Sada priklada 1/9

Klasicky varia¢ni pocet

1.

Necht ®(y) = [°(y? +( N dz, y € C'a,b]. Spoctéte Gateauxovy
diferencialy D®(y; h), D*®(y; h, k) a D3®(y; h, k,1).

Spoctéte prvni Gateauxuv a Fréchetuv diferencidl funkciondlu

O(y) = fo 2*(y* = (¢)*) da na C'[0,1].

Spoctéte prvni a druhy Gateauxuv diferencial funkcionalu

®(y) = Jy [#?sin(my) + (1) + y"y" + ye @] da ma C3[0,1].
Spoctéte prvni Gateauxiiv diferencidl funkciondlu ®(y;,y2) = fy [xy% +

(W1)2(4)? + (4)°] da ma €0, 1] x €0, 1],

Ukazte, ze funkciondl ®(y) =
fy € C'-L1y(~1) = ~Ly(l
Névod: Uvazujte funkce y,(z) = arctg (x/a)/arctg (1/a).

It 2%(y)? dz nemd na mnoziné M =
) = 1} minimum.

Ukaiite, 7e funkciondl ®(y) = [}, 25(y')2dz nemé na mnozing M =
{y € C'[-1,1];y(—=1) = —=1,y(1) = 1} minimum.

Navod: Uvazujte feSeni Euler-Lagrangeovy rovnice.

Najdéte extremédly (tj. Feseni piislusné Euler-Lagrangeovy rovnice) pro
funkciondl ®(y) = [o7 {(y) - yﬂ dx na mnozine M = {y € C[0, 27];
y(0) = y(2m) = 1}.

Necht ®(y) = [, y*(z" — y) do pro n piirozené dostatecné velké ¢islo a
necht M = {u € C'[0,1];u(0) = u(1) = 0}.

a) Ukazte, ze jedinym fesenim Euler-Lagrangeovy rovnice lezicim v
mnoziné M je yo = 0.

b) Ukazte, ze D*®(yo; h,h) > 0 pro h € M, h # 0.

c) Ukazte, Zze yo neni bodem extrému funkciondlu, tj. v libovolném
okolf bodu gy (v metrice C'[0,1]) existuji body v, y» € M tak, Ze

D(y1) < D(yo) = 0 < D(y2).
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Naleznéte extrémy nasledujicich funkcionalti na mnozinach spojité dife-
rencovatelnych funkci az do hranice splnujicich nize uvedené hrani¢ni
podminky.

®(y) = I [2()* = 20(y)?] da, y(1) = 0, y(2) = 1
B(y) = J5 & da, y(2) =4, y(3) = 9

O(y) = fy [()? +22] da, y(0) = -1, y(1) =1
®(y) = J§ [1— e @] dz, y(0) =0, y(a) = b, a > 0

®(y) = Jo y(y')* dz, y(0) = p > 0, y(1) = ¢ > 0.

V nésledujicich tlohach hledejte minimum funkciondlu ®(y) na spo-
jité diferencovatelnych funkcich, spliujicich dané hrani¢ni podminky a
vazebni podminku ¢(y) = const

D(y) = fy (v')?da, y(0) = y(7) =0, g(y) = fy y*dz =1
®(y) = fo () dz, y(0) =1, y(1) =6, g(y) = Jyydz =3

D(y) = Jy [22+ ()] do. y(0) = (1) = 0. g(y) = g v do = 2

(y) = fo () dr, y(0) = 0, y(1) = 5, 9(v) = fy [y — ()] dw = 5.

Klasicky variacni pocet - aplikace ve fyzice

Necht lagrangian L nezavisi explicitné na ¢ase, tj. L = L(x, ). Ukaite,
ze podél libovolné extremaly plati zdkon zachovani energie, tj.
de  d
dt — dt
(E=%N, 0,9 55 —L).

{E(o(t), 30(t))} = 0.

Necht pro pevné i = {1,2,... N} lagrangidn nezdvisi na z;. Potom
podél libovolné extremdly plati zakon zachovani hybnosti, tj.

flif dt{SL (t, xo(t)@o(t))} =0.
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Hamiltonuv princip v klasické mechanice tvrdi, ze mechanicka soustava
popsand soutadnicemi ¢, ¢, ..., gy se bude pohybovat tak, aby akce

Q
S:/ Ldt L=T(tqq) —U(tq)
P

(T', U dané funkce, reprezentujici kinetickou a potencialni energii sous-
tavy) byla staciondrni, tj. bude-li vektorovéd funkce ¢(t) fesit Euler—
Lagrangeovy rovnice. Napiste tyto rovnice.

