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Abstra
t. In 1933, Zwi
ky observed velo
ities of galaxies in the Coma 
luster whi
h were

too high. By means of the Virial Theorem 
onsidered in Eu
lidean spa
e he proposed the

existen
e of dark matter to keep the 
luster stable. In this paper we 
olle
t several phenomena

and fa
ts not taken into a

ount by Zwi
ky that 
an partly explain the high 
al
ulated mass of

the 
luster, for instan
e, dark energy, �nite speed of gravitational intera
tion, gravitational

aberration, 
urved spa
etime, the sel�ensing e�e
t, relativisti
 e�e
ts, de
reasing Hubble

parameter, et
. Thus, the 
al
ulated amount of dark matter in the Coma 
luster may be

substantially redu
ed. This also applies for dark matter inside galaxies.

Key words: dark matter, gravitational lensing, Virial Theorem

Introdu
tion

Eighty years ago, Fritz Zwi
ky published the groundbreaking paper (Zwi
ky,

1933) that essentially 
hanged the development of astronomy and 
osmology

for many de
ades. Using the Virial Theorem, he found that in order to explain

fast movements of galaxies in the giant galaxy 
luster Abell 1656 in Coma

Bereni
es, he had to assume the existen
e of a 400 times larger amount of

nonluminous matter than luminous to keep the 
luster together. Sin
lair Smith

(Smith, 1936, p. 27) independently rea
hed a similar 
on
lusion for the Virgo


luster. Later the huge fa
tor 400 was redu
ed to 10. The term dark matter (in

German dunkle Materie) was used by Zwi
ky in his paper (Zwi
ky, 1933) on

page 125.

In (Zwi
ky, 1937) a new approa
h of gravitational lensing by means of

an intervening galaxy is presented. Zwi
ky found that the probability of an

alignment of two galaxies is mu
h higher than for the alignment of two stars.

He also introdu
ed a gravitational lens formed by a 
luster of galaxies, see

(Zwi
ky, 1937, p. 238).

In this paper, we present several fa
ts and phenomena whi
h should be

taken into a

ount to estimate the amount of dark matter, and whi
h have not

been treated by other authors sin
e Zwi
ky's introdu
tion of the 
on
ept of

dark matter. In Se
tion 2 we brie�y re
all the Virial Theorem whi
h establishes

the equilibrium of the total kineti
 and potential energy of gravitationally

intera
ting bodies of a stable system. In Se
tion 3 we present Zwi
ky's method

and 
omment on it. In Se
tion 4 we point out several e�e
ts that were not

taken into a

ount by Zwi
ky and that may redu
e the 
al
ulated mass of the

whole 
luster A1656 (
alled Coma 
luster). We also survey various methods

that have been applied to determine the total mass of the Coma 
luster by

other authors. In Se
tion 5 we introdu
e our own analysis based on existing

data. We examine the in�uen
e of dark energy, the sel�ensing e�e
t, relativisti
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e�e
ts, gravitational redshift, de
reasing Hubble parameter, et
., showing that

the amount of dark matter is overestimated. We also present a simple example

illustrating whether it is ne
essary to assume extragala
ti
 dark matter in the

Coma 
luster 
enter. Finally, in Se
tion 6 we give some 
on
luding remarks on

the existen
e of dark matter and present another example redu
ing the amount

of dark matter in the Milky Way and M31.

1. The Virial Theorem

Consider N mass points with masses m1, . . . ,mN whi
h intera
t only gravita-

tionally. Denote their positions by r1, . . . , rN , i.e., for ea
h time instant t the
ve
tor ri(t) ∈ R

3
is a point of the traje
tory of the ith point. Then the kineti


and potential energy of this system are given by

T =
1

2

N
∑

i=1

miṙi · ṙi, V = −
N−1
∑

i=1

N
∑

j=i+1

Gmimj

|rj − ri|
, (1)

where ṙi = dri/dt stands for the time derivative, · is the s
alar produ
t in R
3
,

| · | is the norm in R
3
and G = 6.674 × 10−11

m

3
kg

−1
s

−2
is the gravitational


onstant. For simpli
ity, we do not indi
ate the dependen
e of T , V , ri, . . . on
time t.

Applying Newton's se
ond law Fi = mir̈i and the gravitational law, we

obtain

r̈i =
N
∑

j 6=i

Gmj(rj − ri)

|rj − ri|3
. (2)

From this and (1) we have

V = −1

2

N
∑

i=1

mi

N
∑

j 6=i

Gmj(rj − ri) · (rj − ri)

|rj − ri|3
=

=
1

2

N
∑

i=1

mi

N
∑

j 6=i

Gmj(rj − ri) · ri
|rj − ri|3

+
1

2

N
∑

i=1

mi

N
∑

j 6=i

Gmj(ri − rj) · rj
|ri − rj|3

=

=
1

2

N
∑

i=1

mir̈i · ri +
1

2

N
∑

j=1

mj r̈j · rj =
N
∑

i=1

Fi · ri. (3)

Denoting the polar moment of inertia by I =
∑

imiri ·ri (see Zwi
ky, 1937,
p. 228), from (1) and (3) it follows that

Ï = 2
N
∑

i=1

mi(ṙi · ṙi + r̈i · ri) = 4T + 2V. (4)
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If Ï = 0 then

V = −2T (5)

for stabilized systems. The term virial is the original denotation for the poten-

tial energy V =
∑

i Fi ·ri (see (3)). In 1870 Rudolf Clausius derived the Virial

Theorem (
f. (1), (3) and (5)) for E = T + V < 0 in the form

〈

N
∑

i=1

miv
2
i

〉

+
〈

N
∑

i=1

Fi · ri
〉

= 0, (6)

where angular parentheses denote mean values over a very long time interval

and vi = |ṙi|.

2. Zwi
ky's appli
ation of the Virial Theorem to the Coma


luster

Zwi
ky examined 
urious redshifts of galaxies dis
overed by Slipher, Hubble,

Humason, et
. He was wondering why redshifts of individual galaxies from the

Coma 
luster (see Fig.1) have su
h a large dispersion from the average redshift

of the whole 
luster. The 
luster moves away from us due to the expansion

given by the present value of the Hubble 
onstant (Plan
k, 2013)

H0 ≈ 68 km s−1Mpc−1. (7)

Fig. 1. Giant galaxy 
luster Abell 1656 in the 
onstellation Coma Bereni
es. In the middle

there are two supergiant ellipti
 galaxies NGC 4889 and NGC 4874 (photo NASA).

In 1933 Zwi
ky found that some galaxies orbit the 
enter mu
h faster than

would follow from the Virial Theorem. He assumed N = 800 galaxies in the
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luster and estimated that ea
h galaxy has on average 109 stars. In this way

he got the following estimate of the total mass (see Zwi
ky, 1933, p. 124),

M = 800 × 109 ×M⊙ = 1.6 × 1042 kg, (8)

where M⊙ = 2×1030 kg is the mass of Sun. However, from the Virial Theorem

he obtained a 400 times higher mass M of the 
luster, see (Zwi
ky, 1933,

p. 125). Four years later he published a more detailed analysis (Zwi
ky, 1937),

where a similar fa
tor is redu
ed to 150 (
f. (8) and (19)). To explain this

paradox he assumed that there exists a large amount of some invisible dark

matter that has gravitational in�uen
e.

