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Arithmetic and complexity

Correspondence of theories of bounded arithmetic T and
computational complexity classes C:

» provably total computable functions of T are C-functions

» T can reason using C-predicates
(comprehension, induction, minimization, ...)

— “feasible reasoning”, “bounded reverse mathematics”

» what can we prove using only concepts computable in C7
» finite combinatorics, elementary number theory, . ..

» this talk: can we have tools from complex analysis?
» generating functions in enumerative combinatorics
» analytic number theory
> eigenvalues and eigenvectors, . ..
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TC® and VTC?

Suitable complexity class: uniform TC® (contained in L C P)

> = [, X o, Xion Z, Q, Q(i) [HAB'02]
» approximation of functions given by nice power series:
exp, log, sin, arctan, ¥/x, ...

Corresponding theory: VTC? [NC'06,CN’10]

» formalize basic arithmetic operations incl. [],_, X; [J'22]
» model-theoretic construction of “reals”: [J'15,]'23]
M EVTC® ~ Q™ ~~ topological completion R™, C™
» R real-closed field, C™ algebraically closed
> construction of elementary analytic functions on C™
» no general theory of analytic functions

Can't quantify over reals, sequences, functions, ...

—> need a more robust setup
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VTCY with infinite sets

VTCY: Zambella-style two-sorted bounded arithmetic

» unary (index/auxiliary) integers: 0,1, 4, -, <
» finite sets & binary integers & binary strings: €, |X|

VTCY: two-sorted arithmetic with infinite sets

» unary (index/auxiliary) integers: 0,1, +,-, <
> sets of unary integers: € (no =)

» Q, induction, comprehension for £§ = A formulas:
X Vn(ne X < )

» H counting functions for sets

P> finite sets encoded as a set X + a bound n
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Comparison with related work

Buss '85: variants of Vi, U} with infinite sets

F. Ferreira, G. Ferreira, A. Fernandes: theories for real analysis

BTFA: based on S} ~ V! D VTCO
binary strings (numbers), sets of binary strings

extra principles: collection, WKL

vvyyy

theory TCA? for Riemann integration:

BTFA-like extension of TCA = theory for CH
TCA ~ (quasipoly) VTC?, but unary numbers
reinterpreted as binary = exponentially stronger

VTCY is fully conservative over VTC?

V3 theorems of VTC?, witnessed by “infinitary TC° functions”
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Objects encodable in VTCY

» sequences of binary objects: {X,},cL, X, C [0, n%)

(L = unary/logarithmic integers, ¢ € N standard constant)
encoded as X, = {j < n°: (n,j) € X}

» real numbers: sequence of integers a = {A[n]},cL s.t.
|A[n] —2="A[n+ m]| <1 represents a = lim, 2 "A[n]
=—> complex numbers z = x + iy

» double sequences { X, m}nmeL
= real/complex sequences {a,}neL
= power series f(z) =) an,(z —w)"

» analytic functions: {wx, rk, ax.n}kneL s-t. (roughly)

» fi(z) =3, ak.n(z — wy) radius of convergence > ry
» domain covered by J, B(wx, rc/3)
> |wx — wy| < rx = f;is fy shifted to w;
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Convergence and power series

Sequence with a polynomial modulus of Cauchyness has a limit

» arithmetical operations +, -

more generally: {a,}ner — {>, a,,}NeL, {TT,-n a,,}NeL
» f(z) =), a,z" converges for |z| <* rif a, = O(r ")
x<*y & x<y(l—m1!)forsome melL

Operations on power series:

» derivatives and primitive functions f("(z), n € Z,

> shift: f(z) =Y, an(z—u)" = f(z) =), bs(z— V)"
> Zn<N f"' Hn<N f”

> f(g(2))
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Contour integration

Analytic function f = |, fx as above,
fi(z) = >, akn(z — wi)" radius > ry

7 piecewise linear path with endpoints {z; : j < ¢}

Define /f(z) dz =Y (Fi(%) — Fi(511)) if
v j<i
> 5 ={%:j <} subdivision of 7
> 2,21 € B*(wy, i /3) for each j < 7
» F, = the primitive function of f;

VTCY proves

» uniqueness
> existence if v covered by |J,_, B*(wk, rc/3)
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What's next?

Work in progress

Some goals to pursue:

» Cauchy'’s residue theorem and calculus of residues

» root counting (argument principle, Rouché’s theorem)
» analytic continuation, monodromy

> ..

Applications in combinatorics, number theory
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