Pomoci zdkona zachovani energie (viz vyse) ukazte, ze pro extremdly

, ., 1 .. . - ,
akce S dané lagrangianem L = 33, gi;%;%; je parametr ¢ piirozeny
parametr, tj.

d .
ij
Sestavte Hamiltonovy rovnice pro néasledujici funkcionély

Ty = [ o =203 + () = () dt

Tw) = [ Ve ir R

J(y1, ) = /b(tQ + (1) + ya(12)?) dt.

a



CLASICKY  VARARENG  RReT @

FM&.CIM«AK BoSrotaan 2 NLY Q_K\\\'\\X e R
Duf 2 Oqe) BT xR Llsomd X | 2 €D .
& \"EX\ 18>0 iaﬂcﬁ\u-\ \\c\<87\ C’BF, T md v bods @0 VR SMaLrew b

L) - Fla
Garramcin  difammenl : &s\i&a 2 Sin ﬂw, F_(i_fﬂ_é__l & ;LF (a¢th) [t_o

t»o

Z’KA.E{M ])F(“’,l\)\ rebo SF(QJ"V) Peo dore o l\J \YL \lqsw QtSQO
% Yo o\t ou\LJ ‘& o ?'v\ga&?\'s \L\ﬂ.‘s RTE Y akl\l a ua?Q»Nru. ¢\$QD
Ve o Leuivalink duvace Ve SmECa
G 1850 Osle D, . T nd v bodi & Fredebiv e}*a%w&uﬂ:ﬁ\ dp.s“"& £,

se»ﬁ Roimsdend Fmnboondl [ X 2R 42 [ ?—cuu-rica.\— LW o
>0 )L/I/

ZJME\'M aF () - ’-\Q ke *LAG g ((&W,Q ,\-Qda Q“"lﬁ)s U“US {caiilih er‘” luéX
Fladl il L(WelR .
Ve o shuiale  Fedblls dwggmxm&ig.u

Pord 1x. AFGR) | pab D) - AF@) (WY . m\,}m D b) o, «

o Ve \aadidate  ~a AF@) @ ovifina M%\M |
/M:) / \ cooma '\’4&0"&- by = b
Rtor | mibonabnd dimant def( mespehd finarin e %

iy = Q DE (0t Q (@)

& (W) (bﬁ

U Gt o ACHY

Lotalud miriomuns = X NPT !%M&O;M‘!&‘ weDyp. o bt 0ok . juah e
T € T  Y¥xe U@ad, e /k;\\'«.\n,' £vl>

oshl L B(L) < BGY  Mwe B o Dg
Sraciovacm  bod ‘“‘““3 e, & DF(@ W)=0 HheX.
N, el Fomd ,Qo& el ol ”‘“’\‘U W) = DFa)=0

Spuidh gro ikl Gy
= §3ec‘fm’j- 3(«.\=A\ mc%—? F(J f?oﬂm () dx
M rend NP = 2avdlne ,Qﬂumm %‘* s b2 w=A w -8 o ijm SJ

M € ngB&C[Q‘qi 3(«\4)\ (&,\:Oi ot ud \\l MNP ¢ e ”w“ —?K‘m\-t,y:\t;lm\.

HEEChI,
f i ke 8 KM:MJ’J&‘ +3&, pomine Boadine X3, IR L,.,JL oL

potV, bole




Towny Gk mﬁmwiﬁ«‘i-. @
o+ § Bl b Rl s (e gen)
2 N 2 2 2
bﬁ(’”ih"m - S g?(xﬂdyufz—%jgz(xﬂ\j““u d %(*4J0‘><U> olx
Eadi - L«SM?S,,W ot N “&eﬂ 0 dae. hott gmgw'b F.
Pal 0(0«\1.0\ X —> %%: CX\BOCX\ISQ(“\B S_ sfo‘S\: o\;&u.uuw\!kw rmav [‘0{51 v
°(x\ VI IS <
0 g c‘%(wm.aiw\- L5 g @)} =0 e Lol

\ide o cogelertl anmimsitdon s Qe CELIAR) | oo M dhoc beak 7
— e J .
A X CQ\E\ & Sm'&‘o‘"-l \& ’%%_zﬁho\ \&)(?‘o\\\&(o(&\\ #O ?k.& 3570 : \‘F’éc <&—6\K°*S>