Let us take a 
loser look at Zwi
ky's method for establishing the total mass

of galaxy 
lusters by means of the Virial Theorem. We try to follow his original

notation from the papers (Zwi
ky, 1933) and (Zwi
ky, 1937). Denote the total

mass of the investigated galaxy 
luster by

M =

N
∑

i=1

mi, (9)

where mi is the mass of the ith galaxy, and let vi be the time independent

mean helio
entri
 speed of the ith galaxy. The Coma 
luster is very 
lose to

the North Gala
ti
 pole. Therefore, vi is equal to the re
ession speed of the ith
galaxy from our Galaxy, although the speed v⊙ = 230 km/s of the Sun about

the Gala
ti
 
enter is relatively high. Then the 
enter of gravity of the 
luster

re
edes with the mean speed

v =
1

M

N
∑

i=1

mivi. (10)

Zwi
ky then approximated the total kineti
 energy of galaxies with respe
t to

the 
enter of the 
luster as follows:

T =
1

2
Mv

2
=

1

2

N
∑

i=1

miv
2

:=
1

2

N
∑

i=1

mi(v − vi)
2, (11)

where the root-mean-square speed v of all galaxies with respe
t to the 
enter

of mass of the 
luster is de�ned by the last equality in (11).

To estimate the potential energy of the 
luster, Zwi
ky assumed that galax-

ies are uniformly distributed in a sphere with radius R. The 
orresponding


onstant density is

ρ =
3M

4πR3
.

The for
e a
ting on the galaxy with mass mi whose position is given by the

radius-ve
tor ri 
an thus be approximated by

Fi ≈ −4π|ri|3ρmiri
3|ri|3

= −GMmiri
R3

(12)
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taking into a

ount that

M −mi ≈ M. (13)

The 
orresponding potential energy of the ith galaxy is then

Vi = Fi · ri ≈ −GMmi|ri|2
R3

. (14)

Then Zwi
ky estimated the root-mean-square distan
e r from the 
luster 
enter

for a typi
al galaxy (see Zwi
ky, 1937, p. 230) as

r
2

=
1

M

N
∑

i=1

mi|ri|2 ≈
3

4πR3ρ

∫ R

0

r2 × 4πr2ρdr =
3

5
R2, (15)

where the density ρ of the 
luster is assumed to be 
onstant. By (3), (14), (9),

and (15) we have

V =
N
∑

i=1

Fi · ri ≈ −GM

R3

N
∑

i=1

mi|ri|2 ≈ −GMr
2

R3

N
∑

i=1

mi = −3GM2

5R
.

From this, the Virial Theorem (5), and estimate (11), we get the resulting

relation

M =
5Rv

2

3G
(16)

for the total mass (Zwi
ky, 1933, p. 124). We shall 
all it the virial mass.

Zwi
ky used the following data to establish the radius R. He assumed that

the Coma 
luster in the 
elestial sphere subtends the angle β = 1.7◦. At that
time Hubble with Humason estimated the distan
e to the 
luster to be 13.8

Mp
. Sin
e 1 p
 = 3.086 × 1016 m, it follows

R = 13.8 × 106 × 3.086 × 1016 × sin
1

2
β = 6.318 × 1021 m, (17)

i.e. R ≈ 0.2 Mp
.

Radial 
omponents of velo
ities of individual galaxies 
an be well-determined

from the Doppler e�e
t. From data available at that time, Zwi
ky found that

their redshifts have a large dispersion from the mean value of the whole 
luster,

even though by (Sanders, 2010, p. 14), he 
onsidered only eight largest galax-

ies. From this he 
al
ulated the square of the mean radial velo
ity v
2
radial =

5 × 1011 m

2
s

−2
with respe
t to the 
luster 
enter. Due to expe
ted isotropi


distribution of velo
ities and spheri
al symmetry, for the mean value v he ob-

tained

v
2

= 3 v
2
radial = 1.5 × 1012 (m/s)2 and v = 1.22 × 106 m/s. (18)

Substituting (17) and (18) into (16), we �nd the amount of the virial mass

M = 2.367 × 1044 kg, (19)

whi
h is about a 150 times higher value than found in (8). This dis
overy by

Zwi
ky was ignored for many de
ades.
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3. Problem of missing matter

Zwi
ky made many groundbreaking dis
overies in
luding the �rst postulation

of dark matter, the existen
e of neutron stars as a result of supernova explosions

and origin of 
osmi
 rays, gravitational lensing by galaxies and their 
lusters.

In spite of that, Zwi
ky's approa
h that led him to propose the existen
e of

dark matter requires a more detailed dis
ussion. Zwi
ky had to make many

simplifying assumptions to estimate the total mass of the 
luster A1656.

1) A

ording to the Hubble law and 
urrent measurements of velo
ities, the

distan
e to the Coma 
luster is not 13.8 Mp
 but about 100 Mp
. Substituting

the distan
e d = 100 Mp
 into (17), we get for the angular diameter β = 1.7◦

a mu
h bigger radius

R = d sin
β

2
= 1.48 Mpc = 4.58 × 1022 m ≈ 5 × 106 ly, (20)

and thus also a larger mass than in (19). Altogether from (16), (18), and (20)

the Virial Theorem yields

M = 1.71 × 1045 kg,

whi
h is about 1000 times larger than the value given in (8).

2) The angular diameter β = 1.7◦ from (17) is in reality somewhat greater.

By (Biviano et al., 1995) the Coma 
luster is in a region of dimensions 2.7◦ ×
2.5◦ with a boundary that is not well de�ned. Some other sour
es give smaller

values.

3) Zwi
ky in (8) supposes that the mass of ea
h galaxy is on average 109

Sun masses. These data are, on the other hand, 
onsiderably underestimated. A

great amount of light from stars is absorbed by interstellar gas. For 
omparison,

our Galaxy has over 500× 109 stars and its total mass is approximately MG =
1012M⊙, see (Lang, 2006, p. 127), whi
h is even more than the total mass

M of all 800 galaxies from (8) estimated by Zwi
ky. Nevertheless, the Milky

Way belongs to a 
lass of 
onsiderably larger galaxies. Therefore, at present

physi
ists think that there is one order of magnitude more dark matter than

luminous baryoni
 matter.

Zwi
ky made a lot of further approximations whi
h have an essential in�u-

en
e on the resulting 
al
ulation of the mass:

4) The estimate of the total number of galaxies N = 800 (see (8)) is slightly

underestimated, although Zwi
ky in (Zwi
ky, 1937, p. 244) admits N ≥ 1500.
At present we know more than one thousand galaxies in the Coma 
luster.

Ea
h Mp


3
thus 
ontains at least 70 galaxies on average. In 1933 Zwi
ky 
ould

not observe many dwarf galaxies in the 
luster.

5) Relation (9) does not 
onsider intergala
ti
 matter inside the 
luster. Its

density is quite high in the 
entral region of the 
luster. There are more gas,

dust, and solitary stars whi
h were eje
ted by various gravitational 
ollisions.

By X-ray analysis from (B�ohringer, Werner, 2010) and (Hughes, 1989) we know

that the intra
luster medium 
ontains a lot of invisible baryoni
 matter.
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6) Zwi
ky 
onsidered a uniform distribution of galaxies inside the 
luster

A1656, see (Zwi
ky, 1937, p. 229). However, the 
entral region is mu
h denser

than the region around the boundary (see Fig.7) and larger galaxies are 
loser

to the 
enter, in general. In Se
tion 5 we show that the 
oe�
ient

5
3
from (16)

is probably overestimated for the observed nonuniform and almost radially

symmetri
 mass distribution. Sin
e the 
luster is seen only in proje
tion, it


an also be elongated or �attened.

