ROBUST REFLECTION PRINCIPLES

CHRIS LAMBIE-HANSON

ABSTRACT. A cardinal \ satisfies a property P robustly if, whenever Q is a
forcing poset and |Q|t < A, A satisfies P in VQ. We study the extent to
which certain reflection properties of large cardinals can be satisfied robustly
by small cardinals. We focus in particular on stationary reflection and the
tree property, both of which can consistently hold but fail to be robust at
small cardinals. We introduce natural strengthenings of these principles which
are always robust and which hold at sufficiently large cardinals, consider the
extent to which these strengthenings are in fact stronger than the original
principles, and investigate the possibility of these strengthenings holding at
small cardinals, particularly at successors of singular cardinals.

1. INTRODUCTION

Large cardinal properties have, among others, the following two appealing at-
tributes: they imply certain strong reflection properties, and they are robust under
small forcing. The study of the extent to which reflection properties of large cardi-
nals can hold at small cardinals, and in particular at successors of singular cardinals,
has been a fruitful line of research in set theory. We continue this line here, adding
the requirement of robustness under small forcing to these reflection properties and
focusing in particular on stationary reflection and the tree property at successors
of singular cardinals.

Definition 1.1. Let P be a property that can hold of a cardinal A\. We say that A
satisfies P robustly or that A\ has the robust property P if, whenever Q is a forcing
poset and |Q|* < A, \ satisfies P in V.

Remark 1.2. The requirement |Q|T < A, rather than the seemingly more natural
|Q| < A, is necessary for our purposes in order to obtain consistent principles. If
A= ut and Q = Coll(w, ), then |Q| < A and, in V@, \ = w; and therefore cannot
satisfy, for example, stationary reflection or the tree property.

Most large cardinal properties are always robust. For example, if \ satisfies
the property “is inaccessible,” “is weakly compact,” “is measurable,” “is strongly
compact,” “is supercompact,” etc., then, by an argument of Levy and Solovay (see
[9]), A satisfies the property robustly. Therefore, reflection principles, when they
hold due to large cardinal properties, are themselves robust. Of particular interest
to us are the following.

Fact 1.3. Suppose X is weakly compact. Then X\ satisfies robust stationary reflection
and the robust tree property.
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Fact 1.4. Suppose u is a singular limit of strongly compact cardinals and X = p™*.
Then X\ satisfies robust stationary reflection and the robust tree property.

As we will see, though, these reflection principles need not be robust when they
hold at small cardinals. We consider here natural strengthenings of reflection prin-
ciples, in particular stationary reflection and the tree property, that are always
robust, and investigate the extent to which they can hold at small cardinals and
the extent to which they are true strengthenings of the more classical principles.

The general outline of the paper is as follows. In Section 2, we consider robust
stationary reflection. We show that this is equivalent to a natural condition studied
by Cummings and the author in [3] and that it is not in general equivalent to
stationary reflection at inaccessible cardinals. The rest of the paper is devoted
to the tree property and the strong system property. In Section 3, we introduce
the strong system property, a robust strengthening of the tree property that is
equivalent to the tree property at inaccessible cardinals. In Section 4, we show that
fairly weak square principles imply the failure of the strong system property, and
we provide a characterization of the robustness of having no special p+-Aronszajn
trees for infinite . In Section 5, we present some branch preservation lemmas for
systems and a technical lemma about systems in a generic extension by a product of
Levy collapses. In Section 6, we adapt arguments of Fontanella and Magidor from
[4] to show that we have some control over the extent of the failure of the strong
system property at N 2,7 and that the strong system property can consistently
hold at R,2,;. We conclude with some open questions.

Our notation is, for the most part, standard. Our reference for all undefined
terms and notations is [6]. If k < A are infinite cardinals, with x regular, then
S2 = {a < A cf(a) = k}. S2,, S2,., etc. are given the natural meanings. By
‘inaccessible,” we always mean ‘strongly inaccessible.” If R is a binary relation on
a set X, we will often write  <g y in place of (z,y) € R. If A is a set of ordinals,
then A’ denotes {o < sup(A) | @ =sup(ANa)}.

2. STATIONARY REFLECTION
Recall the following definitions.

Definition 2.1. Let A be a regular, uncountable cardinal, and let S C X be sta-
tionary.
(1) If o < X and cf(a) > w, then S reflects at o if SN« is stationary in o
(2) S reflects if there is o < A such that S reflects at a.
(3) S reflects at arbitrarily high cofinalities if, for every regular k < A, there is
a € §2, such that S reflects at a.

(4) Refl()) is the assertion that every stationary subset of A reflects.
The following proposition is easily proven (see [3], for example).

Proposition 2.2. Suppose Refl(R,,11) holds. Then every stationary subset of N, 41
reflects at arbitrarily high cofinalities.

Also, standard arguments yield that, if A is weakly compact, then every sta-
tionary subset of A reflects at arbitrarily high cofinalities. However, the situation
is different in general. In [3], Cummings and the author show that, assuming the
existence of sufficiently large cardinals, it is consistent that there is a singular car-
dinal g > R, such that Refl(u™) holds and there is a stationary subset of u™ that
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does not reflect at arbitrarily high cofinalities. In [7], the author extends this result
to show that, assuming the existence of a proper class of supercompact cardinals,
there is a class forcing extension in which, whenever p > X, is a singular cardi-
nal, Refl(z™) holds and there is a stationary subset of u* that does not reflect at
arbitrarily high cofinalities.

It turns out that this notion is closely related to robust stationary reflection and
that the models constructed in [3] and [7] provide instances in which stationary
reflection holds non-robustly at successors of singular cardinals.

Theorem 2.3. Suppose \ is a regular, uncountable cardinal. The following are
equivalent.

(1) X satisfies robust stationary reflection.
(2) Every stationary subset of A reflects at arbitrarily high cofinalities.

Proof. First note that, if A = x* and s is regular, then S? is a non-reflecting
stationary subset of A\. Hence, both (1) and (2) imply that X is either weakly
inaccessible or the successor of a singular cardinal. In particular, if K < X is
regular, then k™ < \.

(1) = (2): Assume (1) holds. Suppose for sake of contradiction that S C A is
stationary, k < X is regular, and S does not reflect at any ordinal in S2,. Let
P = Coll(w, k). |P| = &, so |P|" < A. In particular, P has the A\-c.c., so S remains
stationary in VF. Also, if & < A and cfvp(a) > w, then cf¥(a) > k. Since S
does not reflect at any ordinal in S2, in V, there is a club C, in « such that
ConNS = 0. C, still witnesses that S does not reflect at a in VT, so S is a
non-reflecting stationary subset of A in V¥, contradicting (1).

(2) = (1): Assume (2) holds. Suppose for sake of contradiction that |P| is a
forcing poset, |P|T < A\, p € P, and S is a P-name such that p IF “S is a non-
reflecting stationary subset of \.” For all ¢ < p, let S, = {n < A\ | ¢ IF “n € S”}.
Since p I “S C Uy<p S¢” and [P| < A, there must be ¢ < p such that S; is
stationary in A. Fix such a ¢. By (2), we may find o € SQUP’\* such that S, reflects
at a. Since P trivially has the |P|*-c.c., S, Na remains stationary in VF. But then,
since ¢ I “S; C 57, we have qlF “S reflects at «,” which is a contradiction. (I

The next result shows that robust stationary reflection is not necessarily equiv-
alent to stationary reflection, even for inaccessible cardinals.

