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Abstract

Markl, M., A cohomology theory for A(m)-algebras and applications, Journal of Pure and
Applied Algebra 83 (1992) 141-175.

For an A(m)-algebra A and an A-bimodule M we define the cohomology H:")(A; M) of A with
coefficients in M. If the algebra A is balanced, we define also the balanced cohomology
HB(*;")(A;M). Our main result says that, for such an algebra A, there exists a natural
Hodge-type decomposition of H(’f,”(A;M) whose first component can be identified with
HB (A;M). Some applications are given, especially in rational homotopy theory.

()

Introduction and main results

A(m)-algebras were introduced in [22, p. 294] in connection with the study of
homotopy associative H-spaces. An A(m)-algebra is a graded space A together
with a set of multilinear operations u, : ® A— A, 1=k < m, satisfying certain
associativity relations (see 1.4). The category of unitary augmented A(m)-
algebras and their strong homomorphisms (see again 1.4 for the definitions) will
be denoted by A(m). For an A(m)-algebra A, an A-bimodule is then an object of
the category A-biMod:= (A(m)/A),, of abelian group objects in the category
A(m)/A of A(m)-algebras over A; an axiomatic characterization of A-bimodules
is given in 1.10. Let Vect be the category of graded vector spaces and O: a-
biMod — Vect be the ‘forgetful functor’. By a free A-bimodule is then meant an
object of the category A-biMed having the form FV, where V € Vect and F is a
left-adjoint to O; an explicit description of free bimodules is given in 1.14. For
simplicity we assume that all objects are defined over a field k of characteristic
zero.
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Our first goal is to define a cohomology of an A(m)-algebra A with coefficients
in an A-bimodule M. denoted by H ), (A: M). The definition is given with the aid
of certain free differential A-bimodule (28, (A), d) (see 2.1) as

On)

HI (A:M)y=H*(C} (A:M).8).
where C, (A: M)=Hom "y (5
degrec conventions.

Our second aim is to show that there exists a suitable concept of commutativity
for A(m)-algebras. The role of commutative algebras will be played by A(m)-
algebras (A, p,) such that the operations u, are, for k =2, zero on decompos-
ables of the shuffle product (sec 1.4). Such algebras will be called balanced. They
form a full subcategory of the category A(m), denoted by A(m),,. The following
two indications justify the definition of this property.

For an A(m)-algebra A. let (%(A) d) denote the homotopy-bar (or tilde)
construction (see {22, p. 295]. {18, Définition 3.13} or Example 3.3). It is easy to
show that the ‘shuffle’ product on /3(A) is compatible with the differential d
provided A is balanced in the above sense. similarly as for a commutative algebra
D this product induces the structure of a ditferential Hopf algebra on the bar
construction B(D) ([11, Chapter X, Section 12] or {24, 0.6.(1)]). The second
indication is the following result ot Kadeishvili. He constructed, for a chain
algebra (C, ), a certain structure (H(C, 9), X, ) of an A(ec)-algebra on the graded
vector space H(C,d), called the homology A(=)-algebra of (C.d) (see [9,
Theorem 1] or 1.7). In fact, the operations X, are constructed as obstructions to
the cxistence of a homomorphism ¢ : (H(C, d).0)— (C. d) of ditferential alge-
bras, inducing an isomorphism on the homology level. In Theorem 1.8 we prove
that the algebra C is commutative it and only if the homology A(=)-algebra can
be constructed to be balanced.

Let A€ A(m), be a balanced A(m)-algebra. By a balanced A-bimodule we
mecan an element of the category A-biMod,, := (A(m),/A),,. This category
consists of A-bimodules satisfying the additional condition (10). An alternative
description of A-biMed, is given in Proposition 1.13. For a balanced algebra A
and an A-bimodule M € A-biMod,, wc define the balanced cohomology of A with
coefficients in M. denoted by HB, ,(A; M). This objected appears together with
a natural transformation

,(A), M) and 6 is induced by a, see 3.6 for

()

H*(AM): HBS, (A:M)— H, (A; M)

{(m1) (m)

The main result of this paper (Theorcm 2.9) says that there is a natural de-
composition H (A:M)=[],.,H} (A: M) with H,”)(A M)=HB, (A: M)
such that the transformation II*(A; M) corresponds to the map

oA M) = )(A My || HN(A M) =

[

(ln (m (m)(A M)
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As a consequence we get that the map [I*(A; M) is a naturally splitting
monomorphism of graded vector spaces. The decomposition H, (A; M)=
1.0 H (A M) is an analog of the Hodge-type decomposition for the Hoch-
schild cohomology of a commutative algebra as it was constructed for example in
[5. pp. 231-234] or [6, pp. 7-8]. but our situation is slightly different because the
differential 8 in the defining complex ij,,)(A; M) is not homogeneous with

respect to the ‘simplicial degree’. Our theory covers the following situations.