7) The kineti
 energy T with respe
t to the 
enter of gravity is not entirely

exa
t, sin
e the mean re
ession velo
ity vi from (11) over long time intervals

is repla
ed by the 
urrent value vi(t) = |ṙi(t)| for a given i ∈ {1, . . . , N}. At
present we know the values of the helio
entri
 radial 
omponents of velo
ities

of individual galaxies more pre
isely, but we 
annot establish their mean values

over long time intervals as required by (6). From the data presented in (Adami

et al., 2005), (Biviano et al., 1995), and (Colless, Dunn, 1996) for galaxies

belonging to the Coma 
luster we get radial 
omponents of velo
ities (see

Fig.2) and

v ≈ 1.686 × 106 m/s, (21)

whi
h is even more than v from (18). The potential energy (14) is also not

stated exa
tly due to the approximation (13).

Magnitude
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Fig. 2. Dependen
e of the radial 
omponent of the di�eren
e of re
ession velo
ities vi − v in

the Coma 
luster on magnitude, where vi = vi(t) 
orresponds to the present time.

8) Zwi
ky assumed an isotropi
 distribution of velo
ities. However, we 
an

see a 
ertain asymmetry of the histogram in Fig.6 with respe
t to the Gaussian


urve (see also (Neumann et al., 2003)). A giant tidal tail of stars whose mass

is 20% of the mass of NGC 4874 was dete
ted by (Gregg, West, 1998, p. 551).
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9) Dark energy might also 
ontribute to large velo
ities of galaxies in-

side the Coma 
luster. There is no reason to assume that dark energy would

somehow avoid the Coma 
luster whi
h is part of the expanding �
osmi
 web�.

The linear growth rate of large 
osmi
 stru
tures was observed by (Rapetti et

al., 2010). Moreover, as shown in (Dumin, 2003, 2008), (K�r���zek, 2009, 2012),

(K�r���zek et al., 2012), (Zhang, Li, Lei, 2010) dark energy a
ts also lo
ally. This


ould magnify the 
al
ulated mass. In addition, the speed in (16) is squared!

Therefore, a reliable knowledge of radial velo
ities is essential.

10) Zwi
ky restri
ted himself to the 
ase in whi
h all galaxies have the same

time independent mass (Zwi
ky, 1937, p. 231). Nevertheless, galaxies ex
hange

mass with the intergala
ti
 environment and their magnitudes di�er by eight

orders of magnitude.

Let us put forward some other fa
ts whi
h should be taken into a

ount

for a thorough error analysis.

Fig. 3. Deformation of spa
etime due to high density of galaxies in a 
luster of radius R.
The 
ir
umferen
e of the 
ir
le with radius R is smaller than 2πR.

11) Zwi
ky assumed that the Coma 
luster is in equilibrium and that the

Virial Theorem holds exa
tly. However, by ( Lokas, Mamon, 2003) most of

the spiral galaxies are infalling on to the 
luster, while ellipti
als are mainly


on
entrated 
lose to the 
enter. Sin
e their formation, galaxies 
ould orbit the


luster 
enter only a few times by the average velo
ity v from (21), sin
e one

period takes about

2πr/v = 4.11 × 109 yr, (22)

where r =
√

3R/
√

5 is the mean distan
e from (15) and R is given by (20).

Although r and v are slightly overestimated with respe
t to the mean values,

we probably 
annot talk about the relaxed system and thus one has to defend

whether the me
hani
al use of the Virial Theorem is well-founded.
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12) Zwi
ky used Newtonian me
hani
s with an in�nite speed of gravita-

tional intera
tion, whereas the real speed is surely �nite. In the 
luster whose

diameter is ten million light years, gravitational aberration e�e
ts are not neg-

ligible, see (K�r���zek, 2009), (K�r���zek et al., 2012). From Fig.6 we shall see that the

velo
ities of some galaxies with respe
t to the 
luster 
enter are more than 1%

of the speed of light, i.e. long-term relativisti
 e�e
ts in�uen
e the evolution

of the system. We know well the fun
tioning of Newtonian me
hani
s on short

time s
ales and low velo
ities in the Solar System. However, by (20) the 
luster

has diameter approximately 3 Mp
 > 6×1011 au, where 1 au ≈ 150×109 m is

the mean Earth-Sun distan
e. It is not 
lear whether we are allowed to employ

Newton's laws to obje
ts many orders of magnitude larger. This is similar to

the appli
ation of the laws of quantum me
hani
s to obje
ts of s
ale on the

order of meters.

13) Zwi
ky repla
ed galaxies of diameter 1010 au by mass points. This does

not allow one to 
onsider angular moments of rotating galaxies whi
h surely


ontribute to the total angular momentum. We also 
annot in
lude tidal for
es

that in�uen
e the dynami
s of the system. For instan
e, an isolated binary

system of two galaxies that orbit 
losely to ea
h other is not stable, sin
e

galaxies will merge due to tidal fri
tion, whereas the 
lassi
al two-body problem

has a periodi
 solution.

Zwi
ky restri
ted himself to the 
ase in whi
h N is 
onstant. However,

sometimes galaxies merge due to tidal for
es or various 
ollisions in the densely

populated spa
e (see Fig.1).

-0.4

-0.3
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0.3

α β

A

B

C

Fig. 4. A s
hemati
 illustration of the sel�ensing e�e
t. The observation angle β = ∢̃ABC
is larger than the angle α = ∢ABC due to the bending of light 
aused by the gravitation of

a galaxy 
luster itself.

14) Zwi
ky substituted the spa
etime 
urved by a thousand of galaxies

(see Fig.3) with a total mass about 1045 kg by Eu
lidean spa
e. Deformation

of the spa
e 
ontaining a galaxy 
luster 
auses gravitational lensing. In fa
t, we

need not 
onsider an intervening galaxy as Zwi
ky suggested, sin
e the 
luster

itself magni�es the per
eption of distan
es between its own obje
ts. Note that

the �index of refra
tion� of a gravitational lens represented by a galaxy 
luster

in
reases toward the 
enter. Nevertheless, magni�
ation of angular sizes by

gravitational lensing remains. The sel�ensing e�e
t (see Fig.4) modi�es the
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observed density pro�le so that the 
luster seems to be more sparse. It also

enlarges the observed radius R in (16), (17), and (20) whi
h then yields a

greater 
al
ulated virial mass M than the 
luster has in reality.

The volume of a sphere in su
h a deformed spa
e is not 4πR3/3 (
f. e.g.

(15) and Fig.3), but is smaller due to the Bishop-Gromov inequality (Petersen,

2006, Chap. 9), 
f. also (Misner et al. 1997, p. 1099). Analogously, the surfa
e

of a sphere integrated in (15) is smaller than 4πr2.
The 
urved spa
etime brings other e�e
ts. The total redshift is 
aused

not only by a 
osmologi
al expansion of the Universe, but also partly by a

gravitational redshift. Photons have to over
ome the potential well of a star,

as well as the potential well of the 
orresponding galaxy and the potential well

of the whole 
luster of galaxies.
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Fig. 5. Histogram of radial velo
ities of galaxies whose magnitude does not ex
eed 20 whi
h

are proje
ted to the region about the 
luster A1656.