Theorem 2.4. Suppose there is an inaccessible limit of supercompact cardinals.
Then there is a forcing extension with an inaccessible cardinal A such that Refl(\)
holds but there is a stationary S C S) that does not reflect at any ordinal in SQNW,

Proof. The proof largely follows the proof of Theorem 3.1 in [3], so we omit many
of the details. Let A be the least inaccessible limit of supercompact cardinals. In
particular, A is not Mahlo. Let (k; | ¢ < A) be an increasing, continuous sequence
of cardinals such that:

® Ko =W;

e if ; =0 or ¢ is a limit ordinal, k;11 = ﬁf;

e if 7 is a successor ordinal, ;11 is supercompact;

o sup({r; | i < A}) = A\
We first define a forcing iteration (PP, Qj | i < A j < A), taken with full supports,
as follows. If i = 0 or 7 is a limit ordinal, then IFp, “Qi is trivial.” If 7 is a successor
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ordinal, then IFp, “Q; = Coll(ki, < Kiy1).” Let P = Py. In VF, X is the least
inaccessible cardinal and, for all i < A, k; = ¥;. In V¥ let @ = (a, | @ < A) be an
enumeration of all bounded subsets of ), and let A be the forcing to shoot a club
through the set of ordinals below A that are approachable with respect to d@. In
VE*A et S be the poset whose conditions are of the form s = (7*, 2*) such that:

* 7 <N

o z° C (v°+ 1) Ncof(w);

e for all 5 € Sin, x2® N B is not stationary in j.
If s,t €S, then t < s iff ' > ~% and 2! N (* + 1) = z°.

If G* H I is generic for P * A % S, then V|G * H « I] is the desired model,

with S = [J,¢; #° being the witnessing stationary subset of S2 not reflecting at any
ordinal in 2y . The verification is as in [3] and is thus omitted. O

3. SYSTEMS

Definition 3.1. Let R be a binary relation on a set X.

e If a,b € X, then a and b are R-comparable if a = b, a <r b, or b <p a.
Otherwise, a and b are R-incomparable, which is denoted a L g b.

e R is tree-like if, for all a,b,c € X, if a <r c and b <pr ¢, then a and b are
R-comparable.

Definition 3.2. Let A be an infinite, regular cardinal. S = ({{a} x ks | @ € I}, R)
is a A-system if:
(1) I C Xis unbounded and, for all @ € I, 0 < K, < A. We sometimes identify
S with {{a} X ko | @ € IT}. For each « € I, we say that S, := {a} X K is
the at? level of S;
(2) R is a set of binary, transitive, tree-like relations on S and |R| < A;
(3) for all R € R, ap,a1 € I, By < Kay, and B1 < Kq,, if (a0, Bo) <r (a1, 51),
then ap < ag;
(4) for all ap < a1, both in I, there are Sy < Kay, B1 < Koy, and R € R such
that (a0, fo) <r (a1, B1).

If S = ({{a} xkq | @ € T},R) is a A-system, then we define width(S) =
max(sup({ka | @ € I}),|R|) and height(S) = A. S is a narrow A-system if
width(S)* < A.

S is a strong A-system if it satisfies the following strengthening of (4):

(4") for all ap < a1, both in I, and for every 81 < Kq,, there are fy < kg, and

R € R such that (OLQ,,B()) <R (O[hﬂl).

If Re R, a branch of S through R is a set b C S such that for all ag,a; € b, ag

and a; are R-comparable. b is a cofinal branch if, for unboundedly many o € I,

bNS, # 0.

Notation 3.3. If S is a A system, we will sometimes write R(.S) to denote the set
of relations of S.

Remark 3.4. In previous presentations of systems (e.g. [11] and [15]), A-systems
were typically considered only for successor cardinals A, and it was assumed that
all A-systems were of the form (I x x, R), i.e. that all levels of the system were of
the same width. If X is a successor cardinal and S = ({{a} X ko | @ € I},R) is a
A-system, or if A is weakly inaccessible and S is a narrow A-system, then there is
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an unbounded J C I and a k < A such that, for all « € J, ko, = k. It will then
be sufficient for us to work with subsystems of the form (J x x, R), so, in the case
that A is a successor cardinal, we will assume our systems are of this form (and
typically, we will in fact have A = xT). If X is weakly inaccessible and we do not
want to assume narrowness, though, our more general notion of system seems to
us to be the correct notion to work with.

Proposition 3.5. Suppose p is an infinite cardinal. Then there is a strong p™-
system S such that |R(S)| = u and S has no cofinal branch.

We provide two simple and quite different proofs of this proposition.

Proof 1. We define a system S = (u* x 2,R), where R = {R! | i < 2,1 < p}.
For each o < p™, let f, : & — p be injective. Fix i < 2 and n < p, and suppose
a< B <pt and kg, kg < 2. Then (o, kq) <ri (B, k) if and only if:

® kg =1;
o ko =1—1;
o fa(a) =1

The statement that each Rﬁl is transitive and tree-like is vacuously true, and it is
easily verified that this defines a strong system. S does not even have a branch of
length 3, so it certainly does not have a cofinal branch. O

Proof 2. If u = w, then there is a u*-Aronszajn tree, which is a strong puT-system
with 1 relation and no cofinal branch. If gy > w, let P = Coll(w, ). In VF,
pt = wi, so there is a pt-Aronszajn tree. Let 7' be a P-name for a pt-Aronszajn
tree. Without loss of generality, the underlying set of 7" is forced to be pt x w.

In V, we define a system S = (ut x w,R), where R = {R, | p € P}. If
peP a<pf<put, and ng,ng < w, then let (a,ny) <gr, (8,ng) if and only if
p Ik “(a,na) <i (B,np).” It is easily verified that S is a strong p*-system. If S
had a cofinal branch, there would be an unbounded set I C pt and a condition
p € P such that, for every a € I, there is n, < w such that, whenever a@ < 3 are
both in I, p IF “(a,na) <4 (B,np).” But then p forces that the downward closure
of {(a,ny) | o € I'} is a cofinal branch in T', contradicting the fact that 7" is a name
for an Aronszajn tree. O

Definition 3.6. Let A be a regular cardinal. A satisfies the strong system property
if, whenever S is a strong A-system and [R(S)|t < A, S has a cofinal branch.

Remark 3.7. Note that, if A is a regular cardinal, then a A-tree (T, <r) can be
viewed as a strong A-system with 1 relation. Thus, if A satisfies the strong system
property, then \ also satisfies the tree property.

Proposition 3.8. The strong system property is robust.

Proof. Suppose A is a regular, uncountable cardinal, )\ satisfies the strong system
property, and P is a forcing poset such that |P|™ < X. We must show that \ satisfies
the strong system property in VF. Suppose for sake of contradiction that there is
p € P and a P-name S such that p forces S to be a strong A-system with no cofinal
branch. Without loss of generality, by extending p if necessary, we may assume
that there is a cardinal v such that v+ < A and p forces S to be of the form

({{a} x ko | @ € I} {Ry | n < v}).



6 CHRIS LAMBIE-HANSON

For all a < A such that p If “a ¢ I,” find ¢, < p and &}, < A such that
ga IF “a € I and ko = k1.7 As |[P| < A, we can find an unbounded J C A and a
q < p such that, for all @ € J, g, = q. Define a system

T={{a} xrlaeJb{Rys |n<v,s<q})
in V' as follows: for all ag < aq, both in J, for all By < &7, and 81 < kj,,, for all
n < v, and for all s < g, let (v, Bo) <R,. (a1, 81) iff s IF “(ag, Bo) <g, (a1,61).”
Since p forces S to be a strong A-system, it is easily verified that T is a strong A-
system with max(|P|, v) relations. By the strong system property, there are b C T,
1 < v, and s < g such that b is a cofinal branch in 7" through R, ;. But then s |- “b

is a cofinal branch in S through Rm” contradicting the assumption that p forces S
to have no cofinal branches. (]

Remark 3.9. Note that, by the proof of Proposition 3.8, if A is regular, x and pu
are such that x*,u* < A\, P is a forcing poset with |P| = s, and, in V¥, there is
a strong A-system with p relations and no cofinal branch, then, in V, there is a
strong A-system with max(u, k) relations and no cofinal branch.

In Section 2, we saw that robust stationary reflection is equivalent to the property
that every stationary set reflects at arbitrarily high cofinalities. It is not clear that
we have an exactly analogous situation here with the robust tree property and the
strong system property. We do, however, have the following.