1. Cohomology of algebras. (For details see 3.1.) Let A be a (graded) algebra, M
an A-bimodule (in the usual sense) and let Hoch””(A; M) denote the Hochschild
cohomology of A with coefficients in M. where n is the simplicial and p the total
degree, respectively. If we consider A as an A(>)-algebra (Example 1.5) and M as
an element of A-biMoed (Example 1.11), then there exists an isomorphism
w*(A;M): H,,(A; M)——]],.,Hoch™ "(A; M). If, moreover, the algebra A
is commutative and M is a symmetric A-bimodule (i.e. am = ma for all a € A and
m&E M), then A can be considered as an element of A(x), and M as an
element of A-biModg,. In this case we construct an isomorphism
wyz(A; M): HB,,(A; M)~ [],.,Harr" "(A; M), where Harr* *(A; M) de-
notes the Harrison cohomology of the commutative algebra A with coefficients in
M (see [2,25]). Moreover, if ¢* *(A; M):Harr* *(A; M)— Hoch* *(A; M)
is the canonical map [2, p. 314], then [[,.,¢" "(A;M)ew (A;M)=
w*(A; M)o I1*(A; M) and therefore, by Theorem 2.9, the map ¢* *(A; M) is a
monomorphism. This is a graded version of {2, Theorem 1.1]. Notice that this
result has an immediate application in the rational homotopy theory [16, Theorem
1.4.1].

2. Cohomology of algebras of derivations. (For details see 3.2.) Let V be a graded
vector space of finite type and let (TV, ) be a free differential graded algebra,
deg(d) = —1. Let Der*(TV) be the Lie algebra of derivations of the algebra TV
and define a differential 4 on Der*(TV) by A(8)=1[d; 6]. Then there exists
an  A(x)-algebra A and an  isomorphism 0*(A): HE (A, A)—
H ™ ""'(Der*(TV), A), where A denotes the augmentation ideal of A (see 1.4).
Let ISVer*(LV) ={0 € Der*(TV) | 6(V)C LV @&k}, where LV is the free graded
Lie algebra on V. If 9(V) C LV, then the A(«)-algebra A can be constructed to be
balanced and there exists an isomorphism D@*(A) : HB(*X)(A; A)—
Hf*“(l’)\evr*(LV), A). If we denote I(A)™ : H*(Der*(LV)., A)— H*(Der(TV). 4)
the map induced by the inclusion li\ér(LV) < Der(7TV), then, moreover,
Q*(AYo I1*(A; A)y=1""""(A)o #*(A) and Theorem 2.9 implies that the map
I*(A) is a monomorphism. We remark that algebras of derivations of this kind
play an important rdle in the rational homotopy theory, see [4], [13] and [15].

3. Homotopy associative H-spaces. Let X be a topological space admitting an
A, -form [22, p. 279]. Then the singular chain complex C,(X) has the structure of
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an A(m)-algebra (see [22, p. 295, Theorem 2.3] and Example 1.6) and it casily
follows from [22, p. 296, Theorem 2.7]| and the computation of 3.3 that

(,”)(C (X);K)= H*(XP(m); k

where XP(m) is the X-projective m-space [22, p. 280] and k carries the natural
structure of a C, (X )-bimodulc as in 1.4.

4. Cohomology of a manifold. Let M be a simply connected smooth manifold
having rational cohomology of finite type and let (M) be the algebra of
DeRham exterior forms on M. Let (M) be the ‘opposite’ algebra given by
E"(M) =€ "(M). Since (M) is commutative, it can be considered as a bal-
anced A(x)-algebra, sce Example 1.5. Then there are isomorphisms (sce 3.4.)
G5(M): HO(EM)R)—> H (M R) and ¢ (M): HB_)(4(M):R)——
7T (OM)YRR, such that the diagram

CEMyR) M g oM R)
EENCEIR U”W\ ]\/111\1 e

(E(M): R)——% T (OM)OR

(/)

where h,,,, : 7 (OM)— H (2M) is the Hurewicz homomorphism, is commuta-
tive. Theorem 2.9 then says that 4 ,,, ® R is a monomorphism. This is. of course.
a consequence of the Milnor—Moore theorem [17]. This computation remains
valid if M is replaced by an arbitrary simply connected space having rational
cohomology of finite type and €(M) by the algebra A,, of Sullivan-DcRham
polynomial forms [23, Section 7].

5. The canonical map / : H,, .(L: L)— Hoch(UL; UL). (For details see 3.5.) Let
L be a (graded) Lic algebra of finite type with L_, =0 and let %L denotc its
universal enveloping algebra. In this situation there cxists a map
% HE DL Ly— Hoch* *(UL; AU L) of the Lie algebra cohomology of L with
coefhcncnts in L considered in the clear way as an L-module, to the Hochschild
cohomology of %L with coefficients in %L with the evident structure of a
bimodule over itself. In 3.5 we, roughly speaking, prove the existence of a
balanced ~A(x)-algebra A such that H,; (L;L) can be identified with
HB (A A) and that Hoch(% L; U L) can be identified with H, (A; A). More-
over, the map / is represented, under this identification, by the map II{ A A) of
Theorem 2.9. Especially, the map / is a monomorphism. This result has the
following immediate application in rational homotopy theory.