15) Further sour
es of un
ertainities are in input data and rounding errors

(e.g. (11) represents a large sum with many terms of various orders of mag-

nitude). A

ording to (Biviano et al., 1995) the right as
ension of the 
luster


enter is α = 12h 57.3m and the de
lination δ = 28◦ 14.4′. Other sour
es give
di�erent data, for instan
e, α = 13h 00m 00.7 s and δ = 27◦ 56′ 51′′ by (Rines

et al., 2001). It is also not 
lear how to de�ne the 
enter, sin
e the 
luster is

seen only in proje
tion and its boundary is fuzzy. Moreover, we do not know the

speed of gravitational intera
tion whi
h is ne
essary to determine the �
enter�.

A large amount of small errors of various origins may essentially distort the

resulting 
al
ulation of the mass. Zwi
ky be
ame well aware that he 
ommitted

a lot of various simpli�
ations and rough approximations that are treated in

points 2), 4), 6), 11), 15), see (Zwi
ky, 1937, pp. 230, 231, 233, 242, 244),

otherwise he 
ould not 
ompute anything. However, he did not 
onsider several

important fa
ts that are surveyed e.g. in points 9), 12), 13), 14).
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There exists a large number of di�erent methods that have been applied

to determine the total mass of the Coma 
luster. They are based on the Virial

Theorem ( Lokas, Mamon, 2003), gravitational lensing (Gavazzi, Adami et al.,

2009), (Kubo, Stebbins et al., 2007), and X-ray emitting gas (Allen et al.,

2011), (B�ohringer, Werner, 2010), (Broadhurst, S
annapie
o, 2000), (Evrard

et al., 2008), (Hughes, 1989), and (Voit, 2005). From these papers we know

that there is approximately �ve times more nonluminous baryoni
 matter than

luminous matter. Clusters of galaxies are also used to evaluate the 
osmologi
al

parameters Ωb ≈ 0.05, ΩM ≈ 0.25, and ΩΛ ≈ 0.7 indi
ating the density of

baryoni
 matter, dark matter, and dark energy, respe
tively, see (Allen et al.,

2011), (Evrard et al., 2008), and (Voit, 2005). In the next two se
tions we show

that the value ΩM seems to be somewhat overestimated.

4. Analysis of 
urrent data

The galaxy 
luster Abell 1656 
ontains in its 
enter two supergiant ellipti


galaxies NGC 4889 and NGC 4874 whi
h are 10 times larger than the Milky

Way and 
ontribute essentially to the dynami
s of the whole 
luster (see Fig.1).

Unfortunately, Zwi
ky in (Zwi
ky, 1933) and (Zwi
ky, 1937) does not present

any input data on velo
ities and magnitudes of individual galaxies from the

Coma 
luster. He only gives R and v from (17) and (18), respe
tively.

Now let us show what Zwi
ky would get by his method for the present

data. To re
onstru
t Zwi
ky's 
al
ulation, we employ data given in (Adami

et al., 2005), (Biviano et al., 1995), and (Colless, Dunn, 1996). They 
ontain

some galaxies that do not belong to the Coma 
luster, although they are in

the 
onsidered region of the 
elestial sphere (Ledoux et al., 1999). There are

for instan
e more than 50 galaxies whose radial velo
ities ex
eed 40 000 km/s.

One galaxy (see Fig.5) has speed 114 990 km/s, whi
h is more than one third

of the speed of light! By the relativisti
 relation z =
√

(c + v)/(c − v) − 1 its

redshift is z ≈ 0.5. Note also that a galaxy whose radial speed is 40 000 km/s

would �y through the distan
e 
orresponding to the radius (20) of the 
luster

within less than 50 million years. Thus, galaxies from the right part of Fig.5


annot be in the 
luster.

The nonuniform distribution of velo
ities with respe
t to the 
luster 
enter

is well visible from the histograms in Figs.5 and 6. Note that some galaxies

with blueshift or very small redshift form another independent 
luster

4

in the

left part of Fig.6. Thus to 
al
ulate (21) and (23), we restri
t ourselves only to

velo
ities from the interval 2 000 − 12 000 km/s. A slightly di�erent 
hoi
e is

given in (Kent, Gunn, 1982), ( Lokas, Mamon, 2003), and (Rines et al., 2001).

Sin
e the 
luster is 100 Mp
 from the Earth and has a relatively small

radius (20), all its 
omponents are approximately at the same distan
e from

us. We may therefore assume that the mass of ea
h galaxy mi is by the Pogson

relation proportional to 10−0.4magi
, where magi is the measured magnitude of

the ith galaxy. This tri
k enables us to 
al
ulate the mean speed v (resp. v)
from relation (10) (resp. (11) and (21)) without knowing the real masses mi.

4

This small 
luster of about 30 galaxies a
ts as a weak supplementary 
onverging lens.
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In this way we get

v ≈ 6877 km/s. (23)

By (16), (20), and (21) the total virial mass of the 
luster is

5

M = 3.25 × 1045 kg. (24)
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Fig. 6. A detail of the histogram from Fig.5 for radial velo
ities less than 25 000 km/s.

Galaxies possessing blueshift are on the left. The dark line represents the Gaussian 
urve

�tted to the 
onsidered data.

For 
omparison (see also (8)) let us give a lower bound of the total mass

of the 
luster based on the Pogson relation and the measured luminosities of

galaxies

M > C
∑

i

10−0.4magi = 3.3 × 1044 kg, (25)

where the sum is taken over the 352 most luminous galaxies with known refer-

en
e magnitudes not ex
eeding 20, C = m 100.4mag
is the s
aling 
onstant, and

mag = 12.78 is the magnitude of the 
omparative galaxy NGC 4874, whi
h is

by http://en.wikipedia.org/wiki/NGC_4874 ten times more massive than

our Galaxy, i.e.

m = 10MG = 1013M⊙ = 2 × 1043 kg, (26)

where the total mass of our Galaxy MG = 1012M⊙ is given in (Lang, 2006,

p. 127). We see that the total mass M derived from the Virial Theorem is

5

From (20) we get the asso
iated mean density ρ = 8 × 10−24
kg/m

3
of the 
luster,

whi
h is substantially bigger than the present mean density ≈ 10−27
kg/m

3
of spa
e. For


omparison, by (Bovy, Tremaine, 2012) the density of dark matter in our Galaxy is 0.008

M⊙p

−3 = 5.444 × 10−22

kg/m

3
. By (Moni Bidin et al., 2012) this density is at least one

order of magnitude smaller.
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one order of magnitude greater than the lower bound for M. Nevertheless, it

is a question how mu
h additional mass is formed by the approximately one

thousand existing dwarf galaxies whi
h are not in
luded in the above sum,

what is the 
ontribution of nonluminous intergala
ti
 baryoni
 matter, et
.

For instan
e, by examination X-ray bands it was found that the intra
luster

medium 
ontains more baryoni
 mass than the mass of all stars in galaxy


lusters (B�ohringer, Werner, 2010) and (Hughes, 1989).