Proposition 3.10. Suppose X\ is a regular, uncountable cardinal. The following
are equivalent.

(1) X satisfies the strong system property.
(2) Every strong A-system with only countably many relations has a cofinal
branch, and this property is robust under small forcing.

Proof. (1) = (2) follows immediately from Proposition 3.8. To prove (2) = (1),
suppose (2) holds, and let S be a strong A-system with |[R(S)|T < A. Let P =
Coll(w, |R(S)]), and let G be P-generic. |P|T < X and, in V[G], S is a strong
A-system with countably many relations. Thus, by (2), there is a cofinal branch
b C S in V[G]. Let b € V be a P-name for a cofinal branch through S. For p € P,
let b, = {u € S| plF “ucb’}. Each b, is a branch through S. Since |[P| < ), there
is p € G such that b, is cofinal. O

We now show that the strong system property holds at large cardinals. Since the
strong system property is a robust generalization of the tree property and large car-
dinals are themselves robust, it is not surprising that the proofs are straightforward
generalizations of the proofs of the corresponding facts about the tree property. In
particular, the proof of Proposition 3.12 is extremely similar to the proof of Theo-
rem 3.1 from [11].

Proposition 3.11. Suppose A is weakly compact. Then \ satisfies the strong sys-
tem property.

Proof. Let S = ({{a} X ko | @ € I'},R) be a strong A-system. S can be coded in a
natural way by a set A C V). By the weak compactness of A, find a transitive set
X # V) and B C X such that (V, €, 4) < (X, €, B). By elementarity and the fact
that |R| < A, B codes a strong system T = ({{a} X ko | @ € J}, R) such that J
is unbounded in the ordinals of X and T extends S. Choose v € J \ k and, for all
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a €1, find B, < ko and R, € R such that (a, B,) <g, (7,0) in T Since |R| < A,
there is an unbounded I* C I and a fixed R € R such that, for all « € I'*, R, = R.
Then b = {(«, Ba) | @ € I*} is a cofinal branch in S through R. O

Since A is weakly compact iff A is inaccessible and has the tree property, Propo-
sition 3.11 implies that, for inaccessible A, the tree property is equivalent to the
strong system property. As we will see later, this equivalence does not necessarily
hold for accessible cardinals. Also, note that this is in contrast to the situation
with stationary reflection, as we saw in the previous section that, for inaccessible
A, stationary reflection is not necessarily equivalent to robust stationary reflection.

Proposition 3.12. Suppose i is a singular limit of strongly compact cardinals and
A > uis a regular cardinal. If S = (I X kK, R) is a strong A-system, k < u, and
|R| < u, then S has a cofinal branch. In particular, u* satisfies the strong system
property.

Proof. Fix a regular A > p, and let S = (I X k,R) be a strong A-system with x < p
and |R| < p. We assume for this proof that k = pu, as the case k < u is easier. Let
(i | © < cf(u)) be an increasing sequence of strongly compact cardinals, cofinal in
i, such that cf(p), |R| < uo.

Let F be the filter of co-bounded subsets of S, i.e. the set of X C I x k such
that |(I x &)\ X| < A, and let U be a pg-complete ultrafilter on S extending F'. For
each o € I and u € S, pick (1%, RY), with i¢ < cf(u) and R € R, such that, for
some 3 < fija, (@, B) <pa u. Since Sso € U and U is pp-complete, there is (%, R*)
such that the set X, := {u € Ssqo | (&, RS) = (%, R*)} € U. There is then an
unbounded J C I and (i*, R*) such that, for all « € J, (i%, R*) = (+*, R*). Now, if
oo < g are both in J, we can find u € X,,NX,,. There are then o, 51 < p;= such
that (v, Bo), (a1, 81) <g+ u. Since R* is tree-like, we have (ag, 8y) <g+ (a1, 51).
This shows that S’ := (J x p;, {R*}) is a A-system.

Next, fix £ > i* with k¥ < cf(u), and let U’ be a pg-complete ultrafilter over
A extending the co-bounded filter and such that J € U’. Fix a € J. For all
B € J\(a+1), fixv§,0§ < p- such that (o, v§) <r- (8,05). Since J\ (a+1) € U’
and U’ is pg-complete, we can fix v, §% < p;» such that Y, :={f € J\ (a+1) |
(7§,05) = (v*,6%)} € U'. Next, fix an unbounded J' C J and v*,6" < -
such that, for all « € J', (v*,§%) = (v*,0%). Suppose oy < ap are both in J’.
Fix f € Xo, N Xo,. Then (ag,v*), (a1,7*) <g~ (B,6), so, since R* is tree-like,
(a0,7*) <gr+ (a1,7*). Hence, ((o,7*) | @ € J') is a cofinal branch through R* in
S. O

A similar argument shows that all systems with finite width have a cofinal branch.

Proposition 3.13. Suppose X is a reqular cardinal and S = (I xn, R) is a A\-system
with n,|R| <w. Then S has a cofinal branch.

Proof. Let U be an ultrafilter over A, extending the co-bounded filter, such that
IeU. Fixael. Forall €1\ (a+1),choose if,j5 <n and Rf € R such that
(a,i3) <rg (B,7j5). Fix 1*,j% <n and R* € R such that X, :={f €\ (a+1)|
(15,45, R§) = (i%,j*, R*)} € U. Fix an unbounded J C I and (i*, j*, R*) such
that, for all « € J, (i%, 5%, R*) = (i*,j*, R*). Now, suppose ap < a1 are both in
J, and find g € X, N Xo,. (ao,i*), (@1,7*) <g~ (B,5*), so (ap,i*) <p~ (01,j*).
Thus, {(a,i*) | @ € J} is a cofinal branch through R* in S. O
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However, the existence of certain subadditive, unbounded functions implies the
existence of strong systems of possibly small width with no cofinal branch.

Definition 3.14. Suppose x < ) are infinite, regular cardinals and d : [\]?> — &.
(1) d is subadditive if, for all @ < f <y < A:
(a) d(a,v) < max({d(a, B),d(5,7)});
(b) d(a, ) < max({d(e,7),d(5,7)}).

(2) d is unbounded if, whenever I C X is unbounded, d“[I]? is unbounded in k.

Remark 3.15. Note that there are different definitions of subadditivity in the
literature. In particular, functions are sometimes (e.g., in [14]) called subadditive if
they simply satisfy the inequality in (1a) of Definition 3.14. The stronger definition
we give here is more appropriate for the study of systems and matches that in, e.g.,
Section 9 of [16]. For more on the consistency of subadditive, unbounded functions,
see [8].

Proposition 3.16. Suppose k < X\ are infinite, reqular cardinals and d : [\]> — K
is subadditive and unbounded. Then there is a strong A-system S = (A x 1, R) such
that |R| = k and S has no cofinal branch.

Proof. We define S = (A x 1,R), with R = {R,, | n < k}. Given o < § < A and
n < k, let (a,0) <g, (B,0) if and only if n > d(a, 3). The fact that each R, is
transitive and tree-like follows from (a) and (b) of the definition of subadditivity,
respectively. It is then easy to verify that S is a strong A-system. Suppose for
sake of contradiction that S has a cofinal branch. Then there is an unbounded
I C X and an 7 < & such that, for all & < 8, both in I, we have (a,0) <g, (8,0).
Since d is unbounded, we can find o < 8 in I such that d(a,8) > 7. But then
(a,0) £g, (B,0). Contradiction. O

4. WEAK SQUARES
Recall the following definition.

Definition 4.1. Let A and p be cardinals, with y infinite and A > 1. A 0, <x-
sequence is a sequence C = (Co | @ < ) such that:

(1) for all limit o < pu™, if C' € Cy, then C is a club in « and otp(C') < y;

(2) for all limit o < ™, 1 < |Co| < A;

(3) for all limit @ < B < ut and all C' € Cg, if @ € C’, then CNa € C,.

Oy, < holds if there is a [, <x-sequence.

