approximate counting via hash functions in subsystems of
bounded arithmetic, using variants of the weak pigeonhole principle. We discuss several
applications, including a proof of the tournament principle, and an improvement on the
known relationship of the collapse of the bounded arithmetic hierarchy to the collapse of
the polynomial-time hierarchy.

1 Introduction

Counting the number of elements of a finite set is one of the most fundamental operations
in discrete mathematics. However, exact counting is not available in weak systems of first-
order arithmetic where exponentiation is not a total operation unless the polynomial hierarchy
collapses, because of Toda’s theorem [174]. This does not exclude the possibility of approximate
counting, which is sufficient in many counting applications: we estimate the size of the set up
to a negligible error (where the meaning of “negligible” depends on the context).

A popular way of simulating approximate counting arguments in bounded arithmetic is to
apply variants of the weak pigeonhole principle, see e.g. [146, 152, 136]. A systematic approach
was taken in Chapter I: we have proved in the theory PV) + sWPHP(PV) (defined below
in Section 2) that for any bounded set defined by a Boolean circuit, there exist suitable kind
of surjective “counting functions” (also definable by circuits) which allow us to coherently
define the approximate size of the set up to a polynomially small error. This framework admits
smooth development of basic counting and probability arguments (including, e.g., the inclusion-
exclusion principle, and the Chernoff bounds), and provides a suitable means to define and
discuss randomized algorithms in bounded arithmetic. However, it also suffers from a significant
defect: if X is a subset of [0, a], we can only estimate the size of X up to an error polynomially
small relative to a—the size of the ambient interval—rather than relative to the size of X itself.
(One of the reasons being that the size of X is estimated by sampling it with a pseudorandom
number generator.) Sufficiently “sparse” sets are thus indistinguishable from the empty set.
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This precludes more sophisticated combinatorial counting arguments (in particular, inductive
arguments such as in the proof of the Ramsey theorem), and it is at odds with what usually
goes by the name “approximate counting” in theoretical computer science.

Sipser’s Coding Lemma [166], which is an application of Carter—Wegman 2-universal families
of hash functions [49], shows that the polynomial-time hierarchy is closed under a stronger form
of approximate counting: if X is the finite set we want to count, and n is a parameter given

—O0() | Our aim is to show

in unary, we can find s such that s < |X| < s(1+¢) for any e < n
that Sipser’s definition makes a well-behaved concept of approximate counting in bounded
arithmetic. We work in the theory Ty + sWPHP(PV5) (i.e., the one as before, but relativized
with an NP-oracle; it is a subtheory of T3), or in the slightly weaker theory T3 + rWPHP (PV3)
(see Section 2). The key technical result (which can be thought of as formalization of the
Coding Lemma in bounded arithmetic) states that Sipser-style approximate counting in terms
of hash functions is (more or less) equivalent to the existence of certain surjective functions
(Corollary 3.5 and Theorem 3.8). Armed with this “implementation-independent” view of
hashing, we are able to prove basic properties of counting (Section 3), such as the size of a
disjoint union is (approximately) the sum of sizes of the summands.

In Section 4 we mention some applications, intended as examples demonstrating how the
methods developed in Section 3 may be used to formalize counting arguments in bounded
arithmetic. We solve an open problem of Krajicek, Pudldk, and Takeuti [55, 116] by showing
that Ty +rWPHP(PV3) (hence also T5) proves Erdés’s [77] tournament principle (Theorem 4.2).
We also prove a generalization of the tournament principle (Theorem 4.3), which allows us
to strengthen the results of [121, 39] showing that the collapse of the bounded arithmetic
hierarchy implies collapse of the polynomial-time hierarchy (Theorem 4.6 and Corollary 4.7). We
observe that approximate counting provides an approximate Euler characteristic (in the sense
of Krajicek [118]) for models of Sa(a) (Theorem 4.10). We also include two applications from
computational complexity: we formalize in bounded arithmetic Cai’s [47] result S§ C ZPPNY
(Theorem 4.11), and the existence of an AM-algorithm for graph nonisomorphism by Goldwasser
and Sipser [83] (Theorem 4.12).

We remark that the “new” approximate counting method does not make the “old” counting
of Chapter I superfluous: while the method in the present paper allows for better approximation
(we can estimate the size of a set X up to an error which is a polynomially small fraction of | X|,
rather than of the size of the ambient universe) which also agrees with the established usage
of the term “approximate counting” in computer science, the price we pay is an increase in
the complexity of the counting functions, which requires an increase of the strength of the base
theory by one level of the bounded arithmetic hierarchy. To put it differently, 74 +s WPHP(PV3)
can count PNP/poly-sets using the old method, but only NP/poly-sets using the new method.
Moreover, some results from Chapter I are used in an essential way in Section 3.

2 Preliminaries

We assume some degree of familiarity with first-order bounded arithmetic, however the basic
definitions are summarized below. More background can be found in [116, 40, 86].
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Buss’s theories are formulated in the language L = (0, S, +, x, <, #, |z, |£]). The intended
meaning of the symbols are the usual arithmetical operations on non-negative integers, and
|z| = [logy(x +1)], = # y = 21*1¥. Bounded quantifiers are introduced by

Jr<tp<eIx(zr<tAyp),
Ve <tpeVr(zr<t—yp),

where t is a term without an occurrence of the variable x. Such a quantifier is sharply bounded,
if ¢ has the form |s| for some term s. A formula ¢ is bounded (sharply bounded) if all quantifiers
in ¢ are bounded (sharply bounded). A formula is ¥} if it is constructed from sharply bounded
formulas by means of A, V, sharply bounded, and existential bounded quantifiers. In general,
E?—formulas consist of ¢ alternating blocks of bounded quantifiers followed by a sharply bounded
formula, where the first block is existential, and we ignore sharply bounded quantifiers which
are allowed to appear anywhere in the quantifier prefix. I1?-formulas are defined similarly, but
the first block is universal; in other words, I1-formulas are negations of X¢-formulas. The class
of Boolean combinations of Y0-formulas is denoted by B(X?). Bounded formulas capture the
polynomial-time hierarchy (PH). More precisely, for any ¢ > 1 the class Ef coincides with
sets of natural numbers definable by ¥¢-formulas in N (the standard model of arithmetic), and
dually IIY = I1%(N), in particular NP = 2¢(N).

The theory T4 is axiomatized by a finite set of open axioms denoted by BASIC, which state
elementary properties of the symbols of L, and the schema of induction

(IND) w(0) AVz < a(p(z) = plx+1)) — ¢(a)

for Y-formulas . The theory S} is axiomatized over BASIC by the polynomial induction

schema

(PIND) p(0) AVz < alp([3]) = @(@) = ¢(a)

for E?—formulas ¢. Alternatively, S can be axiomatized over BASIC by the length induction
schema

(LIND) p(0) AV < af (p(x) = @(x + 1)) = ¢(la]),

or by the length mazimization schema
(LMAX) p(lal) = 3b < |al (¢(b) AVe < b=p(c))

for X-formulas ¢. We have Si C T3 C S5t the full bounded arithmetic is thus Sy = |J; S =
\U; T4. The theory S5 is VX2, |-conservative over T3 by Buss’s witnessing theorem [37] (in the
case of i = 0 we need a minor adjustment of the language of T, see [94]).

PV is an equational theory introduced by Cook [63]. Its language contains function symbols
for all polynomial-time algorithms, introduced inductively using limited recursion on notation
(cf. Cobham [57]). It is axiomatized by defining equations of its function symbols, and a
derivation rule similar to PIND. PVj, also known as QPV, T9(0}), or ¥4(S3), is a first-order
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variant of PV. It can be axiomatized by equations provable in PV together with the axioms
0 # 1 and L%J =0—2=0Vax =1, and it proves the PIND and IND schemata for sharply
bounded formulas. We will also use the symbol PV to denote the set of function symbols of
PV.

The theories PV;4; for ¢ > 0, introduced in [121], are defined similarly to PV}, except that
the basic functions of their language include the characteristic functions of all Eg—predicates, thus
PV, 1-functions correspond to FPZ! in the standard model. Again, we will also use PV;y1 to
denote the class of PV, i-functions. The class of PV, i-predicates (which corresponds to AEH
in the standard model) is denoted by A? 15 it coincides with predicates provably »b 1N I8 1
in either T3 or SiT.

As PV is a conservative extension of T4 by definitions, we will simply identify PV, with
Ti, and work freely with PV -functions in T4. The theory Si(PVii1), which is axiomatized
by PViy1 and X4(PViy1)-PIND, is a conservative extension of S5 for the same reason, hence
we will also identify S5t = S3(PViy1).

All these theories can be relativized in a straightforward way. We include a new predicate
« in the language, and define Ef(a) as before, but allowing « to be used in atomic formulas.
The theory Ti(a) consists of BASIC and %(a)-IND (i.e., there are no axioms involving
apart from the induction axioms), and similarly Si(a) = BASIC + ¥%(a)-PIND. In the case of
PV(a) and PV;(«), we allow the characteristic function of « to appear in functions constructed
by limited recursion on notation, so that function symbols of PV («) correspond to polynomial-
time oracle algorithms. More generally, if " is a set of formulas, we define X2(T"), T4(T'), S&(T),
and PV;(T') by substituting I-formulas for « in %¢(a), T4(a), Si(a), and PVi(a). (Notice that
T3(%b) = T2i+1, and so on.) The main point of relativization is that this kind of substitution
preserves derivability. Hence, e.g., if we prove a statement about counting of Zl{(a)—sets in
T3 (o) + sWPHP(PVa(«a)), it also applies to counting of Xl-sets in T4 + sWPHP(PV;;1) for
every 7 > 0.

The choice schema (aka bounded collection, or replacement) BBT for a set of formulas I' is
defined by

Vo < la|Jy < byp(z,y) = JwVe < |a| o(z, (w)s),
where ¢ € T, and (w), denotes the zth member of the sequence encoded by w. BBXY(«) is
provable in S%(a).

For any functions f, g, the surjective (also called dual), injective, and retraction pigeonhole

principles are defined by

sPHPy(f) < Jv < bYu < a f(u) # v,
iPHP{(g) & v < bg(v) > aVIv < b <wvgv) = g),
rPHPY(f,g) < 3v <b(g(v) = aV f(g(v)) # v).

(Recall that a retraction pair is a pair of functions f, g such that f o g = id; the function f is
called a retraction, and g is its coretraction.) Note that the functions f,g may involve other
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parameters not explicitly shown. The weak pigeonhole principles are defined by
PWPHP(f) =V(z >0 — ?PHPY! (1)),
?WPHP(I') = {?TWPHP(f): f € '},

where V denotes universal closure, I' is a set of functions, and 7 € {s,i,7}. In the case of
rWPHP(PV(I')) and ¢:WPHP(PV(I')), the principles thus introduced are equivalent to the
more usual variants with bounds ?PHP5, or ?PHP?, over PVi(I'). This however does not hold
for sWPHP (we need S3(I') to prove the equivalence, see [95] for details), we thus need to state
the principle in the strong form as above.

As Ti(a) proves that every PVjii(a)-function is on a bounded domain computable by
a polynomial-size circuit with a X?(a)-oracle, the schema ? WPHP(PV;i1(«a)) is over Ti(a)
equivalent to its single instance where f is the evaluation function for ¥¢(a)-oracle circuits, for
any 7.

Clearly rWPHP(f, g) follows from either sWPHP(f) or iWPHP(g). The weak pigeonhole
principles sWPHP(f) and iWPHP(f) are provable in T2(f) [146, 116, 125] (in particular,
sWPHP(PV(a)) is contained in 75 (a)), but no variant of WPHP is provable in S3(f) [115, 160].
We will often use (for ¢ = 1) the following connection between rWPHP and sWPHP, which
follows by relativization of [93, Cor. 1.15, 4.12].

Theorem 2.1 The theory S;H(a)+BBE?+2(oz)—|—sWPHP(PVi+1(oz)) is VX2, (a)-conservative
over Ti(a) + rWPHP(PV;y1(a)) for any i > 0. O

We will often work with bounded definable sets, which are collections of numbers of the form
X ={z <a:p(x)},

where ¢ is a formula. Bounded sets are not genuine objects in our arithmetical theories, but a
figure of speech: = € X is an abbreviation for z < a A p(z). We will write X € X4(a) if X is a
bounded set defined by a ¥4 (a)-formula. When used in a context which asks for a set, a number
a is assumed to represent the integer interval [0,a); thus, for example, X C a means that all
elements of X are less than a. We will use simple set-theoretic operations, whose meaning
should be generally clear from the context; for example, if X C ¢ and Y C b, we may define

XxY={br+y:ze€X,yecY} Cab,
XUY=XU{y+a:yeY}Ca+b.

On the other hand, we will occasionally (especially in the applications) need to refer to
“small” sets directly encoded by a number. They should be distinguishable from definable sets
by the context; in particular, by the absence of a complexity measure (as in “a X%(a)-set”). If
X is such a small set, we denote by |X| its cardinality, defined in a natural way (e.g., as in
Corollary 3.10). This notation should not be confused with the length (or logarithm) function
|a] from the basic language of bounded arithmetic.
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Due to general absence of BB in our base theory, we will often need to work with a strength-
ened notion of surjectivity. We will call a function f: X — Y a smooth surjection, written as

[ X =Y,

if for every sequence w of elements of Y, there exists a sequence v of elements of X, such
that lh(v) = lh(w), and f(v;) = w; for every i < lh(v), where lh(v) denotes the length of the
sequence v. (Note that the length of w is implicitly polynomially bounded as lh(w) < |w|, but
we do not impose other restrictions on it.) We also extend the definition so that the empty
partial function is considered a smooth surjection from any set X on the empty set Y. In many
situations, a surjection is automatically smooth (in particular, we will often use (i) without
explicit mention):

Observation 2.2 (in Ty (o)) Let X € Y8(a). A surjective PVa(a)-function f: X — Y is
smooth whenever at least one of the following holds:

(i) f has a PVa(a)-coretraction,
(ii) f has a X8()-graph,
(iii) BBXS(a),
(iv) f is a composition of two smooth surjections. O

(Note in particular that all surjections are smooth in the standard model of arithmetic. Smooth-
ness is only a technical condition needed to compensate for the lack of appropriate instances of
BB.) We will write just X — Y if there exists a function f: X — Y (of suitable complexity,
which should be clear from the context).

We will use the shorthand notation

xz € Log & Jyxz = |y|.

We will also work with rational numbers, which are assumed to be represented by pairs of
integers in a natural way. The expression z~! € Log is a shorthand notation meaning that z is
a positive rational number, whose inverse is bounded above by an integer n € Log. The symbol
Qrog denotes the set of rationals whose nominator and denominator belong to Log.

Many of our results take place inside formal theories like Ty + rWPHP(PVy). If T is a
theory, a parenthesized expression “in 7” in the heading of a definition or theorem indicates
that the definition is introduced in T, or that the theorem is formulated and proved inside T'.
However, we will slightly abuse this convention for reasons of compactness: when we write e.g.

b

“for every PVa-function f...” in a formalized context, it is assumed that the quantification over
PVs-functions takes place in the metatheory, and only parameters of the function are quantified
inside 7. Formulas, definable sets, and other non-first-order objects are treated similarly.

In fact, in most cases the sets or functions thus quantified will only have a bounded domain.
As already mentioned above, speaking of (say) PVa(«)-functions, or ¥¢ («)-sets in such a context

is equivalent to using circuits with a E?(a)—oracle, or non-deterministic Boolean circuits with
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an oracle «, respectively. We will, however, generally use the former expression, as we believe
it is easier to read (even though the latter may be formally more correct). We point out that
the reader should think about Ell’—sets as corresponding to NP/poly, rather than just NP as is
usual in bounded arithmetic.

We will also need some notation and results from Chapter I. For convenience, we state it in
a relativized version (which is the one we will actually use); in particular, what we denote <.
below is closer to what is denoted by <! in Chapter L.

Let X,Y C a be definable sets, and € < 1. We say that the size of X is approximately less
than the size of Y with error e, written as X <. Y, if there exists a PV3(«)-function C, and
v # 0, such that

C:vx (YUea) »vxX.

The sets X and Y have approximately the same size with error e, written as X ~. Y, if X <. Y
and Y <. X. (We recall that we identify a number s with the interval [0, s), thus as a special
case, X ~. s means that the size of X is equal to s with error ¢.)

If p is a rational, we also write

Proca(p(z)) 2ep <= {z <a: (@)} 2 pa,

and similarly for =, ~. We will often omit the mention of ¢ when it is clear from context. For
example, a sequence A= (A; 11 < k) of t x n binary matrices is encoded by a number z < oktn

hence we write Pr g((p(ff)) instead of Pr,_oun (¢(the sequence of matrices encoded by z)).

Theorem 2.3 (Thm. 1.3.7) (in T)(a) + sWPHP(PVz(a))) Let X C a, X € A}(a), and
¢! € Log. There exists a number s < a such that X =, s, moreover the surjections required
by the definition of ~ have PVa(«)-coretractions, and the numbers v from the definition belong
to Log. O

The reader may find it helpful to familiarize her/himself with basic properties of <. from
1.3.

We will occasionally use some results from Chapter I on definable randomized algorithms, in
particular, AM. Recall that a promise problem is a pair L = (L™, L™) of disjoint sets of strings
(a language L C ¥* is identified with the promise problem (L,¥* \ L)). A promise problem
L is in promise AM(«) (prAM(«) for short), if there exists a probabilistic polynomial-time
algorithm A(z,y) with oracle a such that

A(z,y) = [yl < p(lz)
for some polynomial p, and

r € LT = Pr(3y A(z,y)) > 3/4,
x €L =Pr(IyA(z,y)) <1/4.

A language is in AM(«) if the corresponding promise problem is in prAM(«).
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We formalize this definition in T4 (o) + sWPHP(PVa(«)) as follows. Let 3 be a PV -function
with values in (0,1/2). A pair (p,r), where p(z,w) is a 34 (a)-formula, and r is a PV-function,

B-defines a prAM(«) problem L = (Lt L™) if LT D L;’Tﬂ and L~ D L_, 5, where

v e Ll 5 = Prycm(~ele,w) <o B@),

RS L;,r,ﬁ — Prw<r(m)((ﬂ($aw)) =0 B(x)

o 5). If unspecified, we

The pair {(p,r) B-defines an AM(«)-language, if Va (z € L;}Tﬁ Ve eL
take f = 1/4.

The definition is insensitive on the choice of g in the following sense: if ¢, s are PV -functions
such that t(x),s(x) > 0 and 1/s(x) + 1/[t(x)| < 1/2, then Ty (a) + sWPHP(PV,(a)) proves
that L is a definable prAM(«)-problem iff it is a (1/2 — 1/|¢|)-definable prAM(«)-problem iff
it is a 1/s-definable prAM(«)-problem (Proposition 1.5.3). We could also use an asymmetric
definition with different bounds for L™ and L~, but we will not write it down explicitly.

We will need the following statement, formalizing the result that AM C NP /poly.

Theorem 2.4 (Prop. 1.5.5) (in Ty (a) + sWPHP(PV(a))) If L is a 1/4-definable prAM(a)-
problem, and n € Log, then there exists a polynomial-size nondeterministic oracle circuit
C: 2" — 2 such that

re Lt = C(x)
rel” = C(x)

)

1
0

for every x < 2", O

If Lo, Ly are definable prAM(«)-problems, it is easy to see that LoNL; := (Lg ML, Ly ULT)
and Lo U Ly := (L§ UL{,Ly N Ly) are also definable prAM(a)-problems. More importantly,
definable prAM(a)-problems are in T3 () + sWPHP(PVa(a)) closed under bounded existential
quantification (Theorem 1.5.4): if ¢ is a PV-function, and L is a definable prAM(«)-problem,
then so is L7 := (L3, L77), where

re L™ — Jy<q)(z,y) € LT,
re L™ = Vy<qx)(z,y) L.

3 The toolbox

We begin with a definition of approximate counting based on Sipser [166]. Rather than defining
what is a size of a set, we introduce a predicate X =. s which means that the size of X is
bounded above by s (approximately, with relative error ). (This = should not be confused
with <.)

The basis of the construction is to use linear hash functions. The idea is as follows. Let
X C 2" s =|X]|, and choose a parameter t. We consider a random linear function A: 2" — 2!
(which is given by a matrix, thus a polynomial-size object). Ideally, we would like A to be
injective on X, which would witness that s < 2¢. This is rather unlikely to happen unless ¢ is
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really huge, but it is possible that A is injective at least on a sizable part of X. Let thus X’ be
the set of all elements x € X such that A(x) # A(y) for all y € X different from z, so that A is
injective on X’. Elements of X' are called separated by A. The probability that A(z) = A(y)
for & # y is 27%, hence any x € X is not separated by A with probability at most s27¢ < 1/2,
as long as 2! > 2s. The expected size of X’ is thus at least s/2. In order to cover all of X,
we choose independently random linear functions A;: 2" — 2! for i < t. The probability that
x € X is not separated by A; is at most 1/2, hence the probability that it is not separated by
any A;, i < t, is at most 27¢. The expected number of z € X not separated by any A; is thus at
most s27t < 1/2, hence there exist matrices Ay, ..., A;_1 such that every x € X is separated by
some A;. However, the existence of such A does not conversely guarantee that | X| < s. Each
A; injects a part of X to 2!, hence we can inject X into t2!. We may choose 2! < 4s, hence we
obtain only an injection of X to 4slog4s.

This form of hashing thus directly distinguishes sets of size s from roughly 4slogs. We
want to distinguish size s from s(1+ ¢) for polynomially small €; we achieve this by considering
Cartesian powers. Instead of our set X, we apply the hashing to X¢ for some c¢. We can
distinguish its size s¢ from 4s¢log s® = 4cs®log s, and the latter is less than (s(1 + ¢))¢ as long
as (1 +¢)¢ > 4clogs. We have (1 +¢)° > 2 for ¢; > 7!, and 22 > 4clogs for ¢z about
log log s +log ¢, hence it suffices to take roughly ¢ = Q(e~!(loglog s +loge™!)). We will actually
use somewhat larger (but still polynomial in e~ and log s) ¢ for convenience to simplify some
computations below.

Definition 3.1 Let X C 2" and z < 2". A matrix A € 2" (i.e., a t-by-n matrix over GF(2))
separates x from X if Ax # Ay for all y € X \ {x} (where we view elements of 2" as column
vectors over GF(2)). A sequence A = (A; : i < k) of matrices isolates X, written as

A X+ 2t
if every « € X is separated from X by some A;. Let e~ € Log. If s > 0, we write
X Zcs

if there exist (4; : i < t) such that A: X¢ 9 2!, where ¢ = 12|S|[¢~']2, and ¢t = |S°| + 1 for

some 0 < S <'s. We also define X =, 0iff X is empty. We write X = s if X 2. s for every
-1

e~ € Log.

Remark 3.2 If X is Ell’(a), then the properties “A separates x from X7, and “4 isolates X7
are 115 (), hence X =, s is B5(a).

The definition makes = monotone: if Y C X 3. s <t, then Y =, ¢t

If X C2" n<m,Ae 2™ and B € 2% is the sequence of restrictions of A;’s to the first
n columns, then A isolates X iff B does. The definition of X = s thus does not depend on the
choice of n.

A moment’s reflection will persuade the reader that it is next to impossible to work directly
with the hash functions. For example, if A: X ¢ 2!, and B: Y & 2¢, there is apparently no
way of constructing C such that, say, C: XUY % 201, In the real world, this is no problem as



70

we have a well-behaved preexisting notion of cardinality, and we merely observe that the hashes
agree with it. Obviously, this does not work in bounded arithmetic if we want to use the hashes
to define (approximate) cardinality in the first place. We get around the problem by showing
that X =: s is, up to €, equivalent to the existence of suitable surjections from a power of s to
a corresponding power of X; these surjections will be much easier to handle. The key result is
Theorem 3.4 (the other direction will be much simpler), which is essentially a formalization of
Sipser’s Coding Lemma in bounded arithmetic.

Lemma 3.3 (in 1Y) If c € Log, there exists a PV -bijection

f: U <f> X XIx Y~ (XUY)

i<c
with a PV -inverse.

Proof: Let u < (), (z;:j <i) € X', and (y; : j < c—1i) € Y '. We can enumerate subsets of
c of size i by (j), let thus U C ¢ be the uth set. Let (7 : j < i) be an increasing enumeration
of U, and (p; : j < ¢ — i) an increasing enumeration of ¢ \ U. We define f(u,Z,y) = 2, where

Zr.

5 =T, 2p; = yj. It is easy to see that f is a bijection. O

Theorem 3.4 (in Ty (a) + sWPHP(PVy(a))) Let d,r > 0, d € Log, and f: rs® — r x X4,
where X is 8 (a), and f is PVa(c). Then there exists (A; : i < t) such that A: X % 2!, where
t =|s| + 1, and moreover,

Prg(ff does not isolate X) = 2/3.

Proof: Let B be the set of sequences (A; : i < t), A; € 21" such that A does not isolate X.
We define a PV -function

go: (2"~ {0}) x 2"t 2"
as follows. Let ¢ < n be the index of the first set bit of x. We decompose w = wp~ w1, where
(

wo < 2% and wy < 27771, and we put go(z,w) = we" b wi, where b = xT (wp"0"w;). Clearly,

Tz = 0} whenever 2 # 0. Then we can define a

go(x,-) is a surjection of 2"~! onto {a € 2" : a
PV-function

g: (27~ {0}) x 2Dty otxn

so that g(z, (wo, ..., w;—1)) is the matrix A such that the jth row of A is go(x,w;)* for every
j < t. It follows that
gz, ): 2071 L {4 € 2 A = 0}

for every x # 0.
We define a PVa(a)-function

B Tt+1(8t+12(n—1)t2)d _ Tt+1(2t><n)td

as follows. We interpret the input to h as sequence consisting of u, (v; : i < t), and (w; ; : i < t,
j < d), where u,v; < rsd, w; j < 2(n=1t We compute f(u) = (p, zj:j<d)e€rxX? andina
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similar way, f(v;) = (gi,¥i,; : j < d). For each i <t and j < d, we define A; ; = g(z; + i j, w; ;)
(where + is vector addition) if z; # v; j, and A; j = 0 otherwise. We let (p,q;, 4;j 11 < t,j < d)
be the output of h.

We claim that h is a surjection of ri*! (st+12(”_1)t2)d onto 1 x B¢, Indeed, consider a
sequence (p,q;, Ai; i < t,j <d) € rttlx B¢, For each j < d, there exists an x; € X which
is not separated from X by (A;; : i < t); we can collect them to a sequence (x; : j < d) by
BBY%(a) C Ti(a). Likewise, there exists a sequence (y;; : i < t,j < d) of witnesses to the
non-separation of x; by A;;, i.e., y;; # x;, and A; jx; = A; jy; ;. The latter is equivalent to
Aij(x; +vij) =0, and as z; + y;; # 0, we can use the properties of g to find a sequence
(w; ;i <t,j<dysuch that g(z; + y;;, w; ;) = Aij. As f is surjective, we can find a u < rs?
such that f(u) = (p,z; : j < d). We construct suitable v; in a similar way, using smoothness of
f. Then h(u,v,w) = (p,(j’,ff}

As s < 271 we have

T,t+1(8t+12(n71)t2)d < 27d7,t+12nt2d’
thus sWPHP(PVz(c)) implies that h is not onto r'*! x (20X™)¥ hence B # (20")!. Any
A € (20t B isolates X.

As Bis XY (), and we assume Ty (o) +sWPHP(PVa(«r)), there exists a b such that B /50 b

by Theorem 2.3. By definition, there exists 0 < e € Log, and a PV(«)-surjection

e X (B U %2”'52) — eb.

For any k € Log, we can thus construct a chain of surjections

k .
k 2 . o\ k—1
(t+1)[k/d] k (nt2—1)d[i/d] [ 1 ont
r e ;(i)Q (202 )
k

e
=0
s ek U (f) T(H‘l)ﬂf/tﬂ Bt (%QnR)k*i

: k ) o\ k—1
~r |<k| (z) (eB) (2062 )

D [k/d] (e (B ¥ 7%2nt2))k DR/ gl

where the surjection from the second to the third line is constructed using h: pitlgnt*=1)d _,

r*1B9 and the last but one surjection follows from Lemma 3.3. We have

[k o(ne2—1)dfi/d] (1 ont?\* ™" _ oni?(k+a) R —(k—i)
(Yo g s (B
=0 1=0
k k
_ 2nt2(k+d)(11/20)k _ (%27”52) ont2d < % <%2m2)
as long as k > 8(nt2d + 1), hence b < (12/20)2"" by sWPHP(PVa(a)). As B =190 b, we have
B =g b+ (1/20)2" < (2/3)2"", O
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Corollary 3.5 (in Ty (a)+sWPHP(PVy(a))) Let d,r > 0, d,e~! € Log, and f: rs® — rx X,
where X is X4(a), and f is PVa(a). Then X 3 s, and moreover,

Prg(ff does not isolate XC) <0 2/3,

where ¢ = 12|s|[e7 12, t = |s| + 1, X C 2", and A = (4; : i < t) is a sequence of matrices
A; € 2% qs in Definition 3.1. O

Remark 3.6 If we assume that f has a PV5(«)-coretraction, the existence of A in Theorem 3.4
and Corollary 3.5 is provable even in Ty () + rWPHP(PVs(«)), as the statement becomes
V¥4 (a). This is quite typical behaviour. To avoid unnecessary cluttering of the text, we will
only indicate provability in T)(a) + rWPHP(PVz(a)) below if it applies to an unmodified
statement of a theorem, or if it does not directly follow from Theorem 2.1.

Lemma 3.7 (in Tj(a) + sWPHP(PVa(a))) Let s,e %, c € Log, ¢ > 0, X € X¥(a). If there
exists a PVa(a)-surjection f: |(s+1—¢)¢| — X€, then there exists a surjection s — X (encoded
by a sequence, hence PV -definable).

Proof: Let k < s+ 1 be maximal such that there exists a sequence of length k of pairwise
distinct elements of X (by X4(a)-LMAX C Ti(a)). If k < s, we have s — X. Otherwise
X — s+ 1, which implies

(s+1)° <1— Si1> >(s+1—¢)—>» X (s+ 1)
contradicting sWPHP. O

Theorem 3.8 (in T} (a) + rWPHP(PVa(a))) If X is X4(a), and X 3. s, there erists a
PVa(a)-function f such that f: [s(1 +¢€)|¢ — X¢ (with a PVa(«a)-coretraction), where 0 <
c < 12s|[e7 12

Proof: W.l.o.g. s = S in the notation of Definition 3.1. The case s < 1 is left to the reader,
we assume s > 2. Let a = 4|s|[e7!], ¢ = 3[e"!]a, and fix 29 € X, and A: X¢ 9 2, where
t = |s°] + 1. We define a mapping f: t x 28 — X¢ by

) x ifze X A;x =u and A; separates z from X°€,
fliu) =

ro otherwise.
The definition of & ensures that f is onto; it has a PV,(«)-coretraction defined by
g(x) = (i, Asx), i =min{i < ¢ : A; separates z from X°}.
The function f is itself PVa(«), as it is computable by the following algorithm: if
—drz € X Aw=uVIz,x € X (Ajz=Aix' =unz#a)

(these are Y%(a) oracle calls), output zg. Otherwise there exists a unique x satisfying the
Y% (a)-condition # € X¢ A A;z = u, and we can find it by binary search.
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As a > 4|s| > 8, we have 2% > 3a? + 4. Moreover (14 ¢/3)/3/¢1 > 2, hence

t2" < 4s°(|s%) + 1) < 4s°(cls| + 1) = s°(12s[[e " a + 4)
< s°(3a2 +4) < 52 < s°(1 +¢/3)13 7o < (s(1 +/3))°.

If s > 3/(2¢), we obtain
(s(1+¢/3))° < (s(1+¢) = 1) < [s(1+¢)]"

If s < 3/(2¢), we have s(1 +¢/3) < s+ 1/2, and s € Log, hence s - X by Lemma 3.7 (which
works in T4 (o) + TWPHP(PV3(a)), as our surjection has a PVa(a)-coretraction). O

The proof of Theorem 3.8 actually shows the following:

Corollary 3.9 (in T} (a)+rWPHP(PVa(a))) If X € ¥8(a) and X % 2!, there exists a PVa(a)-
surjection f: t28 — X with a PVa(«)-coretraction. O

The corollary below states the important principle that approximate counting with small
error reduces to exact counting whenever the latter is possible.

Corollary 3.10 (in T)(a) + rWPHP(PVy(a))) Let X € ¥4(a), and s < e~ ' € Log. We have
X Z¢ s iff there exists a sequence of length at most s which includes all elements of X .

Proof: If w is such a sequence, then w: s — X, hence X = s by Corollary 3.5. (We can use
sWPHP by Theorem 2.1.) On the other hand, X =, s implies the existence of w by the proof
of Lemma 3.7 and Theorem 3.8. O

The following corollary serves several purposes. First, it shows the basic counting principle
that upper bounds on cardinality are preserved by surjections. Second, it shows that the present
approximate counting generalizes the method of Chapter I in the following sense: if ¥ C 2"
and Y <. s, then Y =X s+ 2¢2". Finally, we will often use the special case when f is the
identity function to reduce the error of approximation in favor of worse bounds: X =. s implies
X 25 |s(1+¢)] for every 671 € Log.

Corollary 3.11 (in T)(a) + sWPHP(PVy(a))) Let X,Y € X%(a), f € PVa(a), d,e™! € Log,
dyr>0. If X Z.s,and f:rx X rx Y9 thenY 3 [s(1+¢)].

Proof: We have |s(1+¢)|¢ — X¢ for some ¢ by Theorem 3.8, hence r¢|s(1 +¢) | — r¢ X —
ryed thus Y 3 |s(1 +¢)| by Corollary 3.5. O

The next two results state fundamental counting principles for computing upper bounds on
the size of Cartesian products and unions.

Corollary 3.12 (in T)(a) + rWPHP(PVs(a))) If X,Y € ¥%(a), X 2. s, and Y 2. t, then
X xY 3 |st(1+¢)?].

Proof: Use Corollary 3.5, and Theorems 3.8 and 2.1. O
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Theorem 3.13 (in T)(a) + rWPHP(PV(a))) If X,Y € X%(a), X 2. s, and Y 2. t, then
XUY 2 |(s+t)(1+2¢)].

Proof: We can use s WPHP by Theorem 2.1. Take PV, (a)-functions f: S¢ — X¢, and g: T —»
Y? by Theorem 3.8, where S = |s(1+¢)|, T = [t(1 +¢)]. Put k = 3(c|s| + d|t|)[e~*]. Using
Lemma 3.3, we can construct smooth PVs(«)-surjections

k iy k—1i cli/c|pd[(k—1)/d crpd irmk—1
(XUY)F « |<i)XY “y (Z,)S”1T [F=0)/dl < ey (Z,>ST

i<k i<k i<k

= STHS + T)F < 298HHdITl (g 4 T < ((142/3)(S+T))"
as (1+e/3)B "1 >2 1f
(I4+¢e/3)1+e)(s+t) < (s+t)(1+2)—1<[(s+t)(1+2)],

we are done by Corollary 3.5. Otherwise s,t € Log, in which case |[(s+1t)(1+2¢)| - X UY by
Lemma 3.7. g

Theorem 3.13 is one of the most important elementary counting principles. Its dual, which
says that the size of a disjoint union X UY is (approximately) bounded below by the sum of
the sizes of X and Y (it has to be formulated contrapositively, see Theorem 3.17), is just as
fundamental, but it is considerably harder to prove in our setting. To see why, consider the case
where X UY = [0,a): the obvious fact that X UY =. a does not give us any useful information,
hence we must be ready to produce out of thin air a function witnessing that the size of X or
Y is (approximately) at most a/2. Theorem 2.3 comes to our rescue, as production of magic
surjections is exactly what it is good for.

But first we state another consequence of Chapter 1. It allows us to reduce the complexity
of 2 from ¥5(a) to I18(a) in many situations, which is indispensable in proofs by induction
(notice that our favourite theory has induction only for B(X?(a))-formulas). We recall that this
does not imply any fancy derandomization of AM, as IT () here has the meaning of coNP/poly,
not coNP (see Section 2).

Recall Definition 3.1.

Lemma 3.14 (in T)(a) + sWPHP(PVz(a))) Let ¢ € Log, X C a x 2", X € %4(a), and put
X, ={y<2":(zx,y) € X} for each x < a. There exists a 11 (a)-predicate C' such that

C(z,t) = X, + 2,
-C(z,t) = PI‘AO’“.’At_1€2t><n(A' isolates X;) <o 1/4

for every x < a, t < c.
Proof: The promise problem L = (L*, L™), where

(z,t) € LT & PrA'(/_f isolates X,) <o 1/8,
(x,t)y e L~ & Prg(/_f isolates X,) =¢ 1/4,

is a definable prAM(«)-problem, hence the existence of C' follows from Theorem 2.4. O
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Lemma 3.15 (in T} (a) + sWPHP(PVa(a))) Let X € ¥4(a), X # @. There exists a t € Log
such that X 9 212, and for every e~' € Log there exists a positive r € Log, and a smooth
PVs(a)-surjection f: 1 x (X Ue2t) — r2t with a PVa(«a)-coretraction.

Proof: Assume X C 2", Let C be as in Lemma 3.14, find the minimal k& < n such that
C(k) = 1 by PVs(a)-induction, and put t = k — 2. We have X 9 2F. Take g: k2 — X and its
coretraction h: X — k2* from Corollary 3.9, and define

A= {u<k2%: h(g(u)) = u} = rng(h).

Let n = €/4n, and A =, a by Theorem 2.3. We have g: A ~ X with inverse h: X ~ A, and
there exists a PVa(a)-surjection r(a + nk2¥) — rA with a PVs(a)-coretraction for some r > 0,
r € Log, hence

r(a+nk2%) - r x X.

By minimality of k, and Theorem 3.4 we have
a+ nk2k > 2.

There exists a PVa(a)-surjection 7(AUnk2¥) — ra with a PV, (a)-coretraction by Theorem 2.3.
We compose it with h to obtain (X Unk2¥) — ra, hence

r(X Ue2h) D r(X U2npk2®) — r(a + nk2¥) > r2t. O

Theorem 3.16 (in T} (a) + rWPHP(PVa(a))) If X,Y € ¥%(a), and X x Y Z. st, then
X Zs(l+e)], orY 3 [t(1+¢)].

Proof: We can use sWPHP by Theorem 2.1. Assume that X # @ # Y, and take a PVa(«)-
function f: |st(1+€)]¢ - (X xY )% by Theorem 3.8. Let 0 < ¢ € Log, and take k, £, € Log such
that X4 qu 2642 p(Xed gn2k) — p2k Yed qu 2642 p(Yed ) 2f) — r2¢ by Lemma 3.15, where
n = (8(k+£+4))~!. By Corollary 3.9, there are smooth PV,(a)-surjections (k+2)2F+2 — Xed,
(€42)22 » v, As

k+0+2 k42 | 20k+l ~ 5ok+t
n(k +2)2 +n(l+2)2 + 7727 < 22t
we can construct smooth PVa(«)-surjections

72 (Xcd > ch U 22]6-%@) — TZ (Xcd % ch U 7’]2kYCd U 7]2£X6d U ,'722k+€)
~ (X Un2k) x r(Ye U n2t) — r22k

On the other hand, f(©): |st(1 +¢)|*® — X x Y¢ hence
T2(£St(1 + 5)J0d + §2k+ﬁ) _y r22k+ﬁ’

which implies
ktt —lol—
(st(l+e)) > 21— §) =2k 121
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by sWPHP(PVy(a)). Therefore (s(1 +¢/2))% > 251 or (¢(1 +£/2))°? > 2/, hence

8(s(1+¢/2)) cd|s(1 + £/2)] + 3) > 8(s(1 +£/2))°4|4(s(1 + £/2))°| > 2642 (k + 2)
8(t(1 +¢/2)) (cd|t(1 +e/2)| +3) > 8(t(1 +¢/2))“|4(t(1 +/2))| > 2772(0 + 2),
which implies
8(s(1+¢/2)) (cd|s(1 +e/2)[ +3) = X or 8(t(1+e/2))(cd[t(1+¢/2)| +3) — Y.
We may fix ¢ € Log so that
8(cdlmax{s,t}(1 +¢/2)| +3) < (1 +¢/4),

hence there exists a PVa(«)-function
d
(s (1+ gg))" > (5(1+¢/2)(1 + £/4))** — x°d
or

cd c
(t(1+39)" > (01 +e/2)(1+ /) — v
Then
XZs(l4+¢)] or Y 3 [t(l+¢e)]
by Corollary 3.5 and Lemma 3.7. O

Theorem 3.17 (in T3 (a) + rWPHP(PVa(a))) If X,Y € X%(a), and X UY 3. s+t +1, then
X Zs(1+2)|, orY 2 [t(1+42¢)].

Proof: We can use sWPHP(PVy(a)) and BBY4(«) by Theorem 2.1. W.lo.g. assume s < t.
Put S =s(1+¢), T = (t+1)(1+¢). We fix a surjection |S+T]¢ — (X UY)¢ by Theorem 3.8.
Let d € Log be such that 8cd|6(S + T)| < (1 +¢/4)*?, and put 1 = 1/4. For each i < cd, we fix
k; < cd|S +T)| such that X? x Y47 qs 2ki+2 and PV;(a)-functions fi: r(X? x Y41 gn2ki) —
r2Fi by Lemma 3.15 and BBZg(oz). Then we can construct surjections

r <(S +T) 4 <Cz,d> 2’%) - U (?) (XTx YT O — Y (CZ,d> ofi
using Lemma 3.3. By sWPHP(PVa(a)),
(1—n/4)r Z <Cz.d> 2k <y <(5 +T) 47 Z (Cf> 2’%) :

hence

> <Cz.d> 2 (SHT) 1+ 2m) =) <Cid> ST (1 4 2p)
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by sWPHP(PV,(«)), which implies
oki < GiTed=i(1 4 op) < %SiTcd—i
for some 7 < cd. It follows that
%SiTcd—i(l +e/4)% > 6SITATGSITA > (k; + 2)2ki+2 Ly X x yod—
using Corollary 3.9, hence X x Yd=# < 3gied=i(] 4 ¢/4)°d by Corollary 3.5, which implies
X3 (S(1+¢e/4) or YU i3 (T(1+4¢/4))d "
by Theorem 3.16. We obtain a PV;(«)-function
(s(1+e)(1+¢/3) » X or ((t+1)(1+e)(1+¢/3)) 7 = yled=ike
for some e € Log by Theorem 3.8, hence
X3 s(1+2)] or YZ[(t+1)(1+ 2e)
by Corollary 3.5 and Lemma 3.7. If
(t+1)(1+ 2e) <t(1+2e),

we are done. Otherwise s < t < 5¢~! + 9 € Log, hence the result follows by exact counting,
using Corollary 3.10. (]

We formulated the key theorems 3.12, 3.13, 3.16, and 3.17 for binary sums and products. It
is straightforward to generalize them to sums and products of logarithmically many sets, using
simple induction.

Corollary 3.18 (in T} (a) + sWPHP(PVs(a))) Let n,e=1, 6! € Log, and let {X; : i < n} be
a X4 (a) parametric family of subsets of some 2™.

(i) If X; Zc si for every i <mn, then J;,, Xi S [(1+22) >, 8]
(i) If X; 3 s; for every i <n, then [[;., Xi 3 [(1+&)" ™ [Tic,, s -
(iii) If UKn Xi Ze D icn Si — 1, there exists i < n such that X; 3 [s;(142¢)] — 1.
(iv) Ifn >0, and [[,_,, Xi Zc [1icp, 505 there exists i < n such that X; 3 [s;(1+¢€)].
Proof: (i): Let X =, X;, and s =), s;. We have X; =, [si(1+4¢)| by Corollary 3.11, hence
X Zy [s(1+e)(1+ 2"

by induction on n from Theorem 3.13 (we can make the induction hypothesis I1%(a) using
Lemma 3.14). We choose n = ¢/(12n) so that (14 2n)" < (1 +¢/3). We have

(s(1+e)(1+¢/3))° - X°

by Theorem 3.8, hence X = |s(1 + 2¢)] by Corollary 3.5 and Lemma 3.7.
The other items are proved in a similar way, using Corollary 3.12, and Theorems 3.16
and 3.17. 0]
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We also prove versions of Theorems 3.13 and 3.17 which apply to a “large” number of
summands with a uniform description. They can be thought of as averaging arguments: if
there are more than st objects in a rectangle of length s, some column must hold at least the
average, which is more than st/s = t.

Theorem 3.19 (in T} (a) + sWPHP(PVa(a))) If X,Y,Z € ¥4(a), ZC X xY, X 3. s, and
{yeY  (x,y) € Z} St for every x € X, then Z 3 [st(1 + 4e)].

Proof: Assume X C 2", and fix n~! € Log such that (14 7)%"*2 <1+ ¢/4. We denote
Zob=1{(z,y) € Z:a<x<b}

for every a < b < 2" and Z, = Z,. 4+1. By Lemma 3.14, Corollary 3.5 and Theorem 3.8, there
exist I1%(a)-predicates C(u,v,a), D(u,v,a) such that

C(u,v,a) — Zy.w :517 a— C(“:”v La(l + U)J%
D(u,v,a) = X N[u,v) Ty a = D(u,v, a(l+n)]).

We prove
1) VYu<v<2"Va<2 (v —u=2"AD(u,v,a) = C(u,v, lat(1+e)(1+ n)ﬁ’““J))

by induction on k < n. The case k = 0 is clear, let thus & > 0. Assume D(u,v,a). Put
w = (u+wv)/2, and find b, ¢ < 2™ such that D(u,w,b), D (u,w,b—1), D(w,v,c), ~D(w,v,c—1)
using induction (where “D(...,—1)” counts as false). By (1) for k — 1, we have

Zyw S 0L+ ) (1 + )52
Zww Sy Let(L+e)(1+m)% 5],
hence
Zyw Zon L0+ (L + ) (1 + )53

by Theorem 3.13. On the other hand, we have X N [u,w) Z, [b(1 +n)"1] — 1, X N[w,v) Z,
[e(14n)~1] — 1, thus

X N [u,v) 2 {(14?77)3—‘ * {(1+c77)3-‘ !

by Theorem 3.17. As X N [u,v) 3y a, we obtain a > (b+c¢)(1+n)73, i.e,, b+c < la(l +n)?].
Hence
Zy.» ,—jn Lat(l + 6)(1 -+ 7])6kJ7
which implies C(u, v, la(l+¢)(1+ 77)6k+1J)-
Take k = n. We have D(0,2", [s(1 + &)(1 + n)]), hence C(0,2", [st(1 + £)*(1 + 1)5"+2))
by (1), which gives

Z = Zy.on S [st(L4+e)(1+n)%"2] < |st(1 +4e)].
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As it stands, the proof needs I1(a)-LIND. The theorem is unfortunately not VX4(a),
we thus cannot directly use Theorem 2.1. Nevertheless, we can decrease the complexity of
the induction as follows. Let a(u,v) be a PVa(a)-function which computes a < 2" such that
D(u,v,a) A =D(u,v,a — 1) by binary search. We define a PVa(«)-function f(k) (where k < n
is given in unary) by

f(0) =0,

n—k—1 n—k—1 n—k—1 6(n—k)—5
f(k+1):{f(k)+2 L C(uyu+ 271 Lau,u 4 27 F (1 4 2) (1 + ) 0,

f(k) otherwise.

If we assume for contradiction Z Z, |st(1 + £)2(1 4 n)"*2], we can prove
O(F (). F(k) +2"7, [a(F (k). f(k) +2"F)t(L+)(1+ )"+ )

by PVi(a)-LIND on k < n, using the same argument as above. Taking k& = n, we have
a(f(k), f(k) +1) <1, and we obtain a contradiction with the assumptions. O

Theorem 3.20 (in T)(a) + rWPHP(PVa(a))) If X,Y,Z € $%(a), Z C X x Y, and Z 3. st,
then X 3 s—1, or there exists x € X such that {y € Y : (z,y) € Z} 2 [t(1 + 2¢)].

Proof: Let n € Log be such that X C 2". Fix € Log such that (1 + )% < (1 +¢/2), and
assume X Z, s — 1. By induction on k < n, we will show

2) Tu<v<230<2 (0-u<2FAa£OA (XN [wr) Zya-1
A Zuw By Lat(L+ €)1+ )] ),

where Z, , is as in the proof of Theorem 3.19. If £ = 0, we may take u = 0, v = 2", a = s.
Assume that (2) holds for k < n. Put w = [(u+v)/2], and find b, ¢ such that X N[u, w) Z, b—1,
XNuw) 3y b1+, XNw,v) Zpc—1, X Njw,v) 3, [e(I+n)]. Assume b # 0 # c,
the other cases are easy. We have X N [u,v) 3y [(b+ ¢)(1 +n)| by Theorem 3.13, hence
a < |(b+¢)(1+n)3], which implies Z,_, Zy [bt(1 +&)(1+1)%+4| 4+ [ct(1 4 €) (1 +n)0F+1] + 1.
By Theorem 3.17, we obtain Z,, ., Zy [bt(1+1)* Y| or Z,, , 3, |ct(1+7)5*+D | which gives
(2) for k + 1.

Take u, v, a which witness (2) for k =n. Thenv—u < 1, and X N[u,v) # &, hence v = u+1,
w€ X,a=1,and Z, 3, [t(1 +¢)(1 +n)®"], which implies Z, 3 [t(1 + 2¢)].

As in the proof of Theorem 3.19, we can replace =, by a II%(a)-formula in (2), thus the
argument formalizes in S32(a) + sWPHP(PVa(a)). The result is VX5 (), hence it is provable in
T)(a) +rWPHP(PVz(a)) by Theorem 2.1. (We can also eliminate the instance of ¥4(a)- LIND
explicitly as in Theorem 3.19.) O

In the special case Z = X x Y, Theorem 3.20 implies a variant of Theorem 3.16 with
slightly different parameters, which may be favourable in some applications (e.g., see the proof
of Theorem 4.3): if X xY =, st, then X S s—1orY X [t(1+2¢)].

The next theorem shows that we can construct almost counting functions for any set X.
Moreover, the conditions imposed on f and g make them very well-behaved: the “local defects”



80

by which the functions differ from true counting functions (i.e., monotone bijections) are small,
and evenly distributed across the domain. A possible use of the theorem is that we can apply
various results of Chapter I to relatively dense subsets of a sparse set X, as we can lift the whole
situation to an interval. (Lifting a ¥%(a)-set by a PVa(«a)-function increases its complexity to
Ab(a), which is fine as T4 (a) + sWPHP(PVa(a)) can count AS(a)-sets in the framework of
Chapter I.)

The main idea of the construction was suggested by Neil Thapen.

Theorem 3.21 (in T3 (o) + rWPHP(PVa(a))) Let X € %4(a), and e~' € Log. There exist
numbers t, s such that s <t < |s(1+¢€)|, and non-decreasing PVa(«)-functions

/ g
t X S

f g
such that fo f' = idx, go g = ids (hence f,g are onto, and f',g" are injective), f,g are
< 2-to-1, and

EuJ <g(f(u)) < Euw

for every u < t.

Proof: Fix n € Log such that X C 2" and n~! € Log such that (1 +7)%" < 1+¢. Let C be a
114 (a)-predicate such that

Clu,v,w) = X Nu,v) Iy w— Clu,v, [w(l+n)])
for all u,v,w < 2". Using binary search, we can define a PV,(«a)-function S such that
C(“’a v, S(U, U)) A _‘C(U, v, S(/U’a U) - 1)

for all u,v < 2" Put a = S(0,2"). If @ < n~ !, then a € Log, hence the required functions

1

exist by Corollary 3.10. We thus assume a > n~". Consider the following algorithm (where

U, Uk, Vg, Wy are rationals):

input: either u € [0,1), or z € X
2o 0, yg 2", ug < 0,v9 1,19 < a
for k=0,....,n—1do:
2 < (T + Yx) /2, pr < STk 21)5 ar < S(2k, Yk)
wy, < (qrur + prvr)/ (Pk + Qi)
if u<wy or x <z then (Tp11, Ykt1, Uk+1, Vk+1, Tht1) < (Tk, 2k, Uk, Wk, Dk)
else (Tpy1, Ykt1s Ukt1s Vkt1s Thil) < (Zks Yks Wk Vks k)

If it is necessary to indicate the input, we will write pi(u) for the value of p; assigned by the
algorithm on input u, and so on.
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Claim 3.21.1 Letu<u/ <1,z <2’ € X, and ¢ <k <n.
(i) yp = o + 2775,
up(u) <u < vg(u), zp(r) <z < yp(x).

)
)
(iii) rp = S(xk,yr) # 0, and px + qx # 0 (hence the division step makes sense).
) Te < T, Yo = Yks U < Uk, Vg > V.

)

Either (xp(u), yr(w), ur(uw), vg(v)) = (wp(u'), yr(u), up(w'), vi(u')), or yp(u) < ap(u’),

( )

v (u) < ug(u').
(), (@), up (), vi(x)) = (2r(@), yr(@), up(z’), ve (")), or yr(x)
(

VAN
8
B
&\

~

(vi) Fither (xg(z),
(7)< ug(e').

(vil) If xp(u) <z < yg(u) or up(z) < u < vg(x), then
(e (w), yr(w), ur(w), vp(w)) = (zp(2), yr(2), ur(2), vr(2)).

(viii) (14+n)3rg <pr+aqe < (L+1)3r
(ix) (L4n)"3Fry < alvp —ug) < (14 n)3Fr

Proof: (i)—(vii): Straightforward induction on k.
(viil): As py = S(x, 1), we have =C(xy, 2k, pr, — 1), thus X N [z, 2;) Zn [pe(1 +n)~ 1 - 1.
Similarly X N [2k,yk) Zn [a(1 +n)"1] — 1, hence

X N lawyr) Zo [Toe@+m) 7@ +0) 7]+ [Ta (@ +m) (L +0) 77— 1
> [(pr + ) (1 +n)7°] — 1

by Theorem 3.17. On the other hand, 7, = S(x, yx), hence C(zk, yi, k), and X N[xg, yr) Zn Tk
This implies 7, > [(pr + qr)(1 + )37, hence ri(1 +1)> > prp + qr. In a similar way we
have X N [k, 2k) Zp Pks X N 26 Yk) S @ and X N (2, y6) Zn [1e(1 +n)71] — 1, hence
[r(1 4+ 1)~ < [(pr + qx)(1 +n)?| by Theorem 3.13, thus (1 + 1) 3rk < (pr + qx)-

(ix): By induction on k, using (viii), and the identities

qk
(vg — ug), U — Wy, =

Wy — U =
Pk + qk Dk + qk

(Uk - uk) O (Claim 3.21.1)

Let t = [a(1+n)""], s = la(1 +n)7*"], f(u) = @a(u/t), f'(z) = [tva(z)] — 1, g(z)
[svn(2)] — 1, ¢'(v) = 2n(v/s) for any integers u < t, v < s, x € X. We have t < a(1 + n)*"
la(1 +n)73"|(1 + )% < s(1 +¢). Notice that r, = 1 (hence z,, € X) by (i) and (iii), thus

1
— < Z
2s -t

by (ix) (in particular, f/'(z),g(x) > 0). Clearly f: ¢t - X, f": X = t,9: X = s, ¢: s > X,
and all the functions are monotone by (v), (vi).