When 
laiming that dark matter exists, we should �rst reliably estimate

all possible errors from points 1)�15) in Se
tion 4 and perhaps some other. In

parti
ular, errors in 6), 9), and 11)�15) may be quite large. Now, let us take

a 
loser look on some of them.
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Fig. 7. The upper �gure shows the distribution of galaxies in the Coma 
luster from Zwi
ky's

original paper (Zwi
ky, 1937, p. 227). The left lower �gure illustrates a randomly generated

uniform distribution of the same number of points inside a three-dimensional sphere proje
ted

to the plane and the right lower �gure shows proje
ted mass distribution (28) with b = 1
whi
h is similar to the a
tual distribution from the upper �gure.
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Nonuniformity of mass distribution. We show that the 
oe�
ient

5
3

appearing in (16) should be smaller. From Fig.7 we observe that the distribu-

tion of galaxies in the Coma 
luster is far from being uniform as was assumed

by Zwi
ky. Let us suppose that the mass density ρ = ρ(r) is spheri
ally sym-

metri
 in the sphere of radius R given by (20). Then the whole mass of the

Comma 
luster 
an be expressed as

M =

∫ R

0

ρ(r)4πr2 dr. (27)

Zwi
ky assumed that ρ is independent on r. Consider a more general density

distribution whi
h enables us to �nd a 
loser approximation of the observed

density pro�le. Namely,

ρ(r) = a(Rb − rb), 0 ≤ r ≤ R, (28)

where b > 0 and the parameter

a =
3(b + 3)M

4πbRb+3
(29)

is 
hosen so that

∫ R

0

a(Rb − rb)4πr2 dr = 4πa
(Rb+3

3
− Rb+3

b + 3

)

=
4πabRb+3

3(b + 3)
= M.

So now we have to repla
e the for
e Fi a
ting on the ith galaxy and 
or-

responding to a uniform mass density distribution given in (12) by another

relation that takes into a

ount the spheri
al symmetry of ρ. For the position
given by the radius-ve
tor ri, we have by (28)

Fi = −Gmiri
∫ |ri|
0

4πρ(r)r2 dr

|ri|3
= −4πGamiri

|ri|3
(Rb|ri|3

3
− |ri|b+3

b + 3

)

= −4πGamiri

(Rb

3
− |ri|b

b + 3

)

.

Hen
e, the total potential energy is

V =

N
∑

i=1

Fi · ri = −4πGa

N
∑

i=1

mi

(Rb|ri|2
3

− |ri|b+2

b + 3

)

. (30)

Further, we need to evaluate the mean value (
f. (15)) of the power re for
e = 2 and e = b + 2. By (27) and (28) we get

〈re〉 =

∫ R
0
reρ(r)4πr2 dr

∫ R
0

ρ(r)4πr2 dr
=

4πa

M

∫ R

0

(Rb − rb)re+2dr

=
4πa

M

(Rb+e+3

e + 3
− Rb+e+3

b + e + 3

)

=
4πabRb+e+3

M(b + e + 3)(e + 3)
.
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Using this equality for the exponents e = 2 and e = b+ 2, we �nd by (30), (9),

and (29) that

V ≈ −4πGa
(Rb4πabRb+5

3M 5(b + 5)
− 4πabR2b+5

M(b + 3)(b + 5)(2b + 5)

)

N
∑

i=1

mi

= −(4πa)2GR2b+5
( b

15(b + 5)
− b

(b + 3)(b + 5)(2b + 5)

)

= −
(

4π
3(b + 3)M

4πbRb+3

)2

GR2b+5 b2(2b + 11)

15(b + 3)(b + 5)(2b + 5)

= −3GM2

5R

(b + 3)(2b + 11)

(b + 5)(2b + 5)
.

From this, the Virial Theorem (5), and (11) we obtain a new relation for the

redu
ed virial mass

M =
5Rv

2

3G

(b + 5)(2b + 5)

(b + 3)(2b + 11)
(31)

whi
h 
onverges to Zwi
ky's original estimate (16) for b → ∞. The best �t

of the parameter b of mass density distribution to Zwi
ky's data from the

upper part of Fig.7 seems to be 
lose to the value b ≈ 1 (see Fig.7). The


orresponding 
oe�
ient

35
26

from (31) is only 80% of the value

5
3
from (16)

proposed by Zwi
ky. However, sin
e larger galaxies are 
loser to the 
enter (see

Figs.1 and 2), formula (16) may overestimate the total virial mass by about

20�25%.

Relativisti
 e�e
ts of high velo
ities. From the Hubble law

v = H0d (32)

with v = v, and from formulae (7) and (23), it is estimated that the Coma


luster is at a distan
e of d ≈ 100 Mp
 from us (
f. (20)). The 
orresponding

redshift z is assumed to be linearly proportional to the distan
e d, i.e.,

z =
H0

c
d = 0.023, (33)

where c = 3 × 108 m/s is the speed of light in va
uum. However, the distan
e

d above is slightly overestimated, sin
e relativisti
 e�e
ts of the large speed

(23) have to be taken into a

ount. The 
lassi
al formula a

ounting for the

in
rease in wavelength λ of ele
tromagneti
 radiation

z =
λ− λ0

λ0

=
v

c
,
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where λ0 is the wavelength measured in earthly laboratory, has to be repla
ed

by the relativisti
 relation

λ = λ0

√

1 + v
c

1 − v
c

.

From this for z = 0.023 we get

v = c
z(z + 2)

z2 + 2z + 2
= 6820 km/s,

whi
h is 1% smaller than the speed in (23). Hen
e, the distan
e d is by (32)

about 1% smaller and thus also the radius R should be about 1% smaller.

By (Weinberg, 1972, p. 485), the proper motion distan
e is (z + 1) times

smaller than the luminosity distan
e (see also (Beijersbergen at al., 2002) and

(Mobasher et al., 2003)) for the dis
ussion about the luminosity fun
tion of

the Coma 
luster in an expanding universe).

Fig. 8. The lower horizontal axis shows time in Gyr sin
e the Big Bang. In the upper horizon-

tal axis we see the 
orresponding redshift z.The behavior of the Hubble parameter H = H(t)
is sket
hed by the solid line (Pilipenko, 2013). The dashed-dotted line stands for the 
orre-

sponding de
eleration parameter q = −1 − Ḣ/H2
.

Gravitational redshift. The above distan
e d is also slightly overesti-

mated due to the gravitational redshift of the Coma 
luster, whi
h has to be

subtra
ted from the total measured redshift. A

ording to (Cappi, 1995, p. 10),
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the total gravitational redshift of the two large 
entral galaxies of the Coma


luster is about 61 km/s, whi
h is 

a 1% of the speed given in (23). Although

the redshifts of galaxies near the boundary of A1656 are about 20 km/s, this

also leads to the overestimation of the distan
e of A1656 from us and thus also

of its radius (20), speed (21), and total mass (see (16) and (31)). Similar gravi-

tational redshifts of galaxy 
lusters are given also in (Broadhurst, S
annapie
o,

2000), (Kim, Croft, 2004), and (Wojtak et al., 2011).

The sel�ensing e�e
t. The sel�ensing e�e
t of the Coma 
luster may

be estimated by means of (20), (24), and the famous formula for the bending

angle (see e.g. (Roulet, 2002) and (Stephani, 1990))

φ =
4GM

c2R
≈ 2 × 10−4 rad ≈ 0.7′,

where φ = (β − α)/2 (see Fig.4). This value represents about 1% of 1◦ 
orre-

sponding to the angular radius β/2 of the Coma 
luster (see (17)). Hen
e, R
in (16) should be again about 1% smaller.