Let S be a simply connected topological space having the rational cohomology
of finite type. Let L, = 7 (25)®Q, then, by the Milnor—-Moore theorem [17].
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UL,=H, (02S;Q). The space S is said to be coformal [24, 111.4.(6)], if there
exists a free differential graded commutative algebra (AV, d) such that d(V) C
V AV, and a homomorphism ¢ : (AV, d)— A, (S), inducing an isomorphism in
the cohomology; here A ,, (§) denotes the algebra of Sullivan-DeRham polyno-
mial forms on § [23, Section 7]. Similarly, S is said to be coquadratic [14,
Definition 2.7], if there exists a free differential graded algebra (TW, §) with
(W)CWQW and a homomorphism ¢ : (TW, §)— C*(S; Q), inducing an iso-
morphism on the cohomology level; here C*(S; Q) denotes the differential
graded (associative but noncommutative) algebra of rational singular cochains of
S. It is well known that the natural obstructions to coformality are elements
P, € H (L; L), n=3, see [4, Annexe 2| and [15, Introduction]. Similarly, the
obstructions to coquadraticity are elements %, € Hoch(UL: %L), n=3, and,
moreover, I[(?,) = P, [14, Proposition 2.8 and the comments following Theorem
2.9]. We thus have proved the following theorem, as promised in [14].

Theorem. A simply connected topological space is coformal if and only if it is
coquadratic. ]

Indeed, it is easily seen that a coformal space is coquadratic. The opposite
implication is an easy consequence of % )= P, and the fact that [ is a
monomorphism.

1. Shuffles, A(m)-algebras, A(m)-(bi)modules, etc.

1.1. All objects are assumed to be defined over a fixed ground field k of
characteristic zero, although the assumption char(k) =0 is not really necessary in
all statements and proofs below.

For graded objects we will usually omit the *. If it is necessary to indicate the
grading explicitly, the corresponding symbol (star or index) will be sometimes
written as a superscript, sometimes as a subscript, in accord with the usual
conventions.

Denote by Vect the category of graded k-vector spaces, by Homy,, . (V, W) we
denote the set of linear homogeneous maps f : V— W of degree p. For V € Vect
let TV (resp. V) be the suspension (resp. the desuspension) of V, i.e. the graded
vector space defined by (1V), =V, _, (resp. ({V), =V, ). By #V we denote lhﬁ}
dual of V, i.e. the graded vector space defined by (#V), = Homy/ (V.k). Let V
denote the graded vector space defined by Vp =V_,. Finally, let @" V stand for
k, if m=0, and for V& ---QV (m-times), if m >0; let RQ"v= @(,S v
and T(V)=D,_, K'V.

As to graded objects in general, we will systematically use the following sign
convention (called in [18, pp. 2-3] the Koszul sign convention): commuting two
‘things” of degrees p and ¢, respectively, we multiply the sign by (—1)"% The fact

i=m
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o

that an object ¢ is of degrce p will be expressed as deg(a) = p or simply |a| = p.
The degree and sign conventions used in our definitions of A(m)-algebras,
shuffles, resolutions, ctc. are commented in 3.6.

1.2. Let X be a graded k-module. For x ..., x, € X and a permutation o € S,

7

define the number e(o:x,.. ... x,) (the Koszul sign) by the cquality

XA ANX, = E(0IX X)X, A AN,
which has to be satistied in the free graded commutative algebra A(x,.....x )on
graded indeterminates v, ... .. v, (24, 0.2(1D)]. Also. let

x(o)=x(o:x,...... v,)=sen(o) - e(o v L. v, ).

The shuffle product s, ,, . is. for 0=/i=n, the linear map s, , ,: X" x - X" x
defined by

- - p— N s - R e -
Sew e =2 xlody, g, @@,

Yt

where the summation is taken over all permutations o € S, with o(1) < -+ <
o(i), o(i + 1)< < o(n). Sometimes we will write s(x,.... .. Clx,aoox,)
instead of s, , (v ... ... v, ): note that by definition

S(‘\‘I """ \./1) - ‘s‘ll_u('\»l DR '\‘/7) - SuAII('\.I et .\'”) - “\‘I QQ e ®Xu .

1.3. Let us sum up some properties of the shuffles. The first two of them are well
known [20].
(1) Associativity:

Due to this property, we can write the multiple shuffle products without parenthc-
ses. i.e. use the notation like s(a,.....a, | b,.....b, ¢ ... ¢, ). etc.
(i1) Commutativity:

s, oaay b b,)

N [P N N bt
:(71)1\{:.\ g DUD ey nA/S(hl ..... b/ | ajo “A)~

The following cqualities can also be easily verified.
(ii) Let (a,..... a,) denote (a,,..... a,). Then

(sta,,...oa Vb oo b))y =stby ... b)) ta,... .. a, ) ).
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(iv) Let p € S,, denote, for each m =1, the permutation which reverses the
order, i.e. which sends (1,...,m) to (m,...,1). Then

SOy, ., x,

LYW

J1

=S(X s Xy | Vs VW)

k
D T Y s X Y Y W X )

i=2

+(_1)le'Y1®"'®YI®W®XA»®"'®X1 ,

- g+ + e DOy 4+ Ly D+ i+ DU+ 1) .
where y, = (=1)1/ R Ly xCosx,, o x).