<

2

< - <vp—up <

S
[V
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If u = f'(z), we have u,(z) < v,(x) — 1/t < u/t < vy(x), hence f(u) = zp(u/t) = zp(x) =2
by (vii), thus fo f' =id. If f(u) = z, then tu,(z) = tuy(u/t) < u < tv,(u/t) = tv,(x) by (vii).
As there are at most two integers in [tu, (z), tv,(x)), we have |f~1(z)| < 2.

If z = ¢'(v), then sv,(x) — 1 < sup(z) = sup(v/s) < v < svy(v/s) = svy(z) by (vii),
hence v = g(x), thus g o ¢’ = id. Assume that z,2',2" € X, x < 2/ < 2”. We have y,(z) =
x+1<a,(2) =2 by (i) and (ii), hence sv,(x) < suy(2’) < svp(z') —1/2 by (vi). Similarly
svp(2') < svp(2”) — 1/2, hence g(2”) = [sv,(2”)] — 1 > [svn(x)] > g(x). Tt follows that
lg71(v)| <2 for any v < s.

Let w < t, and put x = f(u), v = g(x). We have v,(z) — 1/s < up(z) = up(u/t) <
u/t < vp(u/t) = vy(x) by (vil) and (ii), and v,(z) — 1/s < v/s < v,(x) by definition, hence
—1/s <uft—wv/s <1/s. O

4 Applications

We begin with a classical theorem which cannot be avoided by any self-respecting theory of
counting.

Theorem 4.1 (Ramsey theorem) (in Ty (G)+rWPHP(PV2(G))) An undirected graph G on
N wertices contains a clique or independent set of size at least |N|/2.

Proof: We formalize the following well-known proof. We pick a node ag, and let ¢y be the
majority colour among edges incident with ag. We continue with nodes connected to ag by a
co-coloured edge, and repeat the process. In this way, we construct a sequence ag,...,ar_1 of
nodes and a sequence cy, ..., c—1 of colours such that the edge from a; to a; is ¢;-coloured for
i < j, and there are at least (roughly) N/2* nodes connected to every a; by a c;-coloured edge.
We can carry on as long as k < log, NV, obtaining a prehomogeneous set of size log, N, from
which we select a homogeneous set of size logy N/2 by taking the majority colour among ¢. We
proceed with the formal details.

We can use sWPHP by Theorem 2.1. For every a # b, we define C(a,b) < 2 so that C(a,b) =
1 iff there is an edge between a and b in G. Let e~' € Log be such that (1 — 2¢)INl > 1/2. By
induction on k < |N| — 2, we prove that there exists a sequence (¢; : ¢ < k) of ¢; < 2, and a
sequence (a; : @ < k) of pairwise distinct a; < N such that C(a;,a;) = ¢; whenever i < j < k,
and

S(a;c) :={x:Vi <kC(a;,z) =c;} Ze {N(l - 25)k+1J -1
2k

(We can make the induction hypothesis ¥¢(G) by Lemma 3.14, as in the proof of Theorem 3.19.)
The base step k& = 0 amounts to N Z. |N(1 — 2¢)] — 1, which follows from Theorem 3.8 and
rWPHP. Assume the statement holds for k, we will show it for k£ + 1. We have S(a;¢) # &,
we may thus pick any ay € S(a@;¢). The set S(@;¢) can be divided into nodes z such that
C(ag,x) = 0, nodes such that C(ag,x) = 1, and node ay, itself, hence

S(@; @) = {ar} U S(@, a3 & 0) U S(d@, ax; 6,1).
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We have 1 2. 1, and

[(1 + 2) (1 +o(| N2 (1 — 22)k 2 1))J
< 201+ 20) N2 (1 — 2642 — (14 20) | < [N27R(1 - 20)* -1,

hence N
(i en) B | (1 - 2942 | -1

for some ¢ < 2 by Theorem 3.13.

Let @, ¢ be the sequences given by the statement above for k = | N|—2. We have S(a;¢) Z: 0,
hence there exists ar € S(@;¢). There exists ¢ < 2 such that [{i < k: ¢; = ¢}| > [k/2], then
{a; : ¢; = ¢} U{ay} is a homogeneous set of size [|N|/2]. O

The Ramsey theorem was, of course, proved in bounded arithmetic by Pudldk [152]. The
point of Theorem 4.1 is that (apart from a few € sprinkled here and there) the argument follows
almost literally the usual combinatorial proof of the theorem, without the need to resort to ad
hoc functions for simulation of counting by WPHP.

Our first real result will be the tournament principle (originally discovered by Erdés [77]),
whose provability in bounded arithmetic was posed as a problem by Krajicek [55, 116]. Recall
that a tournament is a directed graph G in which there exists exactly one directed edge between
any pair of distinct vertices (“players”); if there is an edge going from a to b, we write a — b,
and say that a beats b. A dominating set is a set D of vertices such that every player outside
of D is beaten by some player in D.

Theorem 4.2 (Tournament principle) (in T3 (G) + rWPHP(PV2(G))) A tournament G
with N players has a dominating set of size at most |N|.

Proof: Informally, the argument is as follows. There are N(N —1)/2 edges in the tournament,
hence we may choose a player ay who beats at least (N — 1)/2 other players. We repeat the
process with the subtournament consisting of the unbeaten players, halving the size at each
step. After at most |N| steps, we reach the empty set, hence we obtaining a dominating set of
size |[N|. We now give the formal proof.

We can work in S3(G) + sWPHP(PV2(G)) by Theorem 2.1. Choose e ! € Log such that
(1 +&)3UNHD < 2 1f (a; : i < k) is a sequence of vertices, we denote

G@)={z < N:Vi<kzx— a;}.

By X4(G)-LIND on k < |N| + 1, we will prove that there exists a sequence (a; : i < k) such
that

(3) G(a@) 3« B\;(l + s)BkJ .

The case k = |N| + 1 then gives G(d@) = @, i.e., @ is a dominating set of size |N| + 1. (How to
get rid of the + 1 is left as an exercise. Hint: in real world, the bound |N| is not tight.)
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The base case k = 0 is obvious. Assume that (3) holds for k&, we will show it for k£ + 1. Find
s such that G(a@) 3. |s(1 +¢)|, G(@) Z. s — 1. Notice that s < N27%(1 4 £)3%. We have

82

(o) € 6@ 0 £ 9} €GP 5 P+ o)) <2 S 4o 41

by Corollary 3.12; hence

52 32
(o) € 6@y o) 3o | FU+2P| or (o) € 6@P o) 3 | G+

by Theorem 3.17, and properties of the tournament. In the former case, there exists an = € G(@)
such that

G =ty 61@) 1y 2} 5 [ 301+ < | -+

by Theorem 3.20. The latter case is symmetric. O

As proved by E. and G. Szekeres [168], every tournament has a dominating set of size
|IN|—||N||+0O(1). We could formalize this stronger result with no additional difficulty; we skip
the proof as it involves lengthy quotes from [168] with no particular benefit for our purpose
(which is to illustrate the machinery developed in Section 3).

For the sake of completeness, we mention that Erdds [77] proved a lower bound of |N| —
2||N|| + O(1) on the minimal size of a dominating set in random tournaments, and Razborov
[155] provided tournaments computable by ACY[2]-circuits with the same property. We do not
know how to prove these lower bounds in bounded arithmetic. (Ojakian [136] formalizes Erdés’s
proof in a different setting, where N € Log.) An explicit construction of tournaments without
small dominating sets was given in [85]: if p = —1 (mod 4) is a prime, the tournament with p

a—b = (a_b):l
p

players defined by

has no dominating set of size 3|p| — ||p||. However, their proof depends on Weil’s Riemann
hypothesis for curves over finite fields, which we cannot expect to prove in bounded arithmetic
by any stretch of imagination.

It turns out that generalizations of the tournament principle are more useful in applications
than the principle itself. We provide such a generalization next. The statement seems to be new
even outside the context of bounded arithmetic; it was inspired by a variant of the tournament
principle introduced in [82] (our Corollary 4.4), and a combinatorial principle implicit in [121]
(Corollary 4.5).

In order to explain it, let us consider first Corollary 4.4, which is a symmetric generalization
of the tournament principle to arbitrary binary relations that may not be tournaments. We
can reformulate it as follows: given a colouring of ordered pairs of points of a by two colours,
there is a colour ¢ < 2, and a set D of size loga with the following property: for any point x,
there is an ¢-coloured pair whose ith coordinate is =, and the other coordinate belongs to D.
Now we can generalize the statement to higher dimensions as follows (this is the special case of
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Theorem 4.3 with a; = a, p; = 1/d, m; = 1): given a colouring of d-tuples of points of a by d
colours, there exists a colour i < d, and a set D of (d — 1)-tuples of size (d — 1)loga with the
following property: for any point x, there exists an i-coloured d-tuple whose ith coordinate is
x, and the tuple consisting of the remaining coordinates belongs to D.

In order to accommodate Corollary 4.5, we introduce as an extra complication the possibility
that the colouring is not total. We only require that it is “dense”, in the sense that every
hypercube with sufficiently large sides (sets of size m) contains a tuple whose colour is defined.
The conclusion is modified so that the d-tuple only needs to be i-coloured if its colour is defined,
and there will be an exceptional small (of size less than m) set M whose points x € M are
exempt from the existence condition. To guard against trivializing the conclusion, we also
require that any tuple from D can be extended to a d-tuple with defined colour (D C S; in
the notation below). Finally, we allow each coordinate to use a different value of a and m for
extra generality, as it does not change the proof, and indeed it simplifies the notation used in
the proof in that it allows us to conveniently specify which coordinate in the product a? are we
referring to.

Theorem 4.3 (in T} (C)+rWPHP(PV2(C))) Let 0 < d € Log. Let {a; : i < d) and (m; : i < d)
be sequences of positive integers such that m; € Log, (p; : i < d) a sequence of rationals p; € Qrog
such that 0 < p; <1, and C a partial function from [],_,a; to d.

Assume that Y, _,p; < 1, and dom(C) N[, ., M; # @ for every sequence (M; : i < d) of
subsets M; C a; such that |M;| = m;. Put

S; = {(a:] cj A0 E Haj cdwi €0, 7 € dom(C)}.
J#

Then there exists an i < d, a set D C S; of size at most

2+ [log(1 -1 (ai/ma)] <1+ (p; " = 1)l[ai/mi],

and a set M C a; of size |M| < m; with the following property: for every x; € a; ~ M there
exists (x; : j # i) € D such that C(Z) =i or & ¢ dom(C).

Proof: The statement is VX3(C), we can thus work in S2(C) + sWPHP(PV,(C)). We write
C(@)t for ¥ ¢ dom(C). If & € [];,;a; and = € a;, and if 7 is clear from the context, we will
write C(Z, x) instead of C(zg,...,Ti—1, T, Tit1,...,T4-1).

For each i < d, put ¢; = 2+ [log(y_,,y-1(a;/m;)|. As ¢; € Log, and a;(1 —p)st < my,
we can construct §; € Qrog such that 0 < ¢; < p;, and a;(1 — 6;)% < m;. Then there exists an
0 < € € Qrog such that (1 —p;(1+e)71?)(1+¢)> <1 -4, for every i < d.

By %5(C)-LMAX, we can find the maximal k such that there exist sequences (k; : i < d),
(T 14 < d,j < k;) satisfying k =, ki, ki < ¢;, T € S;, and

M; = {.T <a;:Vj<k; 7& iC(i‘d’j,Cﬂ) = f} jg Lal(l — 6l)k7‘J

for every i < d. If |M;| < m; for some ¢ < d, the conclusion of the theorem holds with M = M;,
D = {7 : j < k;}. We thus assume |M;| > m; (which implies k; < ¢; by the choice of
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9;) for every i < d, and we intend to reach a contradiction. We put X = Hj M; N dom(C),
X; = {fE X : C(f) :7;}7 N; ZSiﬂHj?éiMj, and O; = (Nz X Mz) ~ X.
The intuition is as follows. For any ¢ and & € S;, we have

o e M;: 3 #iC(Z,x) =0} > a;i(1 — &)+ > |M;|(1 - 6;)
by maximality of k;, hence Pryep, (C(Z, 2)1 Vv C(Z, z) = i) < J;. Consequently,
1= Praex(C(&) =1) <Y Praen,a, (C@TVCE) =) <> 6 <1
i i
using nonemptiness of X, which is a contradiction. Now we formalize this argument using
approximate counting.
By assumption, X # @, hence we can find a ¢ > 0 such that X 2. [t(1+¢)], X Z-t—1

by $4(C)-LIND. Fix i < d, and let w; be such that M; Z. |w;(1 +¢)|, and M; Ze w; — 1.
Consequently, w; < [a;(1 — ;)% ].

Take any & € S;. By Theorem 3.17, we have
(4) {zeM;:C(& )tV C(Ez) =i} Ze [lwipi(1+)7%](1+)*] < [wipi(1+¢)7"°
or

{w€Mi: 3 #iC(Fx) =} Ze |(lwil +)) = [wipi(1+2)7°) = 1) (1 +¢)?]
< lwi(1—pi(1+e)) (1 +¢)*) < [ai(1— )kt

The latter however contradicts the maximality of k;, hence (4) holds for every # € S;. Find v;
such that N; 2. |vi(14+¢€)|, N; Ze vi — 1. We have

(5) P :={Z € Ny x M; : C(&)TV C(Z) = i} Ze lviwipi(1 + )]
by Theorem 3.19, and (4). Let O; 3¢ |wi(1+¢)], O; Ze ui — 1. We claim
(6) viwi < [(t +ui)(1+¢€)°).

Note that N; x M; € X UO; Ze [(t+u;)(1+¢)3| by Theorem 3.13. Assume first v; > 2/e. We
have N; Z- vi — 1> | |vi(1+¢)72|(1 + 2¢) |, hence

L(t+u)(1+2)3] > wi|vi(1+¢)72] > vjwi(1 +¢)73

by Theorem 3.20. The case w; > 2/¢ is symmetric. If v;, w; < 2/e, then in particular v;, w; €
Log, and we can derive N; x M; Z. [viw;(1+¢)71] — 1 easily by exact counting, which implies
(6) as above.

The definition of S; implies X C N; x M;, hence P; = O; U X;. We thus obtain

Oi U X; jg Lviwipi(l + 8)711J < L(t + ui)pi(l + 5)75J < Ltpi(l + 8)75J + [uipi(l + 8)751
from (5) and (6), which implies

Oi Ze [(Tuips(1+)"1=1) (1 +2)?| < Tu(1+e) T =1 or X; 3 [tpi(1+¢2)7?)
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by Theorem 3.17. The former contradicts the choice of u;, hence the latter holds for every ¢ < d.
As t > 0, we obtain

X=Xz [0+ m+e) | <1427 <t -1
from Corollary 3.18, which contradicts the definition of ¢. 0

Corollary 4.4 (in T3 (R)+ rWPHP(PV3(R))) Let R be a binary relation on a. There exists a
set D C a of size at most |a| + 1 such that

Ve <ady € DR(x,y) VVy < adx € D-R(z,y).

Proof: Use Theorem 4.3 with d =2, a; = a, p; = 1/2, m; = 1, and C the (total) characteristic
function of R. ([

Corollary 4.5 (in T3(R) + rWPHP(PVa(R))) Let ¢ € Log, and let al’) denote the set of i-

element subsets of a. Assume that R C al9 x a is a relation satisfying
VX € a3z e X R((X ~ {z}), 2).
Then there exists a set D C al of size |D| < cla|, and a set M C a of size at most ¢, such that
Vo € a~ (MU| JD)3X € DR(X,x).
Proof: Apply Theorem 4.3 with d = m; =c+ 1, a; = a, p; = 1/d, and

min{i <c: R({x; : j #i},2;)} if z; are pairwise distinct,

undefined otherwise.

C(.ro,...,l‘c) = {

Observe that & € S; iff the elements of & are pairwise distinct. O

The collapse of the bounded arithmetic hierarchy implies the collapse of the polynomial-time
hierarchy. The original result is by Kraji¢ek et al. [121], who prove that T4 = Sy implies 211;11 C
AL /poly (hence also PH = £, = II,). Buss [39] formalized a weaker conclusion inside
the bounded arithmetic: if T4 = Si™', then T§ proves ¥, C 12, /poly, and X% = B(2?,,)
(cf. also Zambella [182]). We will show that the stronger collapse from [121] can be formalized
in bounded arithmetic as well. Surprisingly, this also allows us to strengthen the collapse to
PH = B(XF ), using a result from [67].

Theorem 4.6 If T4 = S5, then T} proves Ef_H c Afﬂ/poly.

Proof: Tt suffices to formalize in T3 the proofs of [121, Thm. B, L. 2.2], also repeated (with
a slightly different notation) in [116, Thm. 10.2.4, L. 10.2.2]. We assume the reader has one
of these two proofs at hand, but we sketch an outline of the proof here for convenience. We
consider a Zf (q-predicate Jw < v B(v,w), where B € Hi-’, we need to show that there is an

FP>/-function g(u,v) and a polynomially bounded advice function h(n) such that

Jw < v B(v,w) = B(v,g(h(|v]),v)).
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We consider the A 1-relation
R({vi, ... vp), (wy, ..., ws)) < s <1 AV < s(wp < vg A B(vg, wy)).

By an application of the KPT witnessing theorem to an instance of Ei-’ ' 1-LMAX, provable
in T3 by assumption, we obtain a combinatorial principle called 2; which states that we can
compute a length-maximal b such that R(a,b) from a by a certain counterexample computation
in constantly many rounds. Using €2;, we define a certain algorithm for computing a pair
((,w) from a = (vi,...,vg). Let Vi = {|Jv| = n : Jw < vBv,w)}. If Q is a (k— 1)-
element subset of Vi, and v € V; \ @, we say that @ helps v [116] or (Q,v) is good [121], if
there is an ordering {v1,...,vp—1,Vp4+1,-..,0x} of @ such that the algorithm assigns (¢, w) to
(V1,0 Vp—1,0,Vp41, ..., V), where w is a witness for v (i.e., w < v A B(v,w)). (Here, k is a
constant parameter we obtain along with the principle €;.) Using a counting argument, we
constructs sets V3 O Vo D .- D V; and Q; C V; for some ¢t = O(n) so that Q); have k — 1
elements, @; helps all elements of V; \ V41, and |V;| < k. Then we can compute a witness for
v by a FP¥!_function g given the sets Q1,...,Q:, V; as well as witnesses for all their elements,
which will be encoded in the advice h(n).

Now we turn to the formalization. Notice that the assumption T3 = S;H implies T4 = Sy by
[39], hence we actually work in full bounded arithmetic; in particular, we can apply our results
above to approximately count sets defined by arbitrary bounded formulas.

By inspection of the proof as given in [116] or [121], we see that T4 proves the principle ©;
(as the conclusion of the KPT witnessing theorem is provable, not just true), the analysis of the
algorithm constructing (¢, w) (straightforward, as the number of steps is a standard constant),
as well as the final definition of the function g (obvious). The missing part is the construction
the sets Q1,...,Q¢—1,V; and the advice string h(n). We close this gap by an application of
Corollary 4.5, where ¢ = k — 1, and R(Q,v) is the “@Q helps v” relation. O

Corollary 4.7 If Tj = S5, then T3 proves £% = B(XY,,), and $¢,; C 1%, /O(1).

Proof: Cook and Krajicek [67] show (in a two-sorted setting) that Theorem 4.6 implies Corol-
lary 4.7 when ¢ = 0. Their results relativize in a straightforward way. U

After showing that PV; = NP C P/poly implies PV; - PH = BH (where BH = B(NP) is the
Boolean hierarchy), Cook and Krajicek [67] also asked whether the converse holds. We can
answer their question affirmatively:

Corollary 4.8 If T4 proves $% = B(X!,,), then T4 proves $%,; C AL, /poly.

Proof: The assumption implies 7% = Ss by Zambella [182], which gives the conclusion by
Theorem 4.6. (]

The base case ¢ = 0 of Corollary 4.8 was meanwhile independently shown by Beyersdorff and
Miiller [30] using a direct proof.

Krajicek [117, 118] has studied connections between validity of variants of PHP in first-order
structures M, and existence of certain types of abstract counting functions which map definable
sets of M to elements of a ring (or semiring), and behave reasonably wrt embeddings, disjoint
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unions, and Cartesian products. In particular, a structure which admits a so-called nontrivial
approzimate Euler characteristic (see below) satisfies iWPHP%", and conversely, any structure
which satisfies iWPHP?" and an additional principle (any two definable sets are comparable
wrt definable embedding) admits a nontrivial approximate Euler characteristic.

Definition 4.9 If R is a partially ordered commutative ring, we write a < b if for every rational
g > 1 there exist k,l € N such that {/k < ¢ and ka < 1b. We also put a = b iff a <bAD<a.

Let M be a first-order structure, and Def(M) the set of all subsets of M¥, k € N, definable
with parameters from M. An approximate Euler characteristic is a function §: Def(M) — R,
where R is a partially ordered commutative ring, such that

(i) €(A) = |A| for finite A,

(i) (AU B) =¢(A) +£(B),
(iii) (A x B) =¢&(A) -&(B),
(iv) €(A) < &(B) if A is definably embeddable into B,

for all A, B € Def(M). & is trivial if R = 0.
We also consider extra conditions

(v) £(A) < e&(B)if £(f71[b]) < c forall b€ B,
(vi) c&(B) < &(A) if e < &(f1p]) for all b € B,
where ¢ € R, and f: A — B is a definable injection.

Let M be a model of bounded arithmetic formulated in a purely relational language (i.e., we
replace functions with their graphs), and consider an interval [0, a]as as its substructure. Then
definable sets in [0, a] are definable in M by a bounded formula, hence [0, a] satisfies i WPHP2"
if M E iWPHP?"(x%.). On the other hand, it is not known to satisfy the principle of comparing
cardinalities (and it seems rather unlikely to hold in general). Nevertheless, we can show the
following.

Theorem 4.10 Let M be a model of Sa(cv), and a € M. Then [0,a]p with the induced struc-
ture admits a (totally ordered) nontrivial approximate Euler characteristic satisfying the extra
conditions (v), (vi).

Proof: W.l.o.g. assume that a is nonstandard. Let R be the totally ordered ring whose non-
negative part is M. Notice that z < y iff 2 < (1 4 ¢ ')y for some ¢ > w. Fix ¢ = 1/n, where
n € Log(M) \ w (say, n = |a|). If A is a definable set in [0, a], then A is definable in M by a
»%_(a)-formula, hence there exists an s € M such that M F (A 2. s A A Z. s — 1); we define
€(A) = s. Then ¢ is an approximate Euler characteristic by 3.10, 3.13, 3.17, 3.12, 3.16, and
3.11 (as any injection defined by a bounded formula has a retraction definable by a bounded
formula). The extra conditions hold for & because of Theorems 3.19 and 3.20. g
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The class S¥, defined independently by Russell and Sundaram [161], and Canetti [48], con-
sists of languages L for which there exists a poly-time predicate R such that

x € L= 3yvzR(x,y,z2),
x ¢ L= 3zVy-R(z,y, 2),

where |y|, |2| are implicitly bounded by a polynomial in |z|. The class S5 occupies an interesting
position inside the second level of PH: obviously S§" C & NTIY’, we also know that MA C S¥
(hence BPP C S¥), and pSy = S¥ (hence AL C SP) [161], and the standard proof of the
Karp—Lipton theorem shows that NP C P /poly implies PH = Sg . The definition of Sg does in
no way guarantee abundance of witnesses for the existential quantifiers; surprisingly, Cai [47]
has shown that nevertheless S C ZPPNP. We will formalize this result in bounded arithmetic.
(The other results mentioned above are also easy to prove in bounded arithmetic, we leave the
details to the reader.)

Theorem 4.11 (in Ty + rWPHP(PVy)) The complexity class SY is contained in ZPPNY .

Proof: Let L € S§ . Fix a constant ¢, and a poly-time relation R such that

relL=dy< 2‘])'6 Vz < 2\x|5 R(l’,y, Z)?
€T ¢ L=3dz< 2'56‘C \V/y < 2‘$|L —\R(ﬂf,y, Z)'

By the relativization of the formalized Wilkie’s witnessing theorem [93, P. 1.16] applied to
Corollary 4.4, there exists a ZPPNY-predicate P definable in T} 4+ rWPHP(PV;) such that the
same theory proves

P(z) = 3D C 2"vz < 2" 3y € D R(z,y, 2),
~P(z) = 3D C 2" vy < 2" 32 € D=R(z,y, ).

Clearly, the conditions implied by = € L and —P(z) are contradictory, and vice versa, hence
x € Liff P(x). O

Another application of approximate counting in computational complexity is the equivalence
of public-coin and private-coin interactive protocols [83]. We illustrate it on the example of
the isomorphism problem: given two structures Gy and G (as tables) of the same signature,
determine whether Gy ~ G;. (The most prominent, and indeed universal, special case is when
the structures are graphs.) The problem is obviously in NP, and its complement admits a simple
private-coin interactive proof system: the verifier picks randomly an 7 < 2, and a permutation
7, and sends 7(G;) to the prover, who has to determine i. If Gy %2 G1, a (computationally
unlimited) prover can succeed with probability 1, whereas if Gy ~ G, no prover can do any
better (or worse, for that matter) than 1/2. It is much harder to construct a public-coin proof
system (i.e., an AM-algorithm) for the same problem, and it requires approximate counting.

Theorem 4.12 (in Ty + sWPHP(PVz)) The isomorphism problem is in coAM.
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Proof: For simplicity, we will ignore floor and ceiling signs. Put e = 1/42. As in the proof of
Lemma 3.14, there exists a definable prAM-problem L = (L™, L™) such that

Xy Zea= {a,b) € LT,
Xp 2 %a = (a,b) € L™
for any parametric family of NP-sets X;. As prAM is closed under bounded existential quan-

tification, conjunction, and disjunction, we can define a prAM problem L = (L™ L~) such
that

!
Ja <(A0 ZeaV A Zea) N\WoUW) Ze ?m) = (Go,G1) € LT,

4n!
Va ((A() e 43CLAA1 R 43 )\/WQUW1 =. 3a> = <G07G1> e L,

where Gg, G are structures with domain n, and A; and W; are the E?—sets
A; = Aut(G;) ={m € S, : 7(G;) = G},
W; ={n(G;) : ™ € Sy},
where S, is the set of all permutations of n. It suffices to show

Go # G1 = (Gy,G1) € LT,
Gy~ G = <G0,G1> e L.

Claim 4.12.1
i) If A; 3. a, and W; 3. b, then ab > 3nl.
( ) ~ ) ~ ) 6
it) If A; 2. a, and W; 2. b, then ab < 9n!.
(ii) 9

Proof: (i): If H € W;, and m is any permutation such that H = mo(G;), then the mapping
T+ mo o is a poly-time bijection of A4; onto M(H) := {r : n(G;) = H}, with 7 = 7y ' o7

being its inverse. It follows that M(H) 3. $3a by Corollary 3.11, thus

M= {{m,7(G)) :m € S} = | M(H) 3. 2ab
HeWw;

by Theorem 3.19. Clearly 7 — (7, 7(G;)) is a bijection of S,, onto M. Moreover, there exists a
poly-time enumeration of S,, by n!, hence %ab —» n!, which implies n! < gab by sWPHP.
(ii): Similar. O (Claim 4.12.1)

Assume Gy # G1, and find ag, a; such that A; Z: a;, A; Ze %ai. We have W; Z. 13n!/16q;
by (i). The sets W; are disjoint, hence

3n! 1 3n!
WOUWl;égn<+>2 z

a aq 2ai
for some i by Theorem 3.17, thus (Gy,G1) € LT.

On the other hand, assume Gy ~ G1, and let a; be such that A; = 43az, A; Zs 20 Then
Wo U Wy =W, 3 Tnl/6a; by (ii), as Wy = Wi. Consequently (Go,G1) € L. O
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Notice that if we change the definition of AM formalized in bounded arithmetic to use =
instead of < (which might be a good idea anyway), the statement of Theorem 4.12 becomes
Vx5, hence we can prove it already in Ty + rWPHP(PV3).
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Chapter 111

Abelian groups and quadratic
residues in weak arithmetic

Abstract

We investigate the provability of some properties of abelian groups and quadratic residues
in variants of bounded arithmetic. Specifically, we show that the structure theorem for
finite abelian groups is provable in S? + iWPHP(X?), and use it to derive Fermat’s little
theorem and Euler’s criterion for the Legendre symbol in S2+iWPHP(PV) extended by the
pigeonhole principle PHP(PV'). We prove the quadratic reciprocity theorem (including the
supplementary laws) in the arithmetic theories 7% + Counta(PV) and IAg + Counts(Ao)
with modulo-2 counting principles.

1 Introduction

Bounded arithmetic is primarily studied because of its connections to complexity theory, see
e.g. Buss [37], Krajicek [116], Cook and Nguyen [68]. However, as with other systems of formal
arithmetic, it is also interesting to note which mathematical (typically, number-theoretic or
combinatorial) theorems are provable in weak arithmetical theories, or to put it differently, to
find as weak a natural theory as possible which proves a given statement. (This approach is
called “bounded reverse mathematics” by Nguyen [132], in analogy with “reverse mathematics”
[78, 165]. However, note that unlike standard reverse mathematics, in bounded arithmetic one
usually does not obtain the equivalence of the statement to the theory.) Examples include the
proof of infinitude of prime numbers in IAg+ WPHP(Ag) by Paris, Wilkie, and Woods [146], the
proof of Lagrange’s four-square theorem in IAg+ WPHP(A() by Berarducci and Intrigila [29],
the proof of the prime number theorem in IAg + exp by Cornaros and Dimitracopoulos [71], or
the proof of a discrete version of the Jordan curve theorem in VY[2] by Nguyen [132].

The first contribution of the present paper is a proof of the structure theorem for finite
abelian groups—stating that every finite abelian group is isomorphic to a direct sum of cyclic
groups (see e.g. Mac Lane and Birkhoff [124])—in the theory S2 + iWPHP(%%) (a subtheory of
Buss’s T22), where we represent a finite group by a Elf—deﬁnable binary operation on a bounded
set of numbers. The easy part of the structure theorem, viz. representation of any finite abelian

93
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group as a direct sum of p-groups, was formalized in A+ ; by D’Aquino and Macintyre [72].
Here we prove the full structure theorem, and we find a refined proof with the aim of bringing
the complexity of the theory needed to formalize the argument down as low as possible.
Our motivating example, and main application, for the structure theorem is Fermat’s little
theorem (FLT), stating
a’? =a (mod p)

for a prime p. FLT was considered in the context of bounded arithmetic by Krajicek and
Pudlék [120], who have shown that S4 does not prove FLT if the RSA cryptosystem is secure.
(Actually, their argument applies to a weak corollary of FLT stating that multiplication modulo
a prime is a torsion group, which is provable using the weak pigeonhole principle.) Jefdbek [93]
proved that FLT is in Si equivalent to the correctness of the Rabin—Miller probabilistic pri-
mality testing algorithm. It remains an open problem whether FLT is provable in the bounded
arithmetic So. Here we derive FLT using the structure theorem for finite abelian groups in
the theory S3 + iWPHP(PV) + PHP(PV), which includes the strong pigeonhole principle for
polynomial-time functions.

Next to Fermat’s little theorem, we consider Fuler’s criterion for quadratic residues stating

<a) =aP~Y/2  (mod p)

p

for an odd prime p, where (alp) is the Legendre symbol. We will show in S5 that Euler’s
criterion is equivalent to FLT together with a statement ensuring that the quadratic character
a — a?Y/2 mod p is nontrivial. In particular, we obtain a proof of Euler’s criterion in 522 +
iWPHP(PV)+ PHP(PV).

Finally, we will discuss another result on quadratic residues: the quadratic reciprocity theo-
rem. Quadratic reciprocity, originally proved by Carl Friedrich Gauss, is one of the most famous
theorems of elementary number theory. Apart from Gauss (who gave no less than eight different
proofs of the theorem), over 200 proofs of quadratic reciprocity have been published by various
authors. As far as bounded arithmetic is concerned, the work of D’Aquino and Macintyre [73]
on quadratic forms aims towards proving quadratic reciprocity or at least some of its special
cases in S, and Cornaros [70] formalized a standard textbook proof of quadratic reciprocity
in €2 (a rather strong theory corresponding to the Grzegorczyk class £2 = LinSpace). The
supplementary laws were proved by Berarducci and Intrigila [29] in IA extended with modular
counting principles.

Observe that many elementary proofs of quadratic reciprocity (e.g., proofs based on Gauss’s
lemma or Zolotarev’s lemma, and Eisenstein’s proof) directly or indirectly involve counting the
parity of sets. We will show, using a proof which appears to be new even outside the context of
bounded arithmetic, that rudimentary counting modulo 2 indeed suffices to prove the theorem.
More precisely, we do not even require the existence of modulo-2 counting functions, as we
can witness the parity of all sets we need by explicit functions. We only need to assume the
modulo-2 counting principle Counts; in detail, we can prove the law of quadratic reciprocity
as well as the supplementary laws and multiplicativity of the Legendre symbol in the theories
TY + Counta(PV) and IAg + Counta(Ag). We also generalize these statements to the Jacobi
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symbol, and prove the soundness of the standard polynomial-time algorithm for the Jacobi
symbol in S + County(PV).

2 Preliminaries

We review below basic facts about bounded arithmetic, we refer the reader to Krajicek [116]
for more details.

We will work with two kinds of arithmetical systems: theories based on IAq (introduced
by Parikh [142]), and Buss’s theories [37]. IA( is a theory in the basic language of arithmetic
Lpy =(0,8,4,-,<). A formula ¢ is bounded (or Ap) if every quantifier in ¢ is bounded, i.e.,
it has one of the forms

Jz < tip(z) := I (z < t AY(w)),
Ve < tl/}(x) =V (Jf <t— 1/’(37))7

where t is a term not containing the variable z. The axioms of I4A( include the axioms of
Robinson’s arithmetic @ (which state basic inductive properties of addition, multiplication, and
ordering), and the induction schema Ay-IND:

(¢-IND) ©(0) AV (p(z) = (2 + 1)) = ¢(a).

We formulate Buss’s theories in the language L = (0,5, +, -, <,#, |z|, |x/2Y]), where the
intended meaning of the symbols is |z| = [logy(x + 1)], = # y = 21*I1¥. A bounded quantifier
is called sharply bounded if its bounding term is of the form [t|. A formula is X} = T if all
its quantifiers are sharply bounded. A formula is X2 1 (I8 1) if it is constructed from DIAUNILE
formulas by means of conjunctions, disjunctions, sharply bounded quantifiers, and existential
(universal, respectively) bounded quantifiers. The set of Boolean combinations of Ef—formulas
is denoted by B(X?).

The theory T% is axiomatized by a finite set BASIC' of open axioms stating basic properties
of the symbols of L, and the schema Z?-IND. If i > 0, the theory S% consists of BASIC and
the polynomial induction schema Ei?—PIND

(¢-PIND) p(0) AV (p([2/2]) = ¢(2)) = p(a).

Alternatively, Si can be axiomatized over BASIC by the length induction schema E?—L[ND
(4-LIND) p(0) AV (p(z) = @z + 1)) = ¢(lal),

the length minimization schema E?—LMIN

(-LMIN) pla) = 3b < a(p(b) AV (Jz] < [b] = —p(2))),

or the analogous length maximization schema Z?—LMAX .
The theory S% also proves the Zf—comprehension schema

(p-COMP) db < a# 1Vi < |a| (i € b ¢(i)),
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where we define i € z iff |x/2!] is odd.

The basic relationship of these theories is given by T4 C S’g“ C T2i+1. Buss’s witnessing
theorem implies that S5 is a VX0 . 1-conservative extension of T3. The theory So = J; S5 =
\U; T3 is an extension of 1A + 2 by definitions.

All these theories can be relativized by introducing an extra unary predicate « in the lan-
guage. YY(a) and I1%(a) formulas in the expanded language L(a) are defined as above. The
theories Si(a) and T4 () include the (polynomial) induction schema for %22 (a)-formulas, but no
other axioms about the predicate a.

PV is an equational theory introduced by Cook [63]. Its language contains function symbols
for all polynomial-time algorithms, introduced inductively using limited recursion on notation
(cf. Cobham [57]). It is axiomatized by defining equations of its function symbols, and a
derivation rule similar to PIND. We will denote the set of PV-function symbols also by PV.
All PV-function have provably total ¥3-definitions in 7% such that 79 proves their defining
equations and $5(PV)-IND (Jeidbek [94]), furthermore every %.2(PV)-formula is equivalent to
a Y2-formula for i > 0, hence we will use PV-functions freely in 7% and its extensions.

In particular, sequence encoding is available in 7. We will denote by (s); and Ih(s) PV-
functions which give the ith element of the sequence s, and the length of s, respectively. We will
often write just s; instead of (s);. Conversely, we will write sequences using angle brackets, so
that s = (s; | @ < lh(s)) if s encodes a sequence. Notice that always lh(s) € Log as lh(s) < |s],
where we write x € Log as a shorthand for the formula Jyx = |y|. If s(i) is given by a
PV-function, then f(z) = (s(i) | ¢ < |z|) is also definable by a PV-function.

If f is a definable function (possibly with parameters), the injective weak pigeonhole principle
iWPHP(f) is the axiom

a>0— 3z <2af(z)>aVIr <z <2af(x)=f(2).

If T is a set of functions (or formulas, meaning the functions with I'-definable graph), then
we put iWPHP(I') = {iWPHP(f) | f € I'}. The multifunction weak pigeonhole principle
mWPHP(R) is the axiom

a>0—3r <2aVy <a-R(z,y)VIz <2 <2a3y<a(R(z,y) AR,y)),

where R is a definable binary relation. Again, we put mWPHP(I') = {m WPHP(R) | R € T'} for
a set T of formulas. Note that m WPHP(T') implies iWPHP(T). The schema m WPHP(X%(«))
for i > 0 is provable in Ti*!(a) by Maciel, Pitassi, and Woods [125].

3 Finite abelian groups

Definition 3.1 (in Si(a)) A definable finite abelian group is a structure (G, +), where G is a
nonempty subset of an interval [0,¢) (which we will denote simply as t), and + is a definable
binary operation on G satisfying the usual axioms of abelian groups:
z4+ (y+2)=(z+y)+ 2z
r+y=y+ux,
Jv(x+v=y).
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We will denote the group (G,+) by just G, if there is no danger of confusion. If T is a set of
formulas, and G and + are definable by I'-formulas (with parameters), we say that (G,+) is
a I'-definable finite abelian group, or simply I' finite abelian group. Observe that a group is
El{ () iff it is definable by a nondeterministic circuit with oracle a; we may identify the group
with (the number representing) the circuit, hence it makes sense to speak of, e.g., sequences of
groups. Notice that G is automatically X% (a)-definable by the formula 3y < tz + z = y if + is

¥ (a).

Definition 3.2 (in Si(«a)) For any positive integer n, C(n) denotes the cyclic group of addition
modulo n. The trivial abelian group C(1) is also denoted 0.

Let (G; | i < k) be a sequence of X%(a) abelian groups such that G; C t; for each i < k.
(Notice that k& € Log, as it is the length of a sequence.) The direct sum @,_, G; is the ¥4 (a)

group

i<k
G={(a;i|i<k)|Vi<ka€G} ][]t
i<k
with addition defined by
(ai |i<k)y+(bi|it<k)={(ai+b|i<k).
Here, a = (a; | ¢ < k) for definiteness refers to the specific sequence encoding function

a; = |a/[];<;t;] mod ¢;, whence the bound on the domain of G.

Lemma 3.3 (in Si()) If G is a ¥4 () finite abelian group, there exists a ¥4 (a)-definable func-
tion nx such that 0z =0, lx =z, (n +m)x = nx + mz, n(x +y) = nx + ny, (nm)z = n(mx),
and (—n)x = —nzx for every x,y € G, and integers n,m.

If + is defined by a PV («)-function, then so is nx for nonnegative n.

Proof: We can define nx for nonnegative n by limited recursion on notation:
0x =0,
(2n)z = nz + nx,
2n+ 1)z = (2n)z + =.
We put (—n)x = —nz. Verification of the properties is then straightforward. (]

Note that the extended Euclidean algorithm can be formalized by a PV -function, and an-
alyzed in a straightforward way in 79. In particular, coprimeness is AI{ in 79, and TY proves
Bézout’s lemma. For the sake of completeness, we include a simpler proof in S3:

Lemma 3.4 (Bézout’s lemma) (in S3) For every a,b, there exist integers u,v such that
d = ua + vb divides both a and b (and therefore d = ged(a, b)).

Proof: If b =0, we have ged(a,b) = a = 1la + 0b, and similarly if @ = 0, hence we may assume
that a,b > 0. Notice that for any 0 < d < a, the property that there exist integers u,v such
that d = ua + vb is E?, as it is equivalent to

Ju <b3Iv <ad=wua— vb.
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Indeed, assume that d = v'a + v'b, and write v/ = xb + u, where 0 < u < b. Then d = ua — vb
forv=—(za+v"),and 0 =a —a < vb=wua—d < ab, thus 0 < v < a.

We have a = la + 0b, hence by EI{—LMIN, there exists 0 < d < a of minimal length such
that d = ua + vb for some integers u,v. We can write a = xd £ d’, where 0 < d’ < |d/2|. Then
|d'| < |d|, and d' = +(1 — zu)a F (zv)b, which contradicts minimality of d unless d' = 0, i.e., d
divides a. By a symmetric argument d divides b, too. O

Recall that a torsion element of a group G is an x € G such that nz = 0 for some n > 0. A
torsion group is an abelian group consisting of torsion elements.

Lemma 3.5 (in Si()) If x is a torsion element of a ¥4(a) finite abelian group, there exists a
unique positive integer o(x) (the order of =) such that

ar =0 < o(x) | a

for every a.

Proof: By %(a)-LMIN, there exists o(z) > 0 such that o(z)z = 0 of minimal length. Assume
that az = 0, and let d = ged(a,o(x)). By Bézout’s lemma, there exist integers u, v such that
d = ua+vo(x), hence dr = 0. If d is a proper divisor of o(z), then |d| < |o(x)|, which contradicts
the choice of o(x). Therefore d = o(x), and o(x) | a. Uniqueness of o(x) is obvious. O

Lemma 3.6 (in Si(a)+ iWPHP(24(a))) Any ¥4 () finite abelian group is a torsion group.

Proof: Letxz € G Ct. By iWPHP, there exist a < b < 2t such that ax = bz, hence (b—a)x = 0.
U

Remark 3.7 Similarly to Lemma 3.6, S3(a)+iWPHP(X%()) also proves that any finite struc-
ture with a 3%(a)-definable associative, commutative, and cancellative binary operation is an
abelian group.

Before we turn to the main structure theorem, we prove the simpler decomposition to p-
primary components below. It is a consequence of the structure theorem, but we prove it
separately because we can formalize the proof in a weaker theory than the full structure theorem.
The decomposition to p-primary components was proved in 1 Ag+£2; by D’Aquino and Macintyre
[72] (formulated for multiplicative groups of the prime fields F,,, but the argument works for
general abelian groups).

Definition 3.8 (in Si(a)) If (G, +) is a X%(a) finite abelian group, and p is a prime, then the
p-primary component of G is defined by

Gp={z e G| Je pl¥lz = 0}.

Notice that G, is a subgroup of G. If G is a torsion group with o(x) < t for every z, then G,
is (), as we can bound e by .
A p-group is a X¢(a) finite abelian group (G, +) such that G = G,,.
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Theorem 3.9 (in Si(a)+ iWPHP(X%(a))) Let (G,+) be a X%(a) finite abelian group. There
exists a sequence (p; | i < k) of pairwise distinct primes, such that the mapping

v PG, —G

1<k

defined by p({z; | i < k)) = >, xi is an isomorphism. If a prime p does not appear in
{pi | i <k}, then G, = 0.

Proof: Let G C t. By X%(a)-LMAX, there exists the maximal k& with the property that
k < |t| + 1 and there exists a sequence (z; | i < k) of nonzero elements of G, and a sequence
(pi | © < k) of pairwise coprime integers p; < 2t such that p;z; = 0. (Notice that coprimeness is
El{ by Bézout’s lemma, and all other universal quantifiers in this definition are sharply bounded,
hence the property is indeed ¥4 (a).) By ¥8(a)-LMIN, there exists the smallest [ such that there
exist Z and p’ as above with ) ,;|p;| < I. Fix the witnesses Z and p.

By the choice of [, all p; are primes: if p; = mn is a nontrivial factorization, then either
mz; = 0, or y = mz; is a nonzero element such that ny = 0. We can thus replace p; with m or
n, which contradicts the minimality of [. In particular, p; = o(z;) for all i < k.

Define f: [[,pi = G by f({a; | t < k)) =), a;z;. We claim that f is injective. Indeed, let
> @iz =Y iz, and fix i < k. Put ¢ =[], p;. We have 0 =¢3_,(a} — a;)z; = q(a; — ai)zi,
hence o(z;) = p; | ¢(a; — a;). However, ¢ is coprime to p;, thus p; | a, —a;. As 0 < al,a; < p;,
this implies a; = a}. By iWPHP(X%(a)), we obtain 2¥ <[], p; < 2t, hence k < [t|.

Consequently, if p # p; for all 7, then G}, = 0. Indeed, if x # 0, and p°z = 0, we can extend
p and Z by p® and x (respectively), which contradicts the maximality of k.

Clearly, ¢ is a group homomorphism. We claim that ¢ is injective, i.e., ker(¢) = 0. Let

thus ), z; =0, 2; € G),. Consider i < k, and put ¢ = H#ipy'. We have 0 = qzj xj = q;,

and p'-tlxi =0, hence z; = 0, as ¢ and p'-tl

i ; are coprime.

It remains to show that ¢ is onto. Let thus z € G, and using %4 (a)-LMIN find a of minimal
length such that az € rng(yp). We have bz € rng(yp) iff a | b, as in the proof of Lemma 3.5. If
a = 1, the proof is finished. Let us assume for contradiction a > 1, and choose a prime p | a.
Put ¢ =[], , th‘, and y = (¢qa/p)x. We have ax = ), ; for some z; € Gy, hence

Z qr; p = p; for some i,
Py =qaxr =q Ti =
p ' 0 otherwise.

If p = p;, we have py = qx; € G)p, hence also y € G, C rng(yp). If p # p; for all i, then
y € G, =0 C rng(y). In both cases, we obtain (qa/p)x € rng(yp), hence a | (ga/p). This implies
p | ¢, which contradicts the definition of g. O

Corollary 3.10 (in Si(a) + iWPHP(24(a))) If G is a X%(a) finite abelian group, then there
exists n > 0 such that nG = 0.

Proof: Let n =1], th‘, where p and ¢t is as in Theorem 3.9. Then nx =0 for all z € G. O
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Corollary 3.11 (in Si(a)+ iWPHP(PV («))) If + is definable by a PV («)-function, then so
8 —.
Proof: Under the assumption all instances of iWPHP(X%(a)) used above were actually in-

stances of iWPHP(PV(a)). If n is as in Corollary 3.10, then —x = (n — 1)z is PV («) by
Lemma 3.3. U

The main result of this section is the structure theorem below.

Theorem 3.12 (in S?(a) + iWPHP(X%())) Let G be a X%(a) finite abelian group. There
exists a sequence of prime powers P = (pi' | i < k) with e; > 0, and a sequence (z; | i < k) of
elements of G, such that the X8 ()-function

©: @ C(pj") — G
i<k
defined by
e((ai | i <k)) = Zaz‘xz‘

i<k

is a group isomorphism. Moreover, P is unique up to permutation of indices.

Remark 3.13 No claim is being made on uniformity of the Ell’(a)—isomorphism, as the proof
will give no nontrivial estimate on the complexity of finding the sequence Z.

Proof: Existence: let us say that (z; | ¢ < k) is an independent sequence with exponents
(m; | i< k) if

(1) Vi < k(.%'z e GAm; > 1/\m,~xi:0)/\v&e 1_[711Z (Zaixi:0—>o_§:0>.
i<k i<k
Notice that (1) is a B(X%(a)) C ¥4(a)-formula, as the quantifier Vi < k is sharply bounded. If &
is an independent sequence with exponents 7, then the mapping ¢: @,_; C(m;) — G defined
by
p(ai i< k) =) iz
i<k

is easily seen to be a homomorphism, and ker(y) = 0, hence ¢ is injective. As ¢ is (), we
can apply iWPHP(p), which implies that [[, m; < 2¢, where G C t. In particular,

k< ‘Hmz

i<k

< [t + 1.

We apply the Eg(a)—LMAX principle to fix the maximal k such that there exists an independent
sequence of length k. Then we apply Eg(a)—LMAX once more to find an independent sequence
(w; |1 < k) with exponents (m; | i < k) such that |[ [, m;| is maximal.
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Claim 3.13.1 Fach m; is a prime power.

Proof: Assume for contradiction that m; is not a prime power. By Claim 2 in [93, Ex. 1.13],
we can write m; = ab, where a,b > 1 are coprime. By Bézout’s lemma, we can choose integers
u, v such that ua + vb = 1. Put y = waz;, z = vbzx;. Clearly, by = 0 = az. We will show that
(y,2z,xj | j # i) is an independent sequence with exponents (b, a,m; | j # i), contradicting the
definition of k.

Let thus a < b, 8 < a, a; < m; be such that ay + Sz + Z#i ajr; = 0. By the definition
of y, z, we have

(qua + Pob)x; + Z ajx; =0,
J#i

thus the independence of & implies that «; = 0 for j # 4, and m; | aua + Bvb. In particular,
a | pvb, and as a is coprime to vb, a | B, hence f = 0. We can show o = 0 by a symmetric
argument. O (Claim 3.13.1)

We write m; = p;*, where p; is prime, and define the mapping ¢ as above.

Claim 3.13.2 ¢ is surjective.

Proof: Assume for contradiction that there exists an element = € G such that = ¢ rng(y). By
Lemma 3.6 and a generalization of Lemma 3.5, there exists an a > 0 such that bz € rng(yp) iff
a | b for any integer b. As a > 1, there is a prime p | a. If 2’ = (a/p)z, then bz’ € rng(y) iff
p | b, hence we may simply assume that a = p is prime. Write

pr =" Bix;.
i

If ¢ is such that p # p;, then m; is coprime to p, hence there exists u such that um; = —f;
(mod p). Putting 5] = S; + wm;, we have Six; = B;x;, and p | f;. We may thus replace ; with
!, and assume that
p#pi—plBi

for every i. We have
B
pa’ = P(x -3 EZ% => B,
lBi plB;

and 2’ ¢ rmg(p), hence we may replace x with z’. This means that we can assume that §; = 0
whenever p | 8;; putting our constraints together, we have

(2) Bi #0 = p=pi Apt B

We need to distinguish two cases.

Case 1: pr = 0. We will show that (x,z; | i < k) is an independent sequence with exponents
(p,m; | i < k), contradicting the choice of k. Take av < p, oy < m; such that ax + ", a;z; = 0.
If @ = 0, then & = 0 by the independence of Z. On the other hand, if a # 0, then there exists
u such that ua =1 (mod p). Then x = uax = — ), uoyx;, which contradicts « ¢ rng(yp).
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Case 2: px # 0. We can find i such that 3;, # 0, and e;, > e; for all 7 such that 8; # 0. In
order to simplify the notation, we assume that io = 0. As all 7 that §; # 0 have p = p; by (2),
we obtain p®*lz = Y. p®g;x; = 0. We claim that (z,z; | i > 0) is an independent sequence

e+l = pmyg, the length of

with exponents (p®*! m; | i > 0). The sequence has length k; as p
[ 1, mi strictly increases, hence we obtain a contradiction with the choice of & and ni. So, take
a < p®*tl and o; < m; such that az + Z#O a;z; = 0. Multiplying the equation by p and
expanding pr we get
aBozo + Z(Oéﬁi + pai)z; = 0.
i#0

By the independence of Z, we have p® | afy. As fy is coprime to p by (2), we obtain p® | «,
and in particular, p | . Using the expression of px in term of & once again, we have

*ﬁoévo +Z < Bi —I—ozl) z; = 0.

By the independence of #, we have p® | (a/p)fo, hence p®*! | o, which implies o = 0. Then
& = 0 by the independence of Z. O (Claim 3.13.2)

We recall that ¢ is an injective homomorphism, hence the two claims imply that ¢ is an
isomorphism of the form required in the theorem.

@' @C(p;d) ~ G

is another Zl{(a)—isomorphism. Let p® be any prime power. We have

Uniqueness: assume that

0 Pi # D,
{z e C@py") | p°x =0} = ¢ C(p§) pi=p,e <e,
P C(p§) ~ C(p§) pi=p, e >e.

It follows that ¢ induces a X4 (a)-bijection

{x cqG | pex _ O} ~ @ C(pmin(e,ei)) ~ p)\(p8)7

pi=p

where A(p®) = >_ _ min(e, e;). Similarly, ¢’ induces a bijection of the same set and pN (%)
thus A\(p¢) = N(p ) by iWPHP (%% (). However, we have

Ap) = Ap°) = i | pi = pei > e},

and similarly for \’, hence

[{i | pi =p.ei = e}| = 20(p°) — AT = Ap“") = [{i | p} = p, €} = €e}|.

It follows that p} = pr(), e = ex(i) for some permutation 7. O
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We can vary the strength of the weak pigeonhole principle needed to prove the theorem
depending on the complexity of the representation of the group. We give two examples.

Corollary 3.14 The structure theorem 3.12 for ¥%(a) finite abelian groups (G,+) such that +
is given by a PV (a)-function is provable in S3(a) + iWPHP(PV (a)).

Proof: 1If + is PV («), then all instances of iWPHP used in the proofs of Lemma 3.6 and
Theorem 3.12 are instances of iWPHP(PV («)). O

Definition 3.15 (in Si(a)) A T-definable finite abelian group with nonabsolute equality is a
structure (G, +,~), where G is a nonempty I'-definable subset of some ¢, + is a I'-definable
ternary relation on G, and = is a I'-definable equivalence relation on G, such that

Jw € G +(z,y,w),
T~ l’,/\y ~ Zv///\‘f‘(x,y,z) /\+(x/>y/7zl) —zm2

for all z,2',y,v', 2,2’ € G, and appropriate versions of the axioms of abelian groups hold, e.g.,
commutativity is expressed as

+(SC, Y, Z) A +(y7$7w) — 2R W.

