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Theorem (Grothendieck, 1953). Every weak* convergent sequence (f,) in the
dual of £ (I") converges with respect to the weak topology.

Overview

» Grothendieck’'s motivation: measure-theoretic as ()" comprises
finitely additive measures on p(I'); strengthening certain measure theoretic
principles.

» call such spaces Grothendieck. This class is

> closed under surjective linear images (hence complemented subspaces)
—just apply Hahn—Banach!

> not closed under taking subspaces (cp C £~),

> closed under forming £,-sums with p € (1, 00) but not for p = <!

> A separable space is G. if and only if it is reflexive—use Eberlein-Smulian.
» Ergodic theory of op® on G. spaces works rather well.

So is it one of those ‘non-separable’ talks? Well...
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Dual spaces with Petczynski's property (V). (X has prop. (V) whenever for any
space Y every unconditionally converging operator T: X — Y is weakly compact.)
» C(K)-spaces have prop. (V).
» C*-algebras have prop. (V) (Pfitzner, 1994);
all von Neumann algebras are Grothendieck spaces
AB(H), the space of op® on a Hilbert space H, is Grothendieck.

This answered a question from Diestel-Uhl's Vector measures:

Finally, there is some evidence (Akemann [1967], [1968]) that the space
Z(H; H) of bounded linear operators on a Hilbert space is a Grothendieck
space and that more generally the space £ (X; X) is a Grothendieck space
for any reflexive Banach space.
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operators on (€D, l30) 0,

Key ingredient (Johnson, 1972). The space E. = (€D, ¢1)¢., contains a
complemented copy of /1, hence it is not Grothendieck.

|dentify Eo, as a complemented subspace of #(E,). U
Remark. If #(X) is Grothendieck then so are X and X*.

Question (Diestel): If X and X* are Grothendieck, is X reflexive?

| can prove it under property (V)...

Question: Is A(X) ever reflexive? (X oco-dim)
see M. Ostrovskii's post mathoverflow.net/q/232291/15129
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Theorem (Beanland, K., Laustsen). Let X be the Tsirelson space or the p'"
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» Common feature: the said spaces are reflexive but not superreflexive.

» E a space with a normalised, 1-unconditional basis (e,);21
The E-direct sum of a sequence (X,),2; of spaces is given by

(@Xn)E = {(x,,): xn € Xn (n € N) and i ||xn||en converges in E}.

neN n=1

This is a Banach space w.r.t ||(x,)]| = H >t |

» Every uniformly bdd sequence (U,) 2, of op where U, € %4(X,), induces
a 'diagonal operator’ diag(U,) on (@D,cy Xn) . via

[xn|€n]]-

neN

dlag(U )(Xn)n 1 — (Uan)n 1 (H dlag(Un)” — SL,J?p ||Un||)

Abstraction. Let X = (@, Xn) ., where E is a Banach space with a
normalized, 1-unconditional basis and (X,) is a sequence of Banach spaces.
Then %(X) contains a complemented subspace which is isometrically

isomorphic to (EBneN ) 0
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Key observation. We observe that the (Johnson—Figiel) Tsirelson space X is
54-isomorphic to an unconditional FDD (€D F,)r, where E, is 2-isomorphic to
¢1(my) and m, — oo as n — oo.

Baernstein spaces. For x € coo and N; C N set
k 1
P
VP(X; Nla---aNk): <ZM(X7 Nf)p> ) where M(Xa NJ): Z |an|'
Jj=1 nENj
Definition. B, is the completion of cgo w.r.t.

|x||B, = sup{vp(x; N1,..., Ni): k € Nand Ny < No < -+ < Ny, [Nj| < min N;}

B> the first example (1972) of a reflexive space without the Banach—Saks prop.

Caveat. B, is not isomorphic to any E-sum of f.d. blocks of the basis
isomorphic to /7" (m, — oo) for any space E with a normalised
1-unconditional basis.
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Candido, Cuth, and Doucha of whether Lip Z" is Grothendieck.

Thank you very much!
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