Also the following equality will be useful in the sequel:

m

(V) 2(_l)m+] (p a]+1""’ m) S‘(a]+l""’amIaj’""al):O'

j=0

1.4. Let m be a natural number or . An A(m)-algebra is defined to be a graded
k- module A together with a set {p,|1=k=m, k<w} of linear maps,
® A— A, such that ,uA({® A},)CA, ., for each p and

n—1n-AX

2 z (_1)k+/\ +hkA+k(a |+ a,])

A=0 k=1

: I’Ln*/\“fl(al" . ’a/\’ M’k(a/\+l’ ct ‘a)\+k)‘ aA#»/(i'l" t ‘an):O

for all homogeneous a, € A, 1=A=n, and n=m (see [22, p. 294}, [18,
Définition 3.2] and [9, p. 231]). By a homomorphism of two A(m)-algebras
A=(A, ) and A" =(A', u,) we mean a sequence {f,: X A— A’ |r=1} of
multilinear maps of degree r — 1 such that the following condition is satisfied for
each n = 1:

min(st.n)

S S D @) L a)

k=1 ryrotr=n

min(m.n) p—k

B 2 /\2()( D fumper(@r @y @y, a, i)
Ayppogoees a,), (2)
where
n= Zﬁ(/k(la,l+‘,<+,ﬁ,+ll+"-+|a,]+..,¢,ﬂ|+rt,)(rﬁ+1),

E=k(la,|+---+la,|)+n+k+kAr.
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Such a homomorphism is called stricr [18, Définition 3.6] if f, = f, =---=0. In
this casc the condition (2) for f= f, has the following simple form:

flay ..., a)) = m(fla), ... fla,)).

An A(m)-algebra A is called unitary, if there exists a lincar homogeneous map
n=mn,:k— A of degree zero such that

Mo (Id®m) = puy(n@id) =id |
w(id'®@n®id* ™Y =0 forl=k=m. k+2and0=A=k—1.

The element 1, = n(1,) is then called a unir of A. We will assume, similarly as in
[18]. that a unitary algebra A is automatically augmented. i.c. that there exists a
strict homomorphism ¢ = ¢, : A— k such that £°n = id; here we consider k as an
A(m)-algebra with w,(m,n)=m-n, mn €Kk, and u, =0 for k #2. A morphism
{fi | k =1} of two unitary A(m)-algebras is then required to satisfy, besides (2).
also

fiem=m. eofi=e.
eof=0. f(id"®n®id** "y=0 fork=2and0=r=k 1.

For such a unitary algebra A let A = Ker(e). Then A can casily be shown to be an
(nonunitary) A(m)-algebra which is called the augmentation ideal of A. On the
other hand, for a nonunitary A(m)-algebra B there exists a natural structure of a
unitary A(m)-algebra on B = B®k such that n(k)=0Dk and e(aD k) = k; the
correspondence A+~ A and B B being one-to-onc [18, Lemme 3.10].

Denote by A(m) the category of unitary A(m)-algebras and their stricr homo-
morphisms. An algebra (A, u, ) € A(m) will be said to be balanced if p s, , =
Ofor 2=k=mand 1 =i=k — 1. We denote by A(m),, the full subcategory of
A(m) consisting of balanced algebras.

1.5. Example. Let (C.0) be a differential graded algebra, deg(d) = —1. Putting
=0, mo(x,y)=x-y, u, =0 for 2<k=m, then (C, u,) forms an A(m)-
algebra for any m =2 (compare also [22, p. 294, Proposition 2.2]). As s(x| y) =
x®y -~ (—DMYy @ k. the A(m)-algebra (C, p,) is balanced if and only if C is
commutative (in the graded sense). Clearly (C, w,) € A(m) if and only if the
algebra C is unitary and augmented in the usual sense.

1.6. Example. In [22, p. 294], where A(m)-algebras were introduced for the first
time, a slightly different sign convention than that used in formula (1) was
introduced. Of course. both conventions are equivalent: if (A, m, ) is an A(m)-
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algebra satisfying the sign convention of [22], then (A, p,) with u, =
(D) " "m,  1=k=m, is an A(m)-algebra satisfying our sign convention.
Especially, if a topological space X admits an A, -form [22, p. 279], then [22, p.
295, Theorem 2.3] shows that there exists a naturally induced structure of an
A(m)-algebra (over Z) on the singular complex C,(X), denoted by (C,(X), m,);
therefore (C.(X), w,) with p, = (=1)**"""*m, is an A(m)-algebra in the sense
used here.

1.7. Let C =(C, d) be a chain algebra. We will consider it, as in Example 1.5, as
an A(x)-algebra with u, =9 and u, = the product. Kadeishvili proved in [9, p.
232] the following theorem:

Theorem. Let (C,d) be a chain algebra such that H(C) is free (this is always the
case over a field). Then there exists an A(%)-structure {X, | k =1} on the graded
space H(C) having X, =0 and X,(a,b)=a-b, together with an A(x)-homo-
morphism f . (H(C), X,)— (C., p,, 4,,0,...) such that f, : H(C)— C is a homol-
ogy isomorphism. [

Notice that the map f, need not be, in general, an algebra homomorphism.
Nevertheless, the condition (2) gives, for n =1, 4f, =0 which means that f is a
homomorphism of differential spaces (H(C),0) and (C, d). For n =2 the condi-
tion (2) gives

fila-b) = fi(a)- f,(b) = 3f.(a, b)

which means that f, is a homotopy multiplicative map of chain algebras (H(C). 0)
and (C, 9), the homotopy being provided by f,.