Example 3.16 Let (G, +) be a ¥4(a) finite abelian group, and H its ¥4 (a) subgroup. We can
represent the quotient group G/H as a X!(a) finite abelian group with nonabsolute equality
(G,+,~), where x =~ y iff x —y € H.

Corollary 3.17 The structure theorem 3.12 for E?(a)—deﬁnable finite abelian groups with non-
absolute equality is provable in S3(a) + mWPHP(Z8(a)).

Proof: The proof of Theorem 3.12 works without change, except that now we need to apply
the weak pigeonhole principle to multivalued functions. O

We remind the reader that S2(a) + iWPHP(X%(a)) and S2(a) + mWPHP (24 (a)) are con-
tained in T2(a). On the other hand, the structure theorem implies that a finite vector space
over Fy encoded by a has a basis, and this statement is not provable in S5(a) [116, Cor. 11.3.5].
Thus, some version of the weak pigeonhole principle is indispensable to prove the structure
theorem.

The unique representation of finite abelian groups in Theorem 3.12 in terms of cyclic p-
groups is known as the primary decomposition. There is also another unique representation of
finite abelian groups as sums of cyclic groups, known as invariant factor decomposition. We
will describe it next, we can prove it easily from Theorem 3.12.

Lemma 3.18 (in TQO) Let n =[], ni, where n; are pairwise coprime. Then the mapping
p: C(n) — @C(nl)
i<k
defined by
o(a) = (amodn; | i < k)

18 an tsomorphism, and its inverse is poly-time computable.
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Proof: Easy, cf. Claim 1 in the proof of [93, Ex. 1.13]. O

Theorem 3.19 (in S?(a) 4+ iWPHP(X%())) Let G be a Xb(a) finite abelian group. There
exists a unique sequence (n; | © < k) of natural numbers n; > 1 satisfying n;y1 | n; for every
i < k, such that there exists a ¥4 (a)-definable isomorphism

@ @ C(n;) ~G
i<k
of the same form as in Theorem 3.12.

Proof: FExistence: consider the isomorphism
Do) ~c
i

from Theorem 3.12. We can collect powers of the same prime together, put each collection in
nonincreasing order, and pad it with trivial factors pg = 1 so that all collections have the same
length. We obtain a representation

Pcw) ~a,
i<k
Jj<li

where p; are distinct primes, and e; ; > e;11,;. Put n; =[] j p;i’j . Clearly n;11 | n;, and we have
@ C(n;) ~G
i

using Lemma 3.18.
Uniqueness: let

g @C(n;) ~ G

be another such isomorphism. We may arrange the sequences 77, n’ to have the same length by
padding the shorter one with 1. We denote by o,(n) the maximal e < |n| such that p¢ | n. Let
p® be any prime power. As in the proof of Theorem 3.12, we can establish

{r €e G| p°r =0} ~ @ Clged(p®,n;)) A pooi Min(eop ()

(2

and conclude

3) {i | op(ni) = e} = [{i | op(ni) = e}.

We observe that the sequence o,(n;) is nonincreasing in i, as n;11 | n;. We can thus prove
op(n;) = op(n}) by induction on 4, using (3). This implies n; = nl. O

Remark 3.20 Theorem 3.19 has also variants for PV («)-groups or groups with nonabsolute
equality similar to Corollaries 3.14 and 3.17.
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4 Fermat’s little theorem and Euler’s criterion

Definition 4.1 If f is a definable function (possibly with parameters), then PHP(f) states
that f is not a bijection of a onto b for any a # b, i.e.,

aZb—3r<af(z)>bVvIzr<i' <af(z)=f(2')VvIy<bVr <af(a)#b.

If T is a set of definable functions, PHP(T") denotes the schema { PHP(f) | f € I'}.

Notice that iWPHP(f) is based on a somewhat different variant of the pigeonhole principle
than our PHP(f), hence PHP(PV) does not seem to imply i WPHP(PV) over, say, Sa.

Theorem 4.2 S3 + iWPHP(PV) + PHP(PV) proves Fermat’s little theorem:
2 =z (mod p)
for every prime p and integer x.

Proof: Let G = F (i.e., the multiplicative group of units of the finite field IF, of residues
modulo p). By Corollary 3.14, there exists an isomorphism

P @C(pf’) -G

i<k
defined by a PV-function (as “+” of the group, i.e., modular multiplication, is poly-time). Let

n = [[;p{". Clearly nz = 0 (i.e., " = 1 in multiplicative notation) for every z € G. As ¢
induces a bijection of n and p — 1, we must have n =p — 1 by PHP. O

PHP is a rather strong axiom, but in this case it seems unavoidable. If F,; is cyclic, it is easy to
see that Fermat’s little theorem is in S3 + iWPHP(PV) equivalent to the instance of PHP(PV)
used in the proof of Theorem 4.2. In the absence of PHP, we see no reason why }F; could not
be isomorphic to, say, C'(p + 1), in which case Fermat’s little theorem fails spectacularly. In
view of this discussion, we conjecture that the answer to the following problem is negative.

Question 4.3 Is Fermat’s little theorem provable in So?

Fermat’s little theorem can be strengthened to Euler’s criterion. Recall that the Legendre
symbol is defined by

1 if pfa and a is a quadratic residue modulo p,
a
(p) =4 -1 if pfa and a is a quadratic nonresidue modulo p,
0 ifp]|a,

for any integer a, and an odd prime p. Euler’s criterion states that

<a) =aP"Y/2  (mod p)

p
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for every such a,p. We are going to characterize the relationship of Euler’s criterion to Fermat’s
little theorem in S, and in particular, we will show that Euler’s criterion is provable in S5 +
iWPHP(PV)+ PHP(PV).

Berarducci and Intrigila [29] have shown multiplicativity of the Legendre symbol

()G)= ()

in TAg + iWPHP(A) (their proof also works in TY + iWPHP(PV), cf. [95]). We will use a
different proof to get multiplicativity under a weaker assumption (cf. Lemma 3.6).

Lemma 4.4 (in T9) If p is an odd prime such that F) is a torsion group, then (-|p) is multi-
plicative.

Proof: We make a few observations about multiplication in I

Claim 4.4.1

(i) For any z, there are y, z such that x = yz and yzk =1=2" for some k and odd m. We
have (z|p) =1 and (z|p) = (ylp).

(i) If ka =1, then either y =1, or yQZ = —1 for some l < k.

(iii) If 22" = =1 and y2""" =1, there exists a such that 2% = y.
(iv) If y2k = —1, then (y|p) =1 if and only if 3z 2 =,
Proof:

(i): We have 2" = 1 for some n > 0, and we can write n = 2¥m where m is odd. Pick u,v
such that um + v2¥ = 1, and put y = 2™ and z = 2¥2" . Then z = yz, and yzk =1,z"=11If
m = 2r + 1, we have (2"71)2 = 2, thus (z|p) = 1. It follows that y = w? iff z = (wz"*1)?, and
symmetrically z = w? iff y = (wz="+Y)2 hence (y|p) = (z|p).

(ii) follows immediately from the fact that the only square roots of 1 are +1.

(iii): We show by reverse induction on [ < k+1 that Ja < 2F+! ygl = z%. The induction step:

we assume y2l+1 = 2% by the induction hypothesis. We have (—1)® = 202" = y2k+l+1 =1, hence
a is even. Thus y2l = +2%2 which equals either 2%/2 or 2%/ 2428 Ag stated, the proof used
Y°-LIND; however, we can clearly construct a explicitly by a PV-function, hence T2 suffices.
(iv): If there exists such a z, then y = z® for some a by (iii). We have 1 = g2 = 2 =
(—1)%, hence a is even, and y = (2%/2)2. On the other hand, if y = 22, then A2 = .

O (Claim 4.4.1)

We have (z2'|p) = (z|p)(«’|p) whenever (z|p) =1 or (2/|p) = 1, as in the proof of (i). Let
thus (z|p) = (2'|p) = —1, we want to show (za2'|p) = 1. We may assume 2> = 2/?" = 1 for
some r by (i). We can fix k, k' such that 22° = 22 = 1 by (ii). We must have k = £’ by (iv).
We obtain (z2/)2" = 1, hence za’ = 1 or (za/)? = —1 for some | < k by (i), which implies
(z2'|p) = 1 by (iv). O



ITI. Abelian groups and quadratic residues in weak arithmetic 107

Lemma 4.5 (in S3) Let G be a X%(a) finite abelian group such that nG = 0 for some n > 0,
and p be a prime. If pG' = G, then G, = 0.

Proof: Write n = p®m, where p{m. Let x € G be such that pFz = 0 for some k. Using pG = G
and X% (a)-LIND, there exists y € G such that p°y = x, thus mz = ny = 0. As ged(m, p¥) = 1,
we obtain z = 0. U

Theorem 4.6 (in S%) For any odd prime p, Fuler’s criterion

Va (Z) =a®PD/2 (mod p)

is equivalent to the conjunction of Fermat’s little theorem
Va a? =a (mod p)

and the statement
Ja a2 = -1 (mod p).

Proof: Right-to-left: if (alp) = 1, there exists a b such that b = a, thus aP~1/2 = pp~1 = 1.
If (a|p) = —1, we choose a b such that b®~1/2 = —1; then (blp) = —1, thus (ablp) = 1 by
Lemma 4.4, hence (ab)?~1)/2 =1, which implies a?~1/2 = —1.

Left-to-right: FLT is clear. If G = F, then —1 € G2 # 0, hence G? # G by Lemma 4.5,
i.e., there exists a square nonresidue a. By Euler’s criterion, a?~1/2 = —1. O

Theorem 4.7 S2 + iWPHP(PV) + PHP(PV) proves Euler’s criterion.

Proof: We have Fermat’s little theorem by Theorem 4.2. Fix an isomorphism of F and
@i, C(p;*) by Corollary 3.14, where p; are primes. We have p — 1 = [[,; p;* by PHP. As F)
contains only two square roots of 1, only one of the p; is 2; assume py = 2, and put e = eg. Then
(p—1)/2¢ is an odd integer, and as C(2°) is cyclic, there exists a b € ) such that b = 1.
We have b®~1/2 = (—1)(P=1)/2° = _1  hence we obtain Euler’s criterion by Theorem 4.6. [

In connection to Fermat’s little theorem, it is natural to ask

Question 4.8 Does Sy + PHP(PV') (or a similar theory) prove that the multiplicative group
of F,, is cyclic for every prime p?

Consider an isomorphism
p: PCw) ~G=Fy
i<k
as in Theorem 4.2. If p; # p; for every ¢ # j, then G ~ C(n) is cyclic by Lemma 3.18, where
n = [[;p{". If ¢ is a prime, then elements of C'(n) satisfying gz = 0 form a cyclic subgroup H
of order 1 (if ¢ n) or ¢ (if ¢ | n, in which case H = (n/q)C(q)).

On the other hand, if p; = p; for some i # j, we can put ¢ = p;. The element a = gt !
generates a subgroup isomorphic to C(q) in C(¢°'), and similarly there is an element b € C'(¢%)
generating a subgroup isomorphic to C(q). Then {a,b} generates a subgroup isomorphic to
C(q) ® C(q), all elements of which satisfy gz = 0. Lifting the situation to G using ¢, we obtain

the following dichotomy:
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Lemma 4.9 (in S5+ iWPHP(PV)) Let p be a prime, and let G be the multiplicative group of
units in IF,.

(i) If G s cyclic, then for every prime q, there exists a PV -surjection of q onto the set
{r e G|2?=1}.

(ii) If G is mot cyclic, there exists a prime q, and a PV -injection of ¢* to {x € G | 27 = 1}.
(]

The usual proof of cyclicity of F relies on the fact that the degree ¢ polynomial z¢ — 1
can have only ¢ roots in the field F,; the latter is proved by induction on the degree of the
polynomial. Unfortunately, the intermediate polynomials needed for the induction are not
sparse, hence they are exponentially sized objects, and cannot be used in bounded arithmetic
(even extended by pigeonhole principles or counting functions). On the other hand, if we could
manage to match the roots against the degree using a different counting argument, there is a
good chance that a weak pigeonhole principle would suffice because of the large gap given by
Lemma 4.9.

Notice that the same principle can be applied to the relationship of Fermat’s little theorem
to Euler’s criterion: assuming the former, the extra condition Ja a®~1/2 = —1 (mod p) from
Theorem 4.6 is equivalent to asking the degree (p — 1)/2 polynomial z(P~1/2 — 1 to have less
than p — 1 roots in F,, hence a solution to the degree-vs-roots problem would also answer the
following problem:

Question 4.10 Does Fermat’s little theorem imply Euler’s criterion over S ?

5 Quadratic reciprocity

In this section we prove the quadratic reciprocity theorem (including the supplementary laws)
from the modulo-2 counting principle Counts (cf. [116]). Our proof is loosely based on Gauss’s
third proof of reciprocity, however we have streamlined the argument so that it only uses
counting modulo 2 instead of bounded sums and products, and we made sure that we can
construct explicit functions witnessing the parity of the sets we want to count modulo 2.

The basic form of the modulo-2 counting principle (also called the equipartition principle
in [29]) states that we cannot partition an odd-length interval 2a + 1 = [0,2a + 1) into two-
element blocks. We can weaken the principle by representing the partition in a more explicit
way. We do so by requiring a function f which assigns to each element of 2a + 1 its partner in
its block. Such a function f defines a partition into blocks of size at most two if and only if f is
an involution (i.e., f o f =id), and the partition has no blocks of size one iff f has no fixpoint.
We thus state the counting principle as “every involution on 2a + 1 contains a fixpoint”:

Definition 5.1 If f is a function (possibly with parameters), Counta(f) is the axiom

30 < 20 (f(x) > 20V [(f(@)) £V f(z) = 2).
If T is a set of definable functions, we define the schema Counts(T") = { Counta(f) | f € T'}.
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Notice that Counta(Ay) is in IAg equivalent to the original version of the mod-2 counting
(equipartition) principle: given a A equivalence relation with two-element blocks, we can easily
define the neighbourhood function f by a Ag-formula. We will, however, also use the principle
for PV -functions in T20 , and in this context our version of the principle appears to be genuinely
weaker. Note also that Ay + Counta(Ag) is contained in the two-sorted theory V9[2].

Mod-2 counting by involutions was used to prove Fermat’s theorem on sums of two squares
by Heath-Brown [89] and Zagier [181]. Similar mod-4 and mod-8 counting principles were
employed by Berarducci and Intrigila [29] to prove the two supplementary laws of quadratic
reciprocity.

Definition 5.2 If p is an odd prime and p t a, we put
[Z] ~J0, a=0 (mod p),
1, a#0 (mod p),
so that (alp) = (=1)l*Pl. Unless stated otherwise, all functions are assumed to be defined
by PV-functions (i.e., circuits) when we work over T3, and Ag-definable when we work over
IAy. Residues modulo p are usually taken from P = [—(p — 1)/2,(p — 1)/2]. We also put
Pt =1[1,(p-1)/2], P~ = [-(p—1)/2,—1], and Py = PT U {0}. We treat P and friends as

sets of residues rather than integers, so that, e.g., the formula az € PT means (az mod p) €
[1,(p—1)/2]. We also use 2! to refer to multiplicative inverse modulo p.

We begin with a version of Gauss’s Lemma.

Lemma 5.3 (in TY or IAg) Let p be an odd prime, and p { a. There exists an involution on
P~ U{z € P* | ax € P} with [a|p] fixpoints.
Proof: We define

—x, (r,ax € Pt A2z~ € P7)V (z,az € P~ A2~ € PT),

a~tz7l, ax,2”!e PT.
It is easy to see that the three conditions define a partition of P~ U{x € P | ax € P'}, and
f is an involution on each part. f has no fixpoints in the first part, and one (x = —1) in the
second part. A fixpoint in the third part is an x such that x~! is a positive square root of a,

which is unique if it exists. In total, f has one fixpoint if [a|p] = 1, and two if [a|p] = 0. In the
latter case, we modify f so that the original fixpoints are mapped to each other. U

Definition 5.4 If X Ct,and Y C s, we use X UY to denote disjoint union: if X and Y are
disjoint, we may take X UY = X UY’; in general, we put

XUY =XU{t+ylyeY}Cit+s.

If f: X - Zand g: Y — Z,then fUg: XUY — Z is defined in the obvious way.
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Lemma 5.5 (in TY or IAg) If p and q are distinct odd primes, there exists an involution on
(p+3)(q+3)/4 — 4 with [plq] + [q|p] fizpoints.

Proof: Let f(x) = (x, |qx/p]). Then f is a bijection
f{ze Pt qre P Yy~ {(z,y) € Py x Q| 0<qz—py<p/2},
with left projection as its inverse. Symmetrically, there is an invertible bijection
9:{ye Q" |pye Q" =~ {(z,y) € P xQf | —¢/2 < gz — py < 0}.
By Lemma 5.3, there exists an involution h on
(PUQ)U{zrePT[que P }U{ye Q" |pyeQ’}
with [p|q] + [¢|p] fixpoints, thus i = (id U f Ug)oho (idU f Ug)~! is an involution on
(P7UQT)U{{z,y) € (Fy x Q) ~{(0,0)} | —q/2 < gz — py < p/2}

with [p|q] + [¢|p] fixpoints. As

Y (e Y e O A By -
2 2 2 ’

the function j((x,y)) = ((p —1)/2 — x, (¢ — 1)/2 — y) is an involutive bijection

i {{z,y) € P xQf | gz —py < —q/2} = {{z,y) € Py x Qf | p/2 < qz — py}.

Therefore i U j is an involution on

P‘UQ‘U(<PJxQ3>\{<o,o>}>wp;Hq;Hp‘glq;l_1:@+31<q+3>_4

with [p|q] + [¢|p] fixpoints. O

Lemma 5.6 (in TY or IAg) Let p be an odd prime, and p{ a,b. There exists an involution on
2(p— 1) U{x € P | abx € P~} with [a|p] + [b|p] fizpoints.

Proof: By Lemma 5.3, there exist involutions on
P U{ze P |a'zc P}
and
P U{zePt|bzec Py~ PtU{zcP |bxcP}
with [a=!|p] and [b|p] fixpoints, respectively. Their union f is an involution on

(PruP)U{z|z,a v e Pt Vva,berc P}
=(p-1)U{z|alee PTbac P }U{z|z,a ta,bx € PTVa,a 'z, ba € P7}.
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The function x — —x is an involutive bijection between the disjoint sets
{rePt|alzeP Vbze P Yx{zecP |alzec P Vbrec P},
and its union with f is thus an involution on

(p—D)U{z|a e e P bac P }U(PTUP)=2(p—-1)U{x|a 'z e PT bz c P}

1

We may lift it using the function x — o~ "z, which is an invertible bijection

{z|alz e PT bz e Py~ {x e P |abz e P},

to obtain an involution on
2p—1)U{x € P |abz € P }.

The number of fixpoints is [a™!|p] + [b|p] = [a|p] + [b]p], as obviously (a~!|p) = (a|p). O

Theorem 5.7 T + Counto(PV) and I1Ag + Counta(Ag) prove the law of quadratic reciprocity

() -

the supplementary laws

) (5) = e
(6) @) (),

and multiplicativity of the Legendre symbol

@ G)G) =)

where p, q are distinct odd primes, and a,b are integers.

Proof: (4) follows from Lemma 5.5, as (p+3)(¢+3)/4—4=(p—1)(¢g—1)/4 (mod 2).
(5) is an immediate consequence of Lemma 5.3 for a = —1, as {r € Pt | —x € PT} = 2.

(6): By Lemma 5.3, there exists an involution with [2|p] fixpoints on

2 4 4

l=[21=10 125 fan =552 o

P‘U{a:EP+|2:I:€P+}zp+{pJ:p_1_P?-"
thus

(7): The identity holds trivially if p divides a or b, thus assume p { a,b. By Lemmas
5.3 and 5.6, there exists an involution on 3(p — 1) with [a|p] + [b|p] + [ab|p] fixpoints, thus
[alp] + [blp] = [ablp] (mod 2). O
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We remark that the proof of Lagrange’s four-square theorem in IAg + iWPHP(IAg) by
Berarducci and Intrigila [29] only used multiplicativity of the Legendre symbol (apart from
IAp). Consequently, Lagrange’s four-square theorem is also provable in TAy + Counta(A).

Recall that the Jacobi symbol (a|n) is defined for any integer a and an odd natural number

() -1 ()

i

n:HPi
i

is a prime factorization of n. We can introduce it in bounded arithmetic as follows.

n by

where

We assume that we have fixed an efficient sequence coding function such that
ul=0(w) + ¥ i)
1<lh(w)

for any sequence w. In particular, there is an Lpg-term s(n) such that w < s(n) for every
sequence w such that (w); > 1 for every i < lh(w), and n = []; () (w)i. (Recall that bounded
products of natural numbers are Ag-definable in IAg by Berarducci and D’Aquino [28].) Then
an easy Ag-induction on n shows that

2 < s(n) (Seat) 1 ¥i < () Prime(p)) A TT 0 =n).
i<Ih(p)

and furthermore p is unique up to permutation of indices. Then we can define the Jacobi symbol
by the Ag-formula

() o 3w < s(n) [seq@) A Seq(w) A lh(p) = Ih(w)

woi<inGp) (Prime((p) A ) = () ) An= T wrne= TT wil.

(p)i i<Ih(p) i<Ih(w)

Note that the product [], <1h(w)(w),~ may involve negative integers; however, it has logarithmic
length, hence it can be easily evaluated by counting the number of minus signs in w. It readily
follows that A proves the existence and uniqueness of (a|n).

In the case of Si, we proceed in a similar way. Prime factorization of natural numbers
is provable in S} by Jeidbek [93]. Given a sequence p of primes such that n = [[;(p):, we
can define the sequence w such that (w); = (a|(p);) using X4-comprehension, as the Legendre
symbol is B(E’{)—deﬁnable. Then it is easy to see that the above formula gives a provably total

»8-definition of the Jacobi symbol in S3.

Theorem 5.8 The Jacobi symbol has a provably total Eg—deﬁm'tz'on in S3, and a Ag-definition
in [Ag. For any integers a,b, and odd positive m,n, S3 + Counto(PV) and IAg + Counta(Ag)
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prove
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Proof: We will show the reciprocity law, the other properties can be proved easily using a similar
strategy. If ged(n,m) # 1 then (n|m) = (m|n) = 0, hence we may assume ged(n, m) = 1. Pick
a sequence p of primes such that n = [[,(p)i.

Assume first that m = ¢ is prime. Using X%-comprehension (in the case of S3) or Ag-
comprehension (in the case of IAg), we find sequences e and w such that (e); = ((p)ilq),
(w)i = (¢|(p);). Using Theorem 5.7, we have

(2)(2) = Ieen TMewn = [I-0 4 = (o =9 — s,

q % ) )

as > 5((p)i — 1) = 1 ([T« (p)i — 1) (mod 2) by induction on k.

In general, we fix a sequence ¢ of primes such that m =[] j(q) j. As above, we find a sequence
w such that (w); = (n|(¢);). In the case of A, we find a sequence e such that (e); = ((¢);|n)
in the same way. In the case of S, we cannot do it directly, as ((g);|n) is only 325. However, we
can use Y¢-comprehension to find a sequence s of length lh(p) Ih(q) such that (s); ; = ((q);|(p):),
and then (e); = [[,(s)i; is constructible by a PV-function from s. Then we compute

(9);—1

(2)(%) = Ty Tt = TI-0 ™5 = (2 S5 — s
J

J J

as before. O

Theorem 5.9 521 + Counto(PV) proves that the Jacobi symbol is polynomial-time computable.

Proof: Consider a PV-function formalizing the standard algorithm for computing (a|b) (see
Figure 5.1). As two odd numbers are subtracted on line 12, a is even on line 5 in every but
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input: integer a, odd positive b

1 r+1
2 if a < 0 then:
3 a+ —a

4 r+ —rif b=—1 (mod 4)
5 while a > 0 do:

6 while a is even do:

7 a<a/2

8 r <+ —rif b =43 (mod 8)

9 if a < b then:

10 (a,b) < (b,a)

11 r< —rifa=b= -1 (mod 4)
12 a+a—>b

13 if b > 1 then output 0 else output r

Figure 5.1: An algorithm for the Jacobi symbol

possibly the first iteration of the outer loop, in which case the division on line 7 is executed
at least once. It follows that the total number of iterations is bounded by |a| + |b|, and the
algorithm is polynomial-time.

Let (a;, bi,r; | i < k) be the sequence of values of a, b, and r during the execution of the
algorithm. We find a prime factorization of [[; b;, and use it to compute a sequence p = (p; ; |
i < k,j <d(i)) of primes such that b; = [,
is a sequence w = (w;j | @ < k,j < d(i)) such that w; ; = (as|p;;). Then we can compute the
sequence v = (v; | @ < k) by v; = []; 44 wij, so that v; = (as[b;). Put e = (alb). Armed
with v, we can prove e = r;v; by induction on ¢ < k using Theorem 5.8, which implies that the

i) Pij for every ¢. Using E’{—comprehension, there

algorithm gives the correct output. (]
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Chapter IV

Integer factoring and modular
square roots

Abstract

Buresh-Oppenheim proved that the NP search problem to find nontrivial factors of inte-
gers of a special form belongs to Papadimitriou’s class PPA, and is probabilistically reducible
to a problem in PPP. In this paper, we use ideas from bounded arithmetic to extend these
results to arbitrary integers. We show that general integer factoring is reducible in ran-
domized polynomial time to a PPA problem and to the problem WEAKPIGEON € PPP.
Both reductions can be derandomized under the assumption of the generalized Riemann
hypothesis. We also show (unconditionally) that PPA contains some related problems, such
as square root computation modulo n, and finding quadratic nonresidues modulo n.

1 Introduction

Integer factoring is one of the best-known problems in complexity theory which is in NP, but is
not known to be polynomial-time computable. In particular, the assumed hardness of factoring
has various applications in cryptography. Papadimitriou [140] introduced several classes of
search problems based on parity arguments and related combinatorial principles. He showed
that many natural search problems from diverse areas of mathematics belong to one of these
classes, and he posed as an open problem whether the same holds for integer factoring.

The first step to answer Papadimitriou’s question was taken by Buresh-Oppenheim [35]. He
proved that factoring of “good” integers (odd integers n such that —1 is not a quadratic residue
modulo n) such that n =1 (4) belongs to the search class PPA, and factoring of good integers
is probabilistically poly-time reducible to a PPP problem. (Note that an odd integer is good iff
it has a prime divisor p = —1 (4).)

The purpose of this paper is to exhibit similar reductions for factoring of arbitrary integers.
We show that factoring is probabilistically poly-time reducible to a PPA problem, as well as to
WEAKPIGEON, which is a PPP problem. (A similar probabilistic reduction of factoring to PPP
was also independently found by Buresh-Oppenheim [36].) We isolate a convenient intermediate
problem, which we call FACROOT: given integers n and a such that the Jacobi symbol (a|n) = 1,
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find either a proper divisor of n, or a square root of a modulo n. It is not hard to show that
factoring is probabilistically poly-time reducible to FACROOT.

The main technical ingredient of our work is to demonstrate that FACROOT € PPA. The
high-level idea of the proof comes from bounded arithmetic. Chapter III introduced an arith-
metical theory S + County(PV) related to PPA, and established that this theory can prove
the quadratic reciprocity theorem and other properties of the Jacobi symbol, which together
imply the soundness of the usual poly-time algorithm for the Jacobi symbol. In particular,
Sl 4+ Counto(PV) proves the totality of FACROOT, and then an application of a garden-variety
witnessing theorem yields FACROOT € PPA. However, since this paper is intended for a general
computational complexity audience, we include a self-contained direct proof of this result, we
do not assume any prior knowledge (or posterior, for that matter) of bounded arithmetic on
the part of the reader.

All probabilistic reductions in this paper can be derandomized if we assume the generalized
Riemann hypothesis (GRH). In particular, GRH implies that factoring is in PPA N PPP (and
moreover, it is poly-time reducible to WEAKPIGEON). We also show unconditionally that several
problems concerning quadratic residues have deterministic Turing reductions to FACRoOT, and
as such are in PPA: for one, given n and a, we can find either a square root of @ modulo n, or
a suitable witness that a is a quadratic nonresidue. For another, given an odd n which is not a
perfect square, we can find an a such that (a|n) = —1 (in particular, a is a quadratic nonresidue
modulo n).

The paper is organized as follows. In Section 2, we review basic concepts used in the paper
to fix the notation. Section 3 presents our main results, except for the somewhat complex proof
of FACROOT € PPA, which is given separately in Section 4. Some concluding remarks follow in
Section 5.

2 Preliminaries

An NP search problem is given by a poly-time computable relation R(z,y) such that R(x,y)
implies |ly|| < ||z||¢ for some constant ¢, the problem is to find a y satisfying R(z,y) given x.
(We use ||z|| to denote the length of x; most of our algorithms work with integers, and we
reserve |z| for the absolute value of x. We also warn the reader that we will often call our
binary integers n, we will not use the convention that n implicitly denotes the length of the
input.) For brevity, we may use R to denote the search problem itself. A search problem R
is total if for every z there exists a y such that R(x,y). Unless indicated otherwise, all search
problems below will be assumed to be total NP search problems.

We will often specify NP search problems in the form “given an x such that P(x), find a y
satisfying R(x,y)”, where P is a poly-time condition. In order to make it formally a total search
problem, this formulation will be understood to denote the problem associated with the relation
(~P(x) Ay = 0) V (P(z) A R(z,y)).

A search problem R is many-one reducible to a search problem S, written as R <,, 5,
if there are poly-time functions f, g such that S(f(z),y) implies R(z,g(z,y)). R is Turing-
reducible to S, written as R <7 S, if there exists a poly-time oracle Turing machine M (where
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the oracle returns strings rather than yes/no answers) such that on input =, M computes a y
solving R(x,y) whenever all answers of the oracle are correct solutions of S. The class of all
search problems R such that R <7 S will be denoted FP®. If C' is a class of search problems,
we write R <,, C' if R <,, S for some S € C, and similarly for R <p C, FP®, as well as other
reduction notions mentioned below.

Let a circuit C': 2™ — 2™ (here, 2 = {0, 1}) encode an undirected graph G = (V, E), where
V =2"~{0"}, and {u,v} € Eiff u,v € V, u # v, C(u) = v, and C(v) = u. Notice that G is
a partial matching. LONELY is the following search problem: given C, find u € V unmatched
by G. The class PPA (for “polynomial parity argument”) consists of all search problems many-
one reducible to LONELY. (This is not Papadimitriou’s definition of PPA, it comes from [23],
where it is shown to be equivalent to the original one.) By abuse of notation, we will also use
LONELY to denote the following variant of the problem. Let f(a,x), g(a) be poly-time functions
such that for every a, g(a) is an odd natural number, and the function f,(z) := f(a,x) is an
involution (i.e., fo(fa(x)) = ) on the integer interval [0, g(a)). Then the problem is, given a to
find an x < g(a) which is a fixpoint of f, (i.e., fo(z) = z). We will often use the fact that PPA
is closed under Turing reductions:

Theorem 2.1 (Buss and Johnson [43]) FPFPA = PPA. O

The class PPP (for “polynomial pigeonhole principle”) consists of problems many-one re-
ducible to PIGEON, which is the following problem: given a circuit C': 2" — 2", find either a
pair u # v such that C(u) = C(v), or a u such that C(u) = 0™. If p(n) is any polynomial
such that p(n) > n for every n, let WEAKPIGEON%ZW denote the following problem: given
a circuit C': 2P(") — 2" find u # v such that C(u) = C(v). We define WEAKPIGEON :=

WEAKPIGEON%ZH; the choice of n + 1 here does not matter:

Lemma 2.2 For any polynomial p as above, WEAKPIGEON =,, WEAKPIGEON%Z(M.

Proof: Given a circuit C(Z,u): 2" x 2 — 2™, we put m = p(n) — n, and we construct a circuit
D: 2" x 2™ — 2™ by D(Z,ug,...,um-1) = C(--- (C(C(Z),up),u1) ..., um—1). Given (¥, u) #
(@, 4’y such that D(Z, @) = D(&',d’), we find the largest i < m such that (¥,w;) # (¥, u),
where ) = C(--- (C(CED),ul’), ) ..., u)). Then C(§,w;) = C(i7, ). O

The class of all search problems many-one reducible to WEAKPIGEON does not seem to have an
established name in the literature, although it clearly deserves one. In analogy with PPP, we can
call it PWPP for “polynomial weak pigeonhole principle”. Note that neither PPP nor PWPP is
known to be closed under Turing reductions. The proof of Lemma 2.2 also implies that problems
of the following kind belong to PWPP; we will denote them all as WEAKPIGEON by abuse of
notation. Let € > 0 be a constant, and f, g poly-time function such that for any a, g(a) > 0,
and fq(z) := f(a,x) maps the interval [0, [(1+ €)g(a)]) into [0,g(a)). Then the problem is,
given a, to find u < v < [(1 4 ¢)g(a)] such that f,(u) = fu(v).

Apart from <,, and <7, we will also need randomized reductions. We will use several
different versions to be able to state our results precisely; the definitions below are not standard,
but we believe they are quite natural.
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For any constant 0 < ¢ < 1, we say that R is probabilistically many-one reducible to S
with error €, written as R SSLP’E S, if there is a polynomial p and poly-time functions f(x,r)

and g(x,r,y) such that for every z,

Prjp|=p() VY [S(f(z,7),y) = R(z,g(x,7,9))]] > 1 —e.

We say that R is probabilistically many-one reducible to S with controlled error, written as R <RP
S, if there is a polynomial p and poly-time functions f(x,1¥,r) and g(z, 1% r,5) such that for
every x and k,

Pryjpi =zl o) [V [S(f (2, 1, 7), ) = R(x, g, 1%, r,y))]] > 1 - 27F.

R is probabilistically Turing-reducible to S, written as R S%P S, if there exists a polynomial p
and a poly-time oracle Turing machine M such that

Prp=p(z|p[every sound run of M (x,r) solves R(z,y)] > 1/2,

where a run is sound if all oracle answers are correct solutions of S. Note that the constant 1/2
here is arbitrary, as we can decrease the error from any constant € > 0 to any other constant (or
to controlled error as above) in the usual way: we can check solutions of R, hence we can run
the machine several times with independent choices of r, and return the first correct solution to
the search problem. We denote by TFRP® the class of all R such that R §¥P S. We observe
that we can split a randomized Turing reduction as a randomized many-one reduction followed
by a deterministic Turing reduction; this is particularly useful when S is from a Turing-closed
class such as PPA.

Lemma 2.3 TFRP® <RP Fp~.

Proof: Assume that R <} S and M 9 is the Turing machine from the definition. Let T' be the
following search problem: given 2 and r, find a sound run of M*(z,r). It is easy to see that T
is a total NP search problem, and R SE;P T<p85. O

Lemma 2.4 TFRPTFRP® — TRRPS

Proof: In view of Lemma 2.3 and the obvious transitivity of <RP it suffices to show that

TFRP? is closed under deterministic Turing reductions. Let thus 7' € TFRP?, and M7 be a
poly-time oracle machine solving R(x,y). Since answers of the oracle have polynomial length,
the total number of sound runs of M on input z is bounded by 2I#I1° for some constant ¢. Using
the above-mentioned amplification of success rate, we can find a randomized poly-time machine

N solving T with error 2~ 121" 1f we then use N to answer M’s oracle queries while reusing
the same pool of random bits for every call, all but a fraction of ollzlo=llzlI**" « 1 of the random

choices will be good for every possible run of the combined machine. O

A many-one reduction of R to S is supposed to construct a valid instance of S from whose
solution it can recover a solution to the original problem. In the case of SE‘LP, the reduction
algorithm succeeds in doing this only with some bounded probability. It will be also useful to
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consider stronger notions of reduction where we can check before consulting the oracle whether
the particular choice of random bits leads to the desired result. The reduction function may
abandon the computation with some bounded probability, but if it does not, then any valid
solution of S gives a solution of R. Alternatively, we could repeat the computation until we find
a “good” instance of S, and only then pass the query to the oracle; in this way, the reduction
always succeeds, but only its expected running time is polynomial.

Formally, R is probabilistically zero-error many-one reducible to S, written as R <“FP S,
if there is a polynomial p, poly-time functions f(z,r) and g(x,r,y), and a poly-time predicate
h(zx,r), such that

(©) Prip=p(ey [ala, )] = 1/2,
(i) if A(z,r) and S(f(z,7),y), then R(x, g(x,r,1)).

Similarly, R is probabilistically zero-error Turing-reducible to S, written as R S%P P S, if there is
a polynomial p, a poly-time predicate h(x,r), and a poly-time oracle Turing machine M, such
that (i), and if h(z,r), then every sound run of M*(x,r) solves R(z,y). Again, the constant 1/2
is arbitrary, we can amplify the success rate from any constant € > 0 to 1 —27% (even for many-
one reductions). Let TFZPP® denote the class of all problems R such that R <ZPP §. Note
that if there is no oracle, TFZPP = TFRP.

FACTORING is the following search problem: given a composite integer n, find a nontrivial
divisor of n. We define FULLFAC to be the following problem: given an integer n > 0, find a
sequence (p; : @ < k) of primes such that n = [[,_, p; (here and below, the empty product is
defined to be 1). Note that FACTORING and FULLFAC are total NP search problems as primality
testing is poly-time (Agrawal, Kayal, and Saxena [1]). Clearly, FACTORING <,, FULLFAC <p
FACTORING.

We will denote the divisibility relation by d | n, modular congruences by a = b (n), and
greatest common divisors by (a,b). An integer a is a quadratic residue modulo n if a = b% (n)
for some b. The Legendre symbol is defined for any integer a and an odd prime p by

0 pla,
a
() = 1 pfaand ais a quadratic residue mod p,

—1 ptaand ais a quadratic nonresidue mod p.

More generally, the Jacobi symbol is defined for any odd n > 0 by

() -11()

i<k
where n = [[,_, pi is the prime factorization of n. We will also write (a|n) instead of (%)
for typographical convenience. A Dirichlet character of modulus n is a group homomorphism
x: (Z/nZ)* — C*. A character is principal if it only assumes the value 1, and real if it takes
values in {1,—1}. Characters can be lifted to mappings Z — C by putting x(a) = 0 when
(a,n) # 1. Note that for any odd positive n, x,(x) = (z|n) is a real character of modulus n
(in particular, (a|n)(bjn) = (ab|n)), which is principal iff n is a perfect square. The characters
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r1
while a # 0 do:
if a < 0 then:
a<+— —a
r—rifn=-1(4)
while a is even do:
a<—a/2
r+ —rif n=43 (8)
swap a and n
r<-—-rifa=n=-1 (4)
reduce a modulo n so that |a| < n/2
if n > 1 then output 0 else output r

Figure 2.1: An algorithm for the Jacobi symbol (a|n)

Xn are called quadratic. The quadratic reciprocity theorem states that for any coprime odd

(n)(m)_ -1 ifn=m=-1 (4)
m n 1 otherwise.

Together with the supplementary laws

<—1>_ 1 n= 1 (4) (2)_ 1 n=+1 (8)
n -1 n=-1 (4) n -1 n=43 (8)
it implies that the Jacobi symbol is poly-time computable (see Figure 2.1).
The generalized Riemann hypothesis' (GRH) states that for every Dirichlet character x, all
zeros of its associated L-function L(x, s) in the critical strip 0 < Re(s) < 1 satisfy Re(s) = 1/2.

Let GRH, denote the special case of GRH for quadratic characters x. We will use the following
result of Bach [18], refining the work of Ankeny [10].

n,m > 0,

Theorem 2.5 Assume GRH,. If x is a nonprincipal quadratic character with modulus n, there
exists 0 < a < 2(Inn)? such that x(a) # 1. O

3 Search complexity of factoring

In this section, we are going to describe our main result (Theorem 3.7) on the relationship of
factoring to the classes PPA and PPP (PWPP). Rather than working directly with FACTORING,
it will be convenient to consider other related problems.

! Also called the extended Riemann hypothesis (ERH). The nomenclature of various extensions of RH varies
wildly in the literature. We chose to denote the RH for Dirichlet L-functions by GRH as this name seems to
be more specific, whereas FRH is often used for other generalizations of RH, such as the RH for Dedekind
¢-functions, or L-functions of Hecke characters.
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Definition 3.1 Let FACROOT denote the following problem: given an odd integer n > 0 and
an integer a such that (aln) = 1, find either a nontrivial divisor of n, or a square root of a
modulo n.

We also give names to some special cases of FACROOT. FACROOTMUL denotes the problem,
given odd n > 0 and integers a and b, to find a nontrivial divisor of n or a square root of one
of a, b, or ab modulo n.

WEAKFACROOT is the following problem: given an odd n > 0 and a, b such that (a|n) =1
and (b|n) = —1, find a nontrivial divisor of n, or a square root of a modulo n.

We start with basic dependencies between these problems.

Lemma 3.2
(i) WEAkFAcCRooT <,,, FAcRooTMUL <,,, FACROOT;
(i) WEAKFACROOT <,,, FACTORING.

Proof:

(i): WEAKFACROOT is a special case of FACROOTMUL, since (a|n) = 1 and (bjn) = —1
imply that neither b nor ab is a quadratic residue modulo n. Given an instance of FACROOTMUL,
the multiplicativity of the Jacobi symbol implies that (z|n) = 1 for some = € {a,b,ab}. We
can choose such an x as the Jacobi symbol is poly-time computable, and then we pass it to
FacRoor.

(ii): If n is prime, we can compute a square root of a modulo n in polynomial time using
the Shanks—Tonelli algorithm. This algorithm is deterministic if we provide it with a quadratic
nonresidue, which we can: b. If n is composite, we pass it to FACTORING. O

Lemma 3.3

(i) FacRooTr <%PP WEAKFACROOT;

(ii) FACTORING <RP.1/2 FacRooT;

(iii) FACTORING S%P’l/ 2 WEAKFACROOT.
Proof:

(i): If n is a perfect square, we can return /n as its nontrivial divisor (unless it is 1, in which
case we can return 0 as the square root of a). Otherwise x,, is a nonprincipal real character,
hence with probability at least 1/2, a randomly chosen 0 < b < n either shares a factor with n
(in which case we can return (n,b) as a nontrivial divisor) or satisfies (b|n) = —1, and we can
pass it to WEAKFACROOT.

(ii): If n is even or a perfect power, we can factor it directly, hence we may assume n is
odd and it has k > 2 distinct prime divisors. We consider the following reduction. We choose
a random 0 < a < n. If (a,n) # 1, we can return it as a nontrivial divisor of n, otherwise we
pass n,a to a FACROOT oracle.

Since x,, is a nonprincipal real character, we have (a|n) = 1 for a half of all residues from
(Z/nZ)*. On the other hand, if n =[], , p;*, where the p; are distinct primes, then a coprime
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to n is a quadratic residue modulo n iff (a|p;) = 1 for every i < k. Using the Chinese remainder
theorem, a fraction 2% of (Z/nZ)* are quadratic residues. Thus, with probability at least
1/2 —27% > 1/4, the chosen a either shares a factor with n, or it satisfies (a|n) = 1 while not
being a quadratic residue, hence the FACROOT oracle must give us a factor of n.

We can amplify the success probability to 1/2 by observing that residues a such that (a|n) =
1 are poly-time samplable. We assume w.l.o.g. that n is not a perfect square. The reduction
works as follows. We choose random 0 < a,b < n. If (n,a) # 1 or (n,b) # 1, we can factorize n.
Otherwise, we let ¢ be the first residue from the list a, b, ab which satisfies (¢|n) = 1, and we call
FACROOT(n,c). It is easy to see that the induced distribution of ¢ is the uniform distribution
over {¢ < n: (c|n) = 1}, hence conditioned on (a,n) = (b,n) = 1, ¢ is a quadratic nonresidue
with probability 1 — 2'=% > 1/2.

(iii): FAcRooT <RP WEAKFACROOT by (i) and amplification of the success rate of <%°F,
hence FACTORING gip’l/“‘f WEAKFACROOT for any € > 0 by (ii). We can get rid of the € by
observing that the proof of (ii) actually shows FACTORING S%P’l/ 2-1/vn FAcRoOT, taking into
<ZPP

account residues that share a factor with n. We can reduce the error of the reduction in
RP,1/2

(i) to 1/4/n, hence FACTORING <,y WEAKFACROOT. O

We remark that there is another well-known randomized reduction of factoring to square
root computation modulo n due to Rabin [154], but it is suited for a different model. In the
notation above, the basic idea of Rabin’s reduction is that we choose a random 1 < a < n,
and if it is coprime to n, we pass n,a® to the FACROOT oracle. If the oracle were implemented
as a (deterministic or randomized) algorithm working independently of the reduction without
access to its random coin tosses, we would have a 1/2 chance that the root b of a? returned by
the oracle satisfies a # +b (n), allowing us to factorize n. However, this does not work in our
setup. According to the definition of a search problem reduction, the reduction function must
be able to cope with any valid answer to the oracle query—there is no implied guarantee that
oracle answers are computed independently of the environment. In particular, it may happen
the oracle is devious enough to always return the root b = a we already know.

What we need now is to show that FACROOT or some of its variants belongs to PPA and
PWPP.

Theorem 3.4 FAcCRooT € PPA.

We will prove Theorem 3.4 in the next section, as the argument is a bit involved.

For the pigeonhole principle, we have the following reduction, whose idea comes from the
proof of the multiplicativity of the Legendre symbol in IAg + WPHP(A) by Berarducci and
Intrigila [29].

Theorem 3.5 FACRooTMuL € PWPP.

Proof: Assume we are given an odd n > 1, and integers a, b. If a or b shares a factor with n, we
can return (n,a) or (n,b), resp., as a nontrivial divisor of n, we thus assume both are coprime
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to n. Consider the following poly-time function f: {0,1,2} x [1,(n —1)/2] — [1,n — 1]:

z2modn if (n,z) =1,
f(Z, x) _ a; 1 ( )
T otherwise,

where ap = 1, a1 = a, az = b. Since the domain of f is 3/2 times larger than its range, we
can use WEAKPIGEON to find a collision f(i,x) = f(j,v), (i,z) # (j,y). We may assume
(n,z) = (n,y) = 1, as otherwise we can factor n. If i = j, then 22 = y? (n), but = Z +y (n),
hence (n,r — y) is a nontrivial divisor of n. If i < j, then aja; ' = (zy~!)? (n) (where the

1

inverses are also modulo n), hence 2y ™! is a square root of a, b, or ba~! modulo n. In the last

1

case, axy” " is a square root of ab. O

We mention that essentially the same reduction of FACTORING to WEAKPIGEON by means
of FACROOTMUL was used in a different context in [95, Thms. 4.1-2], and a similar reduction
was independently discovered by Buresh-Oppenheim [36].

While we do not know whether PWPP is closed under general Turing reductions, the next
lemma shows that it is closed under nonadaptive Turing reductions.

Lemma 3.6 The following problem, denoted WEAKPIGEON”, 1s in PWPP: given a sequence
(Ci +i < m) of circuits C;: 20T — 2ni - find sequences (u; : i < m) and (v; : i < m) such that
i, v € 2™ u; # v;, and Ci(u;) = Cy(v;) for each i < m.

Proof: Put n = max;n;. We can pad each C; to n output bits by considering the circuit
C!l: 2nni i 2nitl — 2n7ni i 2ni defined by C(x,u) = (z,C;(u)), hence we may assume n = n;
without loss of generality. By Lemma 2.2, we can amplify each C; to a circuit D;: 2™ —
2" and we define a circuit D: 2™t — (2M)™ by D(u) = (D;(u) : i < m). Using a call
to WEAKPIGEON, we find u # v such that D(u) = D(v). Then D;(u) = D;(v) for each i, and
we can compute u; # v; such that C;(u;) = Ci(v;). O

We obtain the main result of this paper by putting everything together:

Theorem 3.7
(i) FACTORING, FULLFAC <RP PPA;
(ii) FACTORING <RP PWPP C PPP and FuLLFac <RP FPPWPP C ppPPP,

Proof: (i): FULLFAC is in TFRPFAROOT by Lemmas 3.3 and 2.4, hence in TFRPFTA by The-
orem 3.4. This implies FuLLFac <RF FPPPA — PPA by Lemma 2.3 and Theorem 2.1.

(ii): We have FACTORING <RP12 pywpp by Lemma 3.3 and Theorem 3.5. Given £ in unary,
we can reduce the error to 27% with k parallel calls to a WEAKPIGEON oracle, which implies
FACTORING <RP WEAKPIGEON! € PWPP by Lemma 3.6. As in (i), we have FULLFAC <RP

PWPP, hence FuLLFAC <RP FPPWPP by Temma 2.3. O

It would be desirable to derandomize the results in Theorem 3.7. We are only able to do it
under an extra assumption.
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Theorem 3.8 Assume GRH,.
(i) FACTORING =, FACROOT =,, WEAKFACROOT =,,, FACROOTMUL;
(ii) FACTORING, FuLLFAC € PPA;
(iii) FACTORING € PWPP, FuLLFAc € FPPWPP,

Proof: It suffices to derandomize the reductions in Lemma 3.3 ((i),(ii)). For FACRooT <,
WEAKFACROOT, note that Theorem 2.5 guarantees that we can find a suitable b < 2(Inn)? =
o(ln]2).

For FACTORING <,;, FACROOT, it suffices to show that for any odd n which is not a prime
power, there exists an 0 < a < (Inn)°() such that either (a,n) > 1, or (a|n) = 1 and a is a
quadratic nonresidue modulo n; the latter means that (a|p) = —1 for some prime p | n.

We can assume that (a,n) = 1 for every 0 < a < 2(Inn)?, otherwise we are done. Let p be a
prime divisor of n such that, if possible, the exponent of p in the prime factorization of n is even,
so that n/p is not a perfect square. Then x,, /p 18 @ nonprincipal quadratic character, and there
is 0 < u < 2(In(n/p))? such that (u|n/p) = —1 by Theorem 2.5. This implies (u|n) = —(u|p).
If (uln) =1, we can take a = u. Otherwise, we have (uln) = —1 and (u|p) = 1. Since X, is also
a nonprincipal quadratic character, there is 0 < v < 2(Inp)? such that (v|p) = —1. If (v|n) = 1,
we can take a = v, otherwise we take a = uv. Either way, a < 4(Inp)*(In(n/p))? < 1(Inn)*. O

We can use FACROOT with constant a to obtain special cases of factoring that are uncon-
ditionally in deterministic PPA, see Example 4.6. In fact, we can factor n as long as there
exists a quadratic nonresidue a = (logn)°™) such that (ajn) = 1. We can express this more
perspicuously as follows.

Definition 3.9 Let s > 0. An integer n is s-strongly composite, if we can write n = ngni so
that neither ng nor ny is a quadratic residue modulo s.

Notice that an odd integer is 4good in the sense of [35] iff it is 4-strongly composite.

Theorem 3.10 For any constant c, the following problem is in PPA: given an n > 0 which is

s-strongly composite for s = |(logn)¢|!, find a nontrivial divisor of n.

Proof: We can assume w.l.o.g. that n is coprime to | (logn)¢|! (hence odd). It suffices to show
that there exists an a with |a| < (logn)2¢ such that (a|ng) = (a|n1) = —1. Since n; is a quadratic
nonresidue modulo s, it is also a quadratic nonresidue modulo s;, where s; = 8, or s; is an odd
prime divisor of s, i.e., s; < (logn)©.

Assume first that both ng,n; are quadratic nonresidues modulo sg. If sy is odd, we put
a = s} = (—1)(0=D/250. Then (a|n;) = (n4|s0) = —1 by quadratic reciprocity. If so = 8, i.e.,
ng,n1 Z 1 (8), we choose m € {3,5,7} such that m # ng,ny (8), and we put

-2 m=3,
a=49—-1 m=25,

2 m="1.
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Then (alng) = (a|lny) = —1.
If both ng,n1 are quadratic nonresidues modulo s1, we proceed similarly.
Assume that n; is a quadratic residue modulo s;_; for ¢ = 0, 1. Put

s7 s is odd,
a;=4 -1 s,=8n;=3,7 (8),
2 8128,711'55 (8),

and a = apay. Then (a;|n;) = —1 and (a1—;|n;) = 1, hence (a|n;) = —1. O

Conversely, one can show that if a is a quadratic nonresidue such that (a|n) = 1, then n is
s-strongly composite for any s divisible by 4a.

In Theorem 3.10, we do not need s to have the exact form given there: it is only essential
that the prime factorization of s is known.

It is not clear whether one can fully unconditionally derandomize Theorem 3.7. While no
deterministic polynomial-time algorithm to find quadratic nonresidues is known without GRH,
in PPA we can do better:

Lemma 3.11 The following problem is in FPYACROOT C PPA - given an odd n > 1, find an a
such that (aln) = —1, or a nontrivial divisor of n.

Proof: Consider the following algorithm. Put a = —1. While (a|n) = 1, repeat the following
steps: call the FACROOT oracle; if it provides a factor of n, we are done, otherwise we replace
a with its square root modulo n.

The algorithm must halt within log, n iterations: if a is a 2¥th root of —1, its order in
(Z/nZ)* is 2K+1 < n. O

Notice that, conversely, FACROOT is Turing-reducible to WEAKFACROOT together with the
problem from Lemma 3.11.

In fact, FACROOT does the dual job of factoring and computing square roots. In Theorem 3.7
we have exploited its factoring capacity by supplying it with quadratic nonresidues, but we can
also use it the other way round to obtain algorithms for finding square roots and quadratic
nonresidues modulo arbitrary integers. We start with the latter.

Theorem 3.12 The following problem is in FPTACROOT C PPA - given an odd n which is not a
perfect square, find an a such that (aln) = —1.

Proof: The algorithm maintains a sequence (n; : ¢ < k) of integers n; > 1 such that n =
[Lic;mi, and a sequence (a; : i < k), where some of the a; may be undefined, but if a; is
defined, then (a;|n;) = —1. We initialize it with k = 1, ng = n, ap undefined, and we repeat in
arbitrary order the following steps until neither is applicable any more:

e If n; # nj are such that (n;,n;) > 1, we delete n;, n; from the sequence and replace them
with (n;,n;) (two copies), n;/(n;,n;), and n;/(n;,nj), omitting those equal to 1 (this
can happen only for one of the four numbers, hence the length of the sequence always
increases). The a; entries corresponding to the new numbers are undefined.



126

e If a; is undefined, we call as an oracle the search problem from Lemma 3.11 on n;. If
it returns a nontrivial divisor of n;, we expand the n; sequence as in the previous step.
Otherwise, it provides a value for a;.

Since k < logn, the algorithm must halt in O(||n||) steps. When it does, all a; are defined,
and the n; entries are pairwise equal or coprime, hence we can write n = [[;.; n* for some
I C{0,...,k—1} and ¢; > 0, where n;, i € I, are pairwise coprime. Since 7 is not a perfect
square, we can pick ¢ € I such that e; is odd. By the Chinese remainder theorem, we can
compute an a such that a = a; (n;*) and a =1 (n/n;*). Then

(-1 - - :

jel

Corollary 3.13 The following problem is in FPTACROOT € PPA: given n > 2, find an a coprime
to n which is a quadratic nonresidue modulo n.