Koo adumel -

2 . 3
o) \A"S(‘ MM\’Y\A. QM&@ %QQ*\‘&:("“ &L It = 3—%‘1(&30‘3;) =0 ma (Qlé)

/MO Manmn_ <0
ﬁF(ﬂ;b\w\zo YheX o V\‘]%Ué(a)

by o e bod B Lol ol b @ fab &

Q) e ‘y e bod ©. LR 0\2‘6(-.\ S?Q\\;\fb W \de w >0 - ‘%(—'(Q,ilu\u)z o(\\\ﬂ\\" He)
J

T Ro2eeY  Ndodl TF@WWL) 70 NweK
T segsd o &MM\Q._ b gt ) 2 I
Clabliee 8- YooK s nal Bola<S aud G )= Flyrth) lashast

- |<Aoa(£o. "
Y, 4.2 Md<§ > A S e

Cf“(ﬂ >0 ?w {e(o\a) =) Fmaf v O., ﬂo‘c.rwlw-

NM& wEd oot fx.nm-.\ﬂ‘lc\di o bwew
IS \oosrontnd b F( e+ (mdy < \FG ¢ (A—A\F(J3
Qo i ool %M\&.N\Q . OBm. 2‘(3\%_\:-: %Q\.B\%}_ )
% ’:8"2)‘ ?Q%:\'\\\I’\*: Wa\\%\m

’VX.J & H, Jvtr\%(O( ")

Q'\"M gx M\)}.}q\&{ (M‘E.M&x) =

T Ve, e bk Nl il § b 25 Y



\ﬁ.om'u. oowuﬁt Eo}\ a) /&M‘-D\\\o "’WM\&SL @
G§ 3 G 5 3 + > ém 9
N oo @) = (PLY + Qw dx o TR
" ’?‘(’\ij) Ax ‘az()\J “1J° )
Vueoblo vovmien —é\’\\\ﬂ £+ Qw =0
B e by gt L b e st 2t Dol s
s NN $
"J"’\ ba) = lL(x) = O.

"&wa‘ who : NedX %Q Q ([q\glx(\l_> (AC M n Q[Q. b a 921- (K O'J \7 O m &(6:5

Ay Niddd mo (a8 muaax. Yoy bk & @ Tab (4 O mimimas T o T
\] U\
™. Tl ma (Q&\ PvTI \'-wk\skoak L au.

N

GO Nedek N ‘& Wl 0 . Aitima. o
—&\’t : Q MO \“““A boh | dacobibe ot ol e etk )



@ 8y
e (3 W) =

ZDLMB'(“’\U) = 1‘

£=90%

- XB 3z *QS Y A NG Ay ®
QM*‘-’ S i-t 23’&‘\) +-L‘u (33 + J'Uv + ‘t(lv (3,)?- ol x

: x = lv* Ax
o SZ@LJL i do f%_SLw(L,)ok /Q

”M(S\uu\ -

® 4y ) <§ e 9CBa

M(‘s\“’\

3

( A

2_<Jb+tl<b+JL,+tl<L, - J‘L» jz(muvﬂx

_/

% i | e Y, &
Lutl‘k(‘—(')'z U\J—EQ)>— +()
e t\ K‘S« 3{\\1#6 HML‘A v N J :J

gx‘@ L -2 L;>d>< oo )
[«

L\n L - 2 kSa’\x

9
LM”\" e O{F(\‘]\ W o 0\?\'«

\
o uu\ g { “3‘“ 3k+H3L,+L, (3)

oy (& éijL,m 5T -

40

(6 \:ﬂ& W —%w \

\D
SAi (6 Ll

ﬂw— IAN <'"w“v’! j <63+kl3\ ol ¢

= L0 = Dblyiw) Feudule dipramed.

S (GJL Qv)}(»ﬁti 4\‘{‘/'-6(* gk“ok

ot Wz NA-S'M ovu\i- T %Mu,
2JL (Y - J*(J) szjbjou
Q““" Eﬂ

G +L,+(L)>o(><

+h3 l\u f“‘u“ e ol )A;

o M)o&x e -—ﬁMMA(»