The A(x)-algebra (H(C), X,) whose existence is guaranteed by the theorem
above, is called the cohomology A(=)-algebra of C. Note that in the original
formulation of [9] X,(a, b) = (~1)“I"'a - b. This change is due to different sign
conventions used here. We prove the following theorem:

1.8. Theorem. Let C be a chain algebra as in 1.7. If it is commutative (in the
graded sense), then the operations X,, k=1, can be constructed so that the
cohomology A(x)-algebra (H(C), X,) of C is balanced. Moreover, the homo-
morphism [ :(H(C), X,)—(C, u,, u»,0,...) can be constructed so that
fieSiw i=0fork=2 1=i=k—-1

Proof. Recall briefly the proof of [9]. Put X, =0 and let f,: H(C)— C be a
cycle-selection homomorphism.
Suppose that X, and f, have been already constructed for i <n. Then we can

define the function U, : X" H(C)— C by the formula U, = U} + U:, where

n’



150 M. Mark!

1
U (a,..... a,)
et |
% {]e P fa, viyn bt 1)
— Z (‘1) 1y 1, nti
[
MaC Sy, a). f, la,.,, ..., a,))
Uia,..... a,) (3)
noln ok | |
. N K(lap|= - tia )= At~k +kA
_72 E(_l) | ay "
k=2 A 0
loowlag. ay  Xplay e N B a,)
which involves X, and f; for i << n only. Then U, (a,. . . .. a, ) can be shown to be a

cycle and X, is defined as [U,] € H(C). the homology class of this cycle. Then
fie X, = U, is homologous to zero and f, is defined to satisfy af, = f, o X,—U,.

Let us come back to the proof of our theorem. Suppose that it has been proved
that f, and X, arc zero on decomposables of the shuffle product for all i < n and
prove it for i = n. From the construction of f, and X, as described above it is clear
that it is enough to show that U cs, =0 forall | =i<n— 1. We choose such
an { and prove this equality. i.c. prove that

U, (sta,..... ala . ,..... aN=0. a.....a

We prove first that the map U of (3) vanishes on sla,,. ... ala, ..., a,). To
this end. notice that. for any 0=r=n.

O e i
0B
w3
where we have used the abbreviations A, = (a,,. ... a). B, =(a, ,..... a,),
Cy=A(a, y..... d,.z) and Dy =(a, ;. ,,....q,). the mcaning of the abbrevia-
tions like |B, | being clear. Then U (s(a,. .. .. ala,_,..... a,)) is equal to
no | . L
Z Z (*])11.\u SOl ot e =B O - Bla by
1 O o
(LA R TI
o
T (fGCAL L G f (S(B, | DY) (5)

By our induction assumption on the functions f., i< n. the expression
pa(fs(sCA | O L, (5B, | D)) is zero for (. B) #(0.0). (i, 0), (0, n — ).
(i.n = i), thercfore (5) reduces to
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(—D)IATCTED  (FA. f- (D)
+ (_1){(|(,“;li+n+i)(i+1)+]B“H(‘”ﬂ\+(n vi)i} i ,LLz(f,,,,i(C”,i), fl(B”)) )

which is easily seen to be zero, observing that Bj= A, D, = C, , and using the
commutativity of u,.

To finish, we must prove also that U.(s(a,,...,a,|a,,,,....a,))=0. First,
let «,B,y,6 be natural numbers with 0=a+B=i, 0=y+d=n—-i and
let A,=(a,,....a,), By=(a,,is.-:0,.4), Cpg=(a,.p.1s...,a;), D, =
@ysenai0y). Eg= (@iyirs-- s 4., .5) and F ;= (@iyise1ne - ,a,). Then,
for fixed A and k with A + k = n, we can easily prove that

s(a,,....a;la,,,,....a,

= E B (_l)d’.s(Aa ‘ Dy)®S(B[3 | E5)®S(C(y{3 IFyﬁ)
0358 on
a+y=AB+6=k

with
¢:ICaﬁl'(‘Ea|+|Dy|)+|Dy"|BBl+(5 Ty)ita+B)+v8.

Therefore U.(s(a,,...,a,|a,,,,...,a,)) is equal to

> S D L (AL D). X (s(By | Es))

2=k=n—1 O=a+B=i
O=Aa=n—k (O=y+d=sn—i
a+y=A.B+o=k

S(Ca;s | Fs)),

where

¢ =k(|A1+ D) +|Cul-(|E;| +1D,[) + D, || By
+A+n+tk+kA+B+y)itat+tB)+yB.

By our induction assumption X,(s(Bj | E;)) =0 for 078, hence the sum
above reduces to

2 2 (#1)0’]‘;1—1\-“(5(14"

2=k=n—1 O=a=i
yt+tk=n—i

D'y)’ X, (EL), s(Cpy | Fyk))

+ X > (DT fa(s(4,

=k=n—-1 atk=i
O=y=n—i

D«,)- X(B,), s(C,, F‘y())) >

t2

(6)
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where
0= k(|A|+1D, ) +[C.l-([E[+[D,])
+at+y+nthk+k(a+y)+k+y)i+a)
and

7= k(A

DN+ Coul- 1D, + 1D, [ -1B,]

tunthk+at+rythklat+ty)+tyli+ta+k)+yk.