Proof: If n is a power of 2, we can return 3. Otherwise, we can write n = 26m2k, where m
is odd and not a perfect square. By Theorem 3.12, we can find a such that (a|m) = —1. By
adding m to a if necessary, we can make sure a is odd, hence (n,a) = 1. Since a is a quadratic
nonresidue modulo m | n, it is also a nonresidue modulo n. (]

Another problem we are going to reduce to FACROOT is the computation of square roots
modulo n. A priori it is not clear how to formulate it as a total NP search problem, as the
quadratic residuosity problem is neither known nor assumed to be poly-time decidable. We
can remedy this by requiring the search problem to find something sensible also for quadratic
nonresidues.

Definition 3.14 Let n be a positive integer. If (a,n) = 1, a divisor m | n is a coprime
nonsquare witness for a modulo n if

e m is odd and (%) =—1,0r
e m=4and a=3 (4), or
e m=8and a =5 (8).

If @ is an arbitrary integer, an m is a nonsquare witness for a modulo n, if m is not a perfect
square, m is odd or 2, and there are e, b, and j < e such that m¢ | n, a = m’b, (m,b) = 1, and
if j is even, m (if odd) or 4 or 8 (if m = 2) is a coprime nonsquare witness for b modulo m¢~7.
It is easy to see that the property of being a nonsquare witness is poly-time decidable.
Let ROOT denote the following search problem: given n > 0 and a, find either a square root
of @ modulo n, or a nonsquare witness for a modulo n.

Lemma 3.15 If there exists a nonsquare witness for a modulo n, then a is a quadratic non-
restdue modulo n.
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Proof: If m is a coprime nonsquare witness for a, then a is a quadratic nonresidue modulo m,
and a fortiori modulo n.
Let m be a nonsquare witness for a, and let e, b, and j be as in Definition 3.14. Assume

2 2

for contradiction a = (uc)? (n), where (m,c) = 1, and u | m* for some k. We have m/ | (uc)?,

hence m/ | u?. Moreover, if we write u> = m/v, then b = vc? (m®7), hence (m,v) = 1, i.e.,
v =1 and m? = u?. Since m is not a perfect square, this implies j is even. However, b = ¢?

(m®~7) contradicts the fact that b has a coprime nonsquare witness modulo m¢=7. O

Notice that ROOT is a generalization of FACROOT: a nonsquare witness for ¢ modulo n is
a nontrivial divisor of n, unless n is odd and (a|n) = —1.

Theorem 3.16 RooT € FPFACROOT C pPpA .

Proof: Write n = 2°m with m odd. In the first stage of our algorithm, we keep a sequence
(ni : i < k) of integers n; > 1 such that m = [[,_, n;, and a sequence of integers (u; : i < k)
where some u; may be undefined. We maintain the property that whenever wu; is defined, we
can write @ = ngiai for some j; so that (a;,n;) = 1, and we have a; = uf (n;). We start with
k =1, ng = m and ug undefined, and we repeat the following steps until none of them are
applicable any more:

e If n; # n; are such that (n;,n;) > 1, we delete n;, n; from the sequence and replace them
with two copies of (n;,n;), ni/(n;,n;), and n;/(n;, n;) as in the proof of Theorem 3.12.

If n; is a perfect square, we replace n; with two copies of /n;.

o If a = n{iai where n; t a;, but (n;,a;) > 1, we replace n; with (n;, a;) and n;/(n;, a;).
K2
it returns a nontrivial divisor d | n;, we replace n; with d and n;/d. Otherwise, it returns

e If a = nj'a; where (a;|n;) = 1, but u; is undefined, we call a FACROOT oracle on n;, a;. If

a square root of a; modulo n;, which we store as u;.

This stage terminates after O(||n||) steps. When it does, we can write m = [[;.; n:* for some
e; >0, 1 C{0,...,k— 1}, where n;, i € I, are pairwise coprime, none of them is a perfect
square, and we have a = n{iai for some j; and (a;,n;) = 1. For each i, we try to compute a
square root z; of a modulo n;’ as follows:

o If j; > e;, we put z; = 0.

o If j; < e;, and j; is odd or (a;|n;) = —1, we return n; as a nonsquare witness for a.

o If j; < e; is even and (a;|n;) = 1, then u; is defined, and u? = a; (n;). We put z; = nzi/Qvi,

where v} = a; (n{’) is computed using Hensel’s lifting, which is an iteration of the following
procedure: if we have u such that u* = a; (n¢), we compute w = (2u)~! (nf), and we put

v = (u? + a;)w. Then v? = a; (n¥).

We also try to find a square root z of a modulo 2¢. We write a = 2/b with b odd, and then:

o If j > e, we put z =0.
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o If j < e, we return 2 as a nonsquare witness for a whenever one of the following cases
happens: jisodd,ore—j>2and b=3 (4),ore—j>3and b=5 (8).

e Otherwise, j < e is even, and 12 = b (2min{€*j73}). We put z = 27/2y, where v2 = b (2¢77);
if e—j > 3, we compute v using the following variant of Hensel’s lifting. If we have u
such that u? = b (2¢), we compute w = u~! (2°72), and we put v/ = ((u? +b)/2)w. Then
u? = b (22¢72).

Finally, using the Chinese remainder theorem, we compute = such that x = z (2¢) and z = z;
(n$?) for every i, then 22 = a (n). O

4 FacRooT is in PPA

The purpose of this section is to prove Theorem 3.4. As already mentioned in the introduction,
the original idea of the proof comes from previous work of the author on the provability of the
quadratic reciprocity theorem in variants of bounded arithmetic, and in fact, FACRooT € PPA
is a simple corollary of these results. This connection is described in detail in Section 4.1. In or-
der to make this paper more self-contained, we give a direct combinatorial proof of Theorem 3.4
in Section 4.2. Readers uncomfortable with bounded arithmetic may safely skip straight there.

4.1 Bounded arithmetic

We assume familiarity with basic facts about subsystems of bounded arithmetic, in particular
Buss’s theory Si. We refer the reader to [40, 116] for more background.

Chapter III introduced a theory S3 + County(PV), axiomatized over S3 by the following
principle: for every number a and circuit C, C' does not define an involution on {0,...,2a}
without fixpoints. Notice that the axiom is EI{, and the corresponding search problem is a
minor variant of LONELY.

Lemma 4.1 If S 4+ Counto(PV) F Vz Iy o(z,y), where ¢ € X4, then the search problem to
find a y satisfying p(z,y) given x is in PPA.

Proof: By the assumption, S3 proves
Jda,CVu < 2a (C(C(u)) =u # C(u) <2a)V Iy e(z,y),
hence S3(h) proves its Herbrandization
Jda, C (h(a,C) < 2a — C(C(h(a,C))) = h(a,C) # C(h(a,C)) < 2a)V Iy p(z,y).

This is an 3%4(h) formula, hence using Parikh’s theorem and Buss’s witnessing theorem, there
exists a polynomial-time oracle function f" such that

(1)  Ja,C (h(a,C) < 2a — C(C(h(a,C))) = h(a,C) # C(h(a,C)) < 2a) V p(x, fh(a:))

holds in N for any choice of h. Let us run f on an input z with an oracle solving the PPA-
problem corresponding to Counts in place of h, and let y be its output. We may assume that
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f never asks the same question more than once, hence the oracle answers in any particular run
can be extended to a function h which satisfies

h(a,C) < 2a A (C(C(h(a, C))) # h(a,C) V h(a,C) = C(h(a,C)) V C(h(a,C)) > 2a).

Then (1) implies ¢(z,y). Thus, the search problem associated to ¢ is in FPPPA = PPA using
Theorem 2.1. U

Let J(a,n) denote a PV-function formalizing the algorithm in Figure 2.1. As shown in
Theorem I11.5.9, S + County(PV) proves that J(a,n) agrees with the definition of the Jacobi
symbol in terms of factorization of n and quadratic residues. In particular, the theory proves
that for prime n, J(a,n) = 1 implies that a is a quadratic residue, which can be expressed as
the following %4 formula:

Theorem 4.2 S + Counts(PV) proves
J(a,n)=1—=3z (2> =a (n))VIu,v <n (uw=n). O

Theorem 3.4 readily follows.

4.2 Explicit algorithm

Before turning to FACROOT proper, we will describe PPA algorithms for some of its special
cases which we will need as ingredients in the main construction.
We introduce some notation for conciseness. If n is a fixed odd integer n > 1, we consider

N ={z:|z| <n/2,(n,z) =1}

as a set of unique representatives of (Z/nZ)*. We also write Nt = {z € N : 2z > 0}, N~ =
{x € N:z <0}, No = N U{0}, and similarly for N7, N;. We assume operations on residues
are computed modulo n with a result in N, so that, e.g., ab~! € Nt means that a = bx (n) for
some x € NT.

Lemma 4.3 There is a poly-time function f(n,a,z) such that for any odd n > 1 and an
integer a coprime to n, the function f,q(z) = f(n,a,x) defines an involution on

{r €N~ :axr € N JUNS
whose fixpoints are of the form x~!, where
(i) z€ Nt~ {1} and 2®> =1, or
(ii) z € N~ and 2° = a.
Proof: We define f], , on {x € N~ :ax € N"}UNT by
z~! z,o e NT,
fra@)=<alz™! ax,x7' € N7,

-z (r,ax e NP Azt € NT)V (z,ar € N~ Ax~t e NT).
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It is easy to see that the three conditions define a partition of {x € N~ :axz € N} UN™T, and

/
n,a

(i) (without the restriction z # 1) and (ii), respectively, and there are no fixpoints in the third

is an involution on each part. The fixpoints of f; , in the first two parts have the forms

part. Finally, we put
1 z =0,
frna(x) =140 =1, O
fral®) x#0,1.

Definition 4.4 For a constant a, let FACROOT, denote the following special case of FACROOT:
given an odd positive n such that (a|n) = 1, find either a nontrivial divisor of n, or a square
root of @ modulo n.

Lemma 4.5 FAcRooT_; and FACROOTy are in PPA.
Proof: Given n = +1 (8), observe that
{reN 2reN }=NnNn[-(n—2£1)/4,-1].

We define an involution r on [—(n —2=+1)/4,(n —1)/2] by

r(:z:):{x x#0,(x,n) #1,

fn2(z) otherwise.

The domain of r is an interval of size (3n £ 1)/4, which is odd, hence we can use LONELY to

find a fixpoint = of r. Using Lemma 4.3, we see that either 2!

is a square root of 2, or it is a
square root of 1 distinct from +1, or (z,n) # 1. In the last two cases, we can factorize n.

For FACROOT_, we define similarly an involution on [0, (n — 1)/2] using fy 1. O

Using a similar construction, it is possible to show FACR0o0T, € PPA for every constant a.
We skip the details, as we will not directly need this fact, and Theorem 3.4 is more general.
However, notice that FACROOT_; € PPA restates Buresh-Oppenheim’s original result, and any
constant a yields a similar special case of factoring:

Example 4.6 The following search problems are in PPA.

Given n = +£1 (8) such that 2 is a quadratic nonresidue modulo n (i.e., n has a divisor
p = =£3 (8)), find a nontrivial divisor of n.

Given n =1 (3) such that —3 is a quadratic nonresidue modulo n (i.e., n has a divisor p = 2
(3)), find a nontrivial divisor of n.

Lemma 4.7 FACROOTMUL (and thus WEAKFACROOT) is in PPA.
Proof: Let n > 1 be odd, and a, b coprime to n. Define
(0,—z) x €Ny,
g(x) =< {1,—2) z,ax,b-lz e N7,
(2,—x) z,ar € N~,b-'z € N*.
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Then g is a poly-time bijection from {z € N~ :az € N~} U N; onto
A= ({0} x Ny)U ({1} x {2 : z,az,b" 'z € NT})
U{2}x{reNT:aze NT b lz e N7})
with a poly-time inverse. Similarly,
(0,z) xe€NT,
h(z)=q(1,2) z=0orz b lx,ar € N7,
(2,z) zb'lze€ N ,ax € Nt
is a bijection from {x € N~ : b7z € N~} U N onto
B={0}x NHu{1}x {0}u{z:z,ax, btz € N7}))
U({2}x{zeN :ax e NT b 'z c N7}),
x +— (2,bx) is a bijection from {z € N~ : abz € N~} U N onto
C={2}x({0}u{z:ax e N" Vb lz e N},
and (1,z) — (1, —x) is a fixpoint-free involution on
D = {1} x {x € N : z,az,b" 'z do not have the same sign}.

We can thus define a poly-time involution 7 on {0, 1,2} x [-(n —1)/2,(n —1)/2] by

,

9(fnalg™(e,2))) (e ) € 4,
h(fnp-1(h7H(e,2))) (e, x) € B,
(2,0 fn,ap(b" 1)) (e,z) € C,
(1, —x) e,x) €D,
(e, ) x #0,(z,n) > 1.

Since 3n is odd, we can use LONELY to find a fixpoint (e, z) of r. We cannot have (e, z) € D. If
x #0, (z,n) > 1, we can factor n. If (e,z) € A, then y := g~!(e, ) is a fixpoint of f,, .. Thus,

1

either y? = 1, y # £1, in which case we can factor n, or y~! is a square root of a. Similarly, if

(e,z) € BUC, we can factor n, or compute a square root of b or ab. O

Lemma 4.7 is enough to prove our main result, Theorem 3.7. However, we will proceed with
the proof of Theorem 3.4, as we are interested in the possibility of unconditional derandomization
of the reduction of factoring to PPA, and placing FACROOT in PPA can be seen as a partial
step towards that goal. Moreover, randomized versions of Theorems 3.12 and 3.16 would not
be interesting.

Lemma 4.8 The following problems are in PPA.
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(i) FACROOTODD: given an odd n > 0, a sequence (a; : i < k) of integers coprime to n such
that k is odd, and a square root x of [];.; ai modulo n, find a nontrivial divisor of n, or
a square root of some a; modulo n.

(il) FACROOTEVEN: given an odd n > 0, and a sequence (a; : i < k) of integers coprime
to n such that k is even, find a nontrivial divisor of n, or a square root of [];; a; or of
some a; modulo n.

Proof: (i): Put I = {0,...,k — 1} and y = 1, and repeat the following steps. If I = {i},
1 as a square root of a;. If |I| > 1, pick 4,5 € I, i # j, and call FACRoOoTMUL
on n,a;,a;. If it gives us a nontrivial divisor of n, or a square root of a; or a;, we return it.

return xy~

Otherwise, it provides a square root z of a;a;. We multiply y by z, remove 4,7 from I, and
repeat the loop.
(ii): Put x = ax = [[;.; @, and call FACRooTODD. O

Definition 4.9 QUADREC is the following problem: given odd coprime n,m > 0 such that
n =1 (4), and a square root a of n modulo m, find a nontrivial divisor of n or m, or a square
root of m modulo n.

Notice that QUADREC is a special case of FACROOT: the input data ensure (njm) = 1,
hence (m|n) =1 by quadratic reciprocity.

Lemma 4.10 QUADREC € PPA.

Proof: We may assume n,m > 1 and a € M~, so that b =a~! € M is a fixpoint of fmn. Put
ny = (n+1)/2, mg = (m+ 1)/2. The function

g(:z;):{<$’m2> r € N,
(—zx,|—mz/n]) x,mxe N~

is a poly-time bijection with poly-time inverse from {x € N~ : max € N~} U Ngr onto
A= (Ny x{ma}) U{(z,y) € N x[0,m2) :maz —ny € N},
where mx — ny is not evaluated modulo n, but literally. Likewise,

(n2,y) y € My,
hy) =
) {<L—ny/mJ7 ~y) y,ny € M~

is a bijection from {y e M~ :ny € M~} U Mg’ onto
B = ({n2} x My ) U{(z,y) € [0,n2) x My : maz —ny € M~ }.
The function k(x,y) = (ng — 1 — x,my — 1 — y) is a poly-time involution with no fixpoints on

C = {(z,y) € [0,n2) x [0,mg) : ma — ny > ng or mz —ny < —ma}.
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We define a poly-time involution 7 on ([0, ng] x [0, m2]) ~ {{n2, ma)} by

/

9(fam(g~ (z,y))) (2,y) € A,

h(fmn(h™H(2,9)))  (z,y) € BN A{R(D)},
oy = 1100 (2,) = ),

h(b) r=y=0,

k(z,y) (z,y) € C,

(x,y) otherwise.

Notice that if z € [0,n2) and y € [0,m2) are such that mz — ny = 0, then z = y = 0, as
(n,m) = 1. It follows that the last clause in the definition of r applies to elements of the set

D = (([1,n2) ~ NT) x {ma}) U ({n2} x ([1,m2) ~ M))
U {(z,y) €[0,n2) x [0,m2) : ma —ny € ([1,n2) N NT)U ((—mg, —1] N M7)}.

The domain of r has odd size (ng + 1)(m2 + 1) — 1, hence using LONELY, we can find a fixpoint
(x,y) of r. If (x,y) € A, it gives us a square root of m modulo n, or a square root of 1 distinct
from +1, in which case we can factorize n. If (z,y) € B, we get a square root of n modulo m
distinct from 4a, or a square root of 1 distinct from 41, and both cases give a factor of m. If
(x,y) € D, (n,x) or (m,y) is a nontrivial divisor of n or m, respectively. O

We are ready now to prove Theorem 3.4. Assume we are given an odd n > 0, and an
integer a such that (aln) = 1. We first compute the sequences (a; : i < t), (n; : i <t) of values
of a and n during the execution of the algorithm in Figure 2.1. That is, we put (ag, ng) = (a,n),
and then we define (a;,n;) by induction on ¢ as follows. If |a;| > n;/2, we let n;41 = n;, and
ai+1 = a; (n;) such that |a;41] < n;/2. If 0 < |a;| < n;/2, we define

(—ai,n;) a; <0,
(@iv1,mi41) = § (ai/2,n;)  a; > 0 is even,
(ng,a;) a; > 0 is odd.
We stop when we reach a; = 0. Since (a|n) = 1, we have (a;,n;) = 1 for each i, in particular
ny = 1. Notice that ¢ = O(||n||). Write R ={i < t:aq; is 0dd,0 < a; < n;/2}.
In the main part of the algorithm, we maintain a double sequence (n;; : i < t,j < s;) of

integers n; j > 1 such that n; = 11 n;j, and n;; < n; o for j < j'. Moreover, we maintain

J<s;
sequences (u;; : 1 < k,j < si), (Vijk,Wijk % € R,j < sij,k < si41), where some of the
Ui j, Vijk, and w;;r may be undefined. Where they are defined, we have u%j = a; (nij),

v?’j’k =ni41k (ng;), and wzz,j,k =n;; (Nit1,k), respectively.

We initialize the sequences with s; = 1, n; o = n; for n; > 1, s; = 0 for n; = 1, and all u; ;,
v;.jk, and w; ;1 undefined. We repeat in arbitrary order the following updating steps until none
of them is applicable any more.

e Assume n; = nit1, Nij # Niv1k, and d = (nij,nip1k) > 1. If d # n, j, we increase s;,
replace n; ; with d and n;;/d, and undefine all associated w;j, v;—1;;, and w;_1,;. If
d # 41,5, we deal with it similarly. Notice that we cannot have n; ; = d = 141 -
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Moreover, if this step is not applicable, then n; = n;;1 implies that s; = s;41 and (n;; :
J < si) and (njp1% @ k < s;41) are permutations of each other, hence in view of their
monotonicity, we have n; ; = n;41; for each j.

e For i <t such that (n;; :j < s;) = (niy1k : k < Six1) (which implies n; = n;41):

— If a; = ai+1 (n;), and exactly one of w; j, uj1,; is defined, we define the other to the
same value.

— If a; = aai11, o € {—1,2}, (a|n; ;) = —1, and neither w; ; nor u;y1; is defined, we
call FACROOTMUL(n; j, a;, ai+1). If it returns a nontrivial divisor of n; j, we expand
the n; ; sequence as in the first step. Otherwise, it gives a square root of a; or a;11
modulo n; ;, which we store as w; ; or u;y1 ;, respectively.

— If a; = a1, @ € {—1,2}, (a|n; ;) = 1, and exactly one of u; ; or u;y1,; is defined,
we call FACROOT,(n; ;). If it returns a nontrivial divisor of n;;, we expand the
n;; sequence. Otherwise, it gives B? = a (n;;), and we define u;; := fu;q1j or
Uig1,j i= ﬂ_lui,j, respectively.

e For: e R:

— If u; j is defined and |I| is odd, where I = {k < s;41 : v;j is undefined}, we put
T = Ui Hk¢] vi_’]%k, and call FACROOTODD on n;j, (nit1% : k € I),z. If it returns
a factor of n; j, we expand the n; ; sequence. Otherwise, it returns a square root of
some n;1k, k € I, modulo n; j, which we store as v; j .

— If u;; is undefined and |I| is even, where I is as above, we call FACROOTEVEN
on n;j, (nit1k : k € I). If it returns a factor of n; ;, we expand the n; ; sequence.
If it returns a square root of some n;;1 %, k € I, modulo n;;, we store it as v; ;.
Otherwise, it returns a square root x of er 7 Mit1,k, and then we define u;; =
T [Tigr vk

— If w1y is defined and |I| is odd, or w;41 is undefined and |I| is even, where
I ={j < s; : w;; is undefined}, we proceed in a similar way to expand the n; 1
sequence or to define some wj jj Or w41 k.

— Ifn;; = -1 (4), (niy1,k|ni;) = 1, and v; j, is undefined, we call WEAKFACROOT on
N, Nit1,k, —1. If it returns a factor of n; ;, we expand the n; ; sequence, otherwise
it returns a square root of n;;1; modulo n; j, which we store as v; ;.

— Ifnjp1 e = -1 (4), (nsj/nit1,6) = 1, and w; jx is undefined, we proceed similarly.

—If n;; = 1 (4), w;;k is defined, and v;;; is undefined, we call QUADREC on
NG, Mit1,k> Wi j k- 1f it returns a factor of n; j or n;41k, we expand the n; ; or n;4q k
sequence (respectively), otherwise it returns a square root of n;y;j modulo n;j,

which we store as v; .

—Ifnip1 =1 (4), vk is defined, and w; j 1 is undefined, we proceed similarly.
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In each step, either Y., s; < O(||n||?) strictly increases, or it stays the same, and we define
some previously undefined Wi j, Vijk, OF w; k. It follows that the update procedure stops after
|72]|) steps.

Let us write [a;|n; j] = 1if u; ; is defined, and [a;|n; ;] = —1 otherwise. We define [n;41 k|7 ;]

and [n; j|n;yqx) similarly using v; j, and wj jk, respectively. Notice that [a;|n; ;] = 1 implies

(ai|n; ;) =1, and likewise for [n;1 x|nij], [Mi |t k).

Lemma 4.11 When the update procedure stops, the following properties hold.
(i) If ni = nit1, then s; = sip1 and n;j = N1 5.
(ii) If n; = niy1 and a; = ai11 (ng), then [a;|n; ;] = [ait1|niv1 ;)

(i) If n; =niy1 and a; = a1, a € {—1,2}, then

= Gl

Ni41,5 N5/ [T

[ Q; ] . H |:ni+1,k:|
- )

1,5 M5

v) Ifi€e R andn;; =n;y1 = —1 (4), then
7] +7

[niﬂ,k] [ ngj } -1
N 4 i1,k

(vi) Ifie Randn;; =1 (4) ornjipix =1 (4), then

|:ni+1,k:| [ Ni,5 } -1
ng 4 Ni+1,k

(iv) Ifi € R, then

) - o).

n; n;
i+1,k j<si i+1,k

Proof:

(i), (ii), and (iv) are clear.

(iii): The statement is clear if (a|n;;) = 1. If (a|n; ;) = —1, the inapplicability of update
steps implies that [a;|n; ;] = 1 or [aij4+1|nit1,;] = 1. We cannot have both, since this would imply
(ai|lnij) = (aj+1]ni;) = 1, hence (a|n; ;) = 1.

(v): By quadratic reciprocity, exactly one of (nj41x|ni ;) = 1, (n;

niy1,%) = 1 holds. The
inapplicability of update steps then implies that [n;11 x|n; ;] =1 or [n; j|niy1k] = 1. We cannot
have both, as this would mean (n;41 |ni ;) = (i

nit1k) = 1.

(vi): The statement is clear if n; j = njy1 6 =1 (4). Assume n;; =1 (4) and i1 = —1
(4), the other case is symmetric. By the inapplicability of update steps, [n;;|nit14] = 1
implies [n;41|ni ;] = 1. On the other hand, if [n;1 x|n; ;] = 1, then (n;41,/n:;) = 1, hence
(n4,jIniy1,1) = 1 by quadratic reciprocity, thus [n; j|ni415] = 1 by the inapplicability of update
steps. J
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Using Lemma 4.11, we can show

[ = ()

J<si

by reverse induction on ¢. The induction step for ¢ € R goes as follows:

)= I

mn
j<5i j<5i 2¥)
k<Si+1
= 11 [nm}(1)("ivf—1><ni+1,k—1)/4
j<s; LMtk
k<8i+1
= (1)@= Den-D/ T [GH}
Ni+1,k

k<sit1

— (_1)(ai+1_1)(ni+1—1)/4 <az+1>

Ni+1
(ni+1> (az)
Aj41 n;

In particular, either sp > 1, in which case ngo is a nontrivial divisor of n, or sp = 1
and [ap|nop] = 1, where ap = a and ngo = n, in which case u%,o = a (n). This completes the
proof of Theorem 3.4.

5 Conclusion

We have shown that integer factoring has randomized reductions to the classes PPA and PPP
(more precisely, PWPP). We also provided evidence that there in fact exist deterministic
reductions, namely this is true under the widely believed assumption of the generalized Riemann
hypothesis for quadratic Dirichlet characters.

Problem 5.1 Is FACTORING in PPA, PPP, or FPPPP?

Some of our other results can be seen as partial indication that such an unconditional de-
terministic reduction might be possible at least in the case of PPA. In particular, the fact
that FACRoOT € PPA bypasses the randomized reduction of WEAKFACROOT to FACRooOT,
and we have shown that PPA contains the search problems to find square roots modulo arbi-
trary integers (which is probabilistically Turing-equivalent to factoring) and to find quadratic
nonresidues (which is easily solvable in randomized polynomial time). Nevertheless, it remains
open whether Problem 5.1 can be resolved unconditionally.

Another interesting question is whether the methods used for the reduction of factoring
to PPA can be pushed down to the class PPAD C PPA. Note that many natural problems are
known to be complete for PPAD, such as computing Nash equilibria [51].

Problem 5.2 Does FACTORING have some form of reduction to PPAD?
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Chapter V

On theories of bounded arithmetic
for NC!

Abstract

We develop an arithmetical theory VNCi and its variant Wi that correspond to
“slightly nonuniform” NC!. Our theories sit between VNC! and VL, and allow evaluation
of log-depth bounded fan-in circuits under limited conditions. Propositional translations of
»B (Lmi )-formulas provable in VNC! admit L-uniform polynomial-size Frege proofs.

1 Introduction

In proof complexity, there is a well-known general correspondence between theories of bounded
arithmetic, complexity classes, and propositional proof systems (see e.g. [116, 56, 65, 68]). A
theory T' corresponds to a complexity class C' if the provably total computable functions of T
are the C-functions. A propositional proof system P corresponds to 1" if the propositional
translations of theorems of T of certain complexity have polynomial-size proofs in P, and T
proves a reflection principle for P.

Here we are particularly concerned about theories corresponding to variants of the class
NC!. Several theories corresponding to uniform NC! (i.e., ALOGTIME, Ug-uniform NC!) and
to the Frege propositional proof system have been described in the literature: an equational
theory ALV by Clote [53], theories AID and AID + %§-CA by Arai [11], and a second-order
theory VNC! by Cook and Morioka [61]. (All these theories are more or less equivalent: VNC*
is RSUV-isomorphic to AID + %4-CA, which is in turn a conservative extension of ALV.)

Uniform NC! is a robust and well-behaved complexity class, but it is too strict for certain
applications, namely those involving circuit evaluation. Nonuniform complexity classes usually
consist of languages definable by a family of polynomial-size Boolean circuits satisfying certain
requirements (e.g., concerning their depth, fan-in, or available connectives): this holds for
example for nonuniform AC*, NC¥, TCP, P; in particular, nonuniform NC'-languages are given
by a family of bounded fan-in circuits of logarithmic depth. Typically, the corresponding uniform
class consists of languages definable by a sufficiently uniform family of the same kind of circuits,
and moreover, the class includes the universal language which evaluates circuits of this kind
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described in a natural way by binary strings. This is not true for NC'. Even DLOGTIME-
uniform (i.e., Up-uniform) families of log-depth circuits define a class (presumably) still larger
than uniform NC!; we can only define uniform NC! using circuits by employing the more
complicated description by so-called extended connection languages of Ruzzo [162]. Likewise,
the universal evaluator for log-depth circuits is (presumably) not in NC! (even nonuniform).

Consequently, VNC! (and friends) do not prove that one can evaluate log-depth circuits, or
even a uniformly given (say, definable by a E(lf -formula) sequence of log-depth circuits. There are
situations where evaluation of such circuits would be desirable in an NC!-theory. The particular
application we have in mind, and the main motivation for this work, is Chapter VI, which aims
at formalizing a version of the Ajtai-Komlds—Szemerédi sorting network in bounded arithmetic
(under the assumption that we can formalize construction of suitable expander graphs). On the
one hand, we need the formalization to proceed in an NC!-theory, and in particular, in a theory
which translates to polynomial-time Frege proofs: the point is that this implies polynomial
simulation of the sequent calculus (i.e., Frege) by the monotone sequent calculus MLK, using
results of Atserias, Galesi, and Pudlék [14]. On the other hand, the sorting network is essentially
a monotone log-depth circuit which we need to evaluate; it is uniformly described, but its
extended connection language is not available.

To address these issues, we introduce new theories VNCL and VNC!, corresponding to a
subclass of NC! slightly larger than uniform NC', which allow evaluation of sufficiently uniform
families of log-depth circuits. We work with second-order theories in the spirit of Zambella [182].
The theory VNC! is formulated in the usual language of second-order bounded arithmetic; it
includes V?, and a derivation rule allowing to evaluate a kind of monotone log-depth bounded
fan-in circuits described by formulas without second-order parameters which are provably Ajlg .
The theory VNC! has a richer language LW}k including comprehension function symbols for
263 -formulas, and function symbols for evaluation of monotone log-depth bounded fan-in circuits
described by open formulas (in the extended language) without second-order parameters.

In Section 4, we prove basic properties of our new theories: VNCL contains VNC! and is
contained in VL, VNC. is an open theory conservatively extending VNC?! (more precisely, it is
an extension of VNC! by YP-definitions), VNC! is ¥P-axiomatizable, 3%P-formulas provable
in VNC! are witnessed by terms in VNC? (in particular, provably AB-formulas of VNC! are
equivalent to open formulas), the provably total computable functions of VNC?! include uniform
(and even Up-uniform) NC!-functions, and are included in L-uniform NC!-functions, and VNC'
extended by the axiom of choice for I%P-formulas is I5P-conservative over VNCL. To show the
latter, we prove a general theorem on conservativity of the axiom of choice over theories meeting
certain requirements. In Section 5 we show that propositional translations of %F (Lmi )-

theorems of VNC! have L-uniform polynomial-size Frege proofs.

2 Complexity classes

We recall that a (bounded fan-in) circuit in n inputs is a directed acyclic graph whose nodes
are labelled by gate types A, V, =, or input variables z;, ¢ < n. Input nodes have fan-in 0,
—-gates have fan-in 1, and A and V-gates have fan-in 2. One node of the circuit is designated
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as the output node. The circuit computes a Boolean function f: 2" — 2 in the obvious way.
The depth of a circuit is the maximal length of a path in the circuit. A formula is a circuit in
which all nodes save the output have fan-out 1.

If C is any class of languages, we define F'C to be the class of functions f (&) such that | f(Z)|
is at most polynomial in |Z|, and the bit-graph

{{(#,1) | the ith bit of f(¥) is 1}

is in C. We will sometimes call functions f € FC just C-functions.

A language L is in nonuniform NC! if there exists a family {C), | n € w} of circuits such
that ) computes the characteristic function of L N 2", and the depth of C,, is O(logn) (in
short, C, is a log-depth circuit). Equivalently, L is in nonuniform NC! if it is computable in a
similar way by a family of polynomial-size formulas.

Let U be a complexity class. A language L is in U-uniform NC! if it is computable by a
sequence {C,, | n € w} of log-depth circuits such that, given n in unary, we can compute the
description of C, by a U-function. Since this definition may be sensitive to details of the chosen
representation of circuits, we make it more precise using the terminology of Ruzzo [162]. Given
a node x in a circuit C, we fix an ordering of its input nodes, and denote by x(7) the ith input
of z. The direct connection language Lpc(C) of a family of circuits C = {C,, | n € w}, where
C), has n inputs, is a set of tuples (n, z,p,y), where n is an integer given in unary, x is a binary
string identifying a node in a circuit, p € {€,0,1}, and y is either another string denoting a
node, or a gate type from {x;, A, V,—}. It is defined by

Lpc(C) = {(n,z,e,t) | node = in C,, is a t-gate} U {(n,z,p,y) | p € {0,1},z(p) =y in Cp}.

We define U-uniform NC! to consist of languages L computable by a family C of log-depth
circuits with node labels of length |z| = O(logn) such that Lpc(C) € U. DLOGTIME-uniform
NC! is usually called Up-uniform, where DLOGTIME = DTIME(O(logn)). Here and below,
Turing machines supposed to work in sublinear time do not have the usual input tape. Instead,
there is a special index type, and read states. If the machine enters a read state with a,k
written on the index tape, where a is a symbol of the input alphabet, and k is a binary integer,
it continues in one of two given states according to whether the kth symbol of the input is a.

Fully uniform NC! (also called Ug-uniform) is defined as ALOGTIME, the languages com-
putable by an alternating Turing machine in O(logn) steps. Uniform N C! is not known to
coincide with U-uniform NC! for any natural class U. However, we can define it using circuits
as follows. We extend the x(7) notation so that if p is a binary string, z(p) is the node we
obtain by following the path which starts in x, and moves to the left or right input according to
successive bits of p. The extended connection language Lrc(C) of a family C' = {C),, | n < w}
of circuits is defined by

Lgc(C) = {(n,x,e,t) | node x in C), is a t-gate}
U {(n,z,p,y) [pe€{0,1}7,0 <|p| <logn,z(p) =y in Cyp}.

Then a language L is in uniform NC! if and only if it is computable by a family C' of log-depth
circuits such that Lgc(C) is computable in DLOGTIME. The class does not change if we
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allow Lpc(C) to be in ACY or ALOGTIME. Here, (uniform) ACY can be defined as languages
computable by an alternating Turing machine in time O(logn) with O(1) alternations.

Buss [38] has shown that one can evaluate in uniform NC! Boolean formulas represented
as strings in the usual infix notation. We can define the extended connection language for a
single circuit (rather than sequence) in a natural way, and represent it as a polynomial-size
string. Log-depth circuits in this representation can be also evaluated in uniform NC! (this is
implicit in Ruzzo [162]). On the other hand, evaluation of log-depth circuits represented by the
direct connection language (or equivalent form) is not known to be possible even in nonuniform
NC!, but it can be done in logarithmic space. (One reason why formulas are easier to evaluate
than circuits is that they carry more structure due to linear order on their symbols: it is not
hard to see that given a formula in the usual notation, we can compute its Lgc in uniform
TC, which immediately implies it can be evaluated in uniform NC' if it has logarithmic depth.
The hard part of Buss’s algorithm is to deal with formulas of arbitrary depth.) Regarding the
former, we observe the following reduction of a combinatorial problem which is apparently not
in nonuniform NC!:

Proposition 2.1 The following problem is many-one AC®-reducible to evaluation of bounded
fan-in log-depth circuits (described by Lpc). Given a directed graph G on n vertices with
bounded out-degree, vertices x,y € G, and a number d < logn, determine whether y is reachable
from x in at most d steps.

Proof: Without loss of generality assume that G contains all self-loops. We construct a circuit
with d + 1 layers, where each layer is labeled by nodes of G. Every node w on layer [ + 1 is a
disjunction gate, and its inputs are nodes v on layer [ such that v — v is an edge of G. We
initialize the bottom layer by assigning 1 to node y, and 0 to all other nodes, and we evaluate

the circuit. Then the value of node x on the top layer is 1 iff y is reachable from x in d steps.
O

A kind of converse also holds: it can be shown that an algorithm for the problem described
in Proposition 2.1, even restricted to graphs with out-degree 1 (this problem is denoted by
REACH; (logn) in Allender and Barrington [8]), can be used to transform a direct connection
language of a log-depth circuit to its extended connection language, which can be evaluated in
uniform NC!. (That is, using an appropriate notion of relativization of uniform circuit classes,
evaluation of bounded fan-in log-depth circuits is many-one (AC?)REACH1(logn) yeducible to
NC!, and in particular, it is in (NC!)REACH1(ogn) ) The complexity of REACH; (logn) is
briefly discussed in [8]; in particular, they observe that it lies in the class FOLL introduced by
Barrington, Kadau, Lange, and McKenzie [20], consisting of languages computable by uniform
families of polynomial-size unbounded fan-in circuits of depth O(loglogn).

3 Theories

We will work with second-order (i.e., two-sorted) arithmetical theories as in [182, 68], but for
convenience we include the function |z| = [logy(z 4+ 1)| among the basic symbols. Our theories
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thus have two sorts of variables: numbers, denoted by lowercase letters, and finite sets or strings,
denoted by uppercase letters. The basic language is Ly = (0,s, +, -, |z|, <, €,|X]). The theory
BASIC consists of the axioms

r+0=z r+sy=s(z+y)
z-0=0 z-sy=xz-y+<z
sy<z—y<czx r#0—dyxr=sy
reX —ux<|X| sr=|X|—zeX
0| =0 r#0— |z + x| =sz|
Ve(re X+ zeY)»X=Y Is(x 4+ z)| = s|x|

where x < y is an abbreviation for x < y A x # y. We also write X (x) for x € X. We define
the constants 1 = s0, 2 = ss0, 3 = sss0, ..., and we will often write z + 1 for sz (the two
expressions being equal by the BASIC axioms). We introduce the bounded quantifiers

Jr<tosdr(z<tAyp),
Vo <ty e Ve(z <t— ),
IX <tp < IX (|X|<tAQ),
VX <tp e VX (|X|<t— ),

where t is a term not involving x or X (respectively), and similarly for strict inequalities. A
formula is bounded if it uses only bounded quantifiers. A bounded Lg-formula without set
quantifiers is called 253 or H(J)B . Inductively, ZEH consists of formulas of the form

E|X1§t1...E|Xn§tn(p

B

for ¢ € ITZ, and IIZ | consists of formulas of the form

VXl Stl---VXnStn(P

for ¢ € 2. A formula is ¥ if it consists of a block of second-order existential quantifiers
followed by a F-formula. A predicate is ©F-definable in the standard model iff it is computable
in AC?, and for i > 0, the .P-definable (ITP-definable) predicates coincide with the levels ¥/
(ITP) of the polynomial hierarchy. Note that we use 2 and II” to denote formulas of the basic
language Lo only. If we expand the definition to allow atomic formulas in a richer language L,
we will call the corresponding classes ¥7 (L) and I12 (L), respectively.

If ' is a set of formulas, the I'-comprehension axiom is the schema

(T-CcoMP) X <zVu<z(ueX < o),

where ¢ € T has no free occurrence of X. We define the theory V° as BASIC + %§-COMP.
The theory VNC! is axiomatized over V° by

Y <2aVe <al[Y(z+a) < I(x))
ANY(x)< (Ge)ANY(22) VY 2z +1))) V (-G(x) NY (22) ANY (22 + 1))))].
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The meaning is that we can evaluate a monotone formula laid out in a balanced binary tree
with 2a — 1 nodes, represented by nonzero numbers below 2a so that nodes 0 < = < a are
conjunction or disjunctions (according to G(z)) of nodes 2z and 2z + 1, and nodes a < x < 2a
are truth constants given by I.

The theory VL is axiomatized over V° by the axiom

Ve <adly<aF(r,y) = IP[(P)o=0AYv <aF((P)y, (P)v+1)],

where P encodes a sequence of numbers, and (P), is the vth member of the sequence (see [68]

for details of the sequence coding). The meaning is that we can iterate a number function, or

equivalently, that we can trace a path in a directed graph where each node has out-degree 1.
Let ¢(d, z,y) be a formula, possibly with other free variables. We put

©*(d,z,y) < o(d,z,y) N (Vz < y-p(d,z,2) VVz > y-p(dz,2)),

eval(n,m,p,I1,Y) & Vo < n[(Y(0,z) + I(x))
AVd<m((Y(d+1,z) < ((2]dA Ty <n(p*(d,z,y) NY(d,y)))
V(21dAYy <n(e™(d,z,y) = Y(dy))))],

where Y (d, z) stands for dn+x € Y. (By abuse of notation, we include ¢ among the arguments
of eval to indicate the dependence of eval on ¢, even though ¢ is a formula, not a variable. Note
that free variables of eval include parameters of ¢, i.e., its free variables other than d, x,y.) The
meaning of eval is that Y is the evaluation of a bounded fan-in monotone circuit described by ¢
on input I. The circuit consists of m + 1 layers, each with n nodes. Nodes on layer 0 are truth
constants given by I. Layers d > 0 consist of alternating disjunction (odd d) and conjunction
(even d) gates. Gates on level d can only use nodes on level d — 1 as inputs. The formula
©(d, z,y) means that node x on level d 4+ 1 uses node y on level d as input. The formula ¢* is
actually employed instead of ¢ to force each gate to have at most two inputs.
We define VNC'! to be the closure of V? under the derivation rule

p ¢ '
(Af-5CV) Y < (Jm] + 1)n eval(n, |m|,p, I,Y)’
where ¢ and ¢ are ¥P-formulas with no free set variables. (A %-formula provably equivalent
to a IIP-formula in a theory T' will be called a AP (T)-formula. SCV stands for “shallow circuit
value”.)

The language Lyye: contains Lo, and a function symbol C’¢(n,:7:',)_(’ ) for each $F-formula
o(u, 7, X) (with all free variables indicated). Moreover, it is closed under the following rule:
for each open Lyyei-formula o(p,d,z,y) without free set variables (but with arbitrary free
number variables, Vi*Z p), we include a function symbol Y, (p,n,m,I). We will usually denote
Cv(n,:i’,)?) by {u < n|e(u,z,X)}.

VNC'! is a theory in LWi consisting of the axioms of BASIC, the axiom

(55-COMP) we Cp(n,@ X) & u<nAp(u,X)
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for each XF-formula ¢(u, 7, X), and the axiom
(Open-5CT) Y, (5,0, D) < (Il + D A eval(n, lml, 0, T, Yo 5,0, m, T)

for each open Ly -formula o(p,d,z,y). (That is, Cy, is the bounded comprehension term

for ¢, or as a stringt the truncated characteristic function of ¢. Y, gives a string containing

evaluation of all gates of the circuit described by ¢, just like the variable Y in AP-SCV above.)
Notice that VNC! contains V9.

4 Properties of VNC! and VNC!

The AB-SCV and Open-SCV axioms provide evaluation of a certain type of circuits, but they
were designed to be formally simple rather than feature-rich. We will introduce a more elaborate
setting for convenient evaluation of log-depth circuits.

We will describe circuits using the following data:

e Numbers k, m, and s, where k is the number of input bits, m is the number of layers,
and s is the size of each layer (we assume all layers have been padded with unused gates
to have the same size).

e A function T: mx s — {"V,TA "= U{"x;7 | i < k} indicating the type of each node,
where we put e.g. "V'=0,"AT=1,"=-"=2 and "z;" =7+ 3, and we represent T by
its graph (a set T' < ms(k + 3)): i.e., T(d, z,p) iff xth node on layer d has type p.

o A formula ¢(d,x,d’, ") (possibly with other parameters) which states that node 2’ on
layer d’ is an input of gate x on layer d.

In order for a circuit to be well-formed, we demand that any gate uses only nodes on lower
layers as inputs (but not necessarily from the adjacent layer), and all nodes have the correct
number of inputs: 1 for negation nodes, 0 for input nodes, and at most 2 for conjunction and
disjunction gates. Notice that we allow A and V gates with no inputs, which compute the truth
constants | and T, or with one input, which act as the identity function. The formula

Circ(k,m,s,T,p) & Vd <mVx < s3lp < k+3T(d,z,p)

AVd,d < mVz, 2 < s(p(d,z,d,2') — d <d)
AVd,dy,d,dy < mVz,xg, 1,22 < S

</\ o(d,z,di, ;) — \/(dz =dj Nw; = x])>

i<3 i<j

AVd,dy,dy < mVzx,xg, 11 < S

<T(d, xz,m =) A /\ o(d,x,diyx;) = do = dy Nxo = a;1>

i<2

AVd < mVz < s(T(d,z,"=") = 3d <m3I’ < sp(d,z,d,z"))
AVd,d < mVz,x < sVi<k(T(d,z,"2;") = ~p(d,z,d,z")).
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formalizes these requirements. The formula

Eval(k,m,s,T,,1,Y) < Vd < mVz < s (Y(d,:z;) <
(T(d,z," V) A3d' <m3Iz' < s(p(d,z,d,2") NY(d,2")))
V(T(d,z,"A\") AVd < mVz' < s(p(d,z,d 2") = Y(d, 2')))
V(T(d,z,"=")A3d' <m3z’ < s(p(d,z,d,z") N=Y(d, 2')))
Vv 3i < k(T(d,z, ) A I(i)))

states that Y is an evaluation of the circuit described by k,m, s, T, ¢ on input I < k.

Remark 4.1 Note that any E(]]g—formula ¢ is equivalent in VNC! to an open formula, e.g.,
0 € {u< 1] ¢} (where u is not free in ¢). We will prove later (Corollary 4.7) that the same
also holds for S (L )-formulas.

Theorem 4.2

() If ¢ is a AB(VNCY)-formula without free set variables, then VNCL proves

Circ(k, |m|, s, T, ¢) — Y < |mls Eval(k, |m|,s,T,0,1,Y).

(ii) If ¢ is an open Lypyei-formula without free set variables, then there exists an Lyye -term
Y such that VNC! proves

Circ(k, |m|, s, T, ) — Eval(k, |m|,s,T, 0, 1,Y (p, k,m,s,T,I)),
where P’ are the parameters of .

Proof: Uniqueness of Y can be proved by straightforward E(])S—induction, the problem is to
show its existence. We will reduce evaluation of the circuit to another circuit in the simplified
framework of eval, which can be evaluated using the axioms AZ-SCV or Open-SCV. For the
sake of clarity we will use w and friends to denote nodes in the simulated circuit (described by
T(d,w,p) and ¢(d,w,d',w")), whereas x, y will refer to nodes in the newly constructed eval-style
circuit. We subject the original circuit to the following transformations:

e The input layer of the new circuit will consist of bits I(j) of the original input string I,
their negations —I(j), and bits T'(d, w, p) of T.

e We introduce a dual node w™ to each node w in the circuit, in order to allow making the
new circuit monotone.

e We replicate each node on all layers to overcome the restriction that each gate may only
use nodes of its immediately preceding layer as inputs in the new circuit.
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e If w is a node with possible inputs wg, w;, we include in the new circuit the following
gadgets (suppressing for simplicity the mention of layers, i.e., the first variable d of T'):

w = \/(T(w, ;") A L))V (T(w,"=7) Awg)
j<k
V(T(w," A7) ANwg Awy) V(T (w,"V7) A (wo V wr)),
w” = \/ (Tw, ;) A=I()) V (T, ™) A w)
i<k
VA(T(w," V) Awy Awy) V (T(w,"AT) A (wg' V wy)).

More precisely, we put O(|k|) layers to the bottom of the circuit which compute the
disjunctions \/; ;. (T(w, "z;")A(=)I(j)) arranged in a balanced binary tree, and we replace
each node in the original circuit with the constant-size remaining part of its gadget.

e We introduce padding to shift the nodes so that odd layers consist of disjunctions, and
even layers of conjunctions.

We proceed with the formal details to verify that we can arrange the result in such a way that
the wires of the new circuit are described by a AP-formula or an open Lirai-formula without
set parameters, as required by the axioms. ’

Our new circuit will have m’ 4+ 1 := 2 4 2|k| 4 6|m| layers, each of n’ := 2k + (5k + 7)|m/|s
nodes.

Nodes i(0,7) := j < k on each layer represent the input bits I(j), nodes i(1,j) := k + j
give —I(j), and nodes t(d,w,p) := 2k + (ds + w)(k + 3) + p give T'(d, w, p) for d < |m|, w < s,
p < k+ 3. Nodes

r(e,d,w,u) =2k + (k+3)|m|s + ((elm| + d)s + w)(2k — 1) + u

fore <2,d <|m|, w <s, and u < 2k — 1 are used to compute \/; ,(T(d,w, x;") A I*(j)),
where I° = I, I' = —I. Finally, nodes

n(e,d,w,u) := 2k + (5k + 1)|m|s + ((g|m| + d)s + w)3 + u

fore < 2, d < |m|, w < s, u < 3 represent node w (if ¢ = 0) or w™ (if € = 1) on layer d in the
original circuit, as well as its associated gadget.
The layers are laid out as follows. Layer 0 is the input layer, initialized to

I'={i(0,4) | 1(j)} U {i(L, ) | ~1(j)} U{t(d,w,p) | T(d,w,p)}.

Layer 1 is a copy of layer 0 (as we need conjunctions at the bottom of our new circuit, and odd
layers are disjunctions). Layers 2 to 2|k| + 1 are used to compute \/;_,(T(d,w, ;") A I°(j))
into node (e, d,w,0). On layer 2, we put T'(d, w,"x; ") AI*(j) to node r(e,d, w,k —1+75). Odd
layers 3 to 2|k| + 1 then consist of disjunctions arranged in a balanced binary tree, where the
children of node r(e,d, w,u), u < k — 1, are r(¢,d, w,2u + 1) and r(e, d, w, 2u + 2). Even layers
4 to 2|k| copy the previous layer. The remaining layers 2|k| + 2 to 2|k| + 1 4 6|m| do the main
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simulation of the original circuit. Let [(D,v) = 2|k| + 2+ 6D + v for D < |m|, v < 5. Node
w on layer d of the original circuit is simulated by node n(0,d,w,0) on layers I(D,5) for all
D > d, and its negation w™ is in node n(1,d,w,0). They are also replicated on the next layer
I(D+1,0) as n(e,d,w,2). Other nodes n(e,d,w,u), u < 2, on layers I[(D,v), v < 4, are parts
of the gadget needed to compute w or w™.

Let us abbreviate r = 7(0,0,0,0) = 2k + (k + 3)|m|s, n = n(0,0,0,0) = 2k + (5k + 1)|m]s.

For convenience, we define the functions

w,y(z) = { 292__” mod s, up(x) = (z — ) mod (2k — 1),

so that z = r(e (x),dr(x), wr (), ur(z)) for any r < z < n. Similarly, we can define func-
tions ey, dp, Wn, Up, Dy, vy so that @ = n(ey (), dn(z), wy(z), up(x)) for any z > n, and d' =
I(Dy(d),v(d")) for any d’ > 1(0,0).

Wires of the new circuit are described by the formula

¢'(d,x,y) < (Copy(d,z) Ao =y)
V(r<z<nAO0<d <2lk|A Disj(d,z,y))
V(z>nAd > 2kl A Gadget(v/(d'), x,y))

(recall from the definition of eval that this means that node y on layer d’ is an input of node x on
layer d’ +1). The first line takes care of nodes whose value needs to be copied over to the next
layer, the second line handles the computation of R(e,d,w) = V; (T(d,w,"x;7) A I*(j)) at
the bottom of the circuit, and the third line implements the gadgets doing the main simulation.

The disjunction R(e,d, w) is computed by initializing nodes (e, d, w, (k — 1) + j) on layer 2
to T'(d,w, ;) AI%(j), and making node z = r(e,d, w,u) on layer d’' + 1 to be the disjunction
of nodes x + u + 1,z + u + 2 from layer d’, for every even positive d’ < 2|k|:

Disj(d',z,y) & (2| d ANup(z) <k —1Ay € {z+u(z) + 1,2+ u.(z) + 2})
V(d=1Nuy(z) >k—-1
Ny € {i(er(x), ur(x) = (k = 1)), t(dr (2), wr (), " Ty, (2)- (1) ) })

Moreover, we need to copy the whole tree from odd layers d’ < 2|k| to the next (i.e., conjunction)
layer, and the initial nodes r (e, d, w, (k — 1) + j) through layers d’ < 2|k|. We also need to copy
over the input bits on all layers of the circuit, and the computed values of R(e,d, w) above layer
2|k

Copy(d',x) &z <r
Vir<z<nA(d =0vd >2|klv2tdArnd #1)Vv2]d ANu-(x)>k—1)))
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VANA

wo w1

Figure 4.1: Simulation of one node of the original circuit

The main part of the simulating circuit is given by

Gadget(v,x,y) < (y,v,un(x)) = (r(en(z), dp(x), w,(x),0),2,0)

V{y, v, un(x)) = (E(dn(2), wn(z),"=7),1,0)

V (Y, v,un(x)) = (t(dn(x), wa(x),"AT), 1,1 + £, (x))

VA (y,v,un(x)) = (t(dy(x), wy(x),"VT), 1,2 — g,(x))

V(y —z,v,u,(x)) € {(0,0,0),(0,0,1),(0,1,0), (0,1, 1), (0, 1, 2),
(0,2,0),(0,2,1),(1,2,1),(0,3,0),(0,3,1),
(0,4,0),(1,4,0),(—2,5,2)}

V (Edge (v, z,y) A p(dn(z), wn(z), dn(y), wa(y)))

Edge (v, z,y) < ((v,un(2), un(y)) = (5,0,0) Nen(z) # en(y))
v (<U’ un(x)a un(y)> S {<57 170>7 <Ov 2, 2>} A En(x) = 5n(y))

The layout of the gadget is explained in Figure 4.1 for the case ¢, (x) = 0. Nodes z = n(0,d, w, u)
on layers [(D,v) are labelled with connectives subscripted with v,u, where o stands for one-
argument A or V employed to satisfy the restriction that odd layers are disjunctions and even
layers are conjunctions. Plain w marks n(0, d, w,0) on layer I(D,5), and w’ its copy n(0, d, w, 2)
on layer I(D + 1,0). Let the children of node w on layer d in the original circuit be nodes wy,
wy on layers dy, di (one or both of them could be missing). The labels wg, w1, wy, wy, wy,
w) mark nodes n(0, dp, wp,0), n(0,d;,w1,0), n(1,dy, wo,0), n(l,d;,w1,0) on layer I(D — 1,5)
and nodes n(0, dy, wo, 2), n(0,dy,wr,2) on layer I(D,0), respectively. Note that the condition
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Circ(k, |m|, s, T, ¢) ensures that w has only one child if T'(d, w,"=7).