De
reasing Hubble parameter. The expansion speed of the Universe,

whi
h is 
hara
terized by the Hubble parameter H = H(t), depends essentially
on the total mass density and the density of dark energy. It is de
reasing with

time (see Fig.8). A

ording to (Pilipenko, 2013), its value for z = 0.023 is

more than 1% larger than the present value H0. Hen
e, the distan
e d in (33)

is again slightly overestimated.

Contribution of dark energy. The e�e
t of lo
al expansion of the Uni-

verse has a long history dating ba
k to the paper (M
Vittie, 1933). Su
h an

expansion of a similar rate as the Hubble 
onstant has been observed even

on s
ales of the Solar System, see e.g. (Dumin, 2003, 2008), (K�r���zek, 2009,

2012), and (Zhang, Li, Lei, 2010), and of galaxies or even larger stru
tures, see

(K�r���zek et al., 2012), (K�r���zek, Somer, 2013), and (Rapetti, et al., 2010). By (7)

and (20) the value of the Hubble 
onstant res
aled on the radius of the 
luster

is RH0 ≈ 105 m/s, whi
h is more than 5% of the speed from (21). This, of


ourse, yields a larger mean quadrati
 speed v than would o

ur if dark energy

did not a
t on the 
luster. Sin
e the speed v in (31) is squared, the 
ontribution

of dark energy 
ould seemingly in
rease M by about 10% (see Table 1).

Redu
tion of the root-mean-square speed. Now, let us introdu
e one

more quadrati
ally nonlinear e�e
t whi
h has a nonnegligible in�uen
e on the

total mass estimate. Above we saw that the mean re
ession speeds v and vi were

overestimated by several per
ent. If it were, say 8%, then the square v
2
de�ned

by formula (11) would be overestimated by about 100(1 − 0.922) % ≈ 15%.

This essentially redu
es the estimated mass (24) with respe
t to the virial mass

(16) or (31).

In summary, the seven e�e
ts analyzed above 
an essentially redu
e the

total mass (24) obtained from the Virial Theorem by a fa
tor of about two.

Hen
e, the total mass of the 
luster is at most �ve times larger than its luminous

mass (25).

A

ording to (Kent, Gunn, 1982), the possible distribution of dark matter

in the Coma 
luster 
annot be signi�
antly di�erent from that of the galaxies
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inside the 
luster. Thus, the distribution of dark matter approximately follows

the distribution of galaxies.

Finally, we shall present a �ba
k of the envelope� 
al
ulation illustrating

whether it is ne
essary to assume extragala
ti
 dark matter in the 
enter of

the Coma 
luster.

Table 1. E�e
ts and the 
orresponding per
entage that redu
e the viral mass M , observed

radius of the Comma 
luster R, and the root-mean-square speed of galaxies v.

E�e
t M R v

Nonuniformity of galaxy distribution 20 − 25 0 0
Relativisti
 e�e
ts of high velo
ities 3 1 1
Gravitational redshift 3 1 1
The sel�ensing e�e
t 1 1 0
De
reasing Hubble parameter 3 1 1
Contribution of dark energy 10 0 5

Example 1. For simpli
ity assume that the two supergiant ellipti
 galaxies

NGC 4889 and NGC 4874 (see Fig.1) have the same mass m and that they

orbit along a 
ir
ular traje
tory with 
enter O, radius r, and velo
ity v. If one
of these two galaxies were to be smaller, it would orbit the larger one by a

higher velo
ity and along a longer path. Then it would absorb more additional

galaxies than the larger one. By this me
hanism the masses of both galaxies

are balan
ed.

Sin
e the gravitational potential inside a homogeneous spheri
al layer is


onstant, external galaxies and possible dark matter outside the sphere with


enter O and radius r have almost no in�uen
e on this motion. From Newton's

laws we get

Gm2

4r2
=

mv2

r
. (34)

The distan
e of both galaxies on the 
elestial sphere is 8.15′ whi
h in proje
tion

on the distan
e 100 Mp
 gives 7.32 × 1021 m. Thus for the radius r we have

r ≥ 3.66 × 1021 m. (35)

A

ording to (Adami et al., 2005, p. 19), the measured radial velo
ities of both

supergiant galaxies are 6472 km/s and 7189 km/s. Their average velo
ity ṽ =
6830.5 km/s ni
ely 
orresponds to the mean re
ession speed of the whole 
luster

(23). For the radial velo
ity vradial with respe
t to ṽ we get by (26), (34), and

(35)

3.585 × 105 =
7 189 000 − 6 472 000

2
= vradial ≤ v =

√

Gm

4r

≤
√

6.673 × 10−11 × 2 × 1043

4 × 3.66 × 1021
= 3.02 × 105 (m/s). (36)

Comparing the left-hand and the right-hand sides, we �nd a small dis
repan
y.

This simpli�ed example shows that Newtonian me
hani
s does not des
ribe
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reality 
orre
tly or the masses or radial velo
ities of both the ellipti
 galaxies

are wrongly estimated or we have to assume the existen
e of invisible matter

between galaxies. The di�erent velo
ities 6505 km/s and 7108 km/s of the two

giant galaxies as given in (Biviano et al., 1995) would even yield a smaller value

v = 3.015 × 105 m/s on the left-hand side of (36). Moreover, 
onsidering the

gravitational in�uen
e of other matter that is inside the sphere with 
enter O
and of radius r, the right-hand side of (36) would be larger. By (Allen et al.,

2011), (B�ohringer, Werner, 2010), and (Voit, 2005) 
lusters of galaxies 
ontain

�ve times more baryoni
 matter in the form of hot gas produ
ing X-rays than

baryoni
 matter 
ontained in galaxies. Therefore, it does not seem that there

should be ten times more invisible (baryoni
 and dark) matter than visible

matter. Also the lower bound in (35) is smaller, sin
e the 
luster magni�es the

angular distan
es due to the abovementioned e�e
ts (see e.g. Fig.4). Hen
e,

the right-hand side of (36) should be larger. �

5. Current status of the knowledge of dark matter

At present we do not know what is the 
omposition of nonluminous matter.

It surely 
onsists partly of known parti
les. Nevertheless, it is di�
ult to es-

timate experimentally whi
h portion is due to interstellar gas and dust, fossil

neutrinos, and massive 
ompa
t halo obje
ts (known as MACHOs). In addi-

tion, new parti
les are sear
hed for, e.g. axions or weakly intera
ting massive

parti
les (known as WIMPs). Results of experimental sear
hes for parti
les of

dark matter were up to now negative.

The in�uen
e of dark matter in the Solar System is also negligible (Moni

Bidin et al., 2012) even though our Sun is a large gravitational attra
tor. This

indi
ates that dark matter (if it exists) almost 
ertainly 
annot dissipate its

inner energy. Os
illations of stars in the dire
tion perpendi
ular to the gala
ti


plane 
an be well explained by 
lassi
al Newtonian me
hani
s (without dark

matter), see (Moni Bidin et al., 2012).

In the gravitational �eld of a 
entral for
e of a mass point, the speed v of

parti
les in 
ir
ular orbits is proportional to r−1/2
, where r is the distan
e to

the 
enter. Su
h orbits are 
alled Keplerian (see Fig.9). A

ording to (Rubin,

2003) and (Rubin et al., 1962), the stellar (rotation) 
urve is �at, and does not

de
rease as is expe
ted for Keplerian orbits. However, spiral galaxies do not

possess a �eld of 
entral for
e ex
ept for the very 
enter (e.g., in the Milky Way

the stars S1, S2, . . . orbiting around the 
entral bla
k hole obey Kepler's laws).