On the other hand, for a fixed y we have

slay..... zl,|Dy.XA(EA),F‘yk)
— z (71)“,,“’(\1&\* El=ky i tay + 1)
Oy~
'S(Au“)y)®XA(EA)®S(C”()| FyA)' (7)

The first summation in (6) is of the form

E 2 C- (_l)y('”(, O v A = oy D

B N N R T
yoon—k i

“Suiei (A, | Dy)‘ X (E).s(C,, 1 Fyk)) .

where the number €= £1 does not depend on «; this shows, by (7) and the
induction assumption that it is zero. A similar discussion applics also to the
second summation in (6) and this completes our verification of formula (4). O

1.9. Example. All graded vector spaces in this example will be tacitly assumed of
finite type. For the notation sce 1.1 and 1.4. For a graded vector space V we have
the natural map 1 :V— 1V;let 1" denote X" T K" v—- K" TV, the meaning of
" being analogous. Notice that 1"o]" = ["=1" = (=1)"" """*.id,

Let A=(A, u,) be an A(m)-algebra. Denote !}(A):(T(l#/i),a), wherc
d=4a,+0d,+ -+ 1is the derivation defined by ak|wi = #u1, 1, where g, =
,uk[®A ,- Then deg(a)=—1 and (1) easily implies that 7, 09’ =0, where
Tt T(l#zi)ﬂ@im(l#/i) is the natural projection. On the other hand,
starting from (7(V').d). where the derivation d =0, +---+4d, of degree —|I
satisfics ., 09" =0, it is easy to sce that the object (B. &, ). where B = (1#V )"
and @, is. for 1=k =m, defined by &, = (=D V1%, ]))" is an A(m)-
algebra. Denoting B =2 '(TV. ), it is not hard to see that {2 and 027" are
inverse functors. We have obtained an cquivalence of the category of unitary
A(m)-algebras of finite type and the catcgory whose objects have the form

n
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(T(V), 3), where =9, + -+ -+ d,,_is a derivation of degree —1, 7., °9° =0, and
whose morphisms are algebra homomorphisms, f: TV— TW with f(V)CW,
which commute with the differentials. For m = this is the category of free
differential graded (chain) algebras and their /inear homomorphisms.

Suppose that the A(m)-algebra A is balanced and let .(~)(A) =(TV,9). Then
d(LV)C LV, where LV denotes the free graded Lie algebra on V [24, 0.4.(11)].
This is an ecasy consequence of the fact that the kernel of the natural map
#J:#TV—#LV, where J : LV— TV is the natural inclusion, consists of decom-
posables of the shuffle product (an easy graded version of [20, Theorem 2.2]).
Thus it makes sense to denote S?(A) =(LV,d|,,). Similarly, it is easily seen that,
if 3(LV)C LV, then Q (TV,d)€ A(m)g. We have chosen the notation Qand &
to emphasize the analogy with the functors £, and (2 defined in [24, 1.1.(7)] and
[7, Appendix].

=m

1.10. Let A be a unitary A(m)-algebra and M a graded vector space. Denote
k . .
JZM=€B[®’ 'AMRR ’A]c T(A, M) .
wm =

Then the space M together with a set {u, : ‘I]:;\,M—_) M | 1=k =< m} of linear maps,
deg(u,) = k — 2, is said to be an A-bimodule, it the equality

n—1n—A

SIS (Cpyeaesae o)

A=0 k=1
i@ @y a0 ) -0 a,) =0
(8)
(formally the same as (1)) is satisfied for alln =m and (a,,...,a,)€ J, 4, and if
(id®m) = y(n ®id) = id |
w(id"®n®id* " ')=0 for3=k=mandO0=r=k-1. (9)

Notice that for the homogeneity of our notation we denote by the same symbol
both the ‘multiplication’ in A and the operations on M. Let M = (M, u,) and
M'=(M', u,) be two A-bimodules. By a morphism of M and M’ of degree p we
mean here a linear map f: M— M’ of degree p satisfying for all homogeneous

Ayye sl G50, 0, €A, mEM, withl=j=n, n=m:

f(l“’n(ala"'saj,p m, aiH,...,a”))

= (=Pt ey ay, ey ), apys . ay)

The set of all homomorphisms of degree p will be denoted Hom”, (M, M").

A-biMod
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The category of A-bimodules and their homomorphisms of degree zero will be
denoted by A-biMod. Denote also by A-biMedj the tull subcategory of A-biMod
of all balanced bimodules, i.e. bimodules (M, u,) satisfying

w(sla, ..., ala, \.....a,))=0 (10)

forall l=n=m. 1=j=n—1and (a...., ”,,)EJTI\,.W

1.11. Example. Let A be a (graded) algebra. We can relate with A the category
Mod , , of A-bimodules in the traditional sense [11, V.3]. On the other hand, we
can consider our algebra A as an A(x)-algebra (Example 1.5) and take the
category A-biMed of A-bimodules in the sense of 1.10. Any element M € Mod ,_,
can be considered as an element (M. u, )€ A-biMod with u.(a, m)= am,
wy(m, by=mb for a,b€ A and me€ M, and u, =0 for k2. This correspond-
ence identifies the category Mod , , with a full subcategory of A-biMod, the
inclusion being strict in general. We hope that it will be always clear from the
context whether, for an algebra A, by an A-bimodule we mean an element of
Mod , , or an clement of A-biMod.