Notice that integer division and mod are Yf-definable. It is thus easy to see that ¢ €
A{%(VNC}F) if pe A?(VNC&), and, using Remark 4.1, that ¢’ is equivalent to an open LW}"
formula if ¢ is. By AP-SCV or Open-SCV, there exists Y’ such that eval(n/,m/, ', I',Y"). Tt is
tedious, but completely straightforward, to verify that parts of Y’ correspond to an evaluation
of the original circuit as described above, hence Eval(k, |m|, s, T, ¢, 1,Y), where

Y ={(d,z) | Y(m',n(0,d,z,0))}.

In the case of VNC}, we can compute I’ from I and T by a comprehension function symbol,
compute Y’ using the Y, function, and compute Y from Y’ by another comprehension function,
hence Y is given by a term in the original data. U

Corollary 4.3 VNC. and VNC! contain VNC'. O

Definition 4.4 Let I" be a set of formulas. A c-ary set function F(Xy,..., X.—1) is computable
by a family of T'-definable shallow circuits (computable by T'-circuits for short) if there are Lg-
terms s(n), m(n), and o(n), a ¥F-formula 7(n,d, z,p), and a I-formula p(n,d,z,d’, z'), such
that

e s(n) >cn, s(n) > o(n), m(n) >0,
e Circ(en, |m(n)l,s(n),T(n),¢), where T'(n) = {(s(n)d + z)(cn + 3) + p | 7(n,d,z,p)},
o if X are sets such that |X;| <n, I = {in4+u|i<cue X}, and
Eval(en, /m(n)|, s(n), T(n), ¢, I,Y),
then

(1) F(X) = {u <o(n) | Y(m(n)| - 1,u)}.

A function F(@,X) or f(i, X) with number inputs and/or output is computable by I-circuits,
if the same holds for the set function F’ (ﬁ X ) which we obtain by representing every number
x by the set {u | u < x}. A predicate 1/)(2_[,)?) is computable by I'-circuits if its characteristic
function
L2 {0} if ¥(a, X),
X (uv X) = . Lo
o if (u, X)
is. In other words, if we can fix o(n) = 1 in the above definition, and replace (1) with

The next lemma is a key technical result needed to show various properties of VNC! and
VNC!, e.g., that VNC. is a conservative extension of VNC'1.
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Lemma 4.5 Let a(f,f) be a Lye: -term, or a Z(])B(Lmi)—formula. Then « is provably in
VNC! computable by Open(LWi)—circuits, and provably in VNCL computable by AP(VNCY)-
circuits in such a way that VNCL proves the defining aziom of a.

Moreover, the graph of a or of its characteristic function is definable in VNCL by a »B.
formula Y < tz?()z,f,s,Y) with ¥ € %8, and provably in VNCL, we can compute some Y
satisfying the formula from Z,X by AB(VNCY)-circuits.

Proof: We proceed by induction on the complexity of « (defined in such a way that the com-
plexity of C, and Y,, is larger than that of ¢, and in the case of Y,,, also ¢*).We will show two
cases, and leave the rest to the reader.

Let a be the formula 3z, < t(X, &) 8(X, Z, z.), and fix a polynomial ¢(n) such that (X, &) <
q(n) whenever \)Z |, Z < n. By the induction hypothesis, we can compute the formula o/ = z, <
t(X,7) A B(X,Z,2.) by Open(VNC})-circuits or AB(VNCL)-circuits described by s/, m/, 7,
and ¢'. We construct circuits for a by taking ¢(n) copies of the circuit for o/, fixing the value
of x. to the representation of ¢ in the ith copy, and computing the disjunction of the outputs
(arranged in a binary tree, as in the proof of Theorem 4.2). To be exact, we put s(n) = q(n)s’(n)
(assuming s'(n) > 2), m(n) = 4m/(n)q(n) (so that |m(n)| > |m/(n)| + |g(n)| + 1),

7(n,d,z,p) & (d > |m'[ Ap="V")
V(d < |m'| AT (n,d,z mod s',p) A—=Fj < np="xens;")
V(d<|m'|AFj <n(r'(n,d,x mod s, "xeny; )
MG < L2/s' ] Ap =AYV (G 2 [o/5'] Ap="V)),

o(n,d,x,d, z") d<|m'|A¢'(n,d,x mod §',d 2’ mod s') A |x/s'| = |2'/5])
d=|m'ANd =d—1ANqg—-1<2<2¢—1A2" = (2 —(¢—1))5)
d>m|Ad =d—1ANz>q—1N2' =2x)

=
Vv
Vv
Vd>m|Ad =d—1Az<q—1A1<a —22<2),

(
(
(
(

where we write m/, s', ¢ for m’(n), s'(n), ¢(n). Note that x,; represents the jth bit in ..
The definition of 7 thus ensures that each input node corresponding to z. in the original circuit
for o is replaced with a disjunction or conjunction gate in the new circuit; since the gate has
no inputs, it actually computes the constant L or T, respectively, accomplishing the above
mentioned replacement of z. with the representation of i. Clearly, 7 is X, ¢ is Open(LWi)
or A{B (VNC}k) as appropriate, and it is easy to see that the circuit defined by s, m, 7, ¢
computes a.

Let Y < uﬁ()?, Z,x.,¢,Y) be a E?—deﬁnition of the graph Xa,()Z', Z,x.) = ¢ of the charac-
teristic function of o/, such that Y is computable from X , T, x. by A? (VNC 1)—circuits. Consider
the Y P-formula

(2) le| <1A3Z <ug(n) [Vae < g(n) (O(X, T, 2, @, Z25) v 9(X, T, 2., {0}, Z1))
A (0 €€« Fz. < gq(n) (X, ze, {0}, Z[”CC]))]’
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where n = 3| X;| + 3, z;, and Z?! denotes {y < u | ru+y € Z}. We take ¢(n) parallel copies
of the circuit computing Y, and wire the z. inputs in the ith copy to the representation of i, as
above in the construction of the circuit for a. The resulting circuit computes Z satisfying

— —

Vie < q(n) (0(X, %, z0, @, 20 v (X, &, 2., {0}, Z17))

from X,Z. Given Z, it is easy to see that (2) is equivalent to xo(X,Z) = ¢.

Let us turn to the case a = Yw(ﬁ()?,a?), s(X,7),m(X,7),1(X,Z)), where ¥(p,d,z,y) is an
open VNC'!-formula. By the induction hypothesis, we can compute the terms j, s, m, and I by
suitable circuits. Let ¢(n) be a polynomial such that ﬁ()?, z), S(X, z), m()?, z), ]I(X:, Z)| < q(n)
whenever |X|,Z < n.

As with other compound terms, the expected idea of how to evaluate a by a circuit would
be to take circuits evaluating ﬁ()z, Z), s()?, Z), m(X, z), I(X, Z), and plug them into a circuit
evaluating Yy,. However, we cannot do this directly: computing Yy, amounts to simulation of
the circuit C described by 1, and the parameters p, s,m are not inputs of C, they actually
affect the shape of C' (|m] is its depth, s the size of each layer, and p are free variables of the
formula 1) describing edges of C'). In order to evaluate C, we must first fix these parameters
to some constants. We cannot quite do this either, because the terms m()? , @) etc. are not
really constant. However, we have a polynomial bound ¢(n) on their possible value, hence what
we can do is to evaluate in parallel polynomially many variants of C', one for each choice of
p,s,m < q(n). (Note that here we use essentially that ) has no set free variables: if we had
a set parameter P instead of p, we would have to evaluate C' for exponentially many possible
choices of P.) Then we have to select the real result among results of all these circuits: this is
done using selector functions hﬁ,s,m(X , @) indexed by p, s, m < q(n), whose value is 1 iff p, s, m
agree with the real values of p(X, Z), s(X,7), m(X, ).

Explicitly, we construct circuits computing « as follows:

e We compute s()?,f), m()?, z), I(X:,f),ﬁ()?,f) using their respective circuits. We denote
the jth bit of the result by s;, m;, i , P} (we index elements of the p'sequence by super-
scripts, to avoid clashes with bit subscripts).

e For every p,s,m < q(n), we evaluate in parallel the eval-style circuit defined by s, |m|,
and ¥*(p, -, -, ) on input I. That is, we take the circuit with |m|+ 1 layers, each of size s.
The bottom layer is initialized to the first s bits i;, and the other layers are alternating
disjunctions and conjunctions, where yth node on dth layer is an input to xth node on
(d + 1)st layer iff ¢*(p,d, z,y). We denote the value of the xth node on dth layer by

vﬁ87m7d7x :

e For each p,s,m < q(n), we Compute in parallel the selector hgj,,, which states that
N, (p "(X,%) =p") As(X,Z) =s Am(X,Z) = m. This can be done using

ps m = /\ ppr_l A —'p;r) N Ss—1 N85 N Myp—1 N\ My,
r

where we omit the conjuncts with index —1 (i.e., treat them as T).
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e We compute in parallel the output bits

Od,l‘ = v (hﬁvsvm /\ Uﬁ1$7m7d)$)'
p,s,m<q(n)

We spare the reader the formal definitions of the 7 and ¢ formulas describing the circuit, and
leave it to their imagination to verify that 7 is Z(Jf , and ¢ is a Boolean combination of E(Jf—
formulas and formulas obtained from * by substituting Eég—deﬁnable functions like division
with remainder for some of its free variables. By the induction hypothesis, * is equivalent to
a AB(VNCL)- and Open(Lyye: )-formula, therefore so is ¢. It is easy to see that the circuit
indeed computes a.

We also have to describe the graph of a(X ,Z)in VNC! by a Y B_formula such that witnesses
to the existential second-order quantifier can be computed by AP(VNCL)-circuits. (Note that
now we do not have to compute « itself, its value Y is given to us.) This is easy: it suffices to
take as a witness of o the sequence of witnesses of ﬁ()?, z), s()?, z), m()?, z), I()?, Z), the value
of I ()? , @), and witnesses of ¢(p, d, x,y) for each d, z,y needed to describe the circuit evaluated
by Yy.

Formally, let 9 be EOB—formula such that the graph x.(p,d,z,y) = ¢ of the characteristic
function of 1 is equivalent to 3W < t9(p,d, z,y,&, W), and W is computable by AZ(VNC!)-
circuits by the induction hypothesis. Consider the formula

(3) 37 <(a(m))*t31,7,5,m < q(n) (eval(s, [m], €, 1,Y)
/\/\p%f,f} =" As(X,Z) =sAm(X,B) =mAI(X,Z) =1

AV < |m| Y,y < s (05, d, 2y, @, Z550) v 95, dy . {0, 21050)) ),

where

£(d,w,y) & (7. d,z,y,{0}, 215"4),

n =X+, %, and ZI%®Y denotes {u < t | ((dg(n) +x)g(n) +y)t +u € Z}. If we replace
p”()?, z), S(X', z), m()?, Z), and I()?, %) with their ¥8-definitions which exist by the induction
hypothesis and prenex the second-order existential quantifiers, we obtain a E{B—formula, which
we can further normalize to the form with only one second-order quantifier using a pairing
function. Given X ,T, we can compute a witness to this formula by A{B (VNC})-circuits as
follows. We compute (using the induction hypothesis) the values of 7, s, m, and I, and witnesses
to the second-order quantifiers used in their graphs. Then we take the circuit computing W,
and evaluate in parallel its ¢(n)3 copies for all fixed values d,z,y < g(n) to obtain a Z such
that
vd < |m|Vz,y < s (9(F,d, z,y, @, 24" v 9(p,d, z, y, {0}, Z1=)).

Given such Z, we have &(d,x,y) < ¥(p,d,z,y), hence eval(s,|m|,&,1,Y) is valid for Y =
Yy (P, s,m,I), and only for this Y. Thus, (3) defines the graph of «, and witnesses for its
second-order quantifiers can be computed by AP (VNC1)-circuits. O
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Corollary 4.6 VNC. is contained in an extension of VNCL by SP-definitions. In particular,
VNC'! is conservative over VNC'. (|

Corollary 4.7 Every E()B(Lml)—formula is in VNCL equivalent to an open formula. O

Corollary 4.8 VNC} proves S8 (Lyzs1)-COMP, and X8 Ly )-IND. Moreover, there are
comprehension terms F(a,#,X) = {u < a | o(u,Z, X)} for L8 (VNCL)-formulas .

Proof: Induction follows from comprehension. Let go(u,f,ff ) be a ©F (Lyyer )-formula, and
let n =a+ ) ,z; +> ,|X;|. By Lemma 4.5, ¢ is computable by an Open(L;Nicl)—circuit on
inputs of size n. We take a parallel copies of the circuit as in the proof of Lemma 4*.5, and wire
the output of the ith circuit to the ith new output bit. We evaluate the circuit on the input
which sets # and X in each copy to the value of the respective parameters, and sets u to the
representation of i in the ith copy. Then the output of the new circuit is {u < a | ¢}. The
circuit is described by an open formula, hence its value is computable by an Lyz1-term using
Theorem 4.2. ’ O

Theorem 4.9 VNC. is an open theory.

Proof: For any E()B(Lml)-formula ¢, let B be an open formula equivalent to ¢ in VNC! by
Corollary 4.7. We may assume that ¢ = @ if ¢ is already open. Let T be the set of formulas
which contains

PV ooV
and similarly for other Boolean connectives, and the formulas

)N <t—Jx <tp(x),
Jz <to(z) = (IS A LS| <t,
where S is a term (with the same free variables as 3z < t¢) such that VNC? proves that
S={x <t]e(x+1)} (such a term exists by Corollary 4.8).
Clearly, T is an open subtheory of VNCL, and every Eg (Lyyer )-formula is in T equivalent

to an open formula. As VNC' is Eg(Lml)—aXiomatized, it is equivalent to an open extension
of T. O

Theorem 4.10 If VNC} proves 3V cp(f,)_f, Y), where ¢ is a E%—formula, then there exists an
L -term F such that VNC proves (7, X,F(&,X)).

Proof: Write ¢ = 3Z W&, XY, Z) with 9 € Eg(LWl). By Corollary 4.7, ¢ is equivalent to
an open formula. By Theorem 4.9 and Herbrand’s theorem, there exist terms F,., GY such that
VNC' proves

9(Z, X, Fo(7,X),Go(Z, X)) V- - VIT, X, Fu(T, X), Ge(T, X))

for some c. Put
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and let p be a polynomial such that |F,|, |G| < p(Z,|X|). By Corollary 4.8, there are terms F
and G such that VNC! proves

Clearly, VNC' proves

oy — F(Z, _‘):Fr(_” ),
o — GI(7,X) = GI(z, X),
hence also B o B
WZE, X, F(Z,X),G(%, X)),
which implies (%, X, F(&, X)). O

Corollary 4.11 FEwvery A{B(VNC}k)—formula is in VNCL equivalent to an open formula.

Proof: Given ¢ € AB(VNCY) (or even A(VNCL)), we apply Theorem 4.10 to the formula
3Y (0 € Y <5 ¢). We obtain a term F such that the open formula 0 € F(Z, X) is equivalent to
®. U

Corollary 4.12 VNC! contains VNCL, thus VNC is the Lo-fragment of VNC.
Proof: By Corollary 4.11, VNC' is closed under AZ-SCV. (]

Corollary 4.13 VNC'} is SB-aziomatizable.

Proof: We can take axioms stating the totality of ¥P-definitions of LWL -functions by Corol-
lary 4.6, and a translation of an open axiom system for VNC'! to Ly, which exists by Theorem 4.9.
The resulting theory exhausts VNCL by Corollary 4.12.

Alternatively, assume that a Ef—formula Y= 37 < tI(p,d,z,y, Z) is equivalent to a Hfg—
formula =37 < tA(p,d,x,y, Z) in VNC! (and therefore in Wi) Then ¢ is equivalent to an
open VNC'l-formula by Corollary 4.11, hence by the proof of Lemma 4.5, VNC. proves

(4) 3Y < (Jm|+1)n3Z < |mn*t [eval(n, |m|,&,1,Y)
AYd < |m| Yo,y <n (9(F,d,x,y, Z959) VNG, d, z,y, Z1970)],

where
&(d,z,y) & (P, d,x,y, Z19).

Clearly, (4) is a XP-formula, and it implies
3V < (m] + 1) eval(n, [m], 9, 1,Y)

over VO, hence we can axiomatize VNC? by (4) for all such ¢ over V°. O
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Theorem 4.14 VNC'! is contained in VL.

Proof: We need to show that VL is closed under the AP-SCV rule. If ¢ € AP(VL), then ¢ is,
provably in VL, log-space computable, hence VL proves comprehension for ¢ (see [68]). It thus
suffices to show that VL proves

Vn,m, E,I3Y eval(n,|m|,E,I,Y).

We will prove this by formalizing in VL the standard log-space algorithm for evaluation of
log-depth circuits.

Fix dyp < |m| and z¢y < n, we will describe how to evaluate the node zy on layer dy of the
circuit. The idea of the algorithm is to make a depth-first traversal of the circuit, evaluating
the nodes along the way, and taking short cuts when we have enough information to determine
the value of a particular node. The states of the algorithm will be described by numbers below
some a, and we will define the graph of the transition function F': a — a of the algorithm;
computation of the algorithm will then be simulated by iterating F' using the VL axiom. The
states of the algorithm will have the following form, with (], 1, zg) being the initial state:

(i) (o,b), where b < 2. This is the final state, b is the result of the computation.

(i) (},s,z), where z < n, 0 < s < 2lm+1  We have just descended one layer down the
circuit (or we are starting the search in node xy on layer dp). The path from (do, z¢) to
the current node is recorded by a sequence encoded by s: if the binary expansion of s is
1sg...sk—1, then s; is 0 (1) if we have descended to the left-most (right-most, resp.) child
at the ith branching (i.e., at ith layer below the top). The current node is node = on layer
do—k:do—‘s‘—{—l.

(iii) (1, s,b,t,4,x), where 0 < s < 2™+ b < 2t < 2,4 < |s|, z < n. We have ascended up
from a child node. Again, s describes the path to the current node. b is the computed
value of the child, and ¢ is 0 if the child was the left-most child, or 1 otherwise. In this
situation, we do not know the number of the node we are in, as it cannot be uniquely
inferred from the child node; we can however recover it from the sequence s. We compute
the node number in a loop with |s| — 1 steps, we use i as the loop counter, and z to keep
track of the node number. We will obtain the current node number in = when i = |s| — 1.

We pick sufficiently large a so that all states above are encoded by a number below a. The
function F' is ¥F-defined by

F({0,b)) = {o,b)

{0, 1(x)) dop =0
(1, 1s/2],1I(x),s mod 2,0, zp) |s| =1 =1dy >0
(. [5/2), (do — |s]) mod 2, s mod 2,0,20) |s| — 1< do,

F =
(<\l,,S,CL'>) Vy<nﬁE(d0—|5|,$ay)

({,2s,l(dy — |s| + 1, 2)) |s|] — 1 < dp,
Jy <nE(do — |s],z,y)
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(T,s,b,t,i+ 1,1(dy — i,2))  i<]|s|—1,8=0

s, btyi+1,r(do—i,2)) i<|s|—1,8=1

(0, ) i=|s|—1=0,
t=1ordy—|s|Zb (mod 2)

(1,1s/2],b,s mod 2,0,z9) i=|s]—1>0,
t=1ordy—|s|#b (mod 2)

{25+ 1,r(dop — |s| +1,2)) i=|s]—1>0,
t=0,dy—|s|=b (mod 2)

F((t,s,b,t,i,2)) =

where

I(d, ) = min{y < n | E(d— 1,2,9)},
r(d,x) = max{y < n | B(d—1,2,)},

and F' is defined arbitrarily on other numbers below a. By the VL axiom, there exists a
sequence P such that (P)y = (|,1,z9) and (P)y+1 = F((P)y) for all v < a. We leave to
the reader to verify that P determines a correct partial evaluation of the original circuit, in
particular, (P), = (o, b), where b is the value of node z( on layer dy.

In order to evaluate the whole circuit at once, we take a copy of the above algorithm for
every dy < |m| and zg < n, and “concatenate” them in such a way that a final state (o,b) of
node (do, zo) is followed by the initial state (|, 1, z() of the next node (dj, z(). We leave the
details to the reader. (]

Definition 4.15 A function F(Z, _’) is a provably total computable function of a theory T D V©,
if there exists a X1-formula o(Z, X, Y) which defines the graph of F' in the standard model such
that

TH3Y oz X,Y).

Complexity classes like NC! can be adapted to the second-order setting in a straightfor-
ward way: we represent sets by binary strings, and we write numbers in unary (i.e., as in
Definition 4.4).

Corollary 4.16 The provably total computable functions of VNCL and VNC! include the uni-
form NC!-functions, and are contained in the L-uniform NC!-functions.

Proof: Uniform NC!-functions are provably total already in VNC!. On the other hand, assume
that F(f,)z) is provably total in VNC. By Theorem 4.10, F is definable by an Lmi—term,
hence it is computable by AB(VNC!)-circuits using Lemma 4.5. As VNC. C VI, the formula
 defining the circuits as in Definition 4.4 must be in Ajlg (VL) = L. The description of the
circuits by the formulas ¢ and 7 is a notational variant of the direct connection language, hence
F is in L-uniform FNC!. O
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Remark 4.17 We can describe the provably total functions of VNC! exactly, but the char-
acterization does not lead to a transparent previously studied class. Let NC! be the smallest
class X D AC such that X-uniform NC! is included in X, and let FNC. denote the class of
functions whose output has length polynomially bounded in the length of input, and whose bit-
graph is in NC.. (We could stratify this definition as follows: let NC§ = AC?, let NCj.,; consist
of NC}-uniform NC!, and put NC} = Ukew NC;. Notice that Up-uniform NC! is included in
NC1.) Then it is possible to show that the provably total computable functions of VNC! (i.e.,
functions defined by an Lmi -term) are exactly the FNC.-functions, and AL(VNC D-predicates
(i.e., predicates definable by an open Lmi -formula) are exactly the NCl-languages.

The theory V' extended by the aziom of choice
Vo < a3X <bo(z,X) = 3IZVe < apx, Z7)

for £5 ,-formulas ¢ is VIL2Z |-conservative over V' (Zambella [182]). We will prove that the
axiom of choice for £ B-formulas can be similarly Y3XP-conservatively added to VNCL. We will
in fact show that the same holds for a version of the axiom of choice without the bound on X.

Definition 4.18 Let ' be a set of formulas. The unbounded axiom of choice is the schema
(T-AC) Ve < a3X o(z, X) — 3ZVx < ap(x, Z217),

where ¢ € T' may have other parameters, and Z”! denotes {u | (z,u) € Z}, where (-,-) is a
pairing function. A theory T is closed under the unbounded choice rule T-AC®, if

T+ 3X p(z,X) = T+ 3IZVe < ap(x, ZM),

where ¢ € I' may have other parameters.
It is easy to see that XF-AC is equivalent to 3%P-AC, and similarly for ACE.

Theorem 4.19 Let T be a VIVIIP -aziomatized extension of VO closed under SE-ACE. Then
T +3IEB-AC is a VIXB-conservative extension of T.

Proof:

Claim 4.19.1 Let MET, a e M, and ¢ a ZéB—fOTmula with parameters from M. Then there
exists a model N E T such that M mENY N, and N satisfies

37V < ap(x, 217

or
Jr < aVX —p(z, X).

Proof: Let My be the expansion of M by constants for all elements of M. If

T + Thyys (M) + 3z < aVX —p(z, X)
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is consistent, then any its model N satisfies the conclusion. Otherwise there is a sentence
Y = VX 9(X), where 9 € £ has parameters from M, such that M F 1), and

TH — Vo < adX oz, X).

We can rewrite it as
THEIX(WX)ANx <a— p(x,X)),

hence

T+ 3ZVz < a(I(ZM) = p(z, Z171)

by 2(1)3 -AC*®, which implies
ME3ZVz < ap(z, Z).

Thus we may take N' = M. O (Claim 4.19.1)

Claim 4.19.2 Any model of T has an 3XP-elementary extension to a model of T + LF-AC.

Proof: Let My E T. We enumerate all pairs of an element a € My and a formula ¢ € 263
with parameters from My as (aq,pa) for a < s, where » is a cardinal. We construct an
3y B-elementary chain of models N, F T, a < 3, where Ny = Mg, N,y is obtained from N
by an application of Claim 1 using @ = a@a, ¢ = @a, and Ny = (J,., N for limit A\. Notice
that validity of T is preserved by unions of 3XP-elementary chains, as T is V3VIIZ-axiomatized.
Then M := N,, is an 3% B-elementary extension of My, M; E T, and

M1 EVz < a3dX o(z,X) — IZ Ve < a (z, ZP)

for all a € My, and ¢ € EOB with parameters from My. We continue in the same way to
construct a chain My 532113 My faz? Mo 532{3 ..., whose union is a model of T + EOB—AC.
O (Claim 4.19.2)

Assume that T+3XB-AC = T+ E-AC proves a VILP-formula «, and let M be any model
of T. Take an I3XP-elementary extension N F T + $F-AC of M by Claim 2. Then N F a,
hence M F a. O

Corollary 4.20 VNC! + 3%B-AC is a VIXP-conservative extension of VNCL.

Proof: In view of Theorem 4.19 and Corollary 4.13, it suffices to show that VNC! is closed
under SF-ACH. Let
VNC! F3X ¢(z, X, @, A),

where ¢ € EOB with all free variables shown. By Corollary 4.12 and Theorem 4.10, there exists
an Lyzei-term F such that

VNC!+ o(z, F(z,d, A),d, A).
By Corollary 4.8, there exists an Lyzi-term G such that VNC ! proves

—,

G(a,d, A) = {(z,y) |z < a,y € F(z,d, A)}.
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Then
VNC! +Vz < ap(z,Gla,d, A, a, [f),
hence
VNCL v 3ZVs < ap(z, 217, a, A)
by Corollary 4.6. (]

5 Propositional translation
We will define a propositional formula

[[QO(.Tl, <y Ty le s 7Xs)]]n1,...,nr,m1,...,m5 (p1,07 .. apl,m1—l7 CIEEES aps,Ou ... 7ps,ms—l)

for each ZOB(Lml)—formula o(Z, X’), and natural numbers 7, m. Let Xq,..., X, be sets such
that | X;| < m;, and let X; denote the propositional valuation which assigns the value 1 to p; j
iff k € X;. Then the translation is defined in such a way that

(5) [elam(X1,. .., Xs) = 1 & NE o, X).

If T'(, )?) is a set Lypygi-term, we define a bounding term b7 (7, 7), that is a number Lo-term
such that |T'(7, X)| < bp(it,m) whenever |X;| < m; for each i, and we define propositional
formulas [T]% . for k < by (7, m) so that

(6) [T]5 4 (X1,..., X)) =1 NE ke T(#, X).

Finally, if ¢(Z, X) is a number Lyye1-term, we define a bounding Lo-term b; such that #(7, X) <
by(i7, 1) whenever |X;| < m; for all 4, and we introduce propositional formulas [t]& . for k <

b (7, m) so that
(7) [% (X1, ..., X,) =1 & NE (i, X) = k.

The bounding terms are defined inductively as follows:

by, (7, M) = n;,
bx, (7, m) = mj,
br(tr,te) (5 10) = f(bey (7, 170), .. by, (7,0)),  f € {0,8, 4, |2},
by (71, m) = br (i, m),
b, (s (7 111) = bs (71, 771),
(7, m) = (

The translations [¢]7 7, [T]% -, [t]X . are defined by simultaneous induction on complexity,

along with formulas {R}; 7, {F}E -, {f}E . for predicates R (including equality), set func-
tion symbols F',; and number function symbols f. (The formulas {a}} are in a sense variants of

[, cf. Lemma 5.1 (v). However, they are conceptually different: they are defined for symbols
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of the language, not for formulas. In particular, they are not tied to particular variables Xj,
and by the same token, they are not supposed to use the same propositional variables p; as
above. They are only used in the definition of [a(f,T)] below where formulas are explicitly
substituted for their propositional variables, and we will indicate their variables explicitly when
defining them. Their purpose is to make the definition of [e(f, T')] below uniform, so that we do
not have to treat specially the case where ¢, T are simple variables, and so that we do not have
to repeat the unsightly expression with wide conjunctions and disjunctions for each symbol of
the language separately.) Let us denote

T if ¢ holds,
I(p) = {

1 otherwise.

If o is a predicate or function symbol, we put

ottt T Tl =\ (A

A fa}t TN () LISUOPNY /51 AU A0 L SO L1755 ).
where the superscript k is omitted if « is a predicate. We further define
[2:]% 5 = I(k = ny),
[X1%,7 = ik,
[e o ¥lam = [elamo Wlam. o €{AV, =}

Pz <telam= \ [z<tAgluam
kat(ﬁ’m)
Ve < tolam = /\ [z <t — olkim;

kgbt (ﬁ,’lﬁ)

{R}nw=InR n'), R e {<, =},

pn ifn<m
{E}}n,m(p()a"'apmfl) = " . ’
1 otherwise,

m—1 m'—1
{{:}}m,m’(p07“'7pm—17QO7--'7qm’—1) = /\ (pz <~ QZ) A /\ _‘pz/\ /\ 45,
i<min{m,m’} i=m’ i=m
=16 =k,  fe{0s+lzl},
m—1
pr A\ i if k>0,
{IX 130 (o, -+ 1) = i=k
/\ —p; otherwise,

<m

fC, w0 b am (D) =1k <n) A [Llkm.mP)-
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It remains to define the formula {Y,(p,n,r, I) f?,n,r,m(qO’ ..+, qm—1) for an open Lmi—formula
o(p,d,x,y). We fix p,n,m,r, and we write {Y,}%* for {{ch}}%’yfm, where £ < n. As ¢ has

no free set variables, [¢]z 4.4, is a Boolean sentence with a definite truth value. We may thus
define the edge relations

6(d7 Z, y) ~ [[(p]]ﬁ,d,a:,y = 17

n—1

e*(d,z,y) < e(d,z,y) A\ (/\ —e(d,z,z) V /\ —e(d, z, z))

z2<y z=y+1

for d < |m|, z,y < n. By induction on d < |m|, we define

q fzxz<r,

{Y@}0’$(QO, R ’mel) — {

1 otherwise,

\/ {{Yw}d’y(%, ooy qm—1) if dis even,
e*(d,z,y)

/\ {{Yw}d’y(%, ooy qm—1) if dis odd.
e*(d,z,y)

We also put {Y,}4® = L for d > |m|. Notice that the definition of e* ensures that there are
at most two y such that e*(d, z,y) for any given d, z, hence the conjunctions and disjunctions
in the definition of {Y,,}9T1% are at most binary. As the formulas have depth d < |m|, they

are of size O(m). It follows by induction on complexity that the formulas [[oz]]gfzﬁ for any fixed

{{Yw}}dJrl’m(QO? s 7Qm—1) =

formula or term « have size poly(7i, m) and logarithmic depth.

In fact, [[a]]%kzﬁ is constructible in logarithmic space given 7,7, k in unary (note that « is
fixed, it is not éiven to the machine as input). This can be established by induction on the
complexity of a. The only non-obvious case is {Y,}}, which can be constructed in log-space
as follows. Given p,d,z,y, we can construct the Boolean sentence [¢]z 4., by the induction
hypothesis, and we can evaluate it in log-space (note that we do not have to write it down, the
log-space formula evaluator will call an algorithm computing bits of [¢]z4, as a subroutine).
This means that we can compute the relation e above, from which we compute e* easily. We
can also compute in log-space the extended connection language Lpc(C') of the circuit C' whose
edge relation is given by e*: given a starting node and p € {0,1}*, we can trace the path
determined by p in a loop, where in each step we compute the (at most two) inputs of the given
node by calling the algorithm for e* to check all possibilities, and we follow the left or right
input according to the relevant bit of p. Then we can compute the description of the formula
{Y,} (which is essentially C' unfolded into a tree) by recursive depth-first traversal of C; the
depth of recursion is logarithmic, and for each recursive call we only need to remember one bit
(namely, whether we have descended into the left or right child), as we can recover the current
node in C from the recursion stack using Lrc(C).

It is also straightforward to show (5), (6), (7) by induction on complexity.

We recall that a Frege system is a propositional proof system given by a finite set F' of rules

of the form
(p:l? AR 78077/

¥



V. On theories of bounded arithmetic for NC! 163

which is sound and implicationally complete. An F-proof of a formula ¢ is a sequence of
propositional formulas ending with ¢ such that every formula is derived from previous formulas
by an instance of an F-rule. By a well-known theorem of Cook and Reckhow [69], all Frege
systems are polynomially equivalent, hence the choice of the basic rules does not matter (often
one takes Modus Ponens and a list of axioms). Frege systems are also polynomially equivalent
to the propositional version of Gentzen’s sequent calculus LK, which is easier to work with in

some contexts.

Lemma 5.1
(i) If 7,0 are terms, then bT(f,)?,a(i,X'))(ﬁ7 m) = b (7, m, by (71, 11)).
(ii) If a(&,X,Y) is a formula or term, and T(Z, X) is a set term, then

[a(z, X, T(%,X))] :[[a]]g? iy ([T - G,

where k is present only if a is a term, and on the right-hand side the formulas are substi-

tuted for the variables corresponding to Y .

(i) If t(Z, X) is a number term, there are size poly(ii, ) log-space constructible Frege proofs
of the formulas

Vo s

ke <by (73,17)

/\ (M%,m — ﬁ[[t]]lﬁ,m)-
kgbt(ﬁzm)
1<k

(iv) If a(y,Z,X) is a formula or term, and t(Z,X) is a number term, then there are size
poly (7, m) log-space constructible Frege proofs of the formulas

[a(t(7, X), 7, X)) o ([0 A [0 ).

r<b¢(ni,m)

where k is present only if o is a term, and we put [a]* = 1| if a is a number term and

k> bo(7i,m), orif a is a set term and k > by (7, m1).

rnm

(v) If a(f,)_f) is a predicate or function symbol, there are size poly(7i,m) log-space con-

structible Frege proofs of
fa}ih®) < [o(@ X)L 0)-

Proof: By straightforward induction on complexity. For example, we will show the proof of the
step for a = B(Z, f) in (iv), where § is a predicate or function symbol. Let r < by (7i,m). By
the induction hypothesis, we can construct proofs of

[t:(t(Z, X), 2, X)Ig 5 ¢ ([£5 . A It

5<by (7,17)

snm)
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hence we construct proofs of

[117.5 = ([t6(t(@ X), 2 X5 s < [V 0)
using (iii). Similarly, we can construct proofs of

[t = ([T(H(E X), % X < [T )

Using the definition of [3(£,T)] and (i), we infer

It is easy to see that there are short proofs of

{8Y5) < 48) 55 L)

(/\[[t@umm 03, uiay oy, D0 ) |

for any @ > ¥. Using the fact that by, (r, 7, m) < by, (b (7, M), ,1), and the definition of [t;]/

or [T;]’ as L for too large j, we obtain a proof of

5 — ot X), 7 X)]5

< \/ (/\[[tl]]’”"m/\{{m} L (ryid,m),
(

k1 Sbtl T,ﬁ,m) i

hence
[, — ([o(t(7 X), 7, )1 < [0 )
by the definition of [8(Z, T )]] We get the required

[o(t(@ X),7 X)15n &\ ([50A [0]',5)

T’Sbt (ﬁﬂﬁ)

using (iii).

Theorem 5.2 Let (7, X) be a S8 (Lywen )-formula provable in VNC'.

([[Tl]]g,ﬁ,m . ))} ;

O

Then the formulas

[¢ls,m have Frege proofs of size poly(ii,ni) constructible in logarithmic space.

Proof: Tt will be more convenient to work with sequent calculus, which is p-equivalent to Frege

systems. The sequent F ¢ has an LK -proof 7 using substitution instances of axioms of VNC':

and equality axioms as extra initial sequents. We may reformulate the extensionality axiom

Ve(re X< 2€Y)— X =Y of BASIC as

Ve<|X|(zeX—=zeY)AVe<|Y|(zeY s2eX)—>X=Y,

hence all the initial sequents are Z()B(Lml). Using the free-cut elimination theorem [42], we

may thus assume that all formulas in 7 are F (Lmi ). We will show by induction on the length
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of the proof that for every sequent I' = A in 7, the sequents [I']7 5 F [A]s,m have propositional
LK-proofs constructible in logarithmic space, where [I'];  denotes {[¢']7 5 | ¥ € I'} for any
set of formulas I'.

The induction steps for the cut rule, propositional rules, and structural rules is trivial, we
simply use the induction hypothesis and apply the same rule.

If the last rule in the proof is the V-right rule, it must have the form

FFy<t—19@),A
I'FVe <ty(x),A

as the conclusion is E(’)B (Lyzyet)- By the induction hypothesis we can construct proofs of

[Clam F v <t = V@) am, [Alsm

for every r < by(7i,m), from which we derive
[Clamt N\ v <t—=v@lram [Alas
1 <by (7, 17)
using the A-right rule. The case of 3-left is similar.

If the last rule in the proof is the 3-right rule, it must have the form

I'Es<tAy(s),A
'3z <ty(x), A

where s is a term. By the induction hypothesis we can construct a proof of
[Clam = Is <t AY(s)]am, [Alam-

By Lemma 5.1 (iv), there are short Frege proofs of

[s <t Ad&lam ¢\ ([lam A e < tAY@)]am).
r<bs(7,m)
Moreover, we can construct Frege proofs of =[x <t Ay(z)], 7. for all by(il,m) < r < by(7, m),
hence we can construct a proof of the sequent

[s<tAv(s)amt [z <tAY@)]ram.

We derive
Mlamt \ [z <tAY@)]ram, [Alam
r<by(1,11)
by a cut. The case of the V-left rule is analogous.
It remains to construct proofs of propositional translations of substitution instances of ax-
ioms of VNC'! and equality axioms. If ¢/ = z/)(t_: f) is an instance of an axiom 1, then there are
short Frege proofs of

(8) Whine NV (AR AWl ... (D))

kl Sbtl (ﬁvm)
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by Lemma 5.1 (ii), (iv). If we can construct short proofs of [¢], we can substitute the formulas
[[Ti]]%m in the proof (incurring a polynomial blow-up) and combine it with Lemma 5.1 (iii) to
obtain the right-hand side of (8). It thus suffices to construct translations of the base form of
the axioms.

Axioms of BASIC and equality axioms for Ly are provable in V°, hence their translations
have log-space constructible proofs already in bounded-depth Frege [68].

The YF-COMP axiom translates to

[u e Cw(%f?)?)]]k,l,ﬁ,m < [u <o)k A [P (u, f7)z)]]k,ﬁ,rﬁ7
which can be proven equivalent to the tautology
Ik <) AN[Ylkim < Ik <O A []kim

by Lemma 5.1 (v) and the definition of {Cy }.
Consider an instance

Yy (Byn,r, I)| < (Ir] + 1)n Aeval(n, |r], 4, I, Yy (p,n, 1))
of Open-SCV. We can prove
[HYTZ)(]?’ n’ T? I)’ S (‘r| + 1)nﬂﬁ,n,r,m

easily using Lemma 5.1 (iii) and by, = (|r| + 1)n. Using the notation from the definition of
{Yy,}, we can construct short proofs of

[[dn +x € Yw (ﬁ, n,r, I)]]d,:c,ﬁ,n,r,m — {Y¢ }d,z

using Lemma 5.1 (v). As there are short proofs evaluating the Boolean sentences [2 | d]4 and
[v*(P,d,z,y)]p.dzy to 1(2 | d) and I(e*(d,z,y)), we can construct short proofs of

a3 o [(121dlan \ (197 Tpamy AYH))

y<n

V(I2tdlaA A\ [ 50y — 1V63)]

for d < |r| and = < n, using the definition of {Yy }4+1*. Similarly, we construct proofs of
{Yu}** o [z € Iam.

Putting it all together, we obtain a proof of
leval(n, |r|, 4, I, Yy (D, 1)) 5 m-

Translation of the equality axioms for Cy, and Yy, is easy and left to the reader. (As a matter
of fact, one can show that these axioms are redundant in VNCL.) 0
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Chapter VI

A sorting network in bounded
arithmetic

Abstract

We formalize the construction of Paterson’s variant of the Ajtai-Komlés—Szemerédi sort-
ing network of logarithmic depth in the bounded arithmetical theory VNC'? (an extension
of VNC'), under the assumption of existence of suitable expander graphs. We derive a con-
ditional p-simulation of the propositional sequent calculus in the monotone sequent calculus
MLK.

1 Introduction

Sorting is one of the most fundamental algorithmic operations, thus it is not surprising that
much effort in theoretical computer science was invested in investigation of its computational
complexity in various contexts. In particular, its exact parallel complexity was open for a long
time. It has been known since the 1960s that it is fairly easy to construct parallel sorting
algorithms using O(log? n) steps (Batcher [22]), but it proved quite difficult to further improve
on this upper bound. It was only in 1983 when Ajtai, Komlés, and Szemerédi [4, 5] devised an
ingenious algorithm achieving O(logn) parallel operations. The algorithm and its analysis were
subsequently simplified by Paterson [148]. An important feature of the AKS algorithm is that
the pattern of comparisons and swaps is fixed in advance independent of the data, hence the
construction in fact gives a sorting network of depth O(logn). (This result is asymptotically
optimal, as there is an obvious Q(logn) depth lower bound.) A sorting network is a structure
consisting of comparators connected by wires, where a comparator is a device which takes two
inputs and outputs them in sorted order.

In the present paper we are going to formalize the core of the AKS sorting network (or rather
its version by Paterson) in the theory VNCL of bounded arithmetic. More precisely, the basic
building blocks of the AKS network, the so-called e-halvers, are constructed using a certain
kind of expander graphs. Construction of the expanders is a separate issue rather tangential to
analysis of the main part of the network, we thus leave it out completely: we simply assume
that VNC! proves the existence of appropriate expanders, and all our results are conditional on

167
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this assumption. We note that some research towards formalization of expanders in bounded
arithmetic is in progress [114].

There are several reasons why such a formalization is desirable. It is a basic problem in the
development of bounded arithmetic to find what results in mathematics or computer science
are provable in a given theory. In the other direction, the program of reverse mathematics seeks
to find the minimal theory capable of proving a given statement. In particular, it is a natural
foundational problem whether various properties of a given complexity class are provable using
only concepts from the same class. Since the AKS network is a kind of a circuit of logarithmic
depth, the natural class it fits into is (nonuniform) NC!; it is thus reassuring to have a proof of
its correctness in an NC!-theory such as VNC.

The formalization has applications in propositional proof complexity. The monotone sequent
calculus MLK is the fragment of the usual propositional sequent calculus LK using only sequents
consisting of monotone formulas. Atserias, Galesi, and Pudldk [14] have shown that MLK
quasipolynomially simulates LK (with respect to monotone sequents), but it is an open problem
whether one can give a polynomial simulation. It was also shown in [14] that it is sufficient for
an affirmative answer to construct monotone formulas for threshold functions such that their
basic properties have polynomial-size proofs in LK. Such monotone formulas can be obtained
by evaluation of the AKS network on 0-1 inputs. Since VNC! proves soundness of the network,
and translates into polynomial LK-proofs, the properties of these formulas required by [14]
indeed have polynomial LK-proofs. We thus obtain a p-simulation of LK by MLK under our
basic assumption on formalizability of expanders in VNC.

There are other potential applications of the AKS network in bounded arithmetic. As shown
in [66], the closure of the class NL under complement is provable in the bounded arithmetic
for NL. However, it is not known whether we can formalize the closure of the related class SL
under complement in an SL-theory. Formalization of the AKS network is the first step, as the
network is involved in the proof of SL = coSL from [134].

Our formalization is carried out in a not quite standard theory VNCL introduced for this
very purpose in Chapter V. This theory was chosen to satisfy two conflicting goals. On the
one hand, the application to monotone sequent calculus described above requires that proposi-
tional translations of II¥-formulas provable in the theory have polynomial-size proofs in LK, or
equivalently, in Frege systems, hence we need some kind of an NC'-theory. On the other hand,
successful formalization of the AKS network requires at the very least that the theory proves
that the network can be evaluated. We thus need the ability to evaluate (sufficiently uniformly
described) circuits of logarithmic depth. The standard NC!-theory VNC? is too weak for this
purpose, as evaluation of log-depth circuits is not known to be possible in uniform NC? (i.e.,
ALOGTIME). VNC! can only evaluate log-depth circuits described by their extended connec-
tion language (ecl, see Ruzzo [162]), which is however not available for the AKS network (see
also Section 6). The network is defined as a sequence of steps, each of which is described locally:
the n elements are organized in a tree-like structure (varying in each step), and constant-depth
subnetworks are applied to parts of this structure. A longer sequence of steps can move an
element quite far in the structure in a hard to predict way (this is, after all, one of the reasons
why the network can sort), and there does not seem to be any way of globally describing the
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ecl of the network other than to follow the path through the circuit step by step. (Note that
this is unrelated to the complexity of description of expanders used in the construction: in fact,
the expander-based gadgets have constant depth, hence their ecl is no harder than their direct
connection language.)

The paper is organized as follows. Section 2 gives definitions of VNC? and basic notions like
comparator networks, as well as their elementary properties. In Section 3 we formally describe
the AKS network, and in Section 4 we carry out the analysis of the network in VNC!. In
Section 5 we give a p-simulation of LK by MLK as an application, and Section 6 mentions
some open problems.

2 Preliminaries

We refer the reader to §V.3 for definitions of the theories VNC?! and VNC! which we will work
in. As shown in §V.4, VNC'! is an open conservative extension of VNCL, and Lmi—functions
have Zf—deﬁnitions in VNC!. For this reason, we will not distinguish the two theories, and
we will work freely with Lyyz-functions in VNCL. Every ©f (Lmi)—formula (or indeed,
AB(VNC))-formula) is equivalent to an open Lyyer-formula in VNCY. We will denote these
formulas simply as NC.-formulas, and likewise, we will refer to functions given by Lmi -terms
as NCl-functions. VNC! proves NCl-COMP and NC!-IND. VNC! contains VNC!, and is
contained in VL. The provably total computable functions of VNC! are those definable by
NC!-functions in the standard model of arithmetic; this class fits between uniform NC! and
L-uniform NC*.

As VNC! D VNC!' D VTCP, there is a well-behaved NC.-function computing cardinality of
sets. We will denote it card X in order to distinguish it from the basic symbol | X| of Ly.

The main property of VNC! we will use is that it can evaluate sufficiently uniform log-depth
circuits. We can describe circuits using the following data:

e Numbers k, m, and s, where k is the number of inputs, m is the number of layers, and s
is the size of each layer (we assume all layers have been padded with unused gates to have
the same size).

o A function T: mx s — {"V,"A", "= U{"x;" | i < k} indicating the type of each node,
where we put e.g. "V1=0, "AT=1,"=-"=2 and "x; ' = i 4+ 3, and we represent T by
its graph (a set T < ms(k + 3)): i.e., T(d,x,p) iff zth node on layer d has type p.

e A formula ¢(d,z,d,2") (possibly with other parameters) which states that node z’ on
layer d’ is an input of gate x on layer d.

In order for a circuit to be well-formed, we demand that any gate uses only nodes on lower
layers as inputs (but not necessarily from the adjacent layer), and all nodes have the correct
number of inputs: 1 for negation nodes, 0 for input nodes, and at most 2 for conjunction and
disjunction gates.
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Lemma 2.1 (Thm. V.4.2) (in VNCL) A circuit described as above with ¢ an NCL-formula
without set parameters, and m bounded by some |a|, can be evaluated on any input string.
Moreover, the evaluation is computable by an NCL-function. U

Definition 2.2 A comparator network on n inputs is a directed acyclic graph without duplicate
edges with three types of vertices: input nodes with fan-in 0 and fan-out 1, comparators with
fan-in 2 and fan-out 2, and output nodes with fan-in 1 and fan-out 0. Input and output nodes
are labelled by numbers £ < n, and there exists exactly one input node and one output node
labelled k for every k. The edges of the graph are called wires. For each comparator, one of
its outgoing wires is labelled h (higher) and the other one is labelled | (lower). The size of a
network is the number of its comparators. We represent a comparator network N by a sequence
N = {w; | i < s}, where w; describes the ith node of N: its type, adjacent nodes, and labels.
We require the sequence to start with the input nodes and end with the output nodes, both
ordered according to their labels. If there is a wire going from node i to node j, we further
require ¢ < j. The network has depth at most d, if we can partition the comparators of N into
at most d blocks (called layers), such that each layer is contiguous in the sequence ordering,
and there are no wires going between two nodes of the same layer.

Let X = {X}, | k < n} be a sequence of sets, and < a total ordering whose domain includes
every X;. An evaluation of a network N with respect to < on input X isa sequence of sets
FE. indexed by wires e of N such that E. = X}, if e is the outgoing wire of an input node with
label k, and if [ and h are the lower and higher outgoing wires of a comparator with incoming
wires e, f, then E; = min<{FE,, Et}, and E} = max<{E., E¢}. The result of an evaluation £
is the sequence of sets Y = {Yi | £ < n} such that Y, = E., where e is the incoming wire
of the output node with label k. We write ¥ = eval(N, <, X) (the context should suffice to
disambiguate between this notation and the eval-formula from the definition of VNC?1).

Since comparators have the same number of incoming and outgoing wires, there are exactly
n wires at any section of a network with n inputs. That is, if N = {w; | i < s} is a network
with n inputs, and 7 < s is a comparator node, then we can show by straightforward induction
on ¢ that there are n wires going from nodes j <4 to nodes j > ¢. Consequently, each layer has
size at most n/2, and a network of depth d has size at most nd/2.

A comparator network of logarithmic depth resembles an NC'-circuit. Indeed, if we want
to evaluate a uniformly described network on a 0—1 input, we can replace each comparator by a
pair of A and V gates (i.e., min and max in the Boolean domain), turning it into a logarithmic
depth bounded fan-in circuit, which can be evaluated in VNC.. This argument does not work for
nonconstant domains, as we then cannot compute the required comparisons by bounded depth
bounded fan-in circuits. Nevertheless, we will show that we can evaluate a log-depth network
on arbitrary inputs in VNC! using a simple trick based on a variant of the 0-1 principle.

Lemma 2.3 (in VNCL) Let N be a comparator network on n inputs of depth d < logm for
some m defined by an NCL-formula without set parameters, < a total ordering defined by an
NCl-formula, and {X; | k < n} a sequence of sets in the domain of <. Then there exists a
unique evaluation of N on input X with respect to <.
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Proof: Uniqueness: if E and E’ are two evaluations of N = {w; | i < s}, we prove by straight-
forward induction on i < s that E. = E! for all wires e incident with a node j < i.

Existence: the basic idea is to represent the input value X; by the set B; C n such that
j € Bi iff Xz‘ > Xj. Then Xi < Xj iff Bi - Bj, hence maXS{Xi,Xj}, minS{Xi,Xj} are
represented by B; U B;, B; N B;, respectively. In other words, we can compute min or max by n
parallel binary conjunctions or disjunctions in this representation, as in the 0—1 case. In more
detail, we construct a circuit C' as follows. For each wire e in N, we put in C' nodes ¢; for all
i < n. If wis a comparator in N with incoming wires e, f and outgoing wires [, h, we include
in C the gates l; = e; A fi, hi = e; V f;. If €F is the outgoing wire of the kth input node, we
make e an input node of the circuit and initialize it to 1 iff X; < X}, using NC!-comprehension.
Since C'is a circuit of logarithmic depth defined by an NC!-formula without set parameters,
we can evaluate it by Lemma 2.1. Let V be its valuation, let ¢(e) denote the NC!-formula
3k < nVi < nV(e;) = V(eF), and for each wire e, define the set

)

E.={j|3k<nVMi<nV(e)=V(F)nje X))

by NCl-comprehension. If w is a comparator with incoming wires e, f and outgoing wires [, h,
and if we assume @(e) A ¢(f), then it is easy to see that (1) A ¢(h), and E; = min<{E., E;},
E), = max<{FE,, Ef}. We can thus prove by induction ¢(e) for all e, which implies that E is a
correct evaluation of V. O

Lemma 2.4 (in VNC})
Let N, )?, and < be as in Lemma 2.3. Let < be an NCL-defined total order, and F an NCL-
function such that X < X' implies F(X) < F(X'). Then eval(N, =, F(X)) = F(eval(N, <, X)).

Proof: Let E be the evaluation of N on X wrt <, and put E. = F(E,). Then E' is an

—

evaluation of N on F(X) wrt <. O

Lemma 2.5 (in VNCL) Let N, X, and < be as in Lemma 2.3, and Y = eval(N, S,X). Then
there exists a permutation m of n such that Y; = X ;) for all i <n.

Proof: The proof of Lemma 2.3 shows that
(1) Vi<ndj <nY;=X;.

On the other hand, if j < n, N = (wy | k < s), and E is the evaluation of N on X wrt <, we
can show by induction on k the following property: if wy is a comparator node, there exists a
wire e going from a node < k to a node > k such that E, = X;. Therefore,

(2) Vi<ndi<nX;=Y,.

Assume first that the X;’s are pairwise distinct. Then for each ¢ there is a unique j such that
Y; = X, by (1). We put 7(i) = j. Then (2) implies that 7 is surjective, hence it is a bijection
by PHP (provable in VTC° C VNC1), and Y; = X, ;) by the definition.

In the general case, we define
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It is easy to see that < is a total order on n, hence by the previous part of the proof, there exists
a permutation 7 such that eval(N,=,(0,...,n — 1)); = (7). Using Lemma 2.4 for F (i) = X;,
we obtain

Y; = eval(N, <, (F(0),..., F(n —1))); = F(eval(N, =, (0,...,n — 1));) = Xp. 0

Lemma 2.6 (in VNCL) If < is a total ordering defined by an NCL-formula, and (X; | i < n)
a sequence of sets in the domain of <, then there exists a permutation m of n such that
Xa(i) < Xg(j) for each i < j <n.

Proof: Define
1 X ] = Xi<XjV(Xi:Xj/\i§j).

It is easy to see that < is a total order on n. Put
o(i) :=card{k <n |k < i}.

Clearly i < j implies 0(i) < o(7). In particular, o is injective, hence it is a permutation by PHP.
We can thus define m = o0~!, and then i < j implies 7(i) < 7(j), which gives X, ;) < X,(;). O

3 Ajtai-Komlés—Szemerédi—Paterson network

In this section we will define in detail Paterson’s variant of the Ajtai—-Komlés—Szemerédi network.
We generally follow Paterson’s construction, but we had to disentangle the gradual way in which
he describes it: first, we learn the basic tree-like structure with idealized rational sizes; then it
is modified so that the bottom and top parts work out correctly; then it turns out that one tree
is not enough, and it is going to be split in many trees after some point; and finally, changes
throughout the whole construction are proposed to make all sizes integer rather than rational.
In contrast, we have to formalize (and therefore explicitly describe) the final network. We made
some inessential changes to facilitate the formalization.!
Before describing the sorting network proper, let us start with a few auxiliary structures.