Remark 4.2. 0, .+ is usually denoted [, x. It is immediate that, if Ag < A,
then O, ., implies O, <»,. O, 1 is Jensen’s classical principle O,. 0O, , is also
called weak square and denoted L. [} is equivalent to the existence of a special

pt-Aronszajn tree. O, ,+ is also called silly square and holds in all models of ZFC.

We will be interested in the following variation on the classical square principles.

Definition 4.3. Let s, A\, and p be cardinals, with £ < u, s regular, and A > 1.

A Dfi y-sequence is a sequence C = (Cq | @ € S) such that:

(1) 8%, C S Clim(u');
(2) for all @ € S and all C € C,, C is a club in « and otp(C) < y;
(3) forall a € 5,1 < |Col < A
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(4) for all g € S, for all C € Cg, and for all @ € C’, we have a € S and
CNaeC,.

Dfi ), holds if there is a Dii y-sequence. As usual, we shall write Dfi instead of

>K >K >K
D#’O\+ and [JZ" instead of LJ7 5.

Baumgartner, in unpublished work, was the first to study such square sequences,
particularly square sequences, using our notation, of the form DE". For more on
this, see, e.g. Section 2.2 of [1] or Section 8 of [2].

For later use, we introduce a forcing poset designed to add such a square se-
quence. Given k, A, and p as in the above definition, define a poset B(k, A, 1) as
follows. Conditions are of the form p = (CE | a € sP) such that:

sP is a bounded subset of u* with a maximal element, which we denote ~?;
(v? +1)Ncof(> k) C s7;
for all & € s? and all C € CE, C' is a club in « and otp(C) < p;
for all a € sP, 1 < |CE| < A;
for all B € sP, for all C € CE, and for all & € C’, we have o € sP and
CnNnaeC,.
If p,q € B(k, A, 1), then g < p iff s7 end-extends s? and, for all & € sP, CZ = CP.
The following is easily verified. See, for example, [1] for the details in the case
A = 2. The proof is essentially the same for other values of A.

Proposition 4.4. Let k, A, and p be cardinals as above.
(1) B(k, A, p) is k-directed closed.
(2) B(k, A, ) is p+ 1-strategically closed.

(3) IFBeA ) “Di’b holds.”

Proposition 4.5. Suppose k < p are infinite cardinals. Then the following are
equivalent.

(1) 02" holds.

o
(2) There is a poset P’ such that |P| < k and IFp “O}; holds.”

Proof. (1) = (2): Suppose C = (Co | @ € S) is a Di’ff—sequence. Let P =
Coll(w, ). Then |P| = k and, in V¥, ¥ = w;. Define a (0%-sequence D = (D, |
a < pt)in VF as follows. If a € S, then let D, = Co. If a € lim(ut) \ S, then

(cf(a))vw = w. Let D be an arbitrary w-sequence cofinal in «, and let D, = {D}.
It is easily verified that this defines a [J}-sequence.
(2) = (1): Suppose P is a forcing poset such that [P| < s and IFp “0J}; holds.”

Let € = (Co | @ < pt) be a P-name for a ;,-sequence. For each P-name X for a

subset of ut and each p € P, let X, = {a < ut | pIF “a € X}. For each 8 < pu*,
let

Ap = {p € P | for some P-name C,pl“Ce CB” and C'p is club in 8}.
Let S ={B < u* | Ag # 0}. Easily, as |P| = &, Sgﬁ C S. Define a Di’ff sequence
D = (D, | a € S) by letting
D, = {Cp |pe Ay, plk “C €Cy,” and C’p is club in a}.

It is easily verified that this defines a Di’ff—sequence. O
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Since LI}, is equivalent to the existence of a special pu-Aronszajn tree, if Di’ff
holds, then there is a strong pu*-system with x relations and no cofinal branch. We
also get the following characterization for robustness of having no special trees.

Corollary 4.6. Let i be an infinite cardinal. The following are equivalent.

(1) There are no special p+-Aronszagn trees, and this property holds robustly.
(2) DE,’ff fails for all k < p.

Remark 4.7. In Section 8 of [2], Cummings, Foreman, and Magidor use similar
ideas to show that, consistently, square sequences can be added by small forcing. In
particular, they construct a model in which U3 fails but in which D?ﬁg holds and,
therefore, Oy, holds after forcing with Coll(w,w;). Proposition 4.5 shows that this
is, in essence, the only scenario in which square sequences can be added by small
forcing.

We would like to bring the reader’s attention here to a related matter. In situ-
ations in which a special u™-Aronszajn tree can be added by small forcing, it can
always be added by Coll(w, ) for a suitable x < p. The question remains, though,
whether it can be the case that there is no special p*-Aronszajn tree in V but there
is one in an extension by a small forcing poset that preserves all cofinalities. Rinot,
in [13], addresses this question in the case in which p has uncountable cofinality,
proving the following theorem.

Theorem 4.8 (Rinot, [13]). It is consistent relative to the existence of two super-
compact cardinals that there is no special R, +1-Aronszajn tree but there is a special
Wy, +1-Aronszagn tree in a forcing extension by a forcing of size N3 that preserves
all cofinalities.

As far as we are aware, the analogous question for successors of singular cardinals
of countable cofinality remains open.

5. PRESERVATION LEMMAS AND THE NARROW SYSTEM PROPERTY

In this section, we present some results that will be useful in Section 6. We first
make the following definition.

Definition 5.1. Let A be an uncountable regular cardinal, and let S = (I x x,R)
be a narrow A-system. b = {by g | v < kK, R € R} is a full set of branches through
S if:

(1) for all y < k and R € R, by,r is a branch of S through R;

(2) for all « € I, there are v < k and R € R such that by g N Sy # 0.

Remark 5.2. Note that, since A is regular and width(S) < A, condition (2) in
Definition 5.1 implies that, for some v < k and R € R, b, g is a cofinal branch.

The following result is due to Neeman and improves a similar result of Sinapova
from [15].

Lemma 5.3 (Neeman, [12]). Suppose that X is a regular, uncountable cardinal, S =
(I X k,R) is a narrow A-system, and width(S) = 0. Suppose P is a forcing poset,
and let P*" denote the full-support product of 6+ copies of P. Suppose moreover
that P?" s 0T -distributive, G is P-generic over V, and, in V[G], there is a full
set of branches through S. Then there is a cofinal branch through S in V.
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Next, we show that cofinal branches cannot be added to systems by forcing
posets satisfying appropriate approximation properties.

Definition 5.4. Let A be a regular cardinal, and let P be a forcing poset. P has
the A\-approzimation property if, for every y € V and every P-name & for a subset
of y such that, for all z € (Px(y))Y, IFp “c Nz € V", we have IFp & € V.

Lemma 5.5. Suppose A is a regular cardinal, S = ({{a} X ko | @ € I},R) is a
A-system, and P has the A-approximation property. If G is P-generic over V and
S has a cofinal branch in V|G|, then S has a cofinal branch in V.

Proof. In V[G], suppose b C S is a cofinal branch through R € R. By closing b
downward, we may assume that b is a maximal branch, i.e., if « € [ and v € bN S,,,
then bN Scy = {u € S| u <p v}. It suffices to show that bNz € V for all
z € (PA(S))V, as then the A-approximation property will imply that b € V.

To this end, let z € (Px(S5))Y. As \is regular, there is o < A such that z C S_,,.
Find v € bNS>o. ThenbNz={ue S|lu<gv}lnzeV. O

The following lemma is due to Unger.

Lemma 5.6 (Unger, [17]). Suppose X is a regular cardinal, P is a forcing poset,
and P x P has the A-c.c. Then P has the A-approximation property.

Definition 5.7. Suppose A is a regular cardinal. A has the narrow system property
if every narrow A-system has a cofinal branch.

The narrow system property is a useful tool for analyzing trees and strong sys-
tems. It was implicitly introduced by Magidor and Shelah in [11] in order to es-
tablish the consistency of the tree property at the successor of a singular cardinal.
Their general framework for establishing the tree property at the successor of a
singular cardinal u consists of two main steps. First, given a u™-tree, one argues
that it must have a narrow subsystem, S. Second, one argues that u™ has the
narrow system property. This yields a cofinal branch through S and, in turn, a
cofinal branch through T'. For more on the narrow system property, see [8].

