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Feasible analytic reasoning

Formalization of mathematical results in bounded arithmetic:

▶ feasible reasoning, “bounded reverse mathematics”

▶ uniform propositional proofs

▶ consistency of computational complexity conjectures

Typically: finite combinatorics, elementary number theory

Some arguments use tools from complex analysis:

▶ generating functions in enumerative combinatorics

▶ analytic number theory

▶ eigenvalues and eigenvectors

Can we do such things in bounded arithmetic?
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TC0 and VTC0

Suitable complexity class: uniform TC0

▶ +, −, ·, /,
∑

i<n Xi ,
∏

i<n Xi on Z, Q, Q(i) [HAB’02]
▶ approximation of functions given by nice power series

Corresponding theory: VTC0 [NC’06,CN’10]

▶ formalize basic arithmetic operations incl.
∏

i<n Xi [J’22]
▶ model-theoretic construction of “reals”: [J’15,J’23]

M ⊨ VTC0 ⇝ QM ⇝ topological completion RM,CM

▶ construction of elementary analytic functions on CM

▶ no general theory of analytic functions

Can’t quantify over reals, sequences, functions, . . .
=⇒ need a more robust setup

NB: Theories for real analysis (Ferreira, Ferreira, Fernandes)
— too strong in several respects
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VTC0 with infinite sets

VTC0: Zambella-style two-sorted bounded arithmetic

▶ unary (index/auxiliary) integers: 0, 1,+, ·,≤
▶ finite sets ≈ binary integers ≈ binary strings: ∈, |X |

VTC0
∞: two-sorted arithmetic with infinite sets

▶ unary (index/auxiliary) integers: 0, 1,+, ·,≤
▶ sets of unary integers: ∈ (no =)
▶ Q, induction, comprehension for ΣB

0 = ∆0
0 formulas:

∃X ∀n (n ∈ X ↔ φ)
▶ ∃ counting functions for sets
▶ finite sets encoded as a set X + a bound n

VTC0
∞ is fully conservative over VTC0

∀∃ theorems of VTC0
∞ witnessed by “infinitary TC0 functions”

NB: [Buss’85] variants of Vi
1, U

i
1 with infinite sets
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Objects encodable in VTC0
∞

▶ sequences of binary objects: {Xn}n∈L, Xn ⊆ [0, nc)
(L = unary/logarithmic integers, c ∈ N standard constant)

encoded as Xn = {j < nc : ⟨n, j⟩ ∈ X}
▶ real numbers: sequence of integers a = {A[n]}n∈L s.t.

|A[n]− 2−mA[n +m]| ≤ 1
▶ represents a = limn 2

−nA[n]
▶ comparison: a ≤ b ⇐⇒ ∀n ∈ L A[n] ≤ B[n] + 2
▶ complex numbers z = x + iy

▶ double sequences {Xn,m}n,m∈L
=⇒ real/complex sequences {an}n∈L
=⇒ power series f (z) =

∑
n an(z − w)n

▶ analytic functions: sequence of power series (see later)

Emil Jěrábek Towards complex analysis in VTC0 Proof Complexity 2025, Oxford 4:9



Convergence and power series

Sequence with a polynomial modulus of Cauchyness has a limit

▶ arithmetical operations +, · =⇒ R is an ordered field
▶ adapting [J’15] to VTC0

∞: R is a RCF, C ACF
▶ more generally: {an}n∈L 7→

{∑
n<N an

}
N∈L,

{∏
n<N an

}
N∈L

▶ adapting [J’23]: VTC0
∞ has well-behaved definitions of

elementary analytic functions (exp, log, sin, arctan, . . . )

Convergence properties of power series f (z) =
∑

n anz
n:

▶
∑

n anz
n converges for |z | <∗ r if an = O(r−n)

{anzn}n∈L unbounded for |z | ≥ r if an ̸= O(r−n)
▶ def.:

∑
n anz

n has radius of convergence ≥ ϱ
if an = O(r−n) for all r <∗ ϱ

▶ r <∗ ϱ =⇒ converges polynomially uniformly on B(0, r)

Notation: x <∗ y ⇐⇒ x ≤ y(1−m−1) for some m ∈ L
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Operations on power series

Derivatives and primitive functions f (n)(z), n ∈ ZL:

▶ explicit formula; same radius of convergence∑
n<N fn: term-wise∏
n<N fn, f (g(z)): (g(0) = 0)

▶ polynomials: evaluate at {e2πij/m}j<m, interpolate (DFT)

▶ power series: apply to partial sums

Shift: f (z) =
∑

n an(z − u)n 7→ fv (z) =
∑

n bn(z − v)n

▶ f radius ≥ ϱ, |v − u| <∗ ϱ =⇒ fv radius ≥ ϱ− |v − u|
▶ |w − v |+ |v − u| <∗ ϱ =⇒ f (w) = fv (w)

more generally: fw = (fv )w
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Analytic functions

f : Ω → C represented by {wk , ϱk , ak,n}k,n∈L where

▶ fk(z) :=
∑

n ak,n(z − wk) has radius of convergence ≥ ϱk
▶ domain Ω =

⋃
k B

∗(wk , ϱk/3)

▶ |wk − wl | <∗ ϱk =⇒ fl = (fk)wl
(fk shifted to wl)

z ∈ Ω =⇒ f (z) := fk(z) for any k s.t. z ∈ B∗(wk , ϱk/3)

▶ independent of the choice of k

▶ more generally: fz := (fk)z also independent
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Contour integration

Analytic function f =
⋃

k fk as above,
fk(z) =

∑
n ak,n(z − wk)

n radius ≥ ϱk

γ piecewise linear path with endpoints {zj : j ≤ ℓ}

Define

∫
γ

f (z) dz :=
∑
j<ℓ̃

(
Fkj (z̃j)− Fkj (z̃j+1)

)
if

▶ γ̃ ≡ {z̃j : j ≤ ℓ̃} subdivision of γ

▶ z̃j , z̃j+1 ∈ B∗(wkj , ϱkj/3) for each j < ℓ̃

▶ Fk = the primitive function of fk

VTC0
∞ proves

▶ uniqueness

▶ existence if γ covered by
⋃

k<K B∗(wk , ϱk/3)
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What’s next?

Work in progress

Some goals to pursue:

▶ Cauchy’s residue theorem and calculus of residues

▶ root counting (argument principle, Rouché’s theorem)

▶ analytic continuation, monodromy

▶ maximum modulus principle

▶ . . .

Applications in combinatorics, number theory
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