Definition 3.1 Let D and 0 < ¢ < 1 be constants. An (e, D)-ezpander on m + m wvertices is
a bipartite graph G C m x m such that every vertex (in either partition) has degree at most
D, and for every k < m, every subset of one partition with more than €k vertices has at least
(1 — €)k neighbours in the other partition.

'For example, the last step (making sizes integer) of Paterson’s construction is actually incompatible with his
choice of the parameters of the network. He solves it by modification of what we denote Case 3 below so that
the splitting is applied not only to the root bag and cold storage, but to more levels on top of the tree. Since
this introduces an undesirable extra complication to the overall structure, we chose to solve it in another way,
namely by picking a different set of parameters. In general, we made no effort to optimize parameters and the
resulting constant in the size bound for the network, since we need the network for strictly theoretical purposes
where the values of these constants are irrelevant.
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From now on, we fix the first parameter ¢y of our sorting network, say ey = 1/600.

Assumption 3.2 There exists a constant D and a (parameter-free) NCL-function G(m) such
that VNCL proves: for all numbers m, G(m) is an (o, D)-expander on m + m vertices.

We fix D from Assumption 3.2 as our next parameter.

Definition 3.3 An gg-halver on m elements, where m is even, is a comparator network with m
inputs whose output is partitioned into two blocks (left and right) of size m /2 with the following
property: for each k < m/2, if a 01 input contains k zeros, then at most gk zeros get in the
right output block, and if the input contains k ones, then at most gk ones get in the left output
block.

Lemma 3.4 There is an NCL-function which, provably in VNCL, computes for any even m an
go-halver on m inputs of depth D?.

Proof: Let G be an (g¢, D)-expander on m/2 + m/2 vertices given by Assumption 3.2. For
each partition and each its vertex, we enumerate its outgoing edges by numbers ¢ < D. In
this way, every edge is labelled by a pair of numbers (i, j) € D x D. As different edges with
the same label are disjoint, the labelling defines a partition of the edges of G into D? partial
matchings, which we denote by {Gy | k¥ < D?}. We construct a comparator network on m
inputs as follows. We split the wires between any two adjacent layers into a left and right block
as in Definition 3.3, and we identify each block with the vertices of one partition of G. For each
k < D?, we include a layer of comparators corresponding to the edges in G} (with the higher
output of the comparator landing in the right block).

Consider an evaluation of the network on a 0-1 input, and a wire a from the left block. In
each layer of the network, the value of a is either unchanged, or it is replaced with the minimum
of the value of a and of a value of some wire in the right block, hence the value of a never
increases during the computation. Symmetrically, the value of a wire in the right block never
decreases. Let (a,b) € G. We have (a,b) € G}, for some k. After the kth layer, the value of wire
a is less that or equal to the value of wire b, and then the former can only decrease, and the
latter only increase, hence the relation is preserved. It follows that the output of the network
is compatible with G in the following sense: the output value of a wire a in the left block is less
that or equal to the value of a wire b in the right block whenever they are joined by an edge in
G.

Let there be k < m/2 zeros and m — k ones in the input (or in the output, for that matter),
and assume for contradiction that the right output block contains strictly more than egk zeros.
As G is an expander, the positions of these zeros are connected by an edge to at least (1 —eg)k
positions in the left block. By the compatibility property, the value of each of them is also zero,
hence the total number of zeros in the output is more than eok + (1 —eg)k = k, a contradiction.
The case of k ones in the input is symmetric. O

Definition 3.5 Let N be a comparator network with m+k inputs. A network N’ on m inputs is
constructed from N by chopping from left as follows. We pick k input wires (say, the wires with
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the smallest index), and mark them for deletion. If both inputs of a comparator are marked,
we mark both outputs as well. If only one input of a comparator is marked, we mark its lower
output. When we finish the marking, we delete all marked wires and comparators with both
inputs marked, and we replace each comparator with one marked input with a wire connecting
its unmarked input and output. (This is equivalent to the following operation: we expand the
m inputs with k virtual elements, we apply N while considering the virtual elements to order
below the real elements, and then we delete the virtual elements from output.) Chopping from
right is defined symmetrically.

Definition 3.6 Let € € [gg,1) be a rational constant, and m > [ > 0 be even integers. An
(l,e,e0)-separator on m elements is a comparator network N whose m outputs are partitioned
into four blocks, FL, CL, CR, FR (here L, R, C, and F stand for left, right, centre, and far,
respectively), of sizes card FL = card FR = [/2, card CL = card CR = (m — 1)/2, such that N
is an gp-halver with respect to the blocks L = FLU CL and R = FR U CR, and satisfies the
following additional property: for any k < 1[/2, if a 0—1 input contains k zeros, then at most ek
zeros are output outside FL, and if the input contains k ones, then at most €k ones are output
outside FR.

Lemma 3.7 Let p > 0 be an integer constant. There exists an NCL-function which, provably
in VNCL, computes an (I,(p + 1)eo, g0)-separator on m elements of depth (p + 1)D? for any
given even m and even | < m such that | > m27P.

Proof: 'We proceed by induction on p. (Notice that the induction is external, as p is standard.)
If p = 0, it suffices to take an eg-halver on m elements from Lemma 3.4. Let p > 0, and assume
that the statement is true for p — 1. We are given even m,[ such that 27Pm < [ < m. If
21=Pm < 1, we may simply use the induction hypothesis, hence we assume [ < 2'"Pm. We
distinguish two cases.

First, assume that p > 1, so that 2l < m. By the induction hypothesis, we obtain a
(21, peg, g)-separator on m inputs. We denote its output blocks by FL', CL';, CR', FR'. We
take an eg-halver H on [ elements. We apply H to FL', denoting its output blocks as FL (the
left one) and CL” (the right one), and symmetrically we apply a copy of H in parallel to FR’
obtaining CR"” and FR. We put CL = CL' U CL” and CR = CR' U CR”. Clearly the resulting
network is an gg-halver. Consider an input with k zeros, where k < [/2. Then k < 21/2, hence
at most pegk zeros land outside FL' by the induction hypothesis. There remain at most k < 1/2
zeros in FL', and H is a halver, thus at most gk zeros end up in CL”. In total, at most
(p + 1)egk zeros end up outside FL. The case of an input with k& ones is symmetric.

Finally, let p = 1, thus m/2 <1 < m. We construct our network as follows. First, we apply
an eg-halver on m elements, obtaining the blocks L and R. We fix an eg-halver H on [ elements.
We chop H from right to m/2 inputs, and apply it to L, denoting its left output block with
[/2 elements as FL, and its chopped right block as CL. Symmetrically, we chop a copy of H
from left to m/2 inputs, and apply it in parallel to R, obtaining FR and CR. Again, it is clear
that the network is an ep-halver. Consider an input with k zeros, where k < [/2. At most ke
zeros end up in R. We can simulate the effect of chopped H on L as follows: we extend the
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partial result in L with ones to [ elements, apply H, and discard the excessive ones from the
right block CL. The number of zeros in the extended input is thus still at most k& < 1/2, hence
at most gk zeros land in CL. In total, at most 2¢gk zeros end up outside FL, as required. The
case of an input with k ones is symmetric. ([

We now proceed to the description of the sorting network. Let n be the number of inputs.
We fix the parameters p =4, \g =277 =1/16,¢ = (p+1)gp = 1/120, A =1/8, A = 3, C = 150,
v=2MA+(1—-)N)/2A = 43/48, ¢;, = [—log2A/logr]| = 17. Without loss of generality, we
assume

n>C/v.

The sorting network consists of O(logn) stages, where the transition from one stage to the
next one is computed by a constant depth comparator network. In each stage, the n elements
are divided into a number of bags. Each bag is capable of accommodating a certain number of
elements, called its capacity, but some of the bags may actually hold fewer elements than its
capacity. The bags are organized in a subset of an ambient binary tree. All bags on the same
level of the tree have the same capacity. In stage t, bags with nonempty capacity only appear
at levels d such that d = ¢ (mod 2) and do(t) < d < di(t). (Note that we number stages and
levels of the tree starting from 0.) We will write just dy, d; if ¢ is understood from the context.
We label bags on level d by numbers i < 2¢ in the natural order from left to right (i.e., the
children of the ith bag on level d are the 2ith and (2¢ 4+ 1)th bags on level d + 1).

The level d; is called the bottom level, and it is the only one which may contain bags not
filled up to their full capacity. The level dg is the root level. The condition d > dy effectively
means that the structure consists of 2% disjoint trees with roots at the root level. Each of these
290 trees also has a cold storage attached to it, which is a special bag sitting outside the ambient
tree structure. Note that the roots of the trees may be empty, if do(t) #Z ¢t (mod 2). We label
the trees by numbers i < 2% in the left-to-right order, the same as their roots.

The parameters and sizes of various parts of the structure are as follows. For any ¢t <
c¢mllogn] and d < 2[logn], put

s'(t,d) = % (1 - (2A)d_21/t> .

(Notice that here and below, the exponentiation has a fixed base, and the exponent is bounded
by O(logn), hence the expression is definable by a well-behaved bounded formula in Ay C V°.)
We define

di(t) = max{d | (24)972 < v} = max{d | §'(t,d) > 0},
di(t) = dy(t) — ((di(t) — t) mod 2),
dy(t) = min{d | nA%' > C},
{dg(t) —1 ift>0,dy(t) > dy(t—1),ds(t—1) =t (mod 2),
do(t) = .
dp(t) otherwise.

As A>1> v, dy(t) are well-defined by a bounded formula, and d,(t) = O(t).
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There are n mod 2% trees of size (i.e., the number of elements it holds) [n27%], and 2% —
(n mod 2%) trees of size [n2~% |. These sizes are distributed so that the leftmost i trees have
total size |in27% |, thus the tree with label i has size

[n2=%7 if (in mod 2%) > ((i 4+ 1)n mod 2%),

) = | (i n2 %] — [in27%| =
T(t,i) = [(i+1)n27%] — [in2 % {WdoJ otherwise.

If d > dy and d =t (mod 2), each subtree rooted at level d has nominal capacity
s(t,d) = 2[s'(t,d)/2],

and actually holds max{0, s(¢,d)} elements. This means that the capacity of any bag at level d

1S

b(t,d) = s(t,d) —4s(t,d+2) ifdy<d<d;,d=t (mod2),
’ 0 otherwise,

and the number of elements it holds is

W, d) = s(t,d) ifd=dj,
’ b(t,d) otherwise.

Note that the capacity and actual content of each bag is even. The capacity (and content) of
cold storage is accordingly

(t.1) T(t,i) — s(t,dp) if dy =t (mod 2),
c(t,i) =
T(t,i) —2s(t,dp + 1) otherwise,

where i < 2% is the label of the tree.

We also define “ideal sizes” of the various parameters, which are rational numbers approxi-
mated by the real sizes. The ideal size of each tree is T"(t) = n2~%. We already know the ideal
subtree capacity §'(t,d). The ideal bag capacity is defined by

1
s'(t,d) —4s'(t,d+2) = (1 ) nAdt ifdyg <d<d;,d=t (mod 2),

442
0 otherwise,

V(t,d) =

and the ideal cold storage capacity is
1
4 A2

1
T'(t) — 28'(t,dp + 1) = ﬂnAdoz/t otherwise.

T'(t) — §'(t,dp) = nA%yt ifdy=t (mod 2),

d(t) =

Notice that dp(0) = d;(0) = 0, thus the structure at stage 0 consists of a single root bag
and the associated cold storage. We initialize the network by putting arbitrary s(0,0) elements
to the root bag, and the rest to the cold storage.
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Let t,, be the least t > 0 such that do(t) = di(t). We will see below (Lemma 4.4) that ¢,
exists, ty, < ¢p[logn], and T(ty,,i) is bounded by a constant. The stage t,, will be the last
regular stage of our network. After this stage, we sort each of the 2% constant-size trees using
a suitable constant-size sorting network, and stop.

We have to define the constant-depth network which makes the transition from stage t < t,,
to stage t + 1. A general overview is that we will apply a suitable constant-depth subnetwork
to each nonempty bag to split its content into a few parts, which we send to its parent and
children bags. Root bags will exchange elements with their cold storage instead of a parent.
Notice that when a bag is nonempty at stage ¢, then its children and parent are empty (except
for the cold storage), whereas the opposite holds at stage ¢t + 1. Now we describe the actual
network fragments. We have to distinguish several cases.

Case 1: we consider a nonempty bag B on level d such that dy < d < dy. If d = dy(t) >
di(t + 1), we send all of B to its parent. Otherwise, we use an (l,e,e)-separator of depth
(p+1)D? from Lemma 3.7 to split B into FL, CL, CR, and FR, where | = s(t,d)—2s(t+1,d+1).
We send CL to the left child, CR to the right child, and FL U FR to the parent.

Case 2: a nonempty root bag B, assuming dy(t) = do(t + 1). We apply a separator just like
in Case 1, except that we send FL U FR to the cold storage instead of B’s parent.

Case 3: aroot bag B of the ith tree, assuming do(t) # do(t+1). We will see in Lemma 4.2 that
do(t+1) = do(t) + 1, and b(t,dp) + ¢(t, ) is bounded by a constant. Note that dy(t) > do(t) + 2.
We merge the bag with its cold storage, and apply a constant-size sorting network to split it to
two pieces, L of size T'(t +1,2i) — 2s(t, do(t) +2), and R of size T'(t +1,2i + 1) — 2s(t, do(t) + 2),
so that each element of L is less than or equal to each element of R. We put arbitrary c(t+1, 27)
elements from L to the newly created cold storage of the left child of B, and send the rest of L
to the left child itself. We do the same with R and the right child.

Case 4: a cold storage. If dy =t (mod 2), we expand the storage with some elements sent
from its root bag, as described in Case 2, or merge it with the root bag and split it to children,
as described in Case 3. If dp # ¢ (mod 2) (which implies do(t) = do(t + 1), as we will see), we
send arbitrary s(t + 1,dy) — 2s(t,dp + 1) elements to the root bag.

We observe that the network is defined by an NC!-function F(n).

4 Analysis of the network

We first check that our definition of the various parameters of the network are sensible, and
that all sizes work out correctly when shuffling elements around.
We have already seen why dy and d; are well-defined.

Lemma 4.1 (in VNC})
() dit) < di(t+1) < di(t) + 1.
(ii) di(t+1) —di(t) = 1.

(iii) Ift >0, then dy(t) > 0.
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Proof:

(i): dy(t) < dj(t+1) is clear as v < 1. We have (24)1®~1 > 1=t hence (24)4 (1) > p=(t+1)
as A > v~! which implies dy(t + 1) < dy(t) + 2.

(ii): Since dj(t) — 1 < dyi(t) < d)(t), we obtain |di(t + 1) —
di(t) =t#t+1=di(t+1) (mod 2), hence |di(t+ 1) — di(t)| =

(iii): Since (24)° =1 < vt we have d}(t) > 2 and d(t) > 1. O

( )| < 2 from (i). However,

Lemma 4.2 (in VNC!)
(i) do(t) < dp(t+1) < dp(t) +
(i) do(t —1) < do(t) < dy(t).
(iii) do(t) < do(t +1) < do(t) +
(iv) Ifdo(t) < do(t+1), then do(t) = ¢ (mod 2), and b(t, do(t)) + c(t,i) < [C/v].

Proof:

(i) follows from v < 1 < Av as in the proof of Lemma 4.1.

(il): If do(t) # dy(t), then dfj(t) > dy(t — 1) and do(t) = df(t) — 1 by the definition.

(iii): We have dy(t) < dy(t) < do(t + 1) from (ii). do(t + 1) > dp(t) could only happen
if do(t) < dj(t) < dij(t +1) = do(t + 1). The former inequality implies do(t) = dy(t — 1) = ¢t
(mod 2), hence dj,(t) = dp(t)+1 =t+1 (mod 2), thus by the definition do(t+1) = dj(t+1)—1,
a contradiction.

(iv): If do(t) < dj(t), then do(t) = d'(t — 1) =t (mod 2). If dy(t) = dj(t), we must have
do(t+1) = dj(t + 1) > df(t), hence do(t) = dy(t) =t (mod 2).

Since do(t) < dj(t 4 1), we have nA%® 1+l < €| hence

b(t,do(t)) + c(t,i) = T(t,i) — 4s(t,do(t) +2) < T'(t) — 4s'(t,do(t) +2) + 1
=V (t,do(t)) + ¢ (t) +1=nA%O £ 1 <14 Cr7 L

O

Lemma 4.3 (in VNCL) If dy < d < di, d = t (mod 2), and i < 2%, then b(t,d) > 0 and
c(t,i) > 0.
Proof: Since do(t) > djj(t — 1), we have nA%vt=1 > C. As s(t,d) < §'(t,d) + 2, we obtain
b(t,d) = s(t,d) — 4s(t,d +2) > s'(t,d) — 4s'(t,d +2) —8 =V (t,d) — 8
1 d t 1 do, t 1
- —8>(1- — ot 8> (1- — —8>0.
(1 4A2>nAV 8_(1 4A2>TLAV 8> 11 Ve Cv—-—8>0

If dy =t (mod 2), we have

N . L do ¢ Cv

c(t,i) = T(t,i) — s(t,dy) > ' (t) — 3 = mA oyt —3> A2 3>0.

Similarly, if dg # ¢ (mod 2), then

Cv
. v o
c(t,z)>2A 5>0 O
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Lemma 4.4 (in VNCL) There exists
tm = min{t > 0 | do(t) = di(t)},

which satisfies t,, < cm[logn]. We have do(t) < di(t) for all 0 < t < t,,. Moreover,
di(t) < |logn] for allt < t,,, and T(t,,,i) < [C/v].

Proof: Put t = ¢, [logn] and d = d{j(t). As v > 2A, we have
C < TLAdI/t < nAd(QA)—[logn] < Ad—|'logn'|7
thus d > [logn] and 2¢ > n. This implies

1 C
d—2.t d. t
(2A)* v > Ve 2nA vt > Ve >1,

hence d} (t) < dj(t), and di(t) < do(t).
On the other hand, d;(0) =1 > dyp(0) = 0 from Lemma 4.1 and nv > C, hence there exists

tm = min{t > 0] dy(t) < do(t)} < emllogn].

We have do(t,, — 1) < di(tm — 1). By Lemmas 4.1 and 4.2 we obtain dy(t,,) = di(tm) unless
do(tm—l) = dl(tm), dl(tm—l) = do(tm) = dl(tm)—l—l. But thent,,—1 = do(tm— 1) = dl(tm) =
tm (mod 2), a contradiction.

As dy(ty,) = di(ty), we have

T(tm,i) = c(tm, 1) + $(tm, do) < c(tm, 1) + b(tm,do) < [C/V]

by Lemma 4.2. Finally, |n2-%0m) | = T(t,,,0) = s(tm, do(tm)) + c(tm,0) > 2 by Lemma 4.3,
hence d)(t) < di(tm) + 1 =do(tm) + 1 < [logn| for any t < t,,. O

The Lemma below implies, among others, that Case 4 makes sense.

Lemma 4.5 (in VNC1) If do(t+1) < d < dy(t) andd # t (mod 2), then s(t+1,d) > 2s(t,d+1).

Proof: We have

s(t+1,d) —2s(t,d+1) > s'(t+1,d) —25'(t,d+ 1) — 4

- % (1 A2t 1y (2A)d*1ut) 4
n d C

O

The following Lemma ensures that the ([, e, £g)-separator in Cases 1 and 2 is used correctly.

Lemma 4.6 (in VNCL) Let do(t) < d < di(t +1), d = t (mod 2), m = h(t,d), and | =
s(t,d) —2s(t+1,d+1). Then m >1> ml.
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Proof: Recall that b/(t,d) = (1 — (4A%) " )nA%t. Put I = s'(t,s) — 25'(t +1,d + 1). We have

V= (1= aya) -

5 n (1 - (2A)d_1ut+1> = D24yt 24y — 1)

2¢ -2
1 1

_oAdt 2 _ d oty _
If d = dy(t), then | < s(t,d) = m. Otherwise

m—1=2s(t+1,d+1)—4s(t,d+2)>0

by Lemma 4.5.
For the other inequality, we have
L> l _1_23(t+1,d+1)—43(t,d+2)>1_23(t+1,d+1)—4s(t,d+2)
m ~ b(t,d) s(t,d) —4s(t,d +2) s'(t,d) — 4s(t,d + 2)
_S'(t,d) —2s(t+1,d+ 1) - s(t,d) =25 (t+1,d+1)—4
- S(t,d) —4s(t,d+2) s'(t,d) — 4s'(t,d + 2)
I'—4 4
=—— > )\— > Xo-
vit,d =" (1—@A?)ow =7

The next Lemma shows that the splitting in Case 3 make sense.

Lemma 4.7 (in VNCL) Let t < t,, be such that do(t) < do(t + 1), and i < 2%®) Pyt
To = T(t+1,2i + a) — 2s(t,do(t) + 2) for a« = 0,1. Then xo + x1 = b(t,do(t)) + c(t,1)
and xo > c(t +1,2i + ).

Proof: As do(t + 1) = dp(t) + 1, we have
T(t+1,2) +T(t+ 1,2+ 1) = [(2i + 2)n2~ DU+ | _ | 2ip2~do(t+1)|
= (i + 1)n2" 00| — [in2= 0O | = 7(t, ).

Then clearly
b(t,do(t)) + c(t,i) = T(t,i) — 4s(t,do(t) + 2) = xo + 1.

Since do(t +1) =t + 1 (mod 2), we have
To —c(t+1,2i+ o) =s(t+1,do(t) + 1) — 2s(t,do(t) +2) > 0
by Lemma 4.5. O

Lemma 4.8 (in VNCL) Let t < ty,, do(t+1) < d < di(t+1),d=t+1 (mod 2). Then the
total number of elements sent from stage t to any bag of level d is h(t + 1,d). Ifi < odo(t+1)
the number of elements sent to the ith cold storage is c(t + 1,1).
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Proof: We start with the cold storage. If do(t) < do(t + 1), the cold storage gets c(t + 1,1)
elements by Case 3. Let thus dy(t) = do(t + 1). If dg Z ¢ (mod 2), there remain
c(tyi) — (s(t+1,do) — 2s(t,do+ 1)) = T(t,i) — s(t + 1,dp) = c(t + 1,14)
elements in the cold storage by Case 4. Otherwise, we get
c(t,i) + (s(t,do) —2s(t+1,do + 1)) =T(t,i) —2s(t + 1,do + 1) = c(t + 1,1)

elements by Case 2.
Now we turn to regular bags. First assume d > d;(¢), hence d = d;(t +1). We get

L(s(t,d—1) — (s(t,d— 1) — 2s(t + 1,d))) = s(t + 1,d) = h(t +1,d)

elements from the parent by Case 1 or 2. Let thus assume d < d;(t).
If d > do(t + 1), we obtain

$(b(t,d—1) — (s(t,d—1) —2s(t +1,d))) = s(t + 1,d) — 2s(t,d + 1)

elements from the parent by Case 1 or 2. If d = dp(t+1) = do(t), we get s(t+1,d) —2s(t,d+1)
elements from cold storage by Case 4. If d = do(t + 1) > do(t), we get

T(t+1,i) —2s(t,d+1) —c(t+1,i) = s(t +1,d) — 2s(t,d+ 1)
elements from splitting of the parent by Case 3. Thus, in all cases, the bag obtains
s(t+1,d) —2s(t,d+ 1)

elements “from above”.

If d = di(t+1), then we obtain s(¢,d+ 1) elements from each child by Case 1, hence we get
s(t+1,d) = h(t + 1,d) elements in total.

If d < di(t+1), then we cannot have d+ 1 = d;(t) > dy(t + 1). We thus obtain s(t,d+ 1) —
2s(t +1,d + 2) elements from each child by Case 1. We have

s(t+1,d) —2s(t,d+ 1)+ 2(s(t,d+ 1) —2s(t + 1,d + 2))
=s(t+1,d) —4s(t+1,d+2)=b(t+1,d) =h(t+1,d)

elements in total. O

Having checked that the network is coherently defined, we turn our attention to its behaviour
when evaluated. In order to simplify the analysis, we first consider the special case when the
input is a permutation of the sequence 0,...,n — 1 (the most important point being that the
inputs are pairwise distinct), and < is the usual ordering. We fix an evaluation of the network
on such input. (Strictly speaking, we only defined evaluation of a network on set inputs, not
number inputs. We can encode numbers k < n by sets in a straightforward way, e.g., by {k}.)

We associate with each bag B its natural interval in [0,n): the ith bag on level d in the
left-to-right order corresponds to the interval

I(d,i) = [[in27 %], [(i + L)n277]).
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An element x of the bag B whose value is outside I(d, 7) is called a stranger, and its strangeness
is defined as the smallest number j such that x belongs to the natural interval of B’s ancestor
on level d — j, i.e., I(d — j,[i277]). We let S;(t,d,i) denote the number of elements of B at
stage t of strangeness at least j. Let £(t) denote the NCl-formula which is the conjunction of
the following conditions:

(i) For every i < 2%, the values of all elements of the ith tree (including its cold storage) at
stage ¢ belong to I(do,1).

(ii) For every d,i,j such that dy < d < dy, i < 2%, and 0 < j < d — dp, we have
Si(t,d, i) < pé’b/(t, d),
where we put u = 10, § = 1/270.

Lemma 4.9 (in VNCL) If £(t) holds, then condition (i) of £(t + 1) also holds.

Proof: 1f dy(t) = do(t + 1), the conclusion is trivial, as element movements respect tree bound-
aries. Let us thus assume do(t + 1) = do(t) + 1, and denote dy = do(t) for short. Fix i < 29,
We know by £(¢) that all elements of the 2ith and the (2i+ 1)th tree at stage ¢+ 1, which come
from the ith tree at stage t, belong to I(dg,1) = I(dg + 1,2¢) UI(dp+ 1,2i + 1).

Consider d > dy such that d = t (mod 2), and 7 < 2¢ such that [i'2%~?] = 4. Note that
d > dy + 2. Since Ad < 1, we have

Sicao (1, d,1') < uS* Y (8, d) = 6™ AV (8, do) < (A8 (8, do)

= u(A5)? <1 — 4;2) nA%yt < u(A8)? <1 — 4;2) cr i<,

using &(t), and nA%y!*! < C| which follows from dy < djy(t+1). This means that every element
of the 7/th bag on level d at stage t has strangeness less than d —dy, i.e., it belongs to the interval
I(dy + 1, [i'2%F1=4]). On the other hand, these elements end up in the [i'2%*!=4|th tree at
stage t + 1, as required.

The remaining elements of the 2ith and (2i 4 1)th tree at stage t+ 1 come from the root and
cold storage of the ith tree at stage t. We know from above that there are exactly 2s(¢, dy + 2)
elements of I(dp+1,2¢) and 2s(t, dyp+2) elements of I(dp+1,2i+1) in the rest of the ith tree at
stage t. Since I(dp+1,2¢) and I(dyo+1,2i+1) have T'(t+1, 2i) and T'(t+1, 2i+1) elements in total,
respectively, the root and cold storage of the ith tree at stage ¢ contain T'(t+ 1, 2i) —2s(t, dp +2)
elements of I(t+1,2i), and T'(t+1,2i+ 1) — 2s(¢,dp + 2) elements of I(t+1,2i+1). By Case 3
of the definition of the network, we send the smallest T'(¢+ 1, 2i) — 2s(¢, dp +2) of these elements
to the 2ith tree at stage ¢t + 1, and the largest T'(t + 1,2i + 1) — 2s(¢,dp + 2) elements to the
(2i + 1)th tree. As elements of I(¢+1,2i) are smaller than elements of I(t+1,2i+ 1), all these
elements end up in the correct tree. O

Lemma 4.10 (in VNCL) If £(t) holds, do(t +1) < d < di(t+1), d=t+1 (mod 2), i < 29,
and 2 < j < d—do(t+1), then S;(t+1,d,i) < ud’d'(t + 1,d).
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Proof: Note that do(t + 1) < d — 1. Denote by B the ith bag on level d. Elements of B of
strangeness j or more at stage t + 1 come from two sources: elements of B’s children at stage ¢
of strangeness at least j + 1, and elements of B’s parent at stage ¢ of strangeness at least j — 1,
both using Case 1 of the definition of the network.

Using £(t), the number of elements of B’s children with strangeness j + 1 or more is at most

(3) 2u6 TN (t,d 4 1).
Let P be B’s parent. The number of elements of P of strangeness j — 1 or more at stage t is
k=S 1(t,d—1,]i/2]) < p&? 1 (t,d - 1).

Let a be the number of elements of P whose value is smaller than z, and b the number of
elements of P whose value is at least y, where I(d — j, |i277|) = [z, %), so that a + b = k. Put

Il=s(t,d—1)—2s(t+1,d).

By Case 1, we apply to P’s content an (I, €, gg)-separator S, and send the part CLU CR of its
output to B.

Notice that ¢'(t,d — 1) > (1 — (4A%)~!)Cv by the proof of Lemma 4.3. Using the proof of
Lemma 4.6, we obtain

1>§'(t,d—1)—2s'(t+1,d) —4=\N(t,d—1)—4

> </\ o= (41442)1)01/> Wt d—1) > 20 b (td— 1) > 2k,
hence a,b <1/2. Let F(u) € {0,1} be defined by F(u) = 1 iff w > =. The application of F' to
the elements of P gives a 0—1 sequence with a zeros. If we evaluate S on this input, at most €a
zeros end up outside FL by Definition 3.6. Using Lemma 2.4, the application of S to P sends at
most €a elements smaller than z to CLU CRU FR. By a similar argument, at most b elements
greater than or equal to y end up in CLU CR U FL. In total, the number of elements outside
I(d— j,|i277]) sent from P to B is at most

(4) ca+eb=ck <epd 1 (t,d—1).

Putting (3) and (4) together, we see that at stage t + 1, B contains at most

. . 2A : :
2u67 N (t,d + 1) + epd” M (t,d — 1) = (V(S + A€(51/> pd?V'(t +1,d) < pd’b'(t +1,d)

elements of strangeness j or more. O

Lemma 4.11 (in VNCL) If&(t) holds, do(t+1) < d < di(t+1), d =t+1 (mod 2), and i < 2,
then S1(t+1,d,1) < pdb'(t + 1,4d).
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Proof: Let B be the ith bag on level d, P its parent, and B’ its sibling. Let i’ =i + (—1)’ be
the label of B, and put I = I(d,i), I' = I(d,).

Strangers in B at stage t + 1 come from two sources: elements of strangeness at least 2 in
B’s children at stage t, of whom there are at most

(5) 2ud?V (t,d + 1) = 2Aud>V (¢, d),

and elements of P at stage t sent downwards to B which are either strangers in P, or belong
to I'.
The number of elements of the subtree below B’ at stage ¢t which do not belong to I’ is

di—d 27 (i'+1)— di—d
Z > Sj+1(t7d+j,i) <) Ppd A (t,d)
7=274/ J=1
J Odd j odd
(d1—d—1)/2
=24p0%0 (t,d) Y (245)F
k=0
2 Apd?
< T’fwb’(t,d) = ab/(t,d).

This subtree thus contains at least 2s(t,d + 1) — ab(t, d) elements of I’, hence P contains

r <cardI' —2s(t,d+ 1) + b/ (t,d) < 1+ b/ (t,d) + % —25'(t,d+1)

n 2A
=1 / 72Ad1t_1 e /
+ab(t,d)+2d( ) +< +4A2_1>b(t,d)

elements of I’. P also contains

@b’(t, d)

< / 1) =
y+z<pudb(t,d—1) T

strangers, where y is the number of elements below min(7/ U I’), and z the number of elements
above max(I U I").

Assume that 7 is even (i.e., I < I'); the other case is symmetric. Remember that we apply
a (l,&,e0)-separator (hence an eg-halver) to P, and send the content of CL to B. Let ¢ be the
element of P which splits it in half, i.e., there are %b(t,d — 1) elements of P greater than c.
Define F'(u) € {0,1} by F(u) = 1 iff u > c. By Definition 3.3 and Lemma 2.4, there are at most
(e0/2)b(t,d — 1) elements of P greater than ¢ which end up in FL U CL. Furthermore, there
are at most maX{O, T+ z— %b(t, d— 1)} elements greater than max I below ¢, and y elements
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smaller than min I. The total number of elements outside I in CL is thus bounded by

y+max{0,:v—|—z—%b(t,d—l)}—l—%obtd—l)
<
_1+(oz+4A21 )

<

<5+ (a+ pr )
2A 1-5)

_5+< T T )b(td)
1 ué € 5 ,

< - 44 =0

= <O‘+ 2A@AT—1) " A Taat (= (4A2)1)A0y> vt d),

as b'(t,d — 1) > (1 — (44%)71)Cv by the proof of Lemma 4.3. Combining this with (5), we see
that the number of strangers in B at stage t + 1 is at most

Obt,d—1)

O(t,d—1)

[—4A%? T oA(A 1) T A ﬂ T @A Aoy

< pdv b (t,d) = pd b’ (t +1,d).

2
< 2440 - Ho > + 2Au52> v (t, d)

O

Theorem 4.12 Under Assumption 3.2, there exists an NCL-function N(n), and a constant c
such that VNCL proves the following:

For every n > 0, N(n) is a comparator network on n inputs of depth at most clogn. If < is
a total ordering defined by an NCLl-formula, and (X; | i < n) a sequence of sets in the domain
of <, then there exists a permutation © of n such that eval(N(n), <, X) = (Xr@) i <n), and
Xy < Xp(j) for every i < j <n.

Proof: 1f n < C/v, we let N(n) be any sorting network on n inputs, otherwise we define N(n)
as the network described in Section 3. Clearly, N(n) is a comparator network on n inputs of
depth at most ¢,,(p 4+ 1)D?[logn] + O(1).

First, let X be a permutation of (0,...,n — 1), and < the usual ordering. For every ¢ < t,,,
&(t) implies £(t+1) by Lemmas 4.9, 4.10, and 4.11, and £(0) holds trivially. Using induction, we
obtain &(t,,). By condition (i), each of the 290 constant-size trees at stage t,, contains elements
of its corresponding subinterval of [0, n), hence after the final application of sorting subnetworks
on the trees, the result is fully sorted.

In the general case, we pick a permutation 7 on n such that X ;) < X ;) for each i < j
by Lemma 2.6. Put z; = 7~ '(i), and F(i) = X,(;. Clearly F(¥) = X, and eval(N(n), <, &) =
(0,...,n — 1) by the first part of the proof, hence eval(N(n),<,X) = (F(0),...,F(n—1)) =
(Xr@y | i < n) by Lemma 2.4. O
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5 Monotone sequent calculus

The monotone sequent calculus MLK is the fragment of the usual Gentzen propositional sequent
calculus LK where we allow only sequents consisting of monotone formulas, i.e., propositional
formulas built using the connectives {A,V, L, T}. The calculus thus uses structural rules, the
initial rule (axiom), the cut rule, and left and right introduction rules for A, v, L, and T. Its
introduction was originally motivated by results in circuit complexity [156, 9] showing exponen-
tial lower bounds on the size of monotone circuits; the hope was that these can be transformed
to an exponential separation between MLK and LK. Atserias, Galesi, and Pudlék [14] proved
that this is not the case, as MLK quasipolynomially simulates LK:

Theorem 5.1 ([14]) A monotone sequent in n variables which has an LK -proof of size s has
also an MLK -proof of size s?Mn@0ogn) yith sOM) lines. O

It remains an open problem (called the Think Positively Conjecture by Atserias [12]) whether
we can improve this quasipolynomial simulation to a p-simulation, i.e., whether there exists a
polynomial-time algorithm transforming an LK-proof of a monotone sequent to an MLK-proof
of the same sequent. Atserias, Galesi, and Pudlédk [14] suggested the following approach to
attack the problem, relying on a construction of suitable monotone formulas for the threshold
functions

0" (o, ..., xpn—1) =1 < card{i | z; =1} > m.

Theorem 5.2 ([14]) Assume that there are monotone formulas T} (po, . .., pn—1) form < n+1

such that the formulas

(6) T(;l(p(b SR apnfl)
(7) - 7?+1(p07 cee 7pn—1)
(8) TTZ(]?(], -y Pk—1, J—>pk+la LR 7pn—1) — Ty?q,-‘,—l(p()a <oy DE—1, Tvkarla < 7pn—1)

for m < n, k < n have LK -proofs constructible in time nPW . Then MLK p-simulates LK -

proofs of monotone sequents. O

A remarkable feature of Theorem 5.2 is that in the conclusion we construct MLK-proofs from
LK-proofs, nevertheless in the assumption we only require the existence of LK-proofs. This
significantly broadens the range of methods admissible for proving (6)—(8), and in particular,
we can use propositional translations of proofs in bounded arithmetic.

Recall that the sequent calculus LK is p-equivalent to Frege systems: these are proof systems
given by a sound and implicationally complete finite set of rules of the form ¢, ..., v, /p, such
that a Frege proof of ¢ is a sequence of formulas ending with ¢ where each formula is derived from
previous formulas by a substitution instance of a basic rule. As shown in §V.5, NCl-formulas
provable in VNC! translate to families of propositional tautologies with polynomial-time Frege
proofs. The translation works as follows. For each NCl-formula ¢(x1,...,z,, X1,..., Xs) (ie.,
RS Z(J)B(Lmi)) and natural numbers nq,...,n,,mi,...,ms, we define a propositional formula

[[90('%7 X)]] iﬁi(pl,ﬂv o 7p1,m1—17 o 7p5,07 cee 7ps,ms—1)-
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Let Xi,...,Xs be sets such that |X;| < m;, and let X} denote the propositional assignment
which gives the value 1 to the variable p; ;, iff £ € X;. Then the translation satisfies

(%) [e]am(X, ..., Xs) =1 NE o7, X).

In particular, if (the universal closure of) ¢ is valid in N, then [¢] 7 is a sequence of tautologies.
The translation of compound formulas is defined by

[ o Ylam = [elam o [¥]am, o€ {A,V,},
t

[Bz < telam = ([z < tlkam A lelkam)s
o <be (7517)

Vo <tolsm = ([x <tk mm — [€]kmm),
k<be (7,7)

where by is a suitable Lo-term such that (77, X) < by(, ) whenever |X;| < m; for each i. The
definition of [¢] for atomic formulas ¢ is more tedious and involves translation of terms as well
as formulas, but it proceeds in a more-or-less expected way, we refer the reader to §V.5 for
details.

Theorem 5.3 (Thm. V.5.2) If ¢ is an NCL-formula such that VNCL & o, then the tautologies
[¥lsm have Frege proofs constructible in time poly (7, ). O

Sorting a 0—1 input amounts to counting the number of ones, hence the AKS network eval-
uated on a 0-1 input gives monotone circuits for threshold functions of logarithmic depth,
which can be unwinded into polynomial-size formulas. (We mention here that there is also an
elegant simple construction of monotone polynomial-size formulas for threshold functions by
Valiant [175]. Unfortunately, this construction is probabilistic, hence it does not give concrete
formulas with any hope of being formalizable by short Frege proofs.) Since fundamental proper-
ties of the network are provable in VNC}, we can use Theorem 5.3 to construct polynomial-time
Frege proofs of (6)—(8). We proceed with the details.

Let N(n) be the NCl-function computing a log-depth sorting network as in Theorem 4.12.
Let ¢(n, e, f, h,1) be an NCl-formula expressing that there exists a comparator in N(n) whose
input edges are e, f, and whose higher and lower output edges are h and [, respectively. Using
Lemma 2.3, there is an NC!-formula t(n, e, X) expressing that edge e in N (n) evaluates to 1 on
a 0-1 input X. Finally, let x(n,i, X) denote the NC!-formula i € eval(N(n), <, X). We define
a monotone propositional formula A,, . for each edge e of N(n) as follows. If e is the outgoing
edge of the ith input node, we put

An,e = Di-

If p(n,e, f,h,l), we define

An,h = An,e \ An,f;
An,l = An,e VAN An,f‘
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Notice that the depth of A, . is the depth of e in N(n), which is bounded by O(logn), thus
A e has polynomial size. If 0 < m < n, and e is the incoming edge of the (n — m)th output
node of N(n), we put

Th = Ape.
We also define
5 =T.

Lemma 5.4 There are polynomial-time Frege proofs of the formulas
Ty < [m < card X, p.
Proof: As VNC'! proves the formula

a =g, e f,h1) = [((n,h, X) < o(n, e, X) Vi(n, f, X))
A W(n, 1, X) < p(n, e, X) A(n, f, X)),

its translation [y e f,h1,n has polynomial-time Frege proofs. If e, f, h, [ are the respective input
and output edges of a comparator in N(n), then [¢], c fn is a true Boolean sentence, hence it
has a polynomial-time Frege proof. We obtain proofs of the formulas

Hw]]n,h,n A [[w]]n,e,n \ Hw]]n,f,na
[[T;Z)]]n,l,n < [[w]]n,e,n A [[@b]]n,f,n-

If e is the outgoing edge of the ith input node in N(n), and f is the incoming edge of the ith
output node, we can similarly construct proofs of

[[wﬂn,e,n < Diy
[[lﬂ]n,fm A [[X(na i, X)]]n,i,n-

Then we can construct proofs of

An,e A [W’]]n,e,n

by induction on the depth of e, and we derive
75, < IXlnn—mn
for 0 < m < n. By Theorem 4.12 and the proof of Lemma 2.6, VNC. proves
| X| <n—(x(n,i,X) < card X >n —1).
As there are short proofs of [|X| < n],,, we obtain short proofs of

[[X]]n,nfm,n <~ [[C&I‘dX > m]]m,na
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and we conclude
Ty < [card X > m]mn

for 0 <m < n. The cases m = 0 and m = n + 1 follow from translation of the formulas

card X > 0,
| X| <n— —(card X >n+1),

provable in VNC1. (]

Theorem 5.5 Under Assumption 3.2, the monotone sequent calculus MLK p-simulates LK -
proofs of monotone sequents.

Proof: In view of Theorem 5.2, it suffices to construct polynomial-time Frege proofs of (6)—(8)
for the formulas T? defined above. (6) and (7) are trivial. VNC! proves

Vu<n(uz#kAX(u)—=YWw))A-XE)AYE)AY]|<n
— (m<cardX - m+1<cardY),

thus its (slightly simplified) propositional translation

A\ Bu = @) A=pi A i = ([ < card X () — [ < card X1 n(9)

u<n

u#k

for n € w, m < n, and k < n has poly-time constructible Frege proofs. We substitute L for pg,
T for g, and p, for q,, u # k, in the proof. We obtain

II’LL S CardXﬂm,n<p07 co s Pk—1, J—7pk+17 o 7pn—1)
— [[’LL < CardX]]m+l,n(p07 ce oy Pe—1, Tapk—‘rlv s 7pn71)a
from which we derive
Trz(p(]: -y Pk—1, J—7pk+17 R 7pn—1) — Ty?@-t,-l(p()a <oy DE—1, Tvkarl’ o 7pn—1)

using Lemma 5.4. U

6 Open problems
The main problems we left open were already mentioned:
Problem 6.1 [Is Assumption 3.2 valid?

Problem 6.2 Does MLK p-simulate LK on monotone sequents?

We also touched a problem of a more computational nature: as mentioned in the Introduc-
tion, the reason for using VNC! instead of VNC! is that we do not know whether the AKS
network is sufficiently uniform. In the most important 0—1 case, we can formulate it as the
following problem in circuit complexity.
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Definition 6.3 A language L C {0, 1}* belongs to uniform monotone NC! (mNC! for short) if
it satisfies any of the following conditions, which can be shown equivalent by a straightforward

adaptation of the arguments by Ruzzo [162]:

(i) L is computable by a log-time alternating Turing machine whose input queries are re-
stricted so that they force the machine to halt with the same result as the queried input
bit.

(ii) L is computable by a Ug-uniform sequence of log-depth bounded fan-in monotone circuits.
(iii) L is computable by a Ug+-uniform sequence of log-depth bounded fan-in monotone circuits.

(iv) L is computable by a sequence of log-depth monotone formulas, ALOGTIME-uniform in
the usual infix notation.

Problem 6.4 Is MAJORITY in mNC!?

As is, the AKS network only seems to provide Up+-uniform circuits for MAJORITY (where Up-
is to Up as Ug~ is to Ug).
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Chapter VII

Root finding with threshold circuits

Abstract

We show that for any constant d, complex roots of degree d univariate rational (or Gaus-
sian rational) polynomials—given by a list of coefficients in binary—can be computed to a
given accuracy by a uniform TC algorithm (a uniform family of constant-depth polynomial-
size threshold circuits). The basic idea is to compute the inverse function of the polynomial
by a power series. We also discuss an application to the theory VT'C° of bounded arithmetic.

1 Introduction

The complexity class TC? was originally defined by Hajnal, Maass, Pudldk, Szegedy, and
Turdn [87] in the nonuniform setting, as the class of problems recognizable by a family of
polynomial-size constant-depth circuits with majority gates. It was implicitly studied before
by Parberry and Schnitger [141], who consider various models of computation using thresholds
(threshold circuits, Boltzmann machines, threshold RAM, threshold Turing machines). The im-
portance of the class follows already from the work of Chandra, Stockmayer, and Vishkin [50],
who show (in today’s terminology) the TC’-completeness of several basic problems (integer
multiplication, iterated addition, sorting) under ACY reductions. Barrington, Immerman, and
Straubing [19] establish that there is a robust notion of fully uniform TC?. (We will use TC?
to denote this uniform TC?, unless stated otherwise.)

We can regard TC® as the natural complexity class of elementary arithmetical operations:
integer multiplication is TC-complete, whereas addition, subtraction, and ordering are in
AC® C TC®. The exact complexity of division took some time to settle. Wallace [177] con-
structed division circuits of depth O((logn)?) and bounded fan-in (i.e., NC?). Reif [158] im-
proved this bound to O(logn loglogn). Beame, Cook, and Hoover [25] proved that division,
iterated multiplication, and exponentiation (with exponent given in unary) are TC%reducible
to each other, and constructed P-uniform TC? circuits for these problems. Chiu, Davida, and
Litow [52] exhibited logspace-uniform TCP circuits for division, showing in particular that di-
vision is computable in L. Finally, Hesse, Allender, and Barrington [90] proved that division
(and iterated multiplication) is in uniform TCP.

Using these results, other related problems can be shown to be computable in TCY, for
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example polynomial division, iterated multiplication, and interpolation. In particular, using
iterated addition and multiplication of rationals, it is possible to approximate in TC? functions
presented by sufficiently nice power series, such as log, exp, 21k and trigonometric functions,
see e.g. Reif [158], Reif and Tate [159], Maciel and Thérien [126], and Hesse, Allender, and
Barrington [90].

Numerical computation of roots of polynomials is one of the oldest problems in mathematics,
and countless algorithms have been devised to solve it, both sequential and parallel. The
most popular methods are based on iterative techniques that successively derive closer and
closer approximations to a root (or, sometimes, to all the roots simultaneously) starting from a
suitable initial approximation. Apart from the prototypical Newton—Raphson iteration, there
are for instance Laguerre’s method [151, §9.5], Brent’s method [151, §10.3], the Durand-Kerner
method [75, 112], the Jenkins—Traub algorithm [92], and many others. One can also reduce root
finding to matrix eigenvalue computation, for which there are iterative methods such as the QR
algorithm [84]. Another class of root-finding algorithms are divide-and-conquer approaches: the
basic idea is to recursively factorize the polynomial by identifying a suitable contour (typically,
a circle) splitting the set of roots roughly in half, and recovering coefficients of the factor whose
roots fall inside the contour from the residue theorem by numerical integration. Algorithms of
this kind include Pan [137], Ben-Or, Feig, Kozen, and Tiwari [26], Neff [130], Neff and Reif [131],
and Pan [138], see Pan [139] for an overview. These algorithms place root finding in NC: for
example, the algorithm of [138] can find n-bit approximations to all roots of a polynomial
of degree d < n in time O((logn)?(logd)?) using O(nd?(loglogn)/(logd)?) processors on an
EREW PRAM. (More specifically, Allender [7] mentions that root finding is known to be in the
#L hierarchy, but not known to be in GapL.)

The purpose of this paper is to demonstrate that in the case of constant-degree polynomi-
als, we can push the complexity of root finding down to uniform TC? (i.e., constant time on
polynomially many processors on a TRAM, in terms of parallel complexity), as in the case of
elementary arithmetical operations. (This is clearly optimal: already locating the unique root
of a linear polynomial amounts to division, which is TC%hard.) As a corollary, the binary ex-
pansion of any algebraic constant can be computed in uniform TC? when given the bit position
in unary. Our primary interest is theoretical, we seek to investigate the power of the complex-
ity class TC?; we do not expect our algorithm to be competitive with established methods in
practice, and we did not make any effort to optimize parameters of the algorithm.

The basic idea of the algorithm is to express the inverse function of the polynomial by a
power series, whose partial sums can be computed in TC? using the results of Hesse, Allender,
and Barrington [90]. We need to ensure that coefficients of the series are TC’-computable, we
need bounds on the radius of convergence and convergence rate of the series, and we need to find
a point in whose image to put the centre of the series so that the disk of convergence includes
the origin. Doing the latter directly is in fact not much easier than approximating the root in
the first place, so we instead construct a suitable polynomial-size set of sample points, and we
invert the polynomial at each one of them in parallel.

We formulated our main result in terms of computational complexity, but our original moti-
vation comes from logic (proof complexity). The bounded arithmetical theory VTC? (see Cook
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and Nguyen [68]), whose provably total computable functions are the TC? functions, can define
addition, multiplication, and ordering on binary integers, and it proves that these operations
obey the basic identities making it a discretely ordered ring. The question is which other proper-
ties of the basic arithmetical operations are provable in the theory, and in particular, whether it
can prove induction (on binary integers) for some class of formulas. Now, it follows easily from
known algebraic characterizations of induction for open formulas in the language of ordered
rings (IOpen, see Shepherdson [164]) and from the witnessing theorem for VT'C° that VTC°
proves IOpen if and only if for each d there is a TCY root-finding algorithm for degree d poly-
nomials whose soundness is provable in VTC?. Our result thus establishes the computational
prerequisites for proving open induction in VT'C?, leaving aside the problem of formalizing the
algorithm in the theory. Since the soundness of the algorithm can be expressed as a universal
sentence, we can also reformulate this result as follows: the theory VT'CY + Thvzgf’ (N) proves
10pen.

The paper is organized as follows. In Section 2 we provide some background in the relevant
parts of complexity theory and complex analysis. Section 3 contains material on inverting
polynomials with power series. Section 4 presents our main result, a TC? root-finding algorithm.
Finally, in Section 5 we discuss the connection to bounded arithmetic.

2 Preliminaries

A language L is in nonuniform TCY if there is a sequence of circuits C,: {0,1}" — {0,1}
consisting of unbounded fan-in majority and negation gates such that C),, computes the charac-
teristic function of L on strings of length n, and C), has size at most n¢ and depth ¢ for some
constant c.

L is in (uniform) TC?, if the sequence {C), : n € w} is additionally DLOGTIME-uniform
(Up-uniform in the terminology of Ruzzo [162]): i.e., we can enumerate the gates in the circuit
by numbers i < n°(1) in such a way that one can check the type of gate i and whether gate i
is an input of gate j by a deterministic Turing machine in time O(logn), given n,i,j in binary.
There are other equivalent characterizations of TC®. For one, it coincides with languages
recognizable by a threshold Turing machine [141] in time O(logn) with O(1) thresholds [6].
Another important characterization is in terms of descriptive complexity. We can represent a
string x € {0,1}" by the first-order structure ({0,...,n — 1}, <, bit, X'), where X is a unary
predicate encoding the bits of x. Then a language is in TC? iff its corresponding class of
structures is definable by a sentence of FOM (first-order logic with majority quantifiers). We
refer the reader to [19] for more background on uniformity of TCP.

In some cases it may be more convenient to consider languages in a non-binary alphabet 3.
The definition of TCY can be adapted by adjusting the input alphabet of a threshold Turing
machine, or by considering more predicates in the descriptive complexity setting. In the original
definition using threshold circuits, the same can be accomplished by encoding each symbol of
> with a binary substring of fixed length. We can also define TCY predicates with more than
one input in the obvious way.

A function f: {0,1}* — {0,1}* is computable in TC? if the length of its output is polyno-



194

mially bounded in the length of its input, and its bitgraph is a TC? predicate. (The bitgraph
of f is a binary predicate b(x, ) which holds iff the ¢th bit of f(z) is 1.) In terms of the original
definition, this amounts to allowing circuits Cy, : {0,1}™ — {0,1}™") where m(n) = n®®. TC?
functions are closed under composition, and under “parallel execution”: if f is a TC function,
its aggregate function g((xo,...,Zm-1)) = (f(x0),..., f(zm_1)) is also TC®. We note in this
regard that TC® functions can do basic processing of lists

Lo, L1y Tm—1

W

where “” is a separator character. Using the fact that TC® can count commas (and other
symbols), we can for instance extract the ith element from the list, convert the list to and from
a representation where each element is padded to some fixed length with blanks, or sort the list
according to a given TC® comparison predicate.

We will refrain from presenting TCY functions in one of the formalisms suggested by the
definitions above: we will give informal algorithms, generally consisting of a constant number of
simple steps or TC? building blocks, sometimes forking into polynomially many parallel threads.
The reader should have no difficulty convincing herself that our algorithms are indeed in TCP.

We will work with numbers of various kinds. Integers will be represented in binary as usual,
unless stated otherwise. As we already mentioned in the introduction, elementary arithmetical
operations on integers are TCY functions: this includes addition, subtraction, ordering, multi-
plication, division with remainder, exponentiation (with unary exponents), iterated addition,
iterated multiplication, and square root approximation. Here, iterated addition is the function
(0, .+, Tm—1) = Y icm Ti, and similarly for multiplication. Notice that using iterated mul-
tiplication, we can also compute factorials and binomial or multinomial coefficients of unary
arguments. Base conversion is also in TCY.

Rational numbers will be represented as pairs of integers, indicating fractions. We cannot
assume fractions to be reduced, since integer ged is not known to be TCY-computable. Using
integer division, we can convert a fraction to its binary expansion with a given accuracy (the
opposite conversion is trivial). Rational arithmetic is reducible to integer arithmetic in the
obvious way, hence rational addition, subtraction, ordering, multiplication, division, exponen-
tiation (with unary integer exponents), iterated addition, iterated multiplication, and square
root approximation are in TCO.

In lieu of complex numbers, we will compute with Gaussian rationals (elements of the field
Q(4)), represented as pairs of rationals a+ib. By reduction to rational arithmetic, we can see that
addition, subtraction, complex conjugation, norm square, norm approximation, multiplication,
division, and iterated addition of Gaussian rationals are in TCY. Using the binomial theorem,
exponentiation with unary integer exponents is also in TCY. (In fact, iterated multiplication of
Gaussian rationals is in TC? using conversion to polar coordinates, but we will not need this.)