For a category % and an object A of &% denote by %/A the category of objects
of & over A. The following lemma shows that A-biMod (resp. A-biMod,,) arc
appropriate coefficient categories for our cohomology theories.

1.12. Proposition. Let A be an A(m)-algebra. Then the category A-biMod is
equivalent with the category (A(m)/A),, of Abelian group objects in the category
A(m)/A. Similarly, A-biMody is equivalent with the category (A(m),/A),,.

Proof. Recall first some definitions. Let & be a category with finite products and a
terminal object T (this is the case of A(m)/A). Following the definitions of [12. p.
75]. an abelian group object in % is an object X € Ob(%) together with three
maps g : X X X— X, {: T— X and ¢ : X— X such that:

(1) w has the standard commutativity and associativity properties,

(2) the diagrams

XxX——X XxX——X

e
(id g .ry) (ry-idy)

XX Te—X TXXe—X

where ¢, : X— T is the unique map (notice that (id,,r,) and (7..id,) are
actually isomorphisms). are commutative and also
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(3) the diagrams

XxX—t>x XxX—5Xx
T (tid ) T ; and T(id_y.u T;
X—* L x X—* L x

are commutative.

Let 9,, be the category whose objects are abelian group objects (X, u, ¢, ) in
% as above and the hom-set Hom,,uh((X, e &), (X0, w', £')) is the set of all
f€Hom, (X, X') for which u'(f X f)=fou, {'=fc{ and ¢'of= fo1. Notice
that if & has a zero object (i.e. an object which is both terminal and initial), the
definition of &, can be reduced to the form as it is given for example in [8, p. 58].
This is, however, not the case of A(m)/A, this category has both an initial object
(given by the augmentation € : k— A) and terminal object (given by the identity
id, : A— A) but these objects, for k# A, do not coincide.

Let us begin our discussion of the case @ =A(m)/A. As we have already
observed, the identity map id, : A— A is the terminal object of this category.
Let X = (B— A) be an abelian group object in A(m)/A and let u, { and ¢ be as
above. The very existence of { immediately implies the existence of some
s : A— B (morphism in A(m)) such that the diagram

A— SR

. |-

A A

is commutative, i.e. a°s =id,. In other words, « is a spitting epimorphism, the
splitting being a part of the structure.

We show that both u and ¢ are entirely determined by the splitting s. First,
notice that X X X is given by the pullback E—— A, with E={(b,b")E
B® B | a(b) = a(b’)} and a(b, b') = a(b). Suppose that u : X X X — X is repre-
sented by a map M : £— B for which, of course, the diagram

E—L)B

N

A-—IA—>A

commutes, i.e. aM(b, b") = a(b), for (b, b’) € E. In our setting, it is not hard to
rewrite the second condition as

M(sa(b), by= M(b,sa(b))=b. (1)
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Let (b, b") € E. Using the vector-space structure of £, we have the following
equation in E:

(b.b')y=(b—sa(b)+ sa(b), b’ — sa(b’) + sa(b"))
= (sa(b), sa(b)) + (b —sa(b),0) + (0, b' — sa(b)) .

conscquently
M(b.b") = M(sa(b). sa(b)) + M(0. b" — sa(b)) + M(b — sa(b),0).

Writing in (11) sa(b) instead of b (and invoking as=1id) we get that
M(sa(b), sa(b)) = sa(b). Similarly, noticing that a(b — sa(b)) =0, (11) gives, for
b — sa(b) in place of b, M(b — sa(b),0) =b — sa(b) and, similarly, M(0, b’ —
sa(b)) = b’" — sa(b). Thus the identitics above give

M(b.b'y=b+b" —sa(b) (=b+b —sa(b')). (12)

By exactly the same method we can prove also that ¢: X— X is given by
Z : B— B defined as

Z(b)=2sa(b) — b . (13)

On the other hand, given a splitting s, it is easy to verify that (12) and (13) define
an abelian group structurec on X = (B—— A). Now it is clear that the category
(A(m)/A),, can be described as the category whose objects are triples (B, «, s).
where B € A(m). a« €Hom,,, (B, A) and s & Hom,,, (A. B) are maps with
aos =1id,. The morphism from (B.«a.,s) to (B8’ «a’,s’) is then a map f&
Hom,,, (B, B") such that ¢'f = « and fs = s".