® sy {rel gt g @ o el ®

I\

i (L *(Jf th)
Dby - & \(XSW@ W) (3*{103 (J*J‘ thk}) thb)x )okx/

ok
© ' "ftL,)L
A m L;\\ (-'H«u)[v“-f- L)k ;
(2 (o) rh 3k b o et t “
imso(rs mth) T 1 3 +(J+tk (Jw.,) (Z(J )

pr £20 . - Smm&‘}\ﬂ\v 3(3)\«« +\~\3“\ l\x\:“*c\vkw; 3—(3 (23 W) A\

it

2 Km\\u\\t\) 'D)? (3* Eib ))

S X &%(T(a’clc\t\\‘rlu 3(3&.\«‘)\,0 ol \ (4"

g - 2 *“““551% {
4

\ W N ! Qw
- S—ism&—ﬁ,k +63Ug Al Q_\ML 3 39 2\43\«»
0

—23&.\«)\&(@4{\-\ 3 % \ \c“ olx
® 4’(34.35 . S:Xjf* TACARITHIE (e G C&H]
! > [ e, (¢ (
(DHBM&'\L“ (“'25 - E(l'lc & X(‘yfjf-\w\ t (‘3«*“"’0('&"&’3 *(\37,*{1"23 olx /E=O

4 z (& (S |
= S Zx&\«;‘ % 234( L,:Q;)f(ty\ SLL\,’Z t 6%25 va ax

® oly) - fﬂn‘\‘dx M- %x\ecmq (a=-A, {9 5

=4

A vasian kel - NAAM YQAMM&N: 'D{;(m L)=0 ¥loeX (X {JGC[—MJ J(«)"J(/t) O})
DHy) - d%% etV al,,, - \ngb“‘ -0 HheX

c A
Diw Vs ‘Q&mw; ’2_753‘7_ C’ - ‘le 2—-;1 - az_%’.x_l,'b



Z-W\‘m \] A:&h\'l/w.L ovedun) eubq = M AN A S obe done..
3 26 AA% ‘& mve,\a U/a«) Srﬂ‘*tj P

A LA A

Nc)«a(’/a\ TR

(
A

(A W0 S R (N P \"’i,
4’(3@\ " 5\)(‘ 5 (ax 03@1 X (af’«— x”> Q:‘x&(&\?- % @:«f‘ . dt = i,:,

-4

Ab./ 'E__l &4 /a/

+
) o % m‘— A\‘g = N\t 2.%nele = Q%JCI&TSL{%(Q‘W\@{ - 'a‘z%
AX -

(O\VJ;-&A;_\L g 4y
= _a_”-—al-[o“ Lo 1‘/“) l: oo A _ iof
SN R A S
0—>0, = O\(C)cb %,_3 % = &#(3&\ — O,
20:%\:11; otividws %M \P(:I‘) =0 -VJC, H . 'b.oj vtb(»«,r:a—l( r¥3 lE:f’ 56\(]') s
Ovion TOL,A LJ waihoved Joc—ﬁ £.1. «é{f,)=o| ?LL 3()(.{7;) dx = O |
=> x?((jé)z=0 = o= P40

JoeCLog1] > 1ok’ ja((o)sq 57 Lonsh.
ke g S g T
#’(3\ = wg‘ xz/g(t}')'- Ax H:i © LAY : 6& «\z-«\s(,g - ,\‘g

Nk guptude, chodmen + DHqLY=0 YheX (% {JeCZ’—f,4J;3<-0=J(«)=o})

! "
2 | o _ X
M(J,'L') = f{ x/§(3+{k}§ dx \(’o = %;/523\,\} dx =0 ke

-A o b ‘—9— .
ol %*d ’C,ﬂ:]‘x‘/( J

3
A=A~ D =1 D=0 Gt=%

- %
50x°, 1

Sed =4
@ L ’,M\@QK 1 =4 %D
X CTAA] Y 2 Nowl s,

%
X

3:



Q) d>(3\: Sz‘rq'\‘, 31 dx M= ‘{3&@[0&3 X(o) SQ“\ ,\2§ ©
’\_‘”'Aa (2‘(*‘3\%\ = 2:2"&- %_g: 2 £0 /AM/\M.NMRV \* Q, a/ mm Ve \ilr

o Ppev T«Y\«s\* Miof-» Traolwm'\k

v % )
By (1) - rd 1\“(&«@:\1-(3«6 . 23'U -2 og(;( &a 24 b sz dx =0
> ) .
- 3\\“5 oo § g B L‘“@" R % hz& \’ J’ZJLO
Rck=0 = ) - 1¢ g_%= - |
=) 31 C Simx ¢ , coon . 0{\'}(93%(*1\”‘“’ er
01 €03 s G g fL CoR