The following lemma is essentially due to Neeman (see the proof of Lemma 3.6
in [12]). For that reason, and because it will also follow from Lemma 6.7, which we
prove in Section 6, we omit the proof here.

Lemma 5.8. Suppose (k, | n < w) is an increasing sequence of indestructibly
supercompact cardinals. Let p = sup({r, | n < w}), and let \ = p*. For m < w,
let S, be the full-support product ] Coll(k}2, < Kng1). Then, in V=, X has
the narrow system property.

n>m

Corollary 5.9. Assume the same hypotheses as in Lemma 5.8. In VS suppose
S ={(Axpu,R) is a strong A\-system and |R| < Km. Then S has a cofinal branch.

Proof. Let G be S,,-generic over V. In V|G|, k,, remains supercompact. Let j :
V|G] — M witness that k., is A-supercompact. In M, j(S) = (j(\) x j(u), {F(R) |
R € R}) is a strong j(A)-system. Let 6 = sup(j“\). For a < A, find S, < j(1) and
Ry € R such that (j(a), Ba) <j(r.) (0,0). Let nq < w be such that S, < j(kn, )
Since A is regular, we can find R* € R, n* < w, and an unbounded I C \ such
that, for all « € I, R, = R* and n, = n*. Now, if ag < 1 are both in I, then
(j(aO)aﬁao)a(j(al)vﬁaJ <j(R*) (570)a S0 (j(O‘O)?ﬂao) <j(R*) (j(a1)750¢1)' Thus,
M ': “there are 50351 < ](Hn*) such that (j(a())vﬂO) <j(R*) (j(al)aﬂl)a” S0, by
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elementarity, V[G] & “there are By, 81 < kyn+ such that (ag,B0) <gr+ (@1,61).”
Therefore, in V[G], S" = (I X kp«,{R*}) is a narrow system. By Lemma 5.8, S’
has a cofinal branch, b, which is then also a cofinal branch of S. (]

6. STRONG SYSTEMS AT N2

In this section, we will prove the following two results.

Theorem 6.1. Suppose there are infinitely many supercompact cardinals, and fix
a < w?. Then there is a forcing extension in which every strong R,z 1-system with
R, relations has a cofinal branch but in which V21, fails to have the robust tree

property.

Theorem 6.2. Suppose there are infinitely many supercompact cardinals. Then
there is a forcing extension in which N 2,1 satisfies the strong system property.

The proofs of these theorems are modifications of the proof of Theorem 1.2 in
[4]. We will provide the details for the proof of Theorem 6.1. Because the proof of
Theorem 6.2 is very similar to that of Theorem 1.2 in [4] and because it also follows
from a straightforward modification of the proof of Theorem 6.1, we will include
only a brief paragraph indicating how Theorem 6.2 can be obtained from the proof
of Theorem 6.1.

Remark 6.3. Similar results, due to Hayut and Magidor, appear in [5]. In par-
ticular, they construct a model in which X, has the tree property but an N, 1-
Aronszajn tree is added by forcing with Coll(w,w;). This is close to our Theorem
6.1 with RN 2,7 replaced by N,4; and X, replaced by 1 and, as in the proof of
Theorem 6.1, the non-robustness of the tree property in the final model in their
proof is witnessed by the existence of a partial square sequence of the type consid-
ered in Section 4. It is not clear whether their result can be strengthened to be a
true analogue of our Theorem 6.1 at 8, 1. Also in [5], Hayut and Magidor, using
an argument different from our proof of Theorem 6.2, show the consistency of the
robust tree property at N2, by showing that it holds in Sinapova’s model from
[15] for the tree property at N, 2.

The results will be obtained by using a version of diagonal Prikry forcing with
interleaved collapses introduced in [10]. The reason that N2, is being considered
rather than smaller cardinals is that, for technical reasons that will become clear
in the proof of Lemma 6.12, it is necessary for our methods to preserve the first
w + 1 cardinal successors of each of the Prikry points. It is an open question of
much interest whether these and similar results can be pushed down to smaller
cardinals, and in particular to N,1;. We note that the original application of
the diagonal Prikry forcing in [10] provides an instance in which this cannot be
done: the forcing is used there to produce a model in which the reflection principle
Ay, X2, holds. In particular, this principle implies that every almost free Abelian
group of cardinality R, is free. On the other hand, in the same paper, it is shown
that, for every regular, uncountable x < W2, there is an almost free Abelian group
of cardinality  that is not free.

We now begin working towards Theorem 6.1, first reviewing some facts about
forcing and square sequences.



ROBUST REFLECTION PRINCIPLES 13

Recall that, if x, A, and p are cardinals, with k < p, k regular, and A > 1, then
B(k, A, i) is the forcing to add a Di'z)\—sequence. Temporarily fix values for s, A,
and p, and let B = B(x, A, p).

In VB let C = (C, | @ € S) be the Diz/\—sequence added by B. Let v < pu
be regular, and let T, be the forcing poset whose conditions are closed, bounded
subsets t of u™ such that:

o |t| <

e foralla €t/, we have c« € S and tNa € C,.
If s,t € T,, then t < s iff t end-extends s. For a cardinal ¢, let T¢ denote the
full-support product of € copies of T,,. Let T, be a B-name for T,.

Proposition 6.4. In V, for every e < A\, B x Tf, has a dense v-directed closed
subset.

Proof. Fix ¢ < \. Let U be the set of (p, (f, | n < €)) € B+ T such that, for all
n<e:

e there is ¢, € V such that p I+ “in =t,";

e 77 = max(t,).
The verification that U is dense and v-directed closed is straightforward. See, for
example, [2] for similar arguments. O

Corollary 6.5. Forcing with T, over V® adds a club D in put such that:
e otp(D) = v;
o forallawe D', we have « € S and DN« € C,.

Let (K, | m < w) be an increasing sequence of indestructibly supercompact
cardinals such that, for all n < w, 2% = k. Let p = sup({s, | n < w}), and let
A= pt. Form < k <w, let Sy, be the full-support product [T, ..., Coll(k,2, <
Knt1), and let Sy p =[] <pnen Coll(k;2, < Ky41). Note that S,, =S, x X Sg. For
notational ease, let Sy, , :_{(Z)}. Introduce an equivalence relation on Sy as follows.
Given s = (s, | n < w) and t = (¢, | n < w) in Sp, let s ~ ¢ iff there is m < w
such that, for all m < n < w, s, = t,. Given s € Sy, let [s] denote the equivalence
class of s. If m > 0 and s € S,,, we abuse notation and let [s] denote [s*], where
s* € Sp is such that s*(n) = 0 if n < m and s*(n) = s(n) if n > m. Let S* be the
poset whose conditions are equivalence classes [s], where s € Sy. If [s], [t] € S*, we
let [t] < [s] iff there is m < w such that, for all m <n < w, t,, < s,. It is clear that
this is well-defined. It is also easily verified that, if m < w, the map 7, : S, — S*
defined by m,,(s) = [s] is a projection.

Fix an m < w, and, in V5", let B = B(kp, i, ). Let B be an S*-name for B, and
note that S,, * B is Kkm-directed closed.

Lemma 6.6. In VS B is \-distributive.

Proof. Since A = p* and p is singular, it suffices to show that B is v-distributive
for all regular v < pi. In particular, it suffices to show that B is xx-distributive for
all k < w. To this end, fix k < w. Without loss of generality, m < k. In VS *B,
let T =T,,, as defined above. Recall that, in VS B« T has a kg-directed closed
dense subset. Note that, in V, S = [],,<nen Coll(k, 2, < kpi1) has the rg-c.c.