We will need some tools from complex analysis. We refer the reader to Ahlfors [2] or
Conway [59] for background, however, we review here some basic facts to fix the notation.
A function f: U — C, where U C C is open, is holomorphic (or analytic) in U if f'(a) =
lim, (f(2) — f(a))/(z — a) exists for every a € U. The set of all functions holomorphic in U
is denoted H(U). Let B(a,r) := {z : |z —a| < r} and B(a,7) := {2z : [z —a| < r}. If fis
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holomorphic in the open disk B(a, R), it can be expressed by a power series

f(2) =) culz—a)"
n=0

on B(a, R). More generally, if f is holomorphic in the annulus A = B(a, R) \ B(a,r), 0 <r <
R < 00, it can be written in A as a Laurent series

400
f2)= ) ealz—a)
n—=—oo
We denote the coefficients of the series by [(z — a)"]f := ¢n. (Other variables may be used
instead of z when convenient.) The residue of f at a is Res(f,a) := [(z — a)~!]f. When a = 0,
we write just [2"]f and Res(f), respectively. The coefficients of a Laurent series are given by
Cauchy’s integral formula:

T 2mi

n 1 f(z
(C-alf = [ Lot

where «y is any closed curve in A whose index with respect to a is 1 (such as the circle y(t) =
a+0e?™ r < o0 < R). The identity theorem states that if f, g are holomorphic in a region (i.e.,
connected open set) U and coincide on a set X C U which has a limit point in U, then f = g.
The open mapping theorem states that a nonconstant function f holomorphic in a region is an
open mapping (i.e., maps open sets to open sets).

If X CC and a € C, we put dist(a, X) = inf{|z —al| : z € X}.

We will also need some easy facts on zeros of polynomials. Let f € Clz| be a degree d
polynomial, and write f(z) = Z;l:o ajx’. Cauchy’s bound [180, L. 6.2.7] states that every zero
a of f satisfies

[0l < |o §1+maxM.
o] + max la] i<d |aq|

Let f,g € (Q(i))[x] be two polynomials of degrees d,e (resp.), and assume f(a) = g(5) = 0,
a# B.If f,g € (Z[i])[z], we have

1
24 flloo)<llgllg”

where || f||, denotes the L,-norm of the vector of coefficients of f [180, §6.8]. In general, we can

(1) lo — 8| >

apply (1) to the polynomials rf and sg, where r is the product of all denominators appearing
among the coefficients of f, and similarly for s. If we represent f and g by the lists of their
coefficients, which are in turn represented by quadruples of binary integers as detailed above,
we obtain easily the following root separation bound:

Lemma 2.1 For each j = 0,1, let f; € (Q(i))[z] have degree d; and total bit size nj, and
assume fj(a;) = 0. If g # a1, then

’CVO _ 051’ > 2—(d1no+d0n1) > 9 nom 0
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3 Inverting polynomials

As already mentioned in the introduction, the main strategy of our algorithm will be to approx-
imate a power series computing the inverse function of the given polynomial f. In this section,
we establish the properties of such series needed to make the algorithm work.

The basic fact we rely on is that holomorphic functions with nonvanishing derivative are
locally invertible: i.e., if f € H(U) and a € U is such that f'(a) # 0, there exist open
neighbourhoods a € Uy C U and f(a) € Vy such that f is a homeomorphism of Uy onto
Vo, and the inverse function g = (f [ Up) ™! is holomorphic in V. In particular, g is computable
by a power series in a neighbourhood of f(a).

Notice that local inverses of holomorphic functions are automatically two-sided: if f € H(U),
ge HV),acU,beV, g(b) =a, and f(g(z)) = z in a neighbourhood of b, then g(f(z)) = 2
in a neighbourhood of a.

The coefficients of the power series of an inverse of a holomorphic function are given by the
Lagrange inversion formula [58, §3.8, Thm. Al:

Fact 3.1 Let fe HU),ge H(V), fog=idy,a=g(b) €U, b= f(a) €V, n>0. Then

[(w—0b)"]g(w) = %Res <(f(z)1—b)"’ a> . O

We can make the formula even more explicit as follows. First, the composition of two power
series is given by Faa di Bruno’s formula [58, §3.4, Thm. A], which we formulate only for
a = b = 0 for simplicity:

Fact 3.2 Let f€ H(U), g H(V), g(0)=0€ U, f(0)=0€V,n>0. Then

[2"](go f) = Z <m§7z’;n,j] . ) [wzg' milg H ([zﬂ]f)mﬂ ] (]

521 dmi=n

Note that here and below, the outer sum is finite, and the product has only finitely many
terms different from 1, hence the right-hand side is well-defined without extra assumptions on
convergence. We can now expand the residue in Fact 3.1 to obtain the following version of
Lagrange inversion formula, which only refers to the coefficients of f [58, §3.8, Thm. EJ:

Proposition 3.3 Let f € H{U), g€ H(V), fog=idy, a=g((b) € U, b= f(a) € V. Then
[(w—0)"g = a, and for n >0,

j=2(i—1)m;=n—1

Proof: Note that f'(a) # 0. Put fi(z) = f(a+ z/f'(a)) — b and g1(w) = f'(a)(g(b+ w) — a),
so that f1(0) = 0 = ¢1(0), f1 o g1 = id on a neighbourhood of 0, and f{(0) = 1. Write
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fi(z) = z(1 — h(z)), where h is holomorphic in a neighbourhood of 0, and h(0) = 0. Then

S T P
[w ]gl—n[z ]f1 n[z }(l—h)”
_ l (Z ) (Z mj; +n — >
i nzrl%—n—l malma! - (ZJ m;)! (n —1)! 1;[
i LG+ D) =
S 2 ot LLEETIA)
221 dmi=n—1 Jj=1
1
Pheo(k—1)mp=n—1 k=2
using Facts 3.1 and 3.2, and the expansion [w"](1 — w) (T”:_L 1). The result follows by
noting that for any k,n > 0, [Zk]fl = ([(z - a)k] A/ (a))k, [w™]g1 F(a)[(w — b)"]g, and
f'(a) =1z —a]f. -

Let d be a constant. If f in Proposition 3.3 is a polynomial of degree d, then the product is
nonzero only when m; = 0 for every j > d, hence it suffices to enumerate mo, ..., mq. It follows
easily that the outer sum has polynomially many (namely, O(n?)) terms, and we can compute
[(w — b)"]g in uniform TC given a, b, and the coefficients of f in binary, and n in unary.

Apart from a description of the coefficients, we also need bounds on the radius of conver-
gence of the inverse series, and on its rate of convergence (i.e., on the norm of its coefficients).
Generally speaking, the radius of convergence of a power series is the distance to the nearest
singularity. Since a polynomial f is an entire proper map, its inverse cannot escape to infinity
or hit a point where f is undefined, thus the only singularities that can happen are branch
points. These occur at zeros of f’. This suggests that the main parameter governing the ra-
dius of convergence and other properties of the inverse should be the distance of a to the set
Cr={z€C: f'(z) = 0} of critical points of f.

Lemma 3.4 Let f € Clx] be a degree d polynomial with no roots in B(a,R), R > 0, and let
p>0. Then |f(2) — f(a)] < (1 + ) —1)|f(a)| for all z € B(a, uR).

Proof: Write f(z) = cH?Zl(z — o). We have

flz) d (z—a)+(a—oa;) z—a
f(a)_H a— aj - 2 H a—aj’

j=1 IC{1,....d} jeI
hence
SIS  < ST <t 0
(a) I;AQJGIG @ Iz jel

Proposition 3.5 Let f € C[x]| have degree d > 1, f(a) =b, and 0 < R < dist(a,Cy). Let

—a—i—ch —b)"
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satisfy fog=1idp(,e), where ¢ > 0 is the radius of convergence of g. Put

a1 In2 2d—1Dp—-1 _ Ind-1
= —1>— = >
p="Vao1z g Y d =4
d0Inln4
A= V1+édv—1> ndn , 00 = vR|f'(a)|

for 0 < 6 <1 (the inequalities are established below). Then:
(i) f is injective on B(a, uR).
(ii) 0= oo.
(iii) g[B(b, 0)] 2 B(a,\1R), and more generally, g[B(b,000)] 2 B(a, \sR) for each 6 € (0,1].
(iv) fen| < pR/ngg.

Proof: Notice that e* — 1 > x for every # € R, hence “v/2 —1 = exp((In2)/(d — 1)) — 1 >
(In2)/(d—1); v > (In4 — 1)/d immediately follows. Similarly, As > In(1 + 6(In4 — 1))/d. We
have In(1 +0(In4 — 1)) > dInln4 for § € [0, 1] as In is concave.

(i): Let u,v € B(a, pR), u # v. We have

v 1
10 - = [ Fea= -0 (F@+ [ 1(a-usn) - f@a).
Since |f'((1 — t)u + tv) — f'(a)| < |f'(a)| for all t € (0,1) by Lemma 3.4, we obtain

1 1
/ (1= tu+tv) — f'(a) dt‘ < / (1= tu+tv) — f(a)| dt < |f(a),
0 0

thus f(u) # £(v).

(ii): Let U = B(a,pR). Since f is a biholomorphism of U and f[U], ¢ > dist(b,C \ f[U]).
Since f[U] is open, there exists w ¢ f[U] such that |w — b| = dist(b, C ~. f[U]). Let z, € U be
such that lim, f(z,) = w. By compactness, {z,} has a convergent subsequence; without loss
of generality, there exists z = lim,, z,. Then f(z) = w by continuity, hence z ¢ U. However,
z € U, hence 7 is in the topological boundary OU = U \. int U = U ~. U. We have thus verified
that o > dist(b, f[OU]).

Let u = a + pRe’ € OU. We have

u) = U/Z z = 6i0 /CL u'a eie —,CL .
s =v+ [ =04 (@ [Pk en) - )
By Lemma 3.4, |f'(a+te”R) — f'(a)| < (1 +t)~! —1)|f'(a)|, hence
. d_
[ et - @i < @) [Ta ot =) (S )

= I Ly L2220
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Thus,
1—(d—2
) =01 = RIF@)] (0= 22 <o)l
(iii): The proof above shows that g[B(b, 09)] € U. As f is injective on U D B(a, A\sR), it
suffices to show that f[B(a,A\sR)] C B(b,500). Let thus u = a + ARe®, A < \s. As above,

(ﬂu):b4—Ré9(Afgw+:AAf%a+¢é@R)—f%aﬁ#)

and

[ 1@ - s i <17 (1),

hence 1+ A4 -1 14+ A)%—1
1) b < BP0

(iv): Let v(t) = a + pRe? . By Fact 3.1 and Cauchy’s integral formula,

_ 1 de_pR [T emdi
n = 2m'n[Y(f(z)—b)" on /0 (f(v() =)™

The proof of (ii) shows |f(v(t)) — b| > 0o, hence

= 5@0.

1
len| < /“‘R/ dt < /”L]i. O
n Jo [f(y(t) —b]" = nog

Example 3.6 Let f(z) = 2%, a = b= 1. Then f' = dz!, C; = {0}, R =1, f'(a) = d.
It is not hard to see that f is injective on B(1,7) iff no two points of B(1,r) have arguments
differing by 27/d iff r < sin(r/d) = 7/d + O(d™3). Since g must hit a root of f’ at the
circle of convergence, we must have o = 1 = (1/d)Rf'(a). Finally, |(1 + 2)? — 1| is maximized
on {z : |z| = r} for z positive real, thus B(1,AR) C g[B(1,00)] iff (1 +\)4 —1 < § iff
A< (1+6)Y"—1=1n(1+6)/d+ O(d2). Thus, in Proposition 3.5, u, v, and A5 are optimal
up to a linear factor.

Remark 3.7 We prefer to give a simple direct proof of Proposition 3.5 for the benefit of the
reader. Nevertheless, we could have assembled the bounds (with somewhat different constants)
from several more sophisticated results in the literature. The Grace-Heawood theorem (or
rather its corollary, originally due to Alexander, Kakeya, and Szegd; see [128, Thm. 23,2])
states that (i) holds with p = sin(w/d) (which is tight in view of the 2% example). Then the
Koebe 1/4-theorem [60, Thm. 14.7.8] implies (ii) with v = p/4, and one more application of
the theorem yields (iii) with A\s = vd/4.
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4 Root finding in TCY

We start with the core part of our root-finding algorithm. While it is conceptually simple, its
output is rather crude, so we will have to combine it with some pre- and postprocessing to
obtain the desired result (Theorem 4.5).

Theorem 4.1 Let d be a constant. There exists a uniform TCY function which, given the
coefficients of a degree d polynomial f € (Q(i))[x] in binary and t in unary, computes a list
{zj :j < s} C Qi) such that every complex root of f is within distance 27" of some z;j.

Proof: 1If d = 1, it suffices to divide the coefficients of f. Assume d > 2. Let p,v, A = Ay, be
as in Proposition 3.5 (more precisely, we should use their fixed rational approximations; we will
ignore this for simplicity). Let A =14 X/5, p = [57/\], and & = e?™/P (approximately, again).
Consider the TC? algorithm given by the following description:

(i) Input: f =34 fi7 with f; € Q(i), fs#0, and ¢t > 0 in unary.

(ii) Put e = 27%. Compute recursively a list C = {a; : j < s} including ¢/4-approximations
of all roots of f’.

Output (in parallel) each «;.

Put ¢ = 2 4+ max;<q4|fj/fa| and kmax = [log(2ce™1)/log A].

For every j < s, k < kmax, and ¢ < p, do the following in parallel.
Let a = oj + e A*¢9, b= f(a), R = §|a — aj|, N = [logy(uRe™1)].
For each h < d, let f = S0, (4) fua "

Compute and output

Z (2ma + - -+ + dmg)! (—fQ)mz .. (_fd)md(_b)l+m2+'"+(d71)md

sy m2! . 'md! (1 +mg e+ (d . 1)md)! f11+2m2+..-+dmd
S h(h—=1)mp <N

Zjkg = a+

Let f(a) = 0, we have to show that one of the numbers output by the algorithm is e-close
to a. If |a — a| < e for some j, we are done by step (iii). We can thus assume dist(co, C) > e,
which implies dist(o, C'f) > 3e/4. Assume that a; is an e/4-approximation of the root &; of
f! nearest to . Since all roots of f or f’ have modulus bounded by ¢ — 1 by Cauchy’s bound,
we have ¢ < |a — o] < 2¢, thus there exists k < kmax such that eAk < |a — aj| < e ARt Let
g < p be such that the argument of o — «; differs from 27¢/p by at most m/p, and consider
steps (v)—(viil) for this particular choice of j, k, ¢ (cf. Fig. 4.1). We have

7'(' 1 2\ 1
o —al < §+1_Z \a—aj|§€|a—aj]<g\a—aj.

Notice that
€
dist(a, Cy) = |a — G| 2 |a —ay| = 7
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Figure 4.1: The spiderweb.

by the choice of &; and «;, hence

1 1
dist(a, Cy) > dist(or, Cf) — |a — o] > | — o] — % ~F la — aj| > 3 la — a| > R.
Since A
a =l > o~ sl ~la —al > ¢ |o o],
we also have 5 93
la —al < Z€|a—aj\ = AR.

Let

oo

glw)=a+> calw—1b)"
n=1

be an inverse of f in a neighbourhood of b, and let p be its radius of convergence. By Propo-
sition 3.5, |=b| = |f(a) — b|] < 00/2, where g9 = vR|f'(a)| < 0. Thus, g(f(a)) = ¢(0) = a.
Since 3, fnz" = f(z + a) by the binomial formula, f, = [(z — a)"]f. Then it follows from
Proposition 3.3 that

N
Zjkg =0+ Z cn(—0)".
n=1

Since

uR uR
en(=0)") < Foulol” < 5
by Proposition 3.5, we have
o0
uR
la = zjkql = Z en(=0)"| < oN <e€ u

n=N-+1
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Most of the algorithm described in Theorem 4.1 is independent of the assumption of d being
constant (or it can be worked around). There are two principal exceptions. First, the recursion
in step (ii) amounts to d sequential invocations of the algorithm. Second, while N is still linear
in the size of the input, the main sum in step (viii) has roughly N 4 terms. Thus, approximation
of roots of arbitrary univariate polynomials can be done by (uniform) threshold circuits of depth
O(d) and size n®@, where n is the total length of the input. (The known NC algorithms for
root finding can do much better for large d.)

The algorithm from Theorem 4.1 does the hard work in locating the roots of f, but it suffers
from several drawbacks:

e Its output includes a lot of bogus results that are not actually close to any root of f.

e There may be many elements on the list close to the same root, and we do not get any
information on the multiplicity of the roots.

e The roots have no “identity”: if we run the algorithm for two different ts, we do not know
which approximate roots on the output lists correspond to each other.

e It may be desirable to output the binary expansions of the roots rather than just approx-
imations.

We are going to polish the output of the algorithm to fix these problems. Let us first formulate
precisely the goal.

Definition 4.2 The t-digit binary expansion of a € C is the pair (|Re(a2?)], [Im(a2')]), where
both integers are written in binary. A root-finding algorithm for a set of polynomials P C
(Q(7))[x] is an algorithm with the following properties:

(i) The input consists of a polynomial f € P given by a list of its coefficients in binary, and
a positive integer ¢ in unary.

(i) The output is a list of pairs {(z;(f,t),e;(f,t)) : j < s(f,t)}.

(iii) For every f € P, there exists a factorization
f(z)=c]](z—ap,
Jj<s
where ¢ € Q(7), a; € C, aj # ay, for j # k, and e; > 0, such that for every t: s(f,t) = s,
ej(f,t) = e;, and z;(f,t) is the t-digit binary expansion of a;.

We note that the choice of base 2 in the output is arbitrary, the algorithm can output expansions
in any other base if needed.

Lemma 4.3 Let d be a constant. Given a degree d polynomial f € (Q(i))[x], we can compute
in uniform TC® o list of pairwise coprime square-free nonconstant polynomials fi, ¢ € Q3),
and integers e; > 0 such that f = ch<k f;j, where k,e; < d.
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Proof: Since d is constant, division of degree d polynomials takes O(1) arithmetical operations,
hence it can be implemented in uniform TC?. The same holds for gcd, using the Euclidean
algorithm. We compute a list L = (f; : j < k), k < d, of nonconstant polynomials such that
f=1I, f; as follows:

(i) Start with L = (f). Repeat the following steps until none of them is applicable.
(ii) If f; is not square-free, replace it with ged(f;, f7) and f;/ ged(f;, f7)-
(iii) If fn | fj, fj 1 fn for some h, j, replace f; in L with fp, f;/fn.
)

(iv) If g := ged(fn, f;) # 1 for some h,j such that fy { f;, fj 1 fn, replace f3, f; in L with
9.9, In/9: filg-

The algorithm terminates after at most d steps, hence it is in TC. Clearly, it computes a list
of square-free polynomials such that for every h, j, fj is coprime to f; or fj is a scalar multiple
of fj. It remains to collect scalar multiples of the same polynomial together. O

Lemma 4.4 Let d be a constant. Given a degree d square-free polynomial f € (Q(i))[x] and t
in unary, we can compute in uniform TCY a list {zj : j < s} such that every root of f is within
distance 27 of some z;, and every z; is within distance 27" of some root.

Proof: We use the notation from the proof of Theorem 4.1. We modify the algorithm from
that proof as follows:

e We compute an g9 > 0 such that the distance of any root of f to any root of f’ is at least
go using Lemma 2.1. In step (ii), we put e = min{27,£0/3}.

e We skip step (iii).

e In step (vi), we check that |b| < v|f'(a)|R and |a — aj| > R+ ¢/4 for every j' < s. If
either condition is violated, we output a symbol “x” instead of a number, and skip the
remaining two steps.

The result is a list of numbers and %’s; it is easy to construct the sublist consisting of only
numbers by a TC? function.

Let z; 1, 4 be one of the numbers output by the algorithm. In step (vi) we ensured dist(a, C') >
R + €/4, hence dist(a,Cf) > R. Moreover, |0 — b < 00/2, hence 0 is within the radius of
convergence of g, and a = g(0) is a root of f whose distance from z;y, 4 is

o0 MR
la = zj kgl = Z en(=0)"| < oN <e.
n=N-+1

On the other hand, let « be a root of f. Since dist(a,Cf) > eg, we have dist(a, C) > e,
hence we can choose j, k, ¢ such that |a — z; 4| < € as in the proof of Theorem 4.1. We have
to show that the extra conditions in step (vi) are satisfied. |b| < $vR|f'(a)| was verified in the
proof of Theorem 4.1. Moreover,

a—agl > Ja—dyl ~la—al~ S >la— | ~lo—al- S > :
4 4~ 5 4
as la — aj| > g9 —e/4> 3e. O

|a—aj|—%2R—l—
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We can now finish the proof of the main result of this paper:

Theorem 4.5 For every constant d, there exists a uniform TCY root-finding algorithm for
degree d polynomials in the sense of Definition 4.2.

Proof: We employ the notation of Definition 4.2. By Lemma 4.3, we can assume f to be
square-free (in which case we will have e;(f,t) = 1 for all j, so we only need to compute the
roots). Consider the following TC? algorithm:

(i) Using Lemma 2.1, compute an n > 0 such that all roots of f are at distance at least n
from each other.

(ii) Using Lemma 4.4, compute a list {r; : J < u} such that every root of f is within distance

n/5 of some T;-, and vice versa.

(iii) Note that if rj and 7} correspond to the same root, then |r, —r}| < 2y, otherwise
|77, — ré\ > %n. Use this criterion to omit duplicate roots from the list, creating a list
{rj : 7 < d} which contains n/5-approximations of all roots of f, each of them exactly
once.

(iv) If e := 27" > 5/5, output z; := r; and halt. Otherwise use Lemma 4.4 to construct a list
{2}, : h < s} consisting of e-approximations of roots of f.

(v) For each j < d, output z; := Z;L(j), where h(j) is the smallest h < s such that |z}, — ;| <
n/2.

Notice that the computation of r; is independent of t. Let a; be the unique root of f such that
laj —r;j| <n/5. Given t and i, let j/ be such that |z}, —a;| < e. Then |z}, —rj| <e+n/5 < 2nif
J =J', otherwise |z}, —r;| > %n —e> gn. Thus, the definition of A(j) in the last step is sound,
and guarantees |z; — a;| < €.

It follows that this TC? function has all the required properties, except that it computes
approximations instead of binary expansions. We can fix this as follows. Using the algorithm we
have just described, we can compute integers u, v such that |u+iv—2'a;| < 1. Then |Re(2%a;)]
is either u or u — 1, hence it remains to find the sign of Re(2'a;) — u (the case of Im is similar).

Let g(z) = f(27'(22+u)), h(z) = g(—=2), and @ = 3(2'a; —u). Then g(a) = 0 = h(—a) and
a — (—a) = Re(2'a;) — u. Using Lemma 2.1, we can compute £ > 0 such that |a — (—a@)| > ¢
whenever it is nonzero. Using the algorithm above, we can compute rational ', v’ such that
lu' + v — 2a;| < £/4. If lu — /| < £/2, then Re(2'a;) = u. Otherwise, |[Re(2'a;) — u| > ¢,
hence the sign of v’ — u agrees with the sign of Re(2'a;) — u. O

Corollary 4.6 If o is a fixed real algebraic number, then the kth bit of a can be computed in
uniform TCP, given k in unary. O

(Note that this corollary is only interesting in the uniform setting, since the language is unary.)
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5 Open induction in VT'C°

As we already mentioned in the introduction, our primary motivation for studying root finding
for constant-degree polynomials comes from bounded arithmetic. We will now describe the
connection in more detail. A reader not interested in bounded arithmetic may safely stop
reading here.

The basic objects of study in bounded arithmetic are weak first-order theories based on in-
teger arithmetic. There is a loose correspondence of arithmetical theories to complexity classes:
in particular, if a theory T' corresponds to a class C', then the provable total computable func-
tions of T are functions from C (or more precisely, F'C'). The following is one of the natural
problems to study in this context: assume we have a concept (say, a language or a function)
from the computational class C. Which properties of this concept are provable in the theory
T? (This asks for a form of feasible reasoning: what can we show about the concept when we
are restricted to tools not exceeding its complexity?)

Here we are concerned with the theory VTC?, corresponding to TC?. We refer the reader
to Cook and Nguyen [68] for a comprehensive treatment of VTCP. Let us briefly recall that
VTC" is a two-sorted theory, with one sort intended for natural numbers (which we think of
as given in unary), and one sort for finite sets of these unary numbers (which we also regard as
finite binary strings, or as numbers written in binary). We are primarily interested in the binary
number sort, we consider the unary sort to be auxiliary. We use capital letters X,Y,... for
variables of the binary (set) sort, and lowercase letters z, vy, ... for the unary sort. The language
of the theory consists of basic arithmetical operations on the unary sort, the elementhood (or
bit) predicate x € X, and a function | X | which extracts an upper bound on elements of a set X.
The axioms of VTC? include comprehension for £F formulas (formulas with number quantifiers
bounded by a term and no set quantifiers)—which also implies induction on unary numbers for
263 formulas—and an axiom ensuring the existence of counting functions for any set. The
provably total computable (i.e., X1-definable: X} formulas consist of a block of existential set
quantifiers in front of a ¥F formula) functions of VTC? are the TC? functions.

In VTC', we can define the basic arithmetical operations +,-, < on binary integers. Our
main question is, what properties of these operations are provable in VTC?. (We can make
this more precise as follows: which theories in the usual single-sorted language of arithmetic
Lpy = (0,1,4+,-,<) are interpreted in VTC® by the corresponding operations on the binary
sort?) It is not hard to show that VTCY proves binary integers to form a discretely ordered
ring (DOR). What we would especially like to know is whether VT'C° can prove the induction
schema on the binary sort

P(0) ANVX (p(X) = o(X +1)) = VX p(X)

for some nontrivial class of formulas . In particular, we want to know whether VT'C? includes
the theory IOpen (axiomatized by induction for open formulas of Lpy over DOR) introduced
by Shepherdson [164] and widely studied in the literature.

Now, assume for a moment that VT'C? - IOpen. Then for each constant d, VT'C? proves

X<YAFX)<0<F(Y)>3Z(X<Z<YANF(Z)<0<F(Z+1))
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where F(X) =) i<aUiX J is a degree d integer polynomial whose coefficients are parameters
of the formula. This is (equivalent to) a E% formula, hence the existential quantifier is, provably
in VTC°, witnessed by a TC® function G(Uy,...,Uy, X,Y). Since any rational polynomial
is a scalar multiple of an integer polynomial, and we can pass from a polynomial F(X) to
2/F(271X) to reduce the error from 1 to 27, we see that there is a TC? algorithm solving the
following root-finding problem: given a degree d rational polynomial and two rational bounds
where it assumes opposite signs, approximate a real root of the polynomial between the two
bounds up to a given accuracy. Using a slightly more complicated argument, one can also
obtain a root-finding algorithm in the set-up we considered earlier : i.e., we approximate all
complex roots of the polynomial, and the input of the algorithm is only the polynomial and the
desired error of approximation. Thus, a TCY root-finding algorithm is a necessary prerequisite
for showing IOpen in VTCP.

We can in a sense reverse the argument above to obtain a proof of open induction from
a root-finding algorithm, but there is an important caveat. The way we used the witnessing
theorem for VTC?, we lost the information that the soundness of the algorithm is provable
in VTCP. Indeed, if we are only concerned with the computational complexity of witnessing
functions, then witnessing of ¥1 formulas is unaffected by addition of true universal (i.e., V)
axioms to the theory. In other words, the same argument shows the existence of a root-finding
algorithm from the weaker assumption VIT'CY + Thyss (N) = IOpen, where Thyys (N) denotes
the set of all VEOB sentences true in the standard model of arithmetic. Now, this formulation of

the argument can be reversed:

Theorem 5.1 The theory VTCY + Thvzg* (N) proves IOpen for the binary number sort.

Proof: Let M be a model of VTC + Thvzgg (N), and D be the discretely ordered ring of the
binary integers of M. For any constant d, we can use Theorem 4.1 to construct a TC® function
which, given the coeflicients of an integer polynomial of degree d, computes a list of integers
ag < a1 < --- < ag, k < d, such that the sign of the polynomial is constant on each of the
integer intervals (aj,a;41), (—00,a0), (ag, +00). This property of the function is expressible by
a VZ(’)B sentence (when the coefficients of the polynomial and the a; are taken from the binary
sort), hence it holds in D that such elements ay, . .., a) exist for every polynomial over D.
Any atomic formula ¢(x) of Lps with parameters from D is equivalent in DOR to the
formula f(z) < 0 for some f € D[z], hence p(D) := {x : D |= ¢(x)} is a finite union of
intervals. Sets of this kind form a Boolean algebra, hence ¢(D) is a finite union of intervals for
every open formula ¢. This implies induction for ¢: if D = ¢(0) A —¢(u) for some u > 0, the
interval I of p(D) containing 0 cannot be infinite from above, hence its larger end-point v € D
satisfies D = ¢(v) A —p(v + 1). O

Problem 5.2 Does VTC° prove IOpen ?

In light of the discussion above, Problem 5.2 is essentially equivalent to the following: are there
TC root-finding algorithms for constant-degree polynomials whose correctness is provable in
VTC%? We remark that the complex-analytic tools we used in the proof of Theorem 4.1 are
not available in VT'C°.
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We note that already proving the totality of integer division in V7'C° (i.e., formalization of
a TC? integer division algorithm in VTCO) is a nontrivial open! problem, thus Problem 5.2 may
turn out to be too ambitious a goal. The following is a still interesting version of the question,
which may be easier to settle:

Problem 5.3 Does VTC® + IMUL prove I0pen, where IMUL is a natural aziom postulating
the totality of iterated integer multiplication?

We also mention that it is not hard to prove in VT'C? that binary integers form a Z-ring,
which implies all universal consequences of /Open in the language of ordered rings. The problem
is thus only with statements with a genuinely existential import (note that IOpen is a V3 theory).
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'Hesse, Allender, and Barrington [90, Cor. 6.6] claim that the totality of integer division is provable in VTC°
(or rather, in the theory C3 of Johannsen and Pollett [109], RSUV-isomorphic to VI'C° + £F-AC, which is
V¥1-conservative over VTC?). However, the way it is stated there with no proof as an “immediate” corollary
strongly suggests that the claim is due to a misunderstanding. See also [68, §1X.7.3].
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Chapter VIII

Open induction in a bounded
arithmetic for TCY

Abstract

The elementary arithmetic operations +, -, < on integers are well-known to be computable

in the weak complexity class TC?, and it is a basic question what properties of these op-
erations can be proved using only TC’-computable objects, i.e., in a theory of bounded
arithmetic corresponding to TCY. We will show that the theory VTC? extended with an
axiom postulating the totality of iterated multiplication (which is computable in TCO) proves
induction for quantifier-free formulas in the language (+, -, <) (IOpen), and more generally,
minimization for ¥ formulas in the language of Buss’s Sy.

1 Introduction

Proof complexity is sometimes presented as the investigation of a three-way correspondence
between propositional proof systems, theories of bounded arithmetic, and computational com-
plexity classes. In particular, we can associate to a complexity class C satisfying suitable
regularity conditions a theory 7' such that on the one hand, the provably total computable
functions of T of certain logical form define exactly the C-functions in the standard model of
arithmetic, and on the other hand, T" proves fundamental deductive principles such as induction
and comprehension for formulas that correspond to C-predicates. In this sense T provides a
formalization of C-feasible reasoning: we can interpret provability in T as capturing the idea
of what can be demonstrated when our reasoning capabilities are restricted to manipulation
of objects and concepts of complexity C. The complexity class corresponding to a “minimal”
theory that proves a given logical or combinatorial statement can be seen as a gauge of its proof
complexity. Then a particularly natural question is, given a function or predicate X, which
properties of X can be proved by reasoning whose complexity does not exceed that of X, that
is, in a theory corresponding to the complexity class for which X is complete.

The main theme of this paper is what we can feasibly prove about the basic integer arithmetic
operations +, -, <. The matching complexity class is TC?: + and < are computable in AC° C
TCP, while - is in TC?, and it is in fact TC%complete under ACY (Turing) reductions. (In this

209
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paper, all circuit classes like TC? are assumed DLOGTIME-uniform unless stated otherwise.)
TCY also includes many other functions related to arithmetic. First, + and - are also TCP-
computable on rationals or Gaussian rationals. An important result of Hesse, Allender, and
Barrington [90] based on earlier work by Beame, Cook, and Hoover [25] and Chiu, Davida,
and Litow [52] states that integer division and iterated multiplication are TC"-computable. As
a consequence, one can compute in TC? approximations of functions presented by sufficiently
nice power series, such as log, sin, or z'/¥, see e.g. Reif [158], Reif and Tate [159], Maciel and
Thérien [126], and Hesse, Allender, and Barrington [90].

The more-or-less canonical arithmetical theory corresponding to TC? is VTC? (see Cook
and Nguyen [68]). This is a two-sorted theory in the setup of Zambella [182], extending the base
AC®-theory V0 by an axiom stating the existence of suitable counting functions, which gives it
the power of TC?. VTC? is equivalent (RSUV-isomorphic) to the one-sorted theory Ab-CR by
Johannsen and Pollett [110], which is in turn ¥3%4-conservative under the theory CS [109)].

VTCP can define addition and multiplication on binary integers, and it proves basic identities
governing these operations, specifically the axioms of discretely ordered rings (DOR). We are in-
terested in what other properties of integers expressible in the language Lor = (0,1, 4+, —, -, <)
of ordered rings are provable in VT'C?, and in particular, whether the theory can prove in-
duction for a nontrivial class of formulas. Note that we should not expect the theory to prove
induction for bounded existential formulas, or even its weak algebraic consequences such as the
Bézout property: this would imply that integer ged is computable in TCY, while it is not even
known to be in NC. However, this leaves the possibility that VT'C° could prove induction for
open (quantifier-free) formulas of Log, i.e., that it includes the theory IOpen introduced by
Shepherdson [164].

Using an algebraic characterization of open induction and a witnessing theorem for VT'C,
the provability of IOpen in this theory is equivalent to the existence of TC? algorithms for ap-
proximation of real or complex roots of constant-degree univariate polynomials whose soundness
can be proved in VTCY. The existence of such algorithms in the “real world” is established
in Chapter VII, but the argument extensively relies on tools from complex analysis (Cauchy
integral formula, ...) that are not available in bounded arithmetic, hence it is unsuitable for
formalization in VT'C° or a similar theory.

The purpose of this paper is to demonstrate that IOpen is in fact provable in a mild ex-
tension of VT'CY. The argument naturally splits into two parts. We first formalize by a direct
inductive proof a suitable version of the Lagrange inversion formula (LIF), which was also the
core ingredient in the algorithm in Chapter VII. This allows us to compute approximations
of a root of a polynomial f by means of partial sums of a power series expressing the inverse
function of f, but only for polynomials obeying certain restrictions on coefficients. The second
part of the argument is model-theoretic, using basic results from the theory of valued fields.
The question whether a given DOR is a model of IOpen can be reduced to the question whether
the completion of its fraction field under a valuation induced by its ordering is real-closed, and
there is a simple criterion for recognizing real-closed valued fields. In our situation, LIF ensures
the relevant field is henselian, which implies that the criterion is satisfied.

We do not work with VT'C? itself, but with its extension VT'C® + IMUL including an axiom
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ensuring the totality of iterated multiplication. This theory corresponds to TCY just like VTC°
does, as iterated multiplication is TC°-computable. We need the extra axiom because it is not
known whether VT'C? can formalize the TC algorithms for division and iterated multiplication
of Hesse, Allender, and Barrington [90], and this subtle problem is rather tangential to the
question of open induction and root approximation. As explained in more detail in Section 3,
the IMUL axiom is closely related to the integer division axiom DIV which is implied by IOpen,
hence its use is unavoidable in one way or another. In terms of the original theory VTC?, our
results show that VT'C° - IOpen if and only if VTC® F DIV

We can strengthen the main result if we switch from Logr to the language of Buss’s one-
sorted theories of bounded arithmetic. By formalizing the description of bounded Y3-definable
sets due to Mantzivis [127], VTC?+ IMUL can prove the RSUV -translation of Buss’s theory T,
and in fact, of the Zg—minimization schema. In other words, T 20 and EB—MIN are included in
the theory AY-CR + IMUL.

2 Preliminaries

A structure (D, 0,1, 4+, —, -, <) is an ordered ring if (D, 0,1, +, —, ) is a commutative (associative
unital) ring, < is a linear order on D, and = < y implies z + z < y + z and xzz < yz for all
x,y,z € D such that z > 0. If D is an ordered ring, D" denotes {a € D : a > 0}. A discretely
ordered ring (DOR) is an ordered ring D such that 1 is the least element of DT. Every DOR
is an integral domain. An ordered field is an ordered ring which is a field. A real-closed field
(RCF) is an ordered field R satisfying any of the following equivalent conditions:

e Every a € RT has a square root in R, and every f € R[z] of odd degree has a root in R.
e R has no proper algebraic ordered field extension.

e The field R(v/—1) is algebraically closed.

e R is elementarily equivalent to R.

(In a RCF, < is definable in terms of the ring structure, thus we can also call a field (R, +,-)
real-closed if it is the reduct of a RCF.) The real closure of an ordered field F is a RCF F™l D F
which is an algebraic extension of F'. Every ordered field has a unique real closure up to a unique
F-isomorphism.

The theory IOpen consists of the axioms of ordered rings and the induction schema

©(0) AVx (p(x) = p(x + 1)) = Vo > 0p(x)

for open formulas ¢ (possibly with parameters). An integer part of an ordered field F' is a
discretely ordered subring D C F such that every element of F' is within distance 1 from an
element of D. The following well-known characterization is due to Shepherdson [164].

Theorem 2.1 Models of I0pen are exactly the integer parts of real-closed fields. U
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The criterion is often stated with the real closure of the fraction field of the model instead of a
general real-closed field, but these two formulations are clearly equivalent, as an integer part D
of a field R is also an integer part of any subfield D C R’ C R.

In particular, models of IOpen are integer parts of their fraction fields. This amounts to
provability of the division axiom

(DIV) Ve >0Vy3dg,r(y=qr+rA0<r <z

in IOpen. (The uniqueness of ¢ and r holds in any DOR..)

We define AC? as the class of languages recognizable by a DLOGTIME-uniform family
of polynomial-size constant-depth circuits using — and unbounded fan-in A and V gates, or
equivalently, languages computable by an O(logn)-time alternating Turing machine with O(1)
alternations, or by a constant-time CRAM with polynomially many processors [91]. If we
represent an n-bit binary string w by the finite structure ({0,...,n —1},<,+,-, P,), where
Py, (4) iff the ith bit of w is 1, then AC® coincides with FO (languages definable by first-order
sentences). A language B is AC?-reducible to a language A if B is computable by a DLOGTIME-
uniform family of polynomial-size constant-depth circuits using unbounded fan-in A, V, =, and
A-gates. The class of languages AC%-reducible to A is its AC-closure.

TC, originally introduced as a nonuniform class by Hajnal, Maass, Pudldk, Szegedy, and
Turan [87], is defined for our purposes as the AC%-closure of MAJORITY. (Several problems
TCO-complete under AC? reductions are noted in Chandra, Stockmeyer, and Vishkin [50]; any
of these could be used in place of MAJORITY.) Equivalently, TC? coincides with languages
computable by O(logn)-time threshold Turing machines with O(1) thresholds, or by constant-
time TRAM with polynomially many processors [141]. In terms of descriptive complexity, a
language is in TC? iff the corresponding class of finite structures is definable in FOM, i.e.,
first-order logic with majority quantifiers [19].

In connection with bounded arithmetic, it is convenient to consider not just the complexity
of languages, but of predicates P(z1,...,Tpn, X1,...,X,,) with several inputs, where X; are
binary strings as usual, and x; are natural numbers written in unary. It is straightforward to
generalize AC?, TC?, and similar classes to this context, see [68, §IV.3] for details. Likewise,
we can consider computability of functions: if C'is a complexity class, a unary number function
f (E,X ) is in F'C if it is bounded by a polynomial in # and the lengths of X, and its graph
f(&, X) = yisin C} a string function F'(Z, X) isin F'C if the length of the output is polynomially
bounded as above, and the bitgraph Gp(Z, X,y) < (F(f,X))y = 11is in C. For simplicity,
functions from F'C' will also be called just C-functions.

We will work with two-sorted (second-order) theories of bounded arithmetic in the form
introduced by Zambella [182] as a simplification of Buss [37]. We refer the reader to Cook and
Nguyen [68] for a general background on these theories as well as a detailed treatment of VTC?,
however, we include the main definitions here in order to fix our notation.

The language Ly = (0,5, +,-, <, €, ||||) of second-order bounded arithmetic is a first-order
language with equality with two sorts of variables, one for unary natural numbers, and one
for finite sets thereof, which can also be interpreted as binary strings, or binary integers. The
standard convention is that variables of the first sort are written with lowercase letters x, v, z, . . .,
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and variables of the second sort with uppercase letters X,Y, Z,.... While we adhere to this
convention in the introductory material on the theories and their basic properties, we will not
follow it in the less formal main part of the paper (we will mostly work with binary integers or
rationals, and it looks awkward to write them all in uppercase). The symbols 0,5, +, -, < of Ly
denote the usual arithmetic operations and relation on the unary sort; € X is the elementhood
predicate, and the intended meaning of the ||X|| function is the least unary number strictly
greater than all elements of X. This function is usually denoted as |X|, however (apart from
the section on Buss’s theories) we reserve the latter symbol for the absolute value on binary
integers and rationals, which we will use more often. We write © < y as an abbreviation for
r<yANx#uy.
Bounded quantifiers are introduced by

Jr<teedx(z<tAyp),
X <tepe X ([|X] <tAy),

where ¢ is a term of unary sort not containing = or X (resp.). Universal bounded quantifiers,
as well as variants of bounded quantifiers with strict inequalities, are defined in a similar way.
A formula is E(’? if it contains no second-order quantifiers, and all its first-order quantifiers
are bounded. The Z(Jf—deﬁnable predicates in the standard model of arithmetic are exactly
the ACY predicates. A formula is B if it consists of i alternating (possibly empty) blocks of
bounded quantifiers, the first of which is existential, followed by a 2(1,3 formula. We define HZB
formulas dually. Similarly, a formula is 3} (II}) if it consists of i alternating blocks of (possibly
unbounded) quantifiers, the first of which is existential (universal, resp.), followed by a 263
formulal.
The theory V? in Ly can be axiomatized by the basic axioms

r+0=ux x+ Sy =S(z+vy)

z-0=0 z-Sy=x-y+zx

Sy<zr—y<z | X|| #0— 3z (z e X A|X]| = Sx)
reX —x<|X]| Ve(re X+ zeY)>X=Y

and the comprehension schema
(p-COMP) AX <zVu<z(ueX < @u))

for ¥ formulas ¢, possibly with parameters not shown (but with no occurrence of X). We
denote the set X whose existence is postulated by ¢p-COMP as {u < x : p(u)}. Using COMP,
VO proves the induction and minimization schemata

(p-IND) ©(0) AV (gp(:p) — oz + 1)) — YV o(x),
(p-MIN) p(a) = Jy (p(y) AVz < y—p(2))

!'Notice that bounded second-order quantifiers still count towards ¢, so these formula classes do not correspond
in the one-sorted setting to the usual arithmetical hierarchy X2, but to its restricted version where the formula
after the main quantifier prefix is sharply bounded. We follow [68] in this usage; they only appear to define 1,
but we find it convenient to extend this notation to higher levels as well.
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for Zg formulas ¢. In particular, V? includes IA on the unary number sort.

Let (x,y) be a V9-definable pairing function on unary numbers, e.g., (z,y) = (z+vy)(x+y+
1)/2 +y. We define X[ = {z : (u,z) € X}; this provides an encoding of sequences of sets by
sets. We can encode sequences of unary numbers by putting X ) = || X || (this is easily seen to
be a $F-definable function). For convenience, we also extend the pairing function to (standard-
length) k-tuples by (x1,...,xx+1) = ((z1,...,2k), Tx+1), and we write X[unun] = xlus,un)]
S (utenur) — ()

VTCY is the extension of V0 by the axiom

Vo, X3V (YO =0AVi<n((i¢ X YD =y A (e X —» YD =y 0 4 1)),

whose meaning is that for every set X there is a sequence Y supplying the counting function
Y® = card(X N {0,...,i — 1}).

Let I be a class of formulas, and 7" an extension of V°. A string function F(Z, X ) is a provably
total T'-definable function of T if its graph is definable in N by a formula (&, X,Y) € I' such
that T + V7, X 3V cp(f,)z ,Y); similarly for number functions. If I' = Y1, such functions are
also called provably total recursive functions of T. Note that one function may have many
different definitions that are not T-provably equivalent; some of them may be provably total,
while other are not.

The provably total recursive functions of V0 and VT'C? are FACY and FTCY, respectively.
Moreover, we can use these functions freely in the sense that if we expand the languages of the
theories with the corresponding function symbols, the resulting conservative extensions of V°
and VTC° (respectively) prove the comprehension and induction schemata for 25 formulas of
the expanded language; we will see more details in the next section.

Being AC?, the ordering on binary integers is definable by a Zg formula, and addition is
provably total in VY. Likewise, multiplication and iterated addition are provably total X7-
definable functions of VTC?. In fact, as shown in [68], the natural X7 definitions of X < Y
and X + Y provably satisfy basic properties like commutativity and associativity in V°, and
ien X (] provably total in VT'C° such that
VTCP proves their basic properties, including the inductive clauses

> xtl=o,

similarly, there are natural definitions of X -Y and )

<0
S Xl =37 Xl x0
<n+1 i<n

While Cook and Nguyen [68] normally use second-sort objects to denote nonnegative integers, it
will be more convenient for us to make them represent all integers, which is easily accomplished
by using one bit for sign. The definitions of <, 4, -, and > ,_, X [l can be adapted in a
straightforward way to this setting so that VTC? still proves their relevant properties, that is,
the axioms of discretely ordered rings.
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3 Iterated multiplication and division

As we already mentioned, it is not known whether VTC? can formalize the TC® algorithms of
Hesse, Allender, and Barrington [90] for integer division and iterated multiplication. In partic-
ular, it is not known whether VTC" proves the sentence DIV (formulated for binary integers),
which is a consequence of IOpen. This problem is rather tangential to the formalization of root
finding, whence we bypass it by strengthening our theory appropriately.

It might seem natural just to work in the theory VT'C° + DIV, however we will instead
consider an axiom stating the totality of iterated multiplication in the following form:

(IMUL) VX,n3Y Vi <j<n (Yl =1yl =yl xUl),

(The meaning is that for any sequence X of n binary integers, there is a triangular matrix Y with
entries Y17l = Hi: X)) One reason is simply that we need to use iterated multiplication at
various places in the argument (in particular, to compute partial sums of power series), and we
do not know whether VT'C°+ DIV + IMUL. The more subtle reason is that we need the theory
to be well-behaved in a certain technical sense that we will describe in more detail below, and
it turns out that VTC? + IMUL is the smallest well-behaved extension of VT'CY + DIV .

Consider an extension 7' D V9 proving that a particular polynomially bounded recursive
(i.e., ©1-definable) function F is total, e.g. DIV or IMUL. While the most simplistic arguments
employing F' can get away with the mere fact that the value computed by F' exists for a
particular input, usually we need more than that. For example, we may want to use induction
on a formula ¢(x) which involves F' applied to an argument depending on z; since induction
is obtained over V¥ by considering the least element of the set {z < a : ~p(x)}, we effectively
need comprehension for (simple enough) formulas containing F, say, & (F)-COMP.

From a computational viewpoint, it is desirable that we can combine provably total recursive
functions in various ways. For example, one of the basic TC? functions is iterated addition, and

a natural way how we would like to apply it is to compute Y __ F(z) for a given provably total

r<a
function F'. More generally, we want the class of provably total recursive functions to be closed
under AC (or even TC? in our case) reductions, and as a simple special case, under parallel
repetition: if we can compute a function F'(X), we want to be able to compute its aggregate
function F*: (Xg,...,Xp-1) — (F(Xo),...,F(Xn-1)) (where n is a part of the input). In
more logical terms, it is desirable that 7' is closed under the choice rule Zg SACE: i T
VX 3Y p(X,Y), where ¢ € BF, then also T F Vn VW 3ZVi < no(W Zl1). This is a derived

rule corresponding to the axiom of choice, also called replacement or bounded collection:
(25-A0) Vi <ndY <mep(i,Y,P) = 3ZVi < no(i, 21, P).

Unfortunately, none of the desiderata mentioned in the last two paragraphs hold automati-
cally, even for theories of the simple form V0 + VX 3Y F(X) =Y (note that VTC° 4 DIV is
of such form): this axiom implies the totality of functions making a constant number of calls
to F', but we cannot a priori construct functions involving an unbounded number of applications
of F, such as the aggregate function F"*. However, Cook and Nguyen [68] show that the simple
expedient of using F* in the axiomatization instead of F' leads to theories satisfying all the
properties above.
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Definition 3.1 Let §(X,Y) be a XF-formula such that V? proves

O(X,Y) = Y] < (X)),
S(X,Y)ANSX,Y) > Y =Y

for some term ¢(X). The Cook-Nguyen (CN) theory® associated with § is
V(8) = VO +VW,n3Z Vi < ns(W, zI1).

(That is, if F is a polynomially bounded function with an AC® graph defined by 4, which V°
proves to be a partial function, then V(9) is axiomatized by the statement that the aggregate
function F* is total.)

For example, VTC? can be formulated as a CN theory, as shown in [68, §1X.3].

Theorem 3.2 Let V(§) be a CN theory, and F the function whose graph is defined by 9.

(i) The provably total X1-definable (or ¥ -definable) functions of V(&) are exactly the func-
tions in the ACC-closure of F.

(i1) V(9) has a universal definitional (and therefore conservative) extension V(8) in a lan-
guage LW consisting of ¥ -definable functions of V(8). The theory V(8) has quantifier
elimination for EE(LW)—formulas, and it proves EE(LW)—COMP, Z(?(LW)JND,

and S (Lyggy)-MIN .

(iii) V(0) is closed under SF-ACE, and V(5) + XF-AC is I13-conservative over V (§).

Proof:
(i) and (ii) are Theorems 1X.2.3, 1X.2.14, and IX.2.16 in Cook and Nguyen [68].
(iii): If V(0) F VX 3Y o(X,Y) with ¢ € 5, there is an Ly 5y-term G(X) such that V() -

©(X,G(X)) by Herbrand’s theorem, as V(4) is a universal theory, and ¢ is equivalent to an

open formula. Then V' (9), hence V(0), proves
YW,n3Z Z = {{i,y) :i < n,y € GWHI)

using E{f(Lm)—COMP.
The TI3-conservativity of $F-AC over V (§) follows from the closure under SF-AC# by cut

elimination. Alternatively, see Theorem V.4.19 for a model-theoretic proof generalizing the
result of Zambella [182] for VY. O

*In [68], V(§) is denoted VC, where the complexity class C' is the AC’-closure of F, and it is called the
minimal theory associated with C. We refrain from this terminology as the theory is not uniquely determined
by the complexity class: it depends on the choice of the C-complete function F, and of a particular ©&-formula
defining the graph of F in N. In particular, both VT'C® and VTC° + IMUL are “minimal” theories for the same
class (TC?), and it would be rather confusing to call them as such.
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Lemma 3.3

(i) VTC°+ IMUL is a CN theory.

(ii) VTC°+ IMUL}- DIV.

Proof:
(i): The main observation is that VT C%+4 IMUL proves the totality of the aggregate function
of iterated multiplication, that is,

(IMULY) YW, m,n3ZVk <mVi < j <n (205 =1 a zke 1 = Zlkidl . yyikaly,

Given W,m,n, put X = {(nk+j,z) : k <m,j < n,z € Wk} so that X"*+3] = Wkl for all
k <m and j < n, and let Y be as in (IMUL) for X, mn. Define

Z = {<k7ivjvy> k<m,i<j<n,y€ Y[nk—i—i,nk—l—j}}’

so that Z[k43] = ylrk+ink+i] for k< m and i < j < n. Then Z satisfies (IMUL").

Thus, VTC® 4+ IMUL = VTC® 4+ IMUL*. The latter looks almost like a CN theory, except
that the graph of the function specified in the axiom is not 2(1]3 , as it involves multiplication.
(The official definition also does not allow an extra unary input, but this is benign as we could
easily code X,n into a single set.) There are several ways how to get around this problem.
For one, the whole machinery from [68, §1X.2] works fine if we take VTC? instead of V0 as a

base theory, and allow the use of X (L formulas. Alternatively, we can rewrite IMUL to

VTCO)
incorporate the definition of multiplication, say

VX, n3Y,ZVi < j<nVz < | X|| (YET =1 A 2000 = g A 231X = ylig+l]

(IMUL) A (z ¢ x Ul Zliga+1] — Z[m}x])

where + and multiplication by 2% can be given easy X definitions. Since the entries of Z
can be expressed as products of suitable Z(])B-deﬁnable sequences of integers, one can show in
the same way as above that IMUL', as well as the axiom IMUL™ stating the totality of the
corresponding aggregate function, is provable in VI'C°+IMUL. Conversely, the CN theory VO+
IMUL™ proves VTC° (as it implies the totality of usual multiplication), hence it is equivalent
to VT'C° + IMUL.

(ii) can be shown by formalizing the reduction from [25]. Assume that we want to find
|Y/X |, where X > 1. Choose n,m > 0 such that 2"~! < X < 2" and Y < 2™, and put

Z =3 (2" - X)inim=1m0),
i<m
An easy manipulation of the sum shows that XZ = 2" — (2" — X)™, hence
gnm — gn=lm < X7 < gnm,
Put Q = |YZ/2""|. Then
2"MY > XYZ >2"QX > XYZ -2""X > 2" (Y - X — 1),
hence QX <Y < (Q +1)X. O
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The more complicated converse reduction of iterated multiplication to division was formal-
ized in bounded arithmetic by Johannsen [108] (building on Johannsen and Pollett [109]), but
in a different setting, so let us see what his result gives us here. Johannsen works with a one-
sorted theory C9[div], whose language consists of the usual Buss’s language for Sy expanded
with —, MSP, and most importantly |x/y]. It is axiomatized by a suitable version of BASIC,
the defining axiom for division, the quantifier-free LIND schema, and the axiom of choice BB 28
for 28 formulas in the expanded language.

We claim that C9[div] is RSUV-isomorphic to the theory VT'C? + DIV + $E-AC. We
leave the interpretation of the latter theory in C9[div] to the reader as we will not need it, and
focus on the other direction. It is straightforward to translate the symbols of the language save
division to the corresponding operations on binary integers, and prove the translation of BASIC
in VTC°. Of course, DIV allows us to translate the division function and prove its defining
axiom, hence the only remaining problem is with the LIND and BB schemata. Here we have
to be a bit careful, as X} (or even quantifier-free) formulas in the language of C9[div] do not
translate to 269 formulas in the language of V9.