N R N
@ 4’(\]) = S‘§Lfﬂ,3\ Ar, meN b ‘“\"%3@ oAl ; ncopg(:ao} +
a.) %()‘c&’t\ = {Q‘M'S\ . mapdvig ma 2 E,«,Q.’Lﬂsh & Q‘{ Yms\{ -58(“3\ =0 3
26@’—3\ 3 O & 23‘ ‘33 ol T L
< " =0.
: A} (2<7- 3(3\ =0 \3 =57 MSFLU J(o
by rb‘b(a \\‘\ " ;{% ka\\\ (x™ (af@\\\ I \ho

. zscﬁ AR e g@y-z DIV
Tyl - Q{&ﬂm -@cat«mxwxl_,o g(m ~by)b- g(zx—eJ}w

Dol o) = Ay .20 gwlie X120 « 2O
3 Ly \ SDQ.X \'\) S b R _ g o‘wq& L):(z O ma UJ(N:>
‘\hu‘\t_\ &_Q'_ o e \\\J*O ?“‘\‘ ax. Ko A \\‘- l n.lu'z_=F O,">>O'

N N . B x H.a 7
&) Poire! — ,\,\QQ{\ %m\,_u\ \g x) “\&1( ) 4tz i(( Lz i(; N 70
“ \ \g“— \\Q‘ \ \\\Q?— (e S &
Ve <

rM s(ﬂ« o S '(00\'“-—’“ /‘\“‘f 7,("\ =-§-x-(4- ’<)
\&l g"“)"“" L\Q%Q»A Ja. 1““” %e.\ 0\) \a d S(:I z) (K b (f—x)\dw
Ve

>o\/

2) ﬂyzo e ((4\ EY) %Mrdw
3((°\ =0



& 4y S ><<3\ 23%3 . {070, 1@)=4 ®

9&’*\32) S N @2- = '(’2_(&%_—3%) vo u&‘ﬂa\.\\w Hnctas g%,*o
% oo & PO TEOTT T
.,>¢a,,'4—'0 o B TR LM;&Q/ | X2 = Jl‘l'ti"”(]’e’("‘“/’ \74
& M ‘mhwmo.}c Cul.- Lwy

e —z%\ - (el - 4,3%35 - O
"LKL\\ . H%) AZxLSB J 5 e(y *42338
| > 33 -

= =0 (3,\%& Mstowﬁ o,

e S0 3 xja C.x NSTQMU‘ 0.®

rebo  y'=0 Y CxtD . OF: 405523 = C=A, D= 4”5&&4—6‘

B = Alem) <4220 >y i b s i
Dby = ‘*“E (3&&) 20y (¥4 dw\ L @qx P - QL@) 2 3@)1‘,&(%

i- (3“&\\:\\\; 2‘*-(3*{\»\ G(thkﬁgfﬁk L' o(x/

£=0

shae.

32%(3-\\0(\\\ = =1
")

‘4zx<3\(u’ -eq@u - 6Ly) Vi - 4253@ ) dx
‘)B&(J \o\\.\ i S/QXQV\ - /\2.\»\ AL (x- d\l,u\ dx = AQ—SQM
fﬁfm L=k =0 | (i = §8Y- <y @=0]
= i) = K (Ve ay - o e sep I8
AR S AN ngma\ &<E& 9‘1)‘3& \

. Ntém = Yo po W LS 2O @ RS Lude kowslect

4 - o\
S\‘\E: ﬁ~\1°\~'é\x( x&o “\9( \u (?m w& r“\s"(l LS -0
A E@L)mw sup W =1 vaJ

4
Y

\ \w\r\\‘ Ax

4.4
35 ¢

i

Co ‘te»wmlxd:zT Ajé ‘(3\%\ = ,(QH_ZS

n~ _6%7' - -5(:%% <O MN"‘U& < oL(C”‘-"

- (° d

QK (‘C%z /Qxil—'(lay ”"(bf-’ bt !
= b Bt | " |



M{M qohzf\' P&mcog\\ﬁo \

‘© \
R=35 Gy ) =

Voechle YoVRLe

®

Q= ;i ,(*.30\@ x(’%ﬁ)’ 0

W kU\"O
_Q?,k:\\ = O \5“16 o =<

\“,— k (x)=0
h-AxeB 0=A+8 i-) A=QB=0
0= Ax*B

= W b ma. (A 2Z1=D°
onacifge Lojrgpany bok o L

= 39 X = 4 Q’\ MWW .