Since S is Hg2—directed closed, we still have that, in VSk, S,k has the ki-c.c. and
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B« T has a kg-directed closed dense subset. Thus, by Easton’s Lemma, B * T is
kp-distributive in VS *Smx = VSm_ In particular, B is sy-distributive in VS». O

Lemma 6.7. In VS”L*B, A satisfies the narrow system property.

Proof. First note that, by Lemma 6.6, A = s+ in VS*B_ Let S be an S,, * B-
name for a narrow A-system. Without loss of generality, we may assume there
are k,v < p such that S is forced to be of the form (A x x,{R, | n < v}). Fix
m < n* < w such that k,v < kp-. In V5B let T=T Let Gp+41 be Sy 41-
generic over V and let H 1 be B*T—generic over V[Gp+y1]. Since S+ 41 *BxT has a
Kn=41-directed closed dense subset, k=1 remains supercompact in V|G« 1% H*I|.
Move to V [Gp+41%H %], which we denote V, reinterpreting S as an S, n*1-name.

Let j : Vi — M witness that k.41 is A-supercompact. Note that j(S,, n+) =
Sy n- and

Kp*41°

. +2 . ~ ;
J(Spx pry1) = Coll(ks, < j(Knr41)) = Spr g1 * R,
- . Spx nx .
where R is /{Z?—closed inV;" . Let Gn* n*4+1 be Sy« p+y1-generic over V;, and

let R be the interpretation of R in V; [Gn+ nr+1]. Then, letting Gy, + be Sy, + Over
Vi[Gp+ n++1] and J be R-generic over Vi [Gp+ n»41]|[Gm= n], we can lift j to

J: Vl[Gn*,n*-i-l][Gm,n*] — M[G7L*,n*+1][Gm,n*][']]~

Let S = (A x &, {R, | n < v'}) be the realization of S in Vi[Gpn+ n-11][Gmon+]. In
M[Gn*,n”rl] [Gm,n*] [J]v

3(8) = (G(N) x w5, {i(Ry) [ n <v})
is a j(A)-system. Let § = sup(j“\). For all v < k and n < v, let

by.r, = {(a,8) € Ax k| (j(@), B) <j(r,) (6:7)}-

b= {by,r, | ¥ < K, < v} is easily seen to be a full set of branches through S, and
b€ V|Gp i1 * H x I][Gn*)n*ﬂ][Gm,n*][J].

In V[Gp-41], B % T"»* has a dense k,-11-closed subset. Moreover, Sy« p+41 is
kit 2-closed in V[Gpry1] and, in VG g1 % H # I][Gpe ne11], R is 5,2-closed. Thus,
in V[Gn+41][Grr nrt1], B = Thn* x REn* = B % (’]I‘ * R)”n* has a dense ni}—closed
subset. S, .+ has the k,--c.c. in V[Gp+11][Gn* n*+1], so, by Easton’s Lemma,
B (T % R)"* is s, 2-distributive in V[Gp-11][Grr ne+1)[Grn=], 50 (T * R)%n* is
wF2-distributive in V[Gp-41][Grr nx+1][Grmon= ] [H]. Thus, since width(S) < k-, we
can apply Lemma 5.3 in V|G- 1][Gn m=+1][Gm.n-][H] to T % R to conclude that
S has a cofinal branch in V[Gp+41][Grr n*+1][Gm,n+][H], thereby completing the
proof. O

For k < w, let Uy be a normal ultrafilter on . For k # m, the choice is
arbitrary. Eor k = m, note that k,, remains supercompact in VSW*B, SO we may
fix, in VS8 a normal, fine ultrafilter F,,, on Py, (\). Let U,, be the projection of
Fpoon ki, Le., if X C Ky, then X € Uy, iff {y € Py, (A\) |y Nk € X} € Fy. By
the distributivity of S, * B and the fact that 2Fm = k-, we have U,, € V. Choose
a condition (s*,i*) € S,, * B such that (s*,i*) forces U,, to be the projection of a
normal ultrafilter on P, _(A) in VSmB,

For k < w, let M}, denote the transitive collapse of Ult(V,Uy), and let ji : V —
Mj, be the associated embedding. Let Cj denote Coll(k; 2, < ji(ky)) as defined
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in My. My = “there are jj (k) maximal antichains of Cy,” |jx(kx)| = &}, and Cy
is f<az-closed7 so we can build in V' a filter G, that is Cg-generic over Mj.
We now recall the diagonal Prikry forcing, which we denote P, from [10]. For con-

venience, we let £_1 = w. Conditions of P are of the form p = (of),...,af |, (A} |
n<k<w),gh, . g0 8, . P (FF I n<k<w),(gh|n<k<w)) such that:
e for all i < n, of is inaccessible and k;_1 < of < k;;
e foralln <k <w, A} € Uy and, for all & € A}, « is inaccessible;
e for all i < n, g7 € Coll(x;?, < af) and 7 € Coll((a?) *+2 < k;);
o forall n < k < w, gb € Coll(kf?,,< kx) and, for all & € A, gP €

Coll(n;f_l, < a);
e for all n < k < w, F} is a function with domain A} such that, for all
a€ AV, FP(a) € Coll(a™2, < ki) and ji,(FY) (ki) € G.

The number n as above is referred to as the length of p, denoted £(p). If ¢,p € P,
then ¢ < p iff:

Ua) = p);

for all i < {(p), af = oF and f < fP;

for all i < w, g < g¥;

for all £(q) <k <w, Al C A} and, for all « € A}, Fi!(a) < F{(a);

for all £(p) < k < {(q), af € AY and f! < Ff(af).

Following [10], given p € P as above, we call (af | k < £(p)) its a-part, (A} |
Up) < k < w) its A-part, (ff | k < {(p)) its f-part, (¢} | k& < {(p)) its g-part,
(FF | €(p) < k < w) its F-part, and (g} | £(p) < k < w) its S-part. The a-
part, g-part, and f-part together comprise the lower part of p, denoted a(p). If
k < {(p), let p | k denote ((o¥ | i < k),(¢¥ | i < k),(fF | i <k)). If k > £(p), let
plk=alp)”(AY,FF g7, | £(p) < i< k). Note that p | £(p) = a(p). We say that
q is a length-preserving extension of p if ¢ < p and ¢(q) = £(p). If k < {(p), we say
q is a k-length-preserving extension of p if ¢ is a length-preserving extension of p
and ¢ | k = p | k. Finally, we say ¢ is a trivial extension of p if it is an ¢(p)-length
preserving extension of p.

The following facts hold about P. Proofs can be found in [10].

o (Prikry property) If p € P, k < {(p), and D is a dense open subset of P,
then there is a k-length preserving extension g of p such that, if ¢* < ¢ and
q* € D, then, if ¢** < g, £(¢**) = £(q*), and ¢** | k = ¢* | k, then ¢** € D.

e P preserves all cardinals > p.

e The only cardinals below p that are collapsed by forcing with P are those
explicitly in the scope of the interleaved Levy collapses. In particular, if, in
VP {a, | n < w) is the generic Prikry sequence, then the infinite cardinals
below u in V¥ are precisely those in the intervals { [k, _1, 5, 2,], [an, ;b +?] |
n < w}. It follows that, in VF, u = R,2, A = 24, and, for all n < w,
Rn = Nw-(n—‘,—l)-‘,—S'

e The map 7 : P — S* defined by n(p) = [S(p)] is a projection.

The models witnessing Theorem 6.1 will be of the form VPE The result will
follow easily from the following theorem.

Theorem 6.8. There is a generic extension by P«B in which every strong A-system
with k12 | relations has a cofinal branch.
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Proof. The proof is similar to the arguments of Section 5 in [4]. The main differences
are that we must deal with the forcing B, that we are working with strong systems
instead of just trees and therefore potentially have more relations (this will only
come up in the proof of Lemma 6.12), and that our use of the narrow system
property will simplify certain arguments.

Suppose the theorem fails, and let v = 2

+2 . Then there is a P % B-name
S = (A x u,{R, | n < v}) such that IFp 4 “S is a strong A-system with no cofinal
branch.”