Let DIV* denote the axiom stating the totality of the aggregate function of division, or
rather, of its expanded version with witnesses for multiplication as in the proof of Lemma 3.3,
so that T = VTC" 4 DIV* is a CN theory. By an application of choice, VTC?+ DIV + »P-AC
proves DIV*. Let T be the universal conservative extension of T' from Theorem 3.2, which
includes function symbols for division and for TC? functions like multiplication. Since %3
formulas in the language of C9[div] translate to X5 (L) formulas, Theorem 3.2 implies that 7,
and therefore T C VTC° + DIV + XF-AC, proves the translation of open (or even %3) LIND.
As for the axiom of choice, every %5 (L) formula is equivalent to a P formula in the language
of VY, and E{)B—AC implies E?—AC, hence the translation of BBEg is provable in T + EOB—AC’,
and thus in VTC° + DIV + ZOB—AC by the conservativity of T over T.

This, together with provability of iterated multiplication in C9[div], implies the following:

Theorem 3.4 (Johannsen [108]) VTC° + DIV + SE-AC proves IMUL. O

Corollary 3.5 VTC°+ IMUL = VTC® + DIV* is the smallest CN theory including VTC® +
DIV.

Proof: Since VTC?+ DIV* is a CN theory, Theorem 3.2 implies that VT'C?+ DIV +%5-AC is
I1}-conservative over VT'C®+ DIV*, hence VTC°+ DIV* = IMUL by Theorem 3.4. Conversely,
every CN theory (such as VTC® + IMUL, by Lemma 3.3) that proves DIV also proves DIV*,
using its closure under $F-ACE. O

Corollary 3.6 VTC'+ DIV if and only if VTC°+ IMUL.

Proof: VTC?is a CN theory. O

The alert reader may have noticed that the reason why IMUL yields a CN theory while this
is unclear for DIV is not due to any deep property of iterated multiplication that would make it
inherently better-behaved than division, but because we made it so by formulating the axiom in
the slightly redundant form using a triangular matrix of partial products. There does not seem
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to be any particular reason we should expect to get a CN theory if we formulate the axiom more
economically, using only a one-dimensional array consisting of the products [] j<i XUl In view
of this, the decision to axiomatize the theory using IMUL rather than DIV* is mostly a matter
of esthetic preference and convenience. Even in its triangular form, the IMUL axiom is a fairly
natural rendering of the idea of computing iterated products, whereas the usage of an aggregate
function in DIV* is overtly a technical crutch. Moreover, we will be using iterated products
more often than division, and while DIV has a straightforward proof in VIT'C° + IMUL as
indicated above, we would have to rely on the complicated argument from [108] to derive IMUL
if we based the theory on DIV*, making the main result of the paper less self-contained.

We mention another possibility for axiomatization of our theory, using the powering axiom

(POW) VX, nIY Vi <n (YO =1 Ayt = vl X)

(here it makes no difference whether we use a linear or triangular array of witnesses) and its
aggregate function version POW*. Over VTC?, we clearly have IMUL - POW* = POW. The
argument in Lemma 3.3 (ii) only needed the sequence of powers (2" — X)?, i < m apart from
VTCY, hence it actually shows POW + DIV. Since VTC?+ POW* is a CN theory, this implies
VTC’+POW* = VIC°+IMUL. In fact, one can also show that VI'C°+POW = VTC°+ DIV
by formalizing the reduction of powering to division from [25]. The key point is that the result
of a single division is enough to reconstruct the whole sequence of powers X°, ... . X", hence we
do not need any aggregate functions. If X < 2¥ and m = k(n+1)+1, let 2" = (2" - X)Q+ R
with R < 2™ — X using DIV, write Q = Y, _, YII2(=1=0m with Y11 < 2™ and put YI" = R.
Then one can show Y% =1 and

YUl <9k avi < jylit = xyll

by induction on j < n. We leave the details to the interested reader.

Let us also mention that while it is unclear whether the soundness of the Hesse—Allender—
Barrington algorithms for division and iterated multiplication is provable in VT'C?, it seems
very likely that it is provable in VTC® + IMUL. If true, this would imply that VT'C° + IMUL
is TI-axiomatizable over VTCP by the sentence asserting the soundness of the algorithm, and

it can be formulated as a purely universal theory in the language of VT'C°. A priori, the IMUL
axiom is only VP.

Even though we do not know whether IMUL is provable in VTC? itself, we can place it
reasonably low in the usual hierarchy of theories for small complexity classes: it is straightfor-
ward to show that VTC° 4 IMUL is included in the theory VNC? (and even VTC!, if anyone
bothered to define such a theory) by formalizing the computation of iterated products by a
balanced tree of binary products.

As stated in the Introduction, the provability of IOpen in VTC? or VT'C° + IMUL can
be phrased in terms of TC® root-finding algorithms. There are several ways of expressing this
connection precisely; one version reads as follows.

Proposition 3.7 VTC°+IMUL proves IOpen if and only if for every constant d > 0 there exist

Lm—terms R_(Ag,..., A4, X,Y,E) and Ry (Ao,...,Aq, X, Y, E) such that the theory
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proves

(1) X<YAFX)<0<F{Y)AE>0AZs=Ri(Ag,...,Aq,X,Y,E)
- X<Z <Zi<YNZi—Z_ <ENF(Z_.)<0<F(Zy),

where all second-sort variables are interpreted as binary rational numbers (fractions), and F(X)
denotes AgX®+ Ay 1 X%+ ... 4 Ap.

Proof:

Left-to-right: the statement that for every Aog,..., A4, X, Y, F there exist Z_, Z, satisfy-
ing (1) is provable in IOpen (in the real closure of the model, there is a root of F' between X
and Y where F' changes sign, and this root can be arbitrarily closely approximated from either
side in the fraction field of the model using Theorem 2.1). By assumption, the same statement

is also provable in VT'C° 4+ IMUL. Since the latter is a universal theory whose terms are closed
under definitions by cases, Herbrand’s theorem implies that there are terms R_, Ry witnessing
Z_ 7.

Right-to-left: Let D be a DOR induced by a model of VTC+IMUL, K its fraction field, and
F a polynomial with coefficients in D. Since F' can change sign only deg(F') times, a repeated
use of (1) gives us elements Zp < Z; < --- < Zj, of K such that F has (in K) a constant sign on
each interval (—o0, Zp), (Zk,0), and (Z;, Z;+1), except when Z; 11— Z; < 1. We have D E DIV,
hence we can approximate each Z; in D within distance 1; it follows that in D, F' is positive on
a finite union of (possibly degenerate) intervals. Every Logr open formula ¢ is equivalent to a
Boolean combination of formulas of the form F(X) > 0, hence {X € D : X > 0 A ~¢(X)} is
also a finite union of intervals, and as such it has a least element if nonempty. Thus, D satisfies
induction for (. O

Note that Lm—terms denote TC? algorithms (employing iterated multiplication),
hence the gist of the conclusion of Proposition 3.7 is that VT'C° 4+ IMUL proves the soundness
of a TCY degree-d polynomial root-approximation algorithm for each d. The details can be
varied; for example, we could drop X and Y, and make the algorithm output approximations
to all real roots of the polynomial, or even complex roots. However, such modifications make it

more difficult to state what exactly the “soundness” of the algorithm means.

4 Working in VTC° + IMUL

As we already warned the reader, the objects we work with most often in this paper are binary
numbers (integer or rational), and we will employ common mathematical notation rather than
the formal conventions used in [68]: in particular, we will typically denote numbers by lowercase
letters (conversely, we will occasionally denote unary numbers by capital letters), and we will
write x; for the ith member of a sequence x (which may be a constant-length tuple, a variable-
length finite sequence encoded by a set as in Section 2, or an infinite sequence given by a
TCY function with unary input 7). We do not distinguish binary and unary numbers in notation;
we will either explicitly mention which numbers are unary, or it will be assumed from the context:



VIII. Open induction in a bounded arithmetic for TC" 221

unary natural numbers appear as indices and lengths of sequences, as powering exponents, and
as bound variables in iterated sums )" ,z; and products [[}" ;.

_ . . 0 .
VTGO IMUL function symbols (i.e., TC" algorithms) freely
in the arguments. In particular, we can use basic arithmetic operations on integers, including

By Theorem 3.2, we can use L

iterated sums and products. Iterated sums satisfy the recursive identities

Zl‘ozo,

i<0
E T; = E Ti + Tp,
<n+1 <n

and other basic properties can be easily proved by induction, for example

Z(%‘ +yi) = sz + Zyi,

<n <n <n
(2) E Yyxr; =Yy § T,
<n <n
g T = E T; + g Tn4i-
<n+m <n <m

In particular, VT'C° + IMUL proves that if 7 is a permutation of {0,...,n — 1}, then

(3) DoTi= ) Ty,

i<n i<n
(In order to see this, show >, x; = >, Zr(;y[7(i) < m] by induction on m < n using (2),
where [---] denotes the Iverson bracket.) This allows us to make sense of more general sums
> ic1 i where the indices run over a T C%-definable collection of objects (e.g., tuples of unary
numbers) that can be enumerated by a subset of some {0,...,n — 1}; the identity (3) shows
that the value of such a sum is independent of the enumeration. For example, we can write

fn)= > i,
i+j=n

meaning a sum over all pairs of numbers (i, j) such that i+j = n. We can also prove the double
counting identity

(4) DD T =Y =YY Ty

<n j<m i<n j<mi<n
<m

by first showing >, > Tij = D k<pm T|k/m )k mod m DY induction on n using (2), and then
(3) implies that other enumerations of the same set of pairs give the same result. Likewise, we

can show
(5) (X e) (X ) =3 v
i<n i<m Jzé;}l

Iterated products can be treated the same way as sums, mutatis mutandis.
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Rational numbers can be represented in VI'CY + IMUL as pairs of integers standing for
fractions a/b, where b > 0. We will not assume fractions to be reduced, as we cannot compute
integer gcd. Arithmetic operations can be extended to rational numbers in VTC? + IMUL in

aj D icn i Hj;éi b

i<n bl o Hi<n bl

VTCY 4+ IMUL knows the rationals form an ordered field, being the fraction field of a DOR.
The properties of iterated sums and products we established above for integers also hold for

the obvious way, for example

rationals.

Using iterated products, we can define factorials and binomial coefficients

for unary natural numbers n > m. A priori, n! is a binary integer, and (:1) a binary rational;
however, the definition easily implies the identities

() =) =0 (2= ()

from which one can show by induction on n that (;:L) is an integer for all m < n. We can also
prove by induction on n the binomial formula
n . .
@+y)"=> <Z> Yy

i<n

for rational z,y. More generally, we can define the multinomial coefficients

< n >_ n! _(n><n—n1>”.<n—n1—---—nd_1)
Niy...,Ng nyl- - ng! ny n9 ng

for a standard constant d and unary n = nj + --- + ng, and we can prove the multinomial
formula

©) O D VRN S

by metainduction on d.

5 Lagrange inversion formula

The Lagrange inversion formula (LIF) is an expression for the coefficients of the (compositional)
inverse g = f~! of a power series f. In this section, we will formalize in VTC° + IMUL variants
of LIF for the special case where f is a constant-degree polynomial; we first show that g inverts f
as a formal power series, and then with the help of a suitable bound on the coefficients of g,
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we show that the series g(w) is convergent for small enough w; this means that under some
restrictions, partial sums of g(—ag) approximate a root of the polynomial f(x) + ao.

LIF, specifically the equivalent identity (9), has a simple combinatorial interpretation in
terms of trees which allows for a straightforward bijective proof. However, this proof relies on
exact counting of exponentially many objects, and as such it cannot be formalized in VTC° +
IMUL. In contrast, the inductive proof we give below proceeds by low-level manipulations of
sums and products; while it lacks conceptual clarity, it is elementary enough to go through in
our weak theory.

We introduce some notation for convenience. Let us fix a standard constant d > 1. We are
going to work extensively with sequences m = (mao, ..., mg) of length d—1 of unary nonnegative
integers. We will use subscripts i = 2,...,d to extract elements of the sequence as indicated,
and we will employ superscripts (and primes) to label various sequences used at the same time;
these do not denote exponentiation. If m! and m? are two such sequences, we define m! + m?
and m! —m? coordinatewise (i.e., (m! +m?); = m! + m?), we write m! < m? if m} < m? for
all i = 2,...,d, and m' < m? if m! < m? and m' # m?. We define the generalized Catalan

(X, — yms + )Ty ma!

Theorem 5.1 VT'C° + IMUL proves the following for every constant d > 1: let

numbers

Cm =

d
flx)=a+ Z apx”
k=2

be a rational polynomial, and let
o
g(w) = Z bw'™
n=1

be the formal power series (with unary indices) defined by

(7) by, = > Cu](—a)™.

Si-Dmi=n—1 =2

Then f(g(w)) = w as formal power series.

Remark 5.2 The sum in (7) runs over sequences m = (ma, ..., my) satisfying the constraint
ZfZQ(i— 1)m; = n—1; since this implies ma, . .., mq < n, there are at most n%~! such sequences,
hence the sum makes sense in VT'C? 4+ IMUL.

The power series identity f(g(w)) = w in the conclusion of the theorem amounts to by = 1,
and the recurrence

d
(8) b= (=ar) > bycby,  (n>1)
k=2 ny4-tnp=n

Rather than developing a general theory of formal power series in VTC? + IMUL, we take this
as a definition of f(g(w)) = w.
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Proof: After plugging in the definition of b, both sides of (8) can be written as polynomials in
—ag, ..., —aq with rational (actually, integer) coefficients by several applications of (5). More-

over, b, contains only monomials Hi(—ai)mg with > (i — 1)mf = nj — 1. Thus, the right-hand
side contains monomials [];(—a;)™ with m; =3, m] + oF
have >, (i — )m; = >, (i — 1)mg +k—1=3%,(nj—1)+k—1=n—1, which is the same

constraint as on the left-hand side. In order to prove (8), it thus suffices to show that the

, Where 55 is Kronecker’s delta. We

coefficients of the monomials [],(—a;)™ satisfying > ,(i — 1)m; = n — 1 are the same on both
sides of (8). This is easily seen to be equivalent to the following identity for every sequence m:

d
(9) Con = > Cor--Coi (m#0).

k=2 m1+...+mk:m,5k

(Here, we treat Kronecker’s delta as the sequence 6% = (d5,...,6%).) We will prove (9) by
induction on ), m;, simultaneously with the identities

(10) > (il = Dmf 4 1) Cor Crr = (3, imi + 1) Cl,

m/4+m/'=m

o Ciimi+ k—1)tk B
(11) m1+..§nkm Ot Ot = (5 o I L (k=1,...,d).

The reader may find it helpful to consider the following combinatorial explanation of the iden-
tities, even though it cannot be expressed in VT'C° + IMUL. First, C,, counts the number of
ordered rooted trees with my, ..., mg nodes of out-degree 2,...,d, respectively, and the appro-
priate number (i.e., Y (i — 1)m; + 1) of leaves. Indeed, such a tree can be uniquely described
by the sequence of out-degrees of its nodes in preorder. One checks easily that every string with
ma, ..., mg occurrences of 2,...,d, resp., and ) (i — 1)m; 4+ 1 occurrences of 0, has a unique
cyclic shift that is a valid representation of a tree, so there are

1 ( Ziimi—Fl >—C
Soiimg +1\>; (i — D)myi +1,ma, ..., mq "

such trees. The left-hand side of (11) thus counts k-tuples of trees with a prescribed total number
of nodes of out-degree 2, ..., d; a similar argument as above shows their number equals the right-
hand side (every string with the appropriate number of symbols of each kind has exactly k cyclic
shifts that are concatenations of representations of k trees). The main identity (9) expresses that
a tree with more than one node can be uniquely decomposed as a root of out-degree k = 2,...,d
followed by a k-tuple of trees. Finally, (10) expresses that a pair of trees t',t” together with a
distinguished leaf = of ¢’ uniquely represent a tree ¢t with a distinguished node x, namely the
tree obtained by identifying the root of t” with x.

Let us proceed with the formal proof by induction. Assume that (9), (10), and (11) hold for
all m’ such that m’ < m, we will prove them for m.



VIII. Open induction in a bounded arithmetic for TC" 225

(9): If m # 0, we have

d d '
> 2 G Cu= ) (i — Lymy + 1) Tz ma! (1 — 1))

my >0
(>, im; — 1)!
= kmy,
(Zz(l — )m; + 'H m;! Z
mk>0
(32, imy)! = Cy,

- (32i(i = Dymg 4+ 1) T my!

using (11) for m — 6¥ < m.
(10): If m = 0, the statement holds. Otherwise, we have

(> imi +1)Ch,

d
= Com + (X;imi) Y > Cot - Cs

k=2 ml4...+mk=m—5k

d k
Con+ Y > D (iim] +1)C -+ Cr

k=2 ml4tmb=m—sk j=1

d
(12) =Cm+ > k > (3, imF +1)Cht -+ i
k=2

ml4-dmk=m—g&k

d
=Cm+ Y k > (32,66 — DmF +1)Cppr -+ Cpe G
k=2 ml+,,,+mk+m//:m_5k

d
=Cy + Z Cor Z k Z (EI(Z — 1)’m;C + 1)Cm1 Y G

m/4+m” =m k=2 mli...tmk=m/—5k
m'#0
d k .
SRS SR> SHIED SRRD ot T PR e
m'+m’ =m k=2 ml 4 fmk=m’—sk j=1
m/#£0
d
=Cnt D> Cwd 3 (Si-Dmi+1)CpiCon
m/+m' =m k=2 mli...amk=m/—5k
m/#£0

= Y (Zii—1)mf+1)CoCrar,

m/+m’'=m

using (9) for m and m’ < m, and (10) for m¥ < m. We derive line (12) by observing that the
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k sums
> (Spiml +1)Cpa - Coe (G =1,...,k)
ml 4 tmbk=m—gk
have the same value due to symmetry (i.e., by an application of (3)). Line (13) is similar.
(11): By metainduction on k = 1,...,d. The case k = 1 is the definition of C),. Assuming
the statement holds for k, we prove it for k 4+ 1 from the identity
k(zl(z — 1)mi +k+ l) Z le cee ka+1
mldtmbtl=m
k+1

=k Z Z(ZZ@ — 1)mf + 1)Cm1 .- -ka-+1

ml4dmbktl=m j=1
= k(k+1) > (3,6 = 1)mi™ +1)Cppt -+ Coein

ml+tmktl=m

=k(k+1) D CprCpumr > (36— 1)mf 4 1) Cs Crer

ml4dmhk=m m/+m/' =mk

=k(k+1) > (XiimF+1)Ch-Cp

mld-dmk=m

k
=(k+1) Z Z(Ziz’ngrl)le---ka

ml4-4mk=m j=1

- (l{;—f—l)(ziimi—f—k) Z Cor-C i

mliqdmbk=m

using (10) for m* < m. O

Lemma 5.3 VTC? + IMUL proves: let f,g be as in Theorem 5.1, and a = max{l,zimi]}.
Then |b,| < (4a)"! for every n.

Proof: We can estimate

’bn‘ < anfl Z CmH(al—imi’)mi

> E=1)ym;=n—1 =2

IN

D DD S (RN | | (I

t=n—1 S+Zz m; =t

a1 2(n—1) d '
=— Z (1+Q_IZ|(M|>
t=n—1 =2

d 2(n—1)
< g1 (1 4+t Z|a’|) < g 192(n-1)
i=2

using the multinomial formula (6). O
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Example 5.4 The bound in Lemma 5.3 is reasonably tight even in the “real world”. Let
a > 0 be a real number, and put f(z) = x — az?®. Then g is its inverse function g(w) =
(1 — /1 —4aw)/2a, whose radius of convergence is the modulus of the nearest singularity,
namely 1/4a. Thus, for every € > 0, |b,| > (4a — €)™ for infinitely many n. In fact, the Stirling

approximation for Catalan numbers gives b,, = @((4@)”71_3/ 2).

Theorem 5.5 VTC° 4 IMUL proves the following for every constant d > 1. Let h(z) =
Zgzo a;x* be a rational polynomial with linear coefficient a1 = 1. Put f = h — ag, let g and b,
be as in Theorem 5.1, a = max{1,2?12|ai|}, a = 4alagl|, and let

N
TN =Y bu(—ag)"
n=1
denote the Nth partial sum of g(—ag) for every unary natural number N. If
ao] < =
agp 40,7
then
|ao|
14 < —
(14) N
|a0‘OcN71
15 — < 2O
(15) oy —aar] < 10—
(16) |h(zn)| < N¥agla™

for every unary M > N > 1.

Proof: Lemma 5.3 gives

N N-1
< niy n—1 _ n < ’a0| ]
[z N | _nz_:l\ad (4a) Iaolnz_%a 1 a

The proof of (15) is similar. As for (16), we have

d N
h(zn) = ag + Zak Z b, -+ by, (—ag) ™1
k=1

ni,...,np=1

d N
(17) = Zak‘ Z b, -+ by (—ag)™
k=1 N1y, Np=1

ni+-4np>N

as
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for all n < N by Theorem 5.1. Note that the inner sum in (17) is empty for £ = 1, thus

N

d
(zn)] <) lael > (4a) ™ (dalag )" ™
k=2

ni,...,np=1
ni+-+ng>N

d k
N
< Z’ak’ <4a) ot

N2 N )
< o +1
= ame { (4a)?” (4a) } “

N? N4
< max {7 i Haoke? < Njagfa

using Lemma 5.3 and a > 1. (]

Intuitively, the conclusion of Theorem 5.5 says that xy is a Cauchy sequence with an explicit
modulus of convergence whose limit is a root of h of bounded modulus.

6 Valued fields

Theorem 5.5 shows that VT'C° + IMUL can compute roots of polynomials of a special form,
however it would still be rather difficult to extend it to a full-blown root-finding algorithm.
We will instead give a model-theoretic argument using well-known properties of valued fields to
bridge the gap between Theorem 5.5 and approximation of roots of general polynomials.

In order to prove VT'C® 4+ IMUL - IOpen, it suffices to show that every model of VTC? +
IMUL is a model of IOpen. First, since VT'C°+ IMUL + DIV, we can reformulate Theorem 2.1
in terms of fields.

Lemma 6.1 Let D be a DOR, and F its fraction field. The following are equivalent.
(i) D E IOpen.
(i) D E DIV, and F is a dense subfield of a RCF R. O

The condition that F' is dense in R means that elements of R can be well approximated in F',
i.e., R cannot be too large, while the condition that R is real-closed (or at least contains the
real closure F®) means that R cannot be too small, so these two conditions work against each
other. One canonical choice of R is the smallest RCF extending F, i.e., Freal We obtain that
a DOR D E DIV is a model of IOpen iff F is dense in F™. However, it will be useful for us to
consider another choice: it turns out that there exists the largest ordered field extension FDOF
in which F is dense, and a DOR D E DIV is a model of IOpen iff F' is real-closed.

The existence of F' was shown by Scott [163]. One way to prove it is by generalization of
the construction of R using Dedekind cuts. Consider pairs (A, B), where F' = AU B, B has no
smallest element, and

inf{fb—a:a€ A be B} =0.
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One can show that the collection of all such cuts can be given the structure of an ordered field in
a natural way, and it has the property needed of F. However, we will use a different construction
of F' which may look more complicated on first sight, but has the advantage of allowing us to
employ tools from the theory of valuations to explore its properties (such as being real-closed).
It can be thought of as generalizing the construction of R by means of Cauchy sequences.

We refer the reader to [76] for the theory of valued fields, however we will review our notation
and some basic facts below to make sure we are on the same page.

A wvaluation on a field K is a surjective mapping v: K — I' U {oo}, where (T, +,<) is a
totally ordered abelian group (called the value group), and v satisfies

(i) v(a) = oo only if a =0,
(i) w(ab) = v(a) + v()
(iii) v(a + b) = min{v(a),v(d)},

where we put oo+ =+ 00 = oo and v < oo for every v € I'. (Elements with large valuation
should be thought of as being small; the order is upside down for historical reasons.) Valuations
vi K -5 TU{oo}, v': K = I"U{oo} are equivalent if there is an ordered group isomorphism
f: T — T such that v/ = fow.

The valuation ring of v is

O =1{a€e K :v(a) > 0},

with its unique mazimal ideal being
I ={a€K:v(a)>0}.

The quotient field k = O/I is called the residue field. If a € O, we will denote its image under
the natural projection O — k as a.

More abstractly, a valuation ring for a field K is a subring O C K such thata € Oora™! € O
for every a € K*. Any such ring corresponds to a valuation: we take I' = K* /O ordered
by aO* < bO* iff b € aO, and define v as the natural projection v(a) = aO*. A valuation is
determined uniquely up to equivalence by its valuation ring; thus, either of the structures (K, v)
and (K, O) can be called a valued field. A valued field (K’ ,v') is an extension of (K, v) if K is
a subfield of K, and v C ¢’. (In terms of valuation rings, the latter means O = O'N K.) A
valuation (or valuation ring or valued field) is nontrivial if I' # {0}, or equivalently, if O # K.

A valuation v: K — I" U {oo} induces a topology on K with basic open sets

B(a,v)={be K:v(b—a) >}, ac K,yel.

(Note that B(a,vy) = B(d/,7) for any o’ € B(a,v).) This makes K a topological field, and
as with any topological group, it also makes K a uniform space (with a fundamental system
of entourages of the form {{a,b) € K2 : v(a —b) > ~} for v € T'). Consequently, we have
the notions of Cauchy nets, completeness, and completion; for the particular case of valued
fields, they can be stated as follows. A Cauchy sequence in K is {ay : v € I'} C K such
that v(a, — as) > min{~y,d} for every 7,6 € I'. (Alternatively, it would be enough if Cauchy
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sequences were indexed over a cofinal subset of I'.) Such a sequence converges to a € K if
v(a — ay) > « for every v € I'. The valued field (K,v) is complete if every Cauchy sequence
in K converges. A completion of (K,v) is an extension (K,) of (K,v) which is a complete
valued field such that K is (topologically) dense in K. (The last condition implies that K is an
immediate extension of K, i.e., the natural embeddings I' C [ and k C k are isomorphisms. )

Theorem 6.2 ([76, Thm.2.4.3]) Every valued field (K,v) has a completion, which is unique
up to a unique valued field isomorphism identical on K. O

Now we turn to the interaction of valuation and order [76, §2.2.2]. Let (K, O) be a valued
field. If <is an order on K (i.e., (K, <) is an ordered field) such that O is convez (i.e.,a <b<c¢
and a,c € O implies b € O), then an order is induced on the residue field k by @ < b < a < b.
Conversely, any order on k is induced from an order < on K making O convex in this way. If
I" is 2-divisible, such a < is unique, and can be defined explicitly by

a>0 < Jbe K (ab®> € O* Aab? > 0).

In general, the structure of all such orders < is described by the Baer—Krull theorem [76,
Thm. 2.2.5]. Notice also that every convex subring of an ordered field is a valuation ring.

Lemma 6.3 If (K, <) is an ordered field, and O a nontrivial convex subring of K, then the
valuation topology on K coincides with the interval topology. In particular, a subset X C K is
topologically dense iff it is order-theoretically dense.

Proof: The convexity of O implies that every B(a,7) is also convex. If ¢ € (a,b), and v >
v(c —a),v(c —b), then ¢ € B(e,y) C (a,b). On the other hand, if ¢ € B(a,v), pick e > 0
with v(e) >« (which exists as the valuation is nontrivial). Then ¢ € (¢c—e,c+e) C B(a,v). O

For any ordered field (K, <), the set of its bounded elements
O={aeK:3¢eQ (-¢<a<q)}
is a convex valuation ring for K with the set of infinitesimal elements
I={aeK:¥geQ" (—¢<a<q)}

being its maximal ideal. The corresponding valuation is the natural valuation induced by <.
The residue field is an archimedean ordered field, and as such it can be uniquely identified with
a subfield £ C R. Here is the promised construction of the largest dense extension of an ordered
field.

Lemma 6.4 Let (K, <) be a nonarchimedean ordered field, v its natural valuation, and (K, )
its completion. There is a unique order on K extending < that makes O convez. Its natural
valuation is U, and it satisfies:

(i) K is an ordered field extension of K such that K is dense in K.
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(i) If K" is any ordered field extension of K in which K is dense, there is a unique ordered
field embedding of K' in K identical on K.

Proof: Since K is an immediate extension of K , for every a € K> there exists an ag € K* such
that aay' € 1+ I, or equivalently, ¥(a — ag) > ©(a) = v(ag). Any order < on K extending <
such that O is convex (which implies 1 + ICK T) must satisfy

(18) a>0 < ap >0,

which specifies it uniquely. On the other hand, we claim that (18) defines an order on K. First,
the definition is independent of the choice of ag: if a1 € K* is such that aal_l el1+4+1 , then
aoafl € 1+ 1 is positive, whence ag and a; have the same sign. Clearly, exactly one of @ and —a
is positive for any a € K*. Let a,b € K*, a,b> 0. Since (ab)(agbg)~! € 1+ I, we have ab > 0.
Also, v(ag + bp) = min{v(ag),v(by)} as they have the same sign, thus

o((a+b) — (a0 + bo)) = min{d(a — ag), 9(b — bo)} > min{v(ag),v(bo)} = v(ag + bo).

This means we can take ag + by for (a + b)g, showing that a + b > 0.

Ifa <b<e ace O, wemay assume (¢ —a)g = (¢ — b)og + (b — a)o by the argument
above, hence (¢ —b)p + (b —a)o € O. Since (¢ — b)g, (b — a)o > 0, this implies (b —a)g € O,
hence b —a € O, and b € O. Thus, O is convex under <.

Since (K, <) is nonarchimedean, the valuations v and ¢ are nontrivial. Thus, K is an order-
theoretically dense subfield of K by Lemma 6.3, which shows (i). Also, in view of the convexity
of O, this implies that O is dense in O, hence

O:{aEf(:Equ@Jr(*qiaéQ)}a

i.e., 0 is the natural valuation of (K, <).

(ii): Let v’ be the natural valuation on K’, and (K’,%') its completion. By Lemma 6.3, (K, v)
is topologically dense in its complete extension (K, %'}, hence there is an isomorphism of (K7, o)
and (K, 0) identical on K by Theorem 6.2. It restricts to an embedding f: (K’,v') — (K, 7).
For any a € K’, we can see from (18) that f(a) > 0 implies ap > 0 for some ay € K* such that
aag Ve 1+ I, whence a >’ 0. Thus, f is order-preserving. The uniqueness of f follows from
the density of K in K. O

(If K is archimedean, its natural valuation is trivial, hence the induced topology is discrete,
and K = K. However, the largest ordered field extension of K where K is dense is R.)

We will rely on the following important characterization of real-closed fields in terms of
valuations [76, Thm. 4.3.7].

Theorem 6.5 Let (K, <) be an ordered field, and O a convex valuation ring of K. The follow-
ing are equivalent.

(i) K is real-closed.

(ii) T 4s divisible, k is real-closed, and O is henselian. O
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There are many equivalent definitions of henselian valuation rings or valued fields (cf. 76,
Thm. 4.1.3]). It will be most convenient for our purposes to adopt the following one: a valuation
ring O or a valued field (K, O) is henselian iff every polynomial h(xz) = Z?:o a;z’ € O[x] such
that ag € I and a; = 1 has a root in I.

The basic intuition behind Theorem 6.5 is that in order to find a root a of a polynomial in K,
we use the divisibility of I' to get a ballpark estimate of a, we refine it to an approximation up to
an infinitesimal relative error using the real-closedness of k, and then use the henselian property
to compute a. Complications arise from interference with other roots of the polynomial.

It is well known that the completion of a henselian valued field is henselian. In fact, we
have the following simple criterion, where we define a valued field (K, O) to be almost henselian
if for every polynomial h as above, and every v € T', there is a € I such that v(h(a)) > 7.
(Equivalently, (K, O) is almost henselian iff the quotient ring O/ P is henselian for every nonzero
prime ideal P C O [176].)

Lemma 6.6 The completion (K,9) is henselian iff (K, v) is almost henselian.
Proof: First, we observe that if h = Z?:o a;z* € O[z] has a; = 1, then
(19) v(h(b) — h(c)) = v(b—c)

for any b, c € I. Indeed, if b # ¢, we have

h(b) — h(c)
b—c

d
=a+ Y a0+ et 4T e+ T C O
=2
Left to right: assume that h = E?:o a;z' € O[z], a1 = 1, ap € I, and v € T'. Without loss
of generality, v > 0. Since K is henselian, there is & € I such that h(a) = 0. By the density
of K in K, we can find a € K such that 9(a — @) > . Then a € I, and v(h(a)) > v by (19).
Right to left: let h = Z‘LO a;x' € Olz] with a; = 1 and ag € I. For any v € T', v > 0, we
choose a; , € K such that ©(a;—a;~) > v, and put hy = >_. a; ,a*. Then h, € O[x], ap, € I, and
we could have picked a1 5 = 1, hence by assumption, there is b, € I such that v(h(b,)) > ~v. By
the choice of h, this implies 9(h(b,)) > . Moreover, v(by —bs) = 0(h(b,) — h(bs)) > min{~,d}
by (19), hence {by : v > 0} is a Cauchy sequence. Since K is complete, there is b € K such that
(b — by) > for every . Then b € I. Since 9(h(b) — h(b,)) > v by (19), we have d(h(b)) > v
for every v € T, i.e., h(b) = 0. O

Putting all the things together, we obtain the following characterization of open induction.
We note that the fact that the completion of a real-closed field is real-closed was shown by
Scott [163].

Lemma 6.7 Let D be a nonstandard DOR such that D E DIV, F its fraction field endowed
with its natural valuation, and F its completion. The following are equivalent.

(i) D E IOpen.

(i) F is real-closed.
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(iii) F is almost henselian, its value group is divisible, and its residue field is real-closed.

Proof:

(ii) and (iii) are equivalent by Theorem 6.5 and Lemma 6.6, using the fact that F is an
immediate extension of F.

(ii) — (i) follows from Lemma 6.1 as F is dense in F'. Conversely, assume that F' is a dense
subfield of a RCF R. By Theorem 6.5, R is henselian, its value group is divisible, and its residue
field is a RCF. The completion R is also henselian by Lemma 6.6, and it has the same I" and &
as R, hence it is a RCF by Theorem 6.5. However, the density of F in R implies F' ~ R by
Lemma 6.4, hence F is a RCF. O

We remark that we could have used any nontrivial convex subring in place of the natural
valuation in Lemma 6.4 (any two such valuations determine the same uniform structure by
Lemma 6.3, which means that their completions are the same qua topological fields, and one
checks easily that they also carry the same order). Likewise, Lemma 6.7 continues to hold
when F'is endowed with any nontrivial valuation with a convex valuation ring; this may make
a difference for verification of condition (iii). Notice that such valuation rings correspond to
proper cuts (in the models-of-arithmetic sense) on D closed under multiplication.
We can now prove the main result of this paper.

Theorem 6.8 VT'C° + IMUL proves IOpen on binary integers.

Proof: Let M E VTC® + IMUL, and D be its ring of binary integers, we need to show that
D E IOpen. We may assume without loss of generality that M, and therefore D, is w-saturated.
Since VTC° + IMUL + DIV, it suffices to check the conditions of Lemma 6.7 (iii).

As we have mentioned above, the residue field k of any ordered field under its natural
valuation is a subfield of R. The w-saturation of D implies that every Dedekind cut on Q is
realized by an element of F', hence in fact & = R, which is a real-closed field.

Every element of the value group I is the difference of valuations of two (positive) elements
of D. Let thus a € D, and k € Z*. Put n = ||a|| — 1, which is a unary integer of M such that
2" < a < 2L Put m = |n/k| and b = 2™. Then V% < a < 2¥b*, hence kv(b) = v(a). This
shows that I" is divisible.

Let v € I', and h(z) = Y ;. a;z" € Flx] be such that v(a;) > 0, v(ag) > 0, and a3 = 1.
Then a = max{l,Z;-i:z]ai\} is bounded by a standard integer, whereas ag is infinitesimal,
thus a = 4alag| is also infinitesimal. Let N be a nonstandard unary integer of M such that
v(27N) > ~, and let zy be as in Theorem 5.5. Then using a crude estimate,

|h(zn)| < NYaglaN < 2N4=N = 2=V,
which means that v(h(zy)) > 7. Moreover, |xy| < |ag|/(1 — «) is infinitesimal. Thus, F' is
almost henselian. O

As explained in Section 3, Theorem 6.8 implies that for any constant d, VT'C° 4+ IMUL can
formalize a TC? algorithm for approximation of roots of degree d rational polynomials. The
reader might find it disappointing that we have shown its existence nonconstructively using the
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abstract nonsense from this section, so let us give at least a rough idea how this algorithm may
actually look like; it is somewhat different from the one in Chapter VII.

Clearly, one ingredient is Theorem 5.5, which gives an explicit description of a TCY algorithm
for approximation of roots of polynomials of a special form (small constant coefficient and large
linear coefficient). The remaining part is a reduction of general root approximation to this
special case, and this happens essentially in Theorem 6.5. This theorem has a proof with a fairly
algorithmic flavour using Newton polygons (cf. [21, §2.6], where a similar argument is given in
the special case of real Puiseux series). The Newton polygon of a polynomial f(z) = Z?:o a;x’ €
K|[x] is the lower convex hull of the set of points {e; = (i,v(a;)) : i =0,...,d} CQ xTI.

The basic idea is as follows. Take an edge of the Newton polygon with endpoints e;,, e;, .
The slope of the edge is in I due to its divisibility, hence we can replace f(z) by a suitable
polynomial of the form af(bx) to ensure v(a;,) = v(a;) = 0. Then f € O[z], its image f € k[x]
has degree i1, and the least exponent of its nonzero coefficient is ig. If we find a nonzero
root @ € kX of f of multiplicity m using the real-closedness of k, the Newton polygon of the
shifted polynomial f(z + a) will have an edge whose endpoints satisfy i, < i} < m < i1 — i,
since m is the least exponent with a nonzero coefficient in f(z +a). This is strictly shorter than
the original edge unless f is a constant multiple of 2% (x — @) %, which case has to be handled
separately. If we set up the argument properly, we can reduce f by such linear substitutions in
at most d steps into a polynomial whose Newton polygon has ey, e; for vertices, and then we
can apply the henselian property to find its root in K.

One can imagine that a proper TC? algorithm working over Q instead of a nonarchimedean
field can be obtained along similar lines by replacing “infinitesimal” with a suitable notion
of “small enough” (e.g., employing an approximation of —log|a| as a measure of magnitude
in place of v(a)). However, the details are bound to be quite unsightly due to complications
arising from the loss of the ultrametric inequality of v.

7 Application to Buss’s theories

While VTCP + IMUL does not stand much chance of proving induction for interesting classes of
formulas with quantifiers in the language of ordered rings, we will show in this section that we can
do better in the richer language Lp = (0,1, +, -, <, #, |z, |z/2]) of Buss’s one-sorted theories of
bounded arithmetic— VT C?+IMUL proves the RSUV -translation of T, and even minimization
for sharply bounded formulas (23-MIN). The main tool is a description of ¥}-definable sets
discovered by Mantzivis [127], whose variants were also given in [33, 113]: in essence, a 28-
definable subset of [0,27) can be written as a union of n?}) intervals on each residue class
modulo 2¢, where ¢ is a standard constant. As we will see, this property can be formalized
in VTC® + IMUL using the provability of IOpen for the base case of polynomial inequalities,
and as a consequence, our theory proves minimization and induction for 28 formulas. (We
stress that as in the case of IOpen, these are minimization and induction over binary numbers.
Despite the same name, the schemata denoted as IND and MIN in the two-sorted framework
only correspond to LIND and minimization over lengths in Buss’s language, respectively.) We
will present the messier part of the argument as a normal form for 28 formulas over a weak
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base theory, in the hope that this will make the result more reusable.

We will assume the reader is familiar with definitions of Buss’s theories (see e.g. [37, 116]),
in particular, with BASIC'. Recall that a formula is sharply bounded if all its quantifiers are of
the form 3z < |t| or Vo < |t|. We reserve X§ for the class of sharply bounded formulas of Lz,
whereas sharply bounded formulas in an extended language Lp U L’ will be denoted X3(L’).
Let BASIC™" denote the extension of Buss’s BASIC by the axioms

(20) 2(yz) = (zy)z,

(21) y<z—3z(y+z=u1x),
(22) u < [z[ = Jy (jy| = ),
(23) z<wzfty— [z <lzllyl,
(24) x| < .

(The quantifiers in (21), (22) could be bounded by x, if desired.) On top of BASIC, axioms
(20) and (21) imply the theory of nonnegative parts of discretely ordered rings, hence we can
imagine the universe is extended with negative numbers in the usual fashion. In particular, we
can work with integer polynomials. We introduce two extra functions by

ry=z <= y+z=zaV(@<yAz=0),
omintulel} — 5 s S # 1 =22 A (W< 2| A2l =u+ 1)V (u> [z Al2| = || +1)).

BASIC proves that — and 2™{%l#l} are well-defined total functions. Notice that BASIC™ is
universally axiomatizable in a language with ~ and 2™™{wl=l} We will write 2% for 2min{wle(}
when a self-evident value of = such that u < |z| can be inferred from the context (e.g., when u
is a sharply bounded quantified variable).

If p is a polynomial with nonnegative integer coefficients, one can construct easily a term ¢
such that BASIC™ + p(|z1|,...,|zk|) < |¢(F)|. Conversely, one can check that BASIC™ proves
lzy| < |z| + |y|; together with other axioms, this implies that for every term ¢ (even using —
and 2mM{w[#l}) there is a polynomial p such that BASICY F |t(Z)| < p(]:;|)

Lemma 7.1 Let p(x1,...,2%) be a Bb(=,2°m™wle}y formula. Then BASICT proves o(7)
equivalent to a formula of the form

e

\/ (/\ (zi=0; (mod 2°))

01,...,0<2¢ =1

/\Qlul SP(‘fUD Qlul < p(|I|) ft?(xl""7xkau17---vula2U1>"'721”) > 0)5

where ¢ is a constant, Q1,...,Q; € {3,V}, p is a nonnegative integer polynomial, x; = o;
(mod 2°) stands for x; = o; +2°|--- | |xi/ 2]/2] -+ /2], and fz is an integer polynomial.
~—
C
Proof: Using the remark before the lemma, we can find a nonnegative integer polynomial p
such that p(|z|) bounds the values of |¢| for every subterm ¢(#, @) occurring in ¢ and all possible
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values of the quantified variables @. Then we can rewrite ¢ in the form

Qrur < p(|2]) -~ Quu < p(|)) W (F, @),

where 1 is open. The next step is elimination of unwanted function symbols. Let |t| be a
subterm of v, and write (Z, @) = ¢'(Z, 4, |t|). Then ¥ (Z, @) is equivalent to

Ju < p(|a]) (Jt] = u A/ (&, @, u)).
Using the axioms of BASIC™ and the definition of 2%, this is equivalent to
Ju < p(|a]) ([2/2) <t < 2 AY/(&, 1, ).
Likewise,
G(F, Tyt # )  Fu,v,0 < p(|]) (uw=[t| Av = |s| Aw = uv AD(F, T,27)),
O(F, @, 270 o Fu, v < p(|z]) (uw = |s| Av = min{t, u} AO(F,@,2Y)),

where we further eliminate |t| and |s| as above, and min{¢,u} in an obvious way. Applying
successively these reductions, we can eventually write ¢ as

(25) Qur < p(|7)) -+ Quuy < p(|z]) (&, @, 2),

where 1) is an open formula in the language (0,1, +,-, -, |x/2], <).

Claim 7.1.1 Let t(Z) be a (0,1,+,-, =, |x/2|)-term such that the nesting depth of |x/2] in t
is ¢, and the number of occurrences of — is r. For every & < 2¢, there are integer polynomials
J1,---,9r and {fa caq, ..o €40, 1}} such that BASIC™ proves

T

(26) Ngi(@) = 0)% = t(2°F + 7) = fa(),
i=1

where ' = ¢, ¥ = —.
Proof: By induction on the complexity of ¢. For example, assume (26) holds for ¢, and consider
the term |t/2]. Let 7 < 2, and assume that fz(7) = p (mod 2), p € {0,1}. Notice that all

coefficients of fz(2% +7) — p are even, so hg(%) = (f%(2%) — p) is again an integer polynomial,
and BASIC™ proves

A (@25 +7) > 0)% = 1(2H17 + (257 + 7)) = V *Qf)J _ fh&(f) “’J — hal@).
=1

O (Claim 7.1.1)
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Claim 7.1.2 FEvery open formula (%) in the language (0,1,4,-, =, |x/2], <) is equivalent to
a formula of the form

over BASIC™, where each vz is a Boolean combination of integer polynomial inequalities.

Proof: Using Claim 7.1.1 and BASIC-provable uniqueness of the representation z = 2y + o,
o < 2¢ we obtain an equivalent of v in almost the right form except that 1z is a Boolean
combination of inequalities of the form

2757 - a)) =0,

where f is an integer polynomial. If d = deg(f), g(&) = 2°*f(27¢(Z — &)) is an integer polyno-

mial, and the inequality above is equivalent to ¢g(Z) > 0. O (Claim 7.1.2)

Let us apply Claim 7.1.2 to the formula (&, ,2%) in (25). Since BASIC* knows that
20 = 1 and 2¢*! = 2. 2% we can replace 2% = ¢ (mod 2°¢) with 2% = o V (u; > c Ao = 0).
Moreover, u; = o (mod 2¢) can be written as Jv < p(\£|) (u; =2+ o), and x; = 0 (mod 2°)
can be moved outside the quantifier prefix. Thus, ¢(Z) is equivalent to

k

V (Ai=oi (mod 29) AQuur < plla]) -+ Qur < plla]) (7, 7,21 )

F<2c i=1
where 1z is a Boolean combination of integer polynomial inequalities. We can reduce 1z to a
single inequality using
~(fz0)<-f-120,
F=0Ag>04 Y <p(lz)) (vf + (1 —v)%g > 0),

assuming p(\§|) > 1. O

Lemma 7.2 VTC° + IMUL proves the following for every constant d: if {f, : u < n} is a
sequence of integer polynomials of degree d (each given by a (d + 1)-tuple of binary integer
coefficients), and a > d is a binary integer, there exists a double sequence w = {wy; : u < n,
i < d+ 1} such that 0 = wyo < wy1 < -+ < Wy ar1 = a and fu(x) has a constant sign on each
interval Wy, ;, Wy i+1), that is,

(27) Yu < nVzx /\ (ww <z < wyit1 = (ful@) >0 fulwy;) > O))
i<d

Proof: Using [Open, {x < a: f(x) > 0} is a union of at most d intervals for every polynomial f
of degree at most d, i.e., VTC? + IMUL proves

ViVa>d30 =x0 < -+ < Tg441 :an/\(xi <z <zig1 — (f(z) >0 f(z;) Z())).
i<d
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Now we would like to invoke ©P-ACF to find a sequence w satisfying (27), but we cannot
directly do that as the conclusion is only IT%.

Let M E VTC°+ IMUL, and R be its real closure. Quantifier elimination for RCF furnishes
an open formula ¥ in Log such that M E 9(z,y, ag, .. .,aq) iff f(x) =3, a;z" has no roots in
the interval (z,y|r. By replacing f with 2f + 1 if necessary, we may assume / has no integral
roots. Let a1 < --+ < ag, ¢ < d, be the list of all roots of f in (0, a]g, and let xg, ..., z441 € M be
the sequence of integers 0, [a1], .. ., [a¢], a (which exist due to IOpen) with duplicates removed,
and dummy elements added if necessary to make it the proper length. Then f has no roots in
the intervals (x;, z;+1 — 1]g. This means we can prove in VTC® + IMUL the statement

ViVa>dd0=xp<z1 < - <2441 =0 /\19(a:i,a:i+1—1,f),
i<d

which has the right complexity, hence we can use 2113 -AC" to derive the existence of a sequence w
such that

Yu <n (wu,o =0ANwygy1 =aN /\ (wu,i < Wy i1 A 19(wm, Wy i+1 — 1, fu))>
i<d

This implies (27). O

Theorem 7.3 The RSUV -translation of BASIC™ + Eg(;,Qmin{“"x”)-MIN, and a fortiori
of TY, is provable in VTC® + IMUL.

Proof: Work in VTC®+IMUL. Tt is straightforward but tedious to verify the BASICT axioms.
Let ¢(z) be (the translation of) a X§(=, 2mir{wlzl}) formula (possibly with other parameters),
and a a binary number such that ¢(a), we have to find the least such number. Since it is enough
to do this separately on each residue class modulo 2¢, we can assume using Theorem 7.3 that
() is equivalent to
Quuy < -+ Qu < n f(x,i,2%) >0

for < a, where n is a unary number, and f is a polynomial with binary integer coefficients.
By Lemma 7.2, there is a sequence w such that

wgi <@ < wigrn = (f(@,@,20) > 0 6 f(wz;, T,2) > 0)
for all < a, @ < n, and i < d. As VTC" proves that every sequence of integers can be sorted,

there is an increasing sequence {w; : j < m} whose elements include every wg ;. Consequently,

the truth value of ¢(z) is constant on each interval [w}, w’ ), and the minimal z < a satisfying
¢(z), if any, is w’ , where
jo = min{j < m : p(w))}.

The latter exists by Y& (L -COMP. O

VIGOT hiuE)

We remark that the proof used nothing particularly special about division by 2, except
that BASIC conveniently includes the |[z/2] function symbol and the relevant axioms. We
could allow more general instances of division as long as the values of all denominators en-
countered when evaluating a %j formula on [0,a] have a common multiple which is a length
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(unary number); in particular, Theorem 7.3 (along with an appropriate version of Lemma 7.1)
holds for ¥4 formulas in a language further expanded by function symbols for |2/2/¥/l] and
Lo/ max{1, [lyll} -

We formulated Theorem 7.3 for VT'C?+ IMUL as we have been working with this two-sorted
theory throughout the main part of the paper, however here it is perhaps more natural to state
the result directly in terms of one-sorted arithmetic to avoid needless RSUV translation. A
theory A%-CR corresponding to TC® was defined by Johannsen and Pollett [110], and shown
RSUV-isomorphic to VTC? by Nguyen and Cook [133]. Recall also Johannsen’s theory C9[div]
from Section 3.

Corollary 7.4 The theories A5-CR + IMUL and CY[div] prove Xf(=,2™™wl=I)_MIN and
therefore TY. O

To put Theorem 7.3 in context, there has been a series of results to the effect that various
subsystems of bounded arithmetic axiomatized by sharply bounded schemata are pathologically
weak. Takeuti [169] has shown that SY = %5- PIND does not prove the totality of the predecessor
function, and Johannsen [107] extended his method to show that S9 in a language including ~,
|2/2Y], and bit counting does not prove the totality of division by three (or even of the AC®
function |2/*!/3]). Boughattas and Kolodziejczyk [33] have shown that T = $8-IND does not
prove that nontrivial divisors of powers of two are even, and by Kolodziejezyk [113], it does not
even prove 3 { 21l These results also apply to certain mild extensions of T 20, nevertheless no
unconditional independence result is known for X3-MIN, or its subtheory 7% + S9.

What makes such separations possible is a lack of computational power. It is no coincidence
that there are no result of this kind for two-sorted Zambella-style theories, where already the
base theory V proves the totality of all AC-functions: we can show VO(p) € V°(g) for primes
p # q using the known lower bounds for AC? [p], but we have no independence results for stronger
theories without complexity assumptions such as ACY[6] # PH. This is directly related to the ex-
pressive power of sharply bounded formulas: while EOB formulas can define all AC? predicates,
the ostensibly quite similar 28 formulas (that even involve the TC’-complete multiplication
function) have structural properties that preclude this, as witnessed by Mantzivis’s result. In-
deed, the pathological behaviour of T disappears if we slightly extend its language: as proved
in [94], T9(|x/2¥]) = PVi, and this can be easily extended to show %§(|x/2Y])-MIN = T}.

Theorem 7.3 formally implies only conditional separations: in particular, PV; ¢ Zg—MIN
unless P = TC?, and X3-MIN C Ty unless PH = BH C TCY/poly and PLS = FTC? (provably
in ES—MIN ). However, heuristically it gives us more. If ES—MIN were a “computationally
reasonable” theory, we would expect it to coincide with T21 due to its shape, or at the very
least to correspond to a class closer to PLS than TC®. Thus, Theorem 7.3 indicates that it
might be a pathologically weak theory in some way, and therefore amenable to unconditional
independence results by means of a direct combinatorial construction of models in the spirit
of [33, 113].
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8 Conclusion

The weakest theory of bounded arithmetic in the setup of [182, 68] that can talk about elemen-
tary arithmetic operations on binary integers is VT'C°. We have shown that its strengthening
VTCY 4+ IMUL proves that these operations are fairly well behaved in that they satisfy open
induction. Despite that the theory VT'C°+ IMUL corresponds to the complexity class TC? sim-
ilarly to VTCY, it is still an interesting problem what properties of integer arithmetic operations
are provable in plain VT'C°. In view of Theorem 6.8 and Corollary 3.6, we have:

Corollary 8.1 VTC" proves IOpen if and only if it proves DIV . (]

Question 8.2 Does VTC® prove DIV ? In particular, does it prove the soundness of the divi-
sion algorithm by Hesse, Allender, and Barrington [90]?

While the analysis of the algorithm in [90] generally relies on quite elementary tools, its formal-
ization in VTC? suffers from “chicken-and-egg” problems. For instance, the proof of Lemma
6.1, whose goal is to devise an algorithm for finding small powers in groups, assumes there is
a well-behaved powering function, and uses its various properties to establish that its value is
correctly computed by the algorithm. This is no good if we need the very algorithm to construct
the powering function in the first place. Similarly, integer division is employed throughout Sec-
tion 4. It is not clear whether one can circumvent these circular dependencies in VT'CY. On
the other hand, the requisite operations such as division are available in VTC° + IMUL, which
makes it plausible that VT'CY + IMUL can formalize the arguments.

We remark that it is not difficult to do division by standard integers in VTC°. This means
VTCP knows that binary integers form a Z-ring, and in particular, they satisfy all universal
consequences of IOpen by a result of Wilkie [178]. (IOpen itself is a V3-axiomatized theory, and
likewise, DIV is a V3 sentence.)

As explained in Section 7, our main result implies that VT'C° + IMUL (or better, the
corresponding one-sorted theory Ab-CR+ IMUL) proves minimization for ¥} formulas in Buss’s
language, which suggests that the theory axiomatized by Zg—MIN is rather weak. Consequently,
it might be feasible to unconditionally separate this theory from stronger fragments of So,
nevertheless our argument gives no clue how to do that.

Problem 8.3 Prove that ES—MIN is strictly weaker than Ty without complexity-theoretic as-
sumptions.
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