Denote by m(r) the mass inside a ball of radius r around the gala
ti
 
enter.

When r in
reases, m(r) also in
reases, and thus the speed v of stars on 
ir
ular

orbits should be higher than that for Keplerian orbits. For simpli
ity, assume

that this speed is proportional to rα with α > −1/2. Vera Rubin (Rubin, 2003,

p. 7) observed almost 
onstant speeds of order v ≈ 200 km/s for r > r0, where
r0 is typi
ally a few kp
 (see Fig.9). This implies that α ≈ 0. For an almost


onstant speed

v =

√

m(r)G

r
(37)
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we �nd that m(r) should be linearly proportional to r, provided the mass

outside the sphere of radius r has only negligible in�uen
e on v. Relation (37)

is, of 
ourse, very rough. However, the speed 
orresponding to a �at disk is

even higher. In more detail, the speed of a parti
le orbiting a uniform sphere

of radius r is smaller than it would be if it were to orbit around a rotationally

symmetri
 disk of the same mass and radius r.
By 
osmologi
al models based on the Friedmann equations and by extrap-

olation from the re
ent measurements of the 13.8 Gyr old mi
rowave ba
k-

ground radiation by the Plan
k satellite (Plan
k, p. 11) it was dedu
ed that

the present Universe 
onsists of 5% baryoni
 matter, 27% dark matter, and

68% dark energy. It is said that high velo
ities of stars orbiting in external

parts of spiral galaxies 
an only be explained by adding �ve times more dark

matter than baryoni
 matter. We give one more �ba
k of the envelope� 
al
u-

lation investigating if it is really ne
essary to assume that mu
h dark matter

in our Galaxy.

v

r0 r0

Fig. 9. The dashed line illustrates the de
rease of velo
ityof Keplerian orbits with respe
t

to the distan
e r.The solid line shows an idealized �at rotational 
urve of a general galaxy

proposed by V. Rubin.

Example 2. For �at rotational 
urves with a 
onstant speed v for r > r0,
we may de�ne by (37) the 
orresponding equivalent 
entral point mass (i.e.

mass 
on
entrated to a point)

M(r) :=
v2r

G
.

The total mass (in
luding eventual dark matter) of our Galaxy is equal to

MG = 1012M⊙ = 2 · 1042 kg

see (Lang, 2006, p. 127) and its radius is rG = 16 kp
= 4.936·1020 m. For a star

orbiting the Galaxy on the boundary with 
onstant speed v = v⊙ = 230 km/s

orresponding to the �at rotational 
urve (
f. Fig.9) the equivalent 
entral

point mass

M(rG) =
v2rG
G

=
2302 · 106 · 4.938 · 1020

6.674 · 10−11
= 3.912 · 1041 ≈ 1

5
MG (38)
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is surprisingly very small. Baryoni
 matter inside the disk and the bulge is just

about MG/5.
A mu
h worse disproportion appears for the Andromeda galaxy M31 whose

radius is rA ≈ 2rG and whose total mass is MA ≈ 3MG. Sin
e the orbital speed

is very low � again about 230 km/s outside the 
entral region (Rubin, 2003,

p. 7), we get

M(rA) ≈ M(2rG) = 2M(rG) ≈ 2

5
MG ≈ 2

15
MA. (39)

Thus, 2/15 of the total mass may explain the speed 230 km/s measured by

(Rubin, 2003, p. 7) of a star orbiting M31 on its boundary.

Although relations (38) and (39) are only approximate, the existen
e of

at least �ve times more dark matter than baryoni
 matter to hold galaxies

together is exaggerated. Moreover, a parti
le with 
ir
ular traje
tory of radius

R orbiting a mass point has a smaller speed than if it would orbit a �at disk

of the same mass with arbitrary rotationally symmetri
 density distribution of

mass and radius not ex
eeding R. �

Note that ea
h galaxy 
urves spa
etime, too, and thus e�e
ts from 9), 11),

12), 14) must also be taken into a

ount. Ten times more nonluminous matter

than luminous matter 
an hardly explain sharp 
ontours of galaxy arms, their

prefe
t point-symmetri
 shapes, et
.

Douglas Clowe (Clowe et al., 2006) presents the 
ollision of two galaxy


lusters, where dark matter is revealed by gravitational lensing. Both 
lusters

have approximately the same size and they 
oin
identally lie together with


louds of dark matter in one line.

The dis
repan
y between the used model and observations does not imply

the existen
e of dark matter, sin
e the model need not be 
orre
t. Newton's law

of gravitation probably does not des
ribe reality well at long distan
es (see e.g.

(Carroll et al., 2004), (Milgrom, 1983)). Consequently, various MOND (Modi-

�ed Newtonian Dynami
s) models are developed, e.g. with retarded potentials.

Corre
t interpretation of measured data is a key problem. For instan
e, dark

energy 
an be only a 
onsequen
e of in
orre
t and me
hani
al use of 
urrent

physi
al models for extremely long time intervals (see (K�r���zek, 2012), (K�r���zek,

Somer, 2013)) Analogously, dark matter 
an be only a 
onsequen
e of the use

of Newtonian me
hani
s (valid in Eu
lidean spa
e) over very long distan
es in

a 
urved spa
etime (see Fig.3).

A
knowledgement. The authors would like to thank Jan Brandts for


areful reading of the paper and suggestions whi
h improved the text. This

paper was supported by Proje
ts RVO 67985840, P101/14-020675, and OPVK

CZ.1.07/2.3.00/20.0207 ESF of Cze
h Republi
.

Referen
es

Adami, C. et al., The build-up of the Coma 
luster by infalling substru
tures, Astron. Astro-

phys. 443 (2005), 17�27

Adami, C. et al., Coma 
luster obje
t populations down to MR ∼ −9.5∗
, Astron. Astrophys.

(2013)



64 M.K�r���zek, F. K�r���zek, L. Somer

Allen, S.W., Evrard, A.E., Mantz, A. B., Cosmologi
al parameters from observations of

galaxy 
lusters, Annual Rev. Astron. Astrophys. 49 (2011), 409�470

Beijersbergen, M. et al., Deproje
tion of luminosity fun
tions of galaxies in the Coma 
luster,

Astron. Astrophys. 390 (2002), 817�820

Biviano, A. et al., A 
atalogue of velo
ities in the 
entral region of the Coma 
luster, Astron.

Astrophys. Suppl. Ser. 111 (1995), 265�274

B�ohringer, H., Werner, N., X-ray spe
tros
opy of galaxy 
lusters: studying astrophysi
al pro-


esses in the largest 
elestial laboratories, Astron. Astrophys. Rev. 18 (2010), 127�196

Bovy, J., Tremaine, S., On the lo
al dark matter density, Astrophys. J. 756 (2012), 89, 6 pp

Broadhurst, T., S
annapie
o, E., Dete
ting the gravitational redshift of 
luster gas, Astrophys.

J. 533 (2000), L93�L97

Cappi, A., Gravitational redshift in galaxy 
lusters, Astron. Astrophys. 301 (1995), 6�10

Carroll, S.M. et al., Is 
osmi
 speed-up due to new gravitational physi
s? Phys. Rev. D 70

(2004), 043528

Clowe, D. et. al., A dire
t empiri
al proof of the existen
e of dark matter, Astrophys. J. Lett.