Let G * B be S,, * B-generic over V with (s*,i*) € G * B. Let p € P be such
that £(p) = m and S(p) = s*. Let G* be the S*-generic filter induced by G, and

let P* = {q <p|[S(q)] € G"}.
Lemma 6.9. In V[G* x B], P* x S,,,/G* x S,,,/G* has the A-c.c.

Proof. The proof is essentially the same as the proof of Proposition 4.5 from [4].
The difference is that we must deal with the forcing B in addition to S*. We provide
the argument for completeness.

For all m < k < w and all ¢ € P* such that n:=1h(q) < k, let

hi(q) = ((of | i <n), (g} | i <k),(fil |i<n)),

and let Hy, = {hi(q) | ¢ € P* and lh(g) < k}. Note that |Hy| = ;. Enumerate
Hyp XSy m X Smm as ((hg, s, s5) | B < fim). For k > m, enumerate Hy, 11 X Sy, g X
Sm.k as ((hg, 5%, 55) | kx < B < Kiy1).

Work in V. Suppose that A is an S* % B-name, (r,b) € Sy * B, and ([r],b)
forces that A is a maximal antichain in P* x S,,/G* x S,,,/G*. We will recursively
construct a decreasing sequence ((rs, bg) | B < p) of conditions in Sg * B such that,
for all 8 < v < p, if k is the least element of the interval [m,w) such that 8 < kg,
then rg | K =r, [ k. This will ensure that there is a lower bound for the sequence
(rg | B < p). Recall that B is p + 1-strategically closed, so, by playing according
to a name ¢ for our winning strategy in G,11(B) at limit stages and in between
bs and by, for all B < u, we will also ensure that ((rg,bg) | 8 < ) has a lower
bound.

The construction is as follows. Let (rg,bg) = (r,b). For limit 8 < p, 75 is
defined by letting rg(i) = U, Ta (i) for all i < w, and bg is determin-ed according
to ¢. Suppose f < p and (rg,bg) has been defined. First, find bs such that
[rg] IF “i)g < b” by appealing to &. Let k € [m,w) be least such that 8 < .

Let ®3 be the statement in the forcing language for S* * B asserting that there
is (q,1°,t') € A such that:

(1) Th(g) <k and hi(q) = hg;

(2) 2] [m, k) = s% and t! | [m, k) = sé;

(3) for all i > k, the conditions g, t°(j), t'(j), and 75(j) are pairwise compat-
ible.

Find rgr1 < rg and i)ﬂ_;,_l such that [TB-H] I+ “i)ﬁ.{.l < E)E” and ([7"/3+1]7i),6+1)
decides ®g. Since [rgi1] is unchanged by finite modifications to rg41, we may
assume that rg41 [ k=15 [ k.

If ([rg41],bp41) IF =@ s, then move on to the next step in the construction. If
([rp41],bps1) IF @, then fix a witness, (g,1%,tp). Since [rq1] forces that [S(gs)],
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[t3], and [t5] are in G*, [rg41] must extend all three. Therefore, by this fact and
clause (3) in ®g, by adjusting rgy1 on finitely many coordinates if necessary, we
may assume that, for all k <i < w, rg41(i) extends g/ Ut (i) U th(i).

At the end of the construction, let (7o, boo) be a lower bound for ((rg,bg) | 5 <
B Let B = {(gs,t3,15) | B < o and (rasr, bpsr) I B},

Claim 6.10. ([roo],bso) IF “A = E.”

Proof. Clearly, ([ro],bso) IF “E C A We show the reverse inclusion. Thus, sup-
pose (1*,b*) < (oo, boo) and, for some (q,t%,tY), ([r*],0*) I- “(q,t%,t') € A As
before, [r*] must extend [S(q)],[t°], and [t'], so there is m < k < w such that,
for all k < i < w, ¢g7,t°(i), and (i) are pairwise compatible and r*(i) extends
g3 Ut (i) Ut!(i). Fix B < wy, such that (hi(q),t0 | [m, k), t" | [m,k)) = (hg, s, s5).

(q,t°,t') is a witness to ®4, so we must have ([r5+1],63+1) IF ®5. We claim
that (g,%,t') is compatible with (gg,t3,t5). To see this, first note that, as hx(q) =
hi(gs) = hg, we know that ((af, f/) | i < lh(q)) = ((a", f{")) and (g | i <
k) = (9" | i < k). Moreover, for all k < i < w, we have s*(i) < g7,¢{°, so, in
particular, g and g{° are compatible. Therefore, it is easily verified that q and ¢”
are compatible. The argument that (¢%,¢') and (¢3,t}) are compatible is similar.

Therefore, since A is forced to be an antichain, we must have (q,1°,t1)
(g3, t%, t}g), and the claim is proved.

O ol

Since |E| < p, this finishes the proof of the lemma.

Let P = {q¢ <p| S(q) € G}. We are abusing notation here in the sense that, if
q € P and ¢(q) > m, then S(q) is not in S,,,. However, in this situation, G naturally
projects to a generic filter Gyq) for Sy, so S(q) € G should be interpreted as
S(q) € Gy(q)- The following is proven in [10]

Lemma 6.11. Forcing with P’ over V|G adds a P-generic filter over V.

Note also that, if qo,q1 € P’ and a(qg) = a(q1), then ¢o and ¢; are compatible.
In particular, P’ has the A-c.c. in V[G % B]. We now work in V[G * B] and use the
name S, reinterpreted as a P’-name, to extract a narrow system.

Lemma 6.12. There are n,k < w, n < v, and a cofinal set I C X\ such that, for
all By < By, both in I, there are 9,71 < kpn and a condition q € P' with £(q) = k
such that q IF “(Bo,Y0) <g, (B1,m).”

Proof. This Lemma is analogous to Lemma 5.1 in [4]. Recall that, in V[G*B], since
(s*,1*) € G * B, there is a normal measure, F,,, on P, ()\) such that F,, projects
to Up,. Let M = Ult(V[G x B], F,,) be the transitive collapse of the ultrapower,
and let j : V[G* B] — M be the associated embedding. Find r < j(p) in j(P’) such
that o, = Kp,. This is possible because, since AP € U,,, we have k,, € j(AL).
Let H be j(P')-generic with » € H. Note that, in M[H], all cardinals in the
interval [f,,, £t¢2]VIG*Bl are preserved. In particular, since A = (k@ +1)VIG*B]
A is preserved in M[H]. Let S* be the realization of j(S) in M[H]. S* is of the
form (j(\) x j(u), {Ry | n <v}), where R; denotes the realization of j(R,) for all
n < v, and S* is a strong j(A)-system in M[H].

Let 6 = sup(j“A). For each 8 < A, find g3 € H, 75 < j(p), and ng < v such

that ¢g IF “(j(ﬁ),’yg,) <i(By) (6,0).” Without loss of generality, assume that, for
5
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all B < A, gg < r. There is then an unbounded I* C A together with n,k < w and
n < v such that, for all 8 € I, we have {(qg) = k, v} < j(kn), and ng = 1.

For g € I*,let gz = (ag7...,a'£_1,<Af | k§i<w),gg,...,gf,f?,...jﬁ_v(Fi’B
E<i < w), (gf | E < i < w)). Since the gg’s are pairwise compatible, there
is a sequence {o; | i < k) such that, for all 5 € I* and all i < k, af = .
Moreover, we know that k& > m, a; = af for all i < m, and «,, = K,,. There

are thus fewer than A choices for the sequence (gg, e ,gﬁz,foﬁ, ey 5%1), SO we
can find a cofinal I C I* and a sequence (go,-...,Gm, fo,---, fm—1) such that,

for all B e I, (gh,...,a2, 10, ..., 2 ) = (Gos-- s 9m> for- s fm_1). Finally, if
m <1 < kand 8 € I, then gﬁ comes from a forcing that is A™-directed closed.

K3

Similarly, if m < i < k and g € I, then ff comes from a forcing that is A*-
directed closed. Thus, since M is closed under A-sequences, we may assume,
by taking lower bounds on the relevant coordinates, that there is a lower part
a* = {ao,...,Qk—1,90s- - - Gks f0,-- -, f—1) such that, for all 5 € I, a(gs) = a*.

We claim that I, n, k, and n are as desired. Work in V[G* B]. Fix 8y < (81, both
in I. In M, we have gg,, qp, € j(P") with a(gg,) = a(gs,) = a* and Vior Vo, < J(n)
such that, for € < 2, g¢ IF “(5(8¢),75,) <j(i,) (6,0).” Since algp,) = algp,) = a*, we

can find ¢* < ¢g,,qp, with a(¢*) = a*. Then, since j(R,) is forced to be tree-like,
we have ¢* IF “(5(50),75,) <j(iy) (4(B1):75,)-" By elementarity, there are g € P’
with £(¢) = k and 79,71 < kn, such that ¢ IF “(8o,70) <g, (B1,m1).” O

Fix n, k, n, and I as in Lemma 6.12. Define a system
So = (I X kn,{Rq | a is a lower part of length k})

by letting (B0, v0) <gr, (B1,71) if and only if there is ¢ € P’ such that a(q) = a and
q I+ “(Bo,0) <g, (B1,71).” By Lemma 6.12, Sj is a narrow A-system. By Lemma
6.7, A satisfies the narrow system property in V[G * B], so there is a cofinal branch
through Sy. Namely, there is a cofinal J C I and a lower part a of length k£ such
that, for every 3 € J, there is 75 < K, such that, whenever 3y < 3; are both in J,
there is ¢ € P’ with a(q) = a such that ¢ IF “(8o,v3,) <g, (B1,78,)". Fix such a J
and a and an assignment § — g for 5 € J.

For k <i < w, let H; be the set of (A, F, g) such that A € U;, F is a function with
domain A such that, for all « € A, F(a) € Coll(a™2 < k;) and j;(F)(x;) € Gy,
and g € COH(H;LZ, < Kiy1) is in the generic filter induced by G. Suppose that,
for e < 2, (AS,Ff,95,,) € H;. Then we define (AY,F?,¢% 1) A (AL Fl gt q) =
(Ai, Fi, gi+1) by letting

A;={aec AYN A} | F?(a) and F} () are compatible},

defining F; on A; by F(a) = F2(a)UF} (), and letting gi+1 = g0, Ug}, 1. Suppose
that, for € < 2, g € P" and a(q.) = a, where g = o™ (A, Ff, g5, | k < i < w).
Then the greatest lower bound for ¢p and ¢ is ¢ = a™(A;, Fi, 9641 | k < i < w)
where, for all k <i <w, (A, F}, giv1) = (AY, FL, g2 1) A (AL FL giq).

By recursion on 4, we now define ((Af, Ff, gg_l) | B € J, k <i<w), maintaining

the inductive hypothesis that, for all By < 81, both in J, and all £ with k£ < ¢ < w,
there is ¢ € P’ such that

g e=a"((AP FP gl ) A(APFP  glt) [k <i < 0)
and q I+ “(607750) <Rn (517’751)‘”
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Suppose k < £ < w and (Af,Ff,ng) has been defined for all 5 € J and all
k < i < /. Define a system

Se=(J x{0},{Rarg | (A F,g) € He})
by letting (50,0) <g, r, (61,0) iff there is ¢ € P’ such that
g1 (E+1) = a7 (AP F g0) A AT FP gl |k < i< )7 (A F )

and ¢ - “(Bo,vs,) <g, (B1,78,).” By the inductive hypothesis, this defines a
narrow A-system, so, again by Lemma 6.7, it has a cofinal branch, namely a cofinal
set Jp C J and a fixed (A, F,g) € H; such that, for all 5y < B1, both in Jg,
(B0,0) <Rap, (81,0). We now define (Af,Ff,ng) for 8 € J as follows. If
B € Jp, then (A, F g, 1) = (A, F,g). If B ¢ Jp, let f* = min(J; \ B). Find g € P!
such that

gl e=a (A7 FP gl ) N(AY FP gl [ k<i<t)

and q |- “(8,7) <j, (8%,7p)", and let (A7, F/, g/ 1) = (AL, F{, gf,1) A (A, F.g).
It is tedious but straightforward to verify that this definition maintains the inductive
hypothesis.

For 8 € J, let g = a“((Af,Fﬂng) | K <i < w) and note that gz € P’. For
Bo < B1, both in J, let gg, 8, := g3, N g3, denote the greatest lower bound of g3,
and qg; -

Claim 6.13. Suppose By < 1, both in J. Then qg, 5, IF “(Bo,7V8,) <p, (B1,78:).”

Proof. Suppose not, and let r € P, r < gg, 3, be such that r IF “(8o,7vs,) %Rn
(B1,78,).” Let i = £(r). By the inductive hypothesis in the previous construction,
we can find ¢ € P’ such that ¢ [ i = qg,.5, [ 7 and q = “(B0,78,) <p, (B1,78.)"-
But it is easily seen that r and ¢ are compatible in ', which is a contradiction. [

Since P’ has the A-c.c., we may find ¢ € P’ such that ¢ I “for unboundedly many
B € Jgs € H”, where H is the canonical name for the generic filter. Let H be
P’-generic with ¢ € H. Let S be the realization of S in V|G x B * H|. Then, in
VIG « B HJ|, {(8,73) | B € J and g3 € H} is a cofinal branch of S through R,,.
Thus, S has a cofinal branch in V[G x B x H|. Note that, as H is P’-generic over
V[G* B, it is also P*-generic over V[G**B], so V|GxBxH| = V[G**B+H|[G/G*] =
V[H % B][G/G*], where G/G* is S,,/G*-generic over V[G** B+ H|] = V[H = B|. By
Lemma 6.9, S,,/G* x S,,/G* has the A-c.c. in V[H * B], so, by Lemma 5.6, S,,,/G*
has the A-approximation property in V[H x B]. Therefore, by Lemma 5.5, S has a
cofinal branch in V[H * B]. But p € H and p forces that S had no cofinal branch.
This is a contradiction. O

It is clear that, in any extension by P x ]E%, Di";”; holds. In particular, there is a

strong A-system with R,.(,,,4+1)42 relations that has no cofinal branch, so A fails to
satisfy the robust tree property. By Theorem 6.8, there is an extension by P % B in
which every strong N2, 1-system with R,,.n,+5 relations has a cofinal branch. Since
our choice of m < w was arbitrary, this completes the proof of Theorem 6.1.

We now indicate how to obtain Theorem 6.2. In V', by the homogeneity of the
forcings Sy for k < w, we may find ultrafilters U on ki for k < w such that Uy is
forced by the empty condition to be the projection in V5% of a normal, fine ultrafilter
Fy on Py, (A). If we then use these ultrafilters to define the diagonal Prikry forcing
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P as above, then there is a forcing extension by P in which the strong system
property holds at N,21. To see this, suppose for sake of contradiction that Sis a
P-name forced to be a strong A-system with no cofinal branch. Find p € P deciding
the number of relations in S to be equal to some v < u. We may assume without
loss of generality that v < ry(,). Now, letting £(p) play the role that m plays in
the proof of Theorem 6.8 and working below p, the proof proceeds as in the proof
of Theorem 6.8 but without the poset B. As this argument is very similar to that
of the proof of Theorem 1.2 of [4] and because all differences from that proof are
exhibited in the proof of Theorem 6.8 of this paper, we omit the details.
We end with three open questions.

Question 6.14. Can X, 1 consistently satisfy the strong system property?

Question 6.15. Suppose A is a regular uncountable cardinal and A\ satisfies the
robust tree property. Must )\ satisfy the strong system property?

Question 6.16. Suppose A\ is a reqular uncountable cardinal and A\ satisfies the
tree property. Must it be the case that every strong A-system with only countably
many relations has a cofinal branch?

Note that a ‘Yes’ answer to Question 6.16 would also entail a ‘Yes’ answer to
Question 6.15.
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