648 (2006), L109�L113

Colless, M., Dunn, A.M., Stru
ture and dynami
s of the Coma 
luster, Astrophys. J. 458

(1996), 435�454

Dumin, Yu.V., A new appli
ation of the Lunar laser retrore�e
tors: Sear
hing for the �lo
al�

Hubble expansion, Adv. Spa
e Res. 31 (2003), 2461�2466

Dumin, Yu.,V., Testing the `dark-energy'-dominated 
osmology by the Solar-System experi-

ments, Pro
. of the 11th Mar
el Grossmann Meeting on General Relativity, World S
i.,

Singapore, 2008, 1752�1754, arXiv:astro-ph/0507381v3

Evrard, A. E. et al., Virial s
aling of massive dark matter halos: Why 
lusters prefer a high

normalization 
osmology, Astrophys. J. 672 (2008), 122�137

Gavazzi, R., Adami, C. et al., A weak lensing study of the Coma 
luster, Astron. Astrophys.

498 (2009), L33�L36

Gregg, M.D., West, M. J., Galaxy disruption as the origin of intra
luster light in the Coma


luster of galaxies, Nature 396 (1998), 549�552

Hughes, J. P., The mass of the Coma 
luster: Combined X-ray and opti
al results, Astrophys.

J. 337 (1989), 21�33

Kent, S.M., Gunn, J. E., The dynami
s of ri
h 
lusters of galaxies. I. The Coma 
luster,

Astronom. J. 87 (1982), 945�971

Kim, Y.-R., Croft, R.A.C., Gravitational redshifts in simulated galaxy 
lusters, Astrophys.

J. 607 (2004), 164�174

K�r���zek, M., Does a gravitational aberration 
ontribute to the a

elerated expansion of the

Universe?, Comm. Comput. Phys. 5 (2009), 1030�1044

K�r���zek, M., Dark energy and the anthropi
 prin
iple, New Astronomy 17 (2012), 1�7

K�r���zek, M., Brandts, J., Somer, L., Is gravitational aberration responsible for the origin of

dark energy?, Dark Energy: Theory, Impli
ations and Roles in Cosmology (eds. C. A.

Del Valle and D. F. Longoria), Nova S
i. Publishers, In
., New York, 2012, 29�57

K�r���zek, M., Somer, L., Antigravity � its manifestations and origin, Internat. J. Astron. As-

trophys. 3 (2013), 227�235

Kubo, J.M., Stebbins, A. et al., The mass of the Coma 
luster from weak lensing in the

Sloan Digital Sky Survey, Astrophys. J. 671 (2007), 1466�1470

Lang, K.R., Astrophysi
al formulae, vol. II, Springer, Berlin, 2006

Ledoux, C. et al., Identi�
ation of a
tive galaxies behind the Coma 
luster of galaxies, Astron.

Astrophys. Suppl. Ser. 138 (1999), 109�117

 Lokas, E. L., Mamon, G.A., Dark matter distribution in the Coma 
luster from galaxy kine-

mati
s: Breaking the mass-anisotropy degenera
y, Mon. Not. R. Astron. So
. 343 (2003),

401�412

M
Vittie, C.G., The mass-parti
le in expanding universe, Mon. Not. R. Astronom. So
. 93

(1933), 325�339

Milgrom, M., A modi�
ation of the Newtonian dynami
s: Impli
ations for galaxy systems,

Astrophys. J. 270 (1983), 384�389

Misner, Ch.W., Thorne, K. S., Wheeler, J. A., Gravitation, 20th edition, W. H. Freeman and

Company, New York, 1997

Mobasher, B. et al., A protometri
 and spe
tros
opi
 study of dwarf and giant galaxies in the

Coma 
luster. IV. The luminosity fun
tion, Astrophys. J. 587 (2003), 605�618

Moni Bidin, C., Carraro, G., M�endez, R.A., Smith, R., Kinemati
al and 
hemi
al verti
al

stru
ture of the Gala
ti
 thi
k disk, II. A la
k of dark matter in the solar neighborhood,

arXiv: 1204.3924v1, 2012, 1�35



Whi
h e�e
ts of galaxy 
lusters 
an redu
e the amount of dark matter 65

Neumann, D.M., Lumb, D.H., Pratt, G.W., Briel, U.G., The dynami
al state of the Coma


luster with XMN-Newton, Astron. Astrophys. 400 (2003), 811�821

Petersen, P., Riemannian geometry, 2nd edition, Springer, 2006

Pilipenko, S.V., Paper-and-pen
il 
osmologi
al 
al
ulator, arXiv: 1303.5961v1, 2013, 4 pp

Plan
k Collaboration, Plan
k 2013 results, XVI. Cosmologi
al parameters, arXiv:

1303.5076v1

Rapetti, D. et al., The observed growth of massive galaxy 
lusters � III. Testing general

relativity on 
osmologi
al s
ales, Mon. Not. R. Astron. So
. 406 (2010), 1796�1804

Rines, K. et al., Infrared mass-to-light pro�le throughout the infall region of the Coma 
luster,

Astrophys. J. 561 (2001), L41�L44

Roulet, E., Gravitational lensing and mi
rolensing, World S
ienti�
, Singapore, 2002

Rubin, V., A brief history of dark matter, The Dark Universe: Matter, Energy, and Gravity

(ed. M. Livio), Cambridge Univ. Press, 2003, 1�13

Rubin, V. et al., Kinemati
 studies of early-type stars. I. Photometri
 survey, spa
e motions,

and 
omparison with radio observations, Astrophys. J. 67 (1962), 491�531

Rubin, V.C., Ford, W.K., Thonnard, N., Rotational properties of 21 S
 galaxies with a large

range of luminosities and radii, from NGC 4605 (R = 4 kp
) to UGC 2885 (R = 122
kp
), Astrophys. J. 238 (1980), 471�487

Sanders, R.H., The dark energy problem � a histori
al perspe
tive, Cambridge Univ. Press,

2010

Smith, S., The mass of the Virgo 
luster, Astrophys. J. 83 (1936), 23�30

Stephani, H., General relativity. An introdu
tion to the theory of the gravitational �eld, 2nd

edition, Cambridge Univ. Press, 1990

Voit, G.M., Tra
ing 
osmi
 evolution with 
lusters of galaxies, Rev. Mod. Phys. 77 (2005),

207�258

Weinberg, S., Gravitation and 
osmology: Prin
iples and appli
ations of the general theory

of relativity, John Wiley and Sons, In
., New York, London, 1972

Wojtak, R., Hansen, S.H., Hjorth, J., Gravitational redshift of galaxies in 
lusters as predi
ted

by general relativity, Nature 477 (2011), 567�569

Zhang, W. J., Li, Z. B., Lei, Y., Experimental measurements of growth patterns on fossil


orals: Se
ular variation in an
ient Earth-Sun distan
e, Chinese S
i. Bull. 55 (2010),

4010�4017

Zwi
ky, F., Die Rotvers
hiebung von extragalaktis
hen Nebeln, Helv. Phys. A
ta 6 (1933),

110�127

Zwi
ky, F., On the masses of nebulae and of 
lusters of nebulae, Astrophys. J. 86 (1937),

217�246