Put F(B, «.s) = Ker(a) and define on Ker(a) the structurc of an A-bimodule

by
mla,, ..., a, (. X.d; ..., a,)
=y (sa,). ... . s(a, (), x.sa,. ). .. s(a,)),
where v, are, for 1 < k =< m, the structure maps of B, a,.,. ... a; (. a, €

A and x € Ker(a). This clearly defines a functor F: (A(m)/A),,— A-biMod.
On the other hand, let M € A-biMed and define on A @ M the structure of an
A(m)-algebra by
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forl=k=m,a,,...,a, €EAandx,,.... x, EM. Let GIM)=(ADM, 7,,5,),
where A @ M has the A(m)-structure as above, 7 ,(a, x) = a and s ,(a) = (a, 0) for
a € A and x € M. This clearly defines a functor G : A-biMod— (A(m)/A),,.

It is immediate to see that FG is the identity functor. On the other hand, for
(B, a, s) € (A(m)/A),, we have GF(B, a, 5) = (A®Ker(a), 7,, s ,) and the map
M— A@Ker(a) given by b — (a(b), b — sa(b)) clearly defines a natural equiva-
lence of GF and the identity functor. This finishes the proof. The argument for
balanced categories is the same. [

Now we give an alternative description of the category A-biMod,. By a left
A-module we mean a graded vector space M together with a set
{p: Q"' A®M— M|1=k=m)} of linear maps, deg(p,) = k — 2, satisfying
(8) for all (a,,...,a,)E K" 'A® M, 1= n<m, and satisfying also the evident
version of (9). By a morphism of degree p of two left A-modules (M, u,) and
(M’, u;) we mean a homogeneous linear map f : M— M’ of degree p satistying

f(/"l‘n(al’ teto an——l’ m)) = (_1)!"'*P(\“||+“'*|"n71\)M:'(a1’ DR an*l? f(m))

for all homogenecous g, Q- ®a,  Ome R A® M, 1=n=<m. The cate-
gory of left A-modules and their homomorphisms of degree zero will be denoted
A-leftMod.

1.13 Proposition. Suppose that the A(m)-algebra A is balanced. Then the
categories A-biMod, and A-leftMod are equivalent.

Proof. We will construct inverse functors G : A-biMody — A-leftMod and F : A-
leftMod — A-biMed,. For (M, u,) € A-biMody, let G(M, w,) = (M, v,), where
v, is simply the restriction /.Lk|®k71 o 1= k = m. This clearly defines a functor
G : A-biMod; — A-leftMod.

On the other hand, let (M, )€ A-leftMod. For 1=k=m, 1=j=k,
ayyeo s, G, ,...,0, €A and mE M define

s U1 8ih s

iy, o, ma ., a,)

= X(P, Apyirenes ak) . (—1)"""(‘“;’“'*”'+|ak1)

‘ys(ay, ..o aga ... ,a,),m) (14)

(for the notation see 1.3). It can be easily verified that the above formula defines
a functor F: A-leftMod— A-biMod,. The fact that Ge F=id is clear. Using
1.3(iv) and the commutativity 1.3(ii) of the shuffles, we see immediately that in
the balanced bimodule (M, u,) the following condition is always satisfied:
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s ay .o, A, M, dp a)
:X(P’a a )_(_1)({(:“,H--w\uk\)(hz]\v---v\a/ I lm D+ Gk i+ 1
L IR k
cpslag, . a s ay, . a; ), m)
=x(pia,., aA)-(*1)‘"”'(“’/-|\*"'*|“A\’
Y P :
g (sCag, ..., a;_\|ag a, . . ... ap, ). m). (15)

Comparing it with the cquation (14) defining the functor F we sce also that
FoeG=id. O

The above theorem clearly generalizes the following well-known simple obser-
vation. Let A be a graded commutative algebra. Then the category of left
(graded) A-modules is equivalent with the full subcategory of the category of
A-bimodules consisting of bimodules satisfying a-m = (—1)""!m -4 for each
aEAand meM.

1.14. Let now O: A-biMod— Vect to the ‘underlying’ functor. It has, as does
cvery algebraic functor by [10, p. 870], a left adjoint F : Vect— A-biMod. For a
graded vector space V it is then natural to call F(V) the free A-bimodule on V. It
comes together with an adjunction unit & : V— FV and it is characterized by an
obvious universal property. An explicit description of FV can be obtained as
follows. Take 1;(,\/: V and let

Fov= @ Q@ a®Fve®' 4.

o1 Qiagse . a, €A and mEﬁiV write  p(a,. ..., a; .m,
i @)=, Q- Qa,_ Om®a,, Q- Ra, €F,, V. Then FV is FV=
@,3“ 15,\/ factored subject to the relations (8) and (9) and ¢ is defined as the
composition V= ﬁ“V o EB,» -0 I::,V PO FV. The map ¢ can be easily shown to
be an injection and we will identify elements of V and their images under the map
E.

For a,,....a._,,a
a

L.15. Lemma. Let V be a graded space and let M = (M, ) € A-biMod. Then for
any homogeneous linear map f : V— M of graded vector spaces of degree p there
exists a unique ¢ € Hom', .\ (FV, M) with ¢oe = f.

Proof. Put d;h = f and suppose we have alrcady defined ¢ on ﬁIV for i = ¢g. The
formula
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then defines ¢ on ﬁqHV and this process gives rise to a map & : FV— M. This
map clearly factors through the projection FV— FV to give the requisite ¢. The
uniqueness is a consequence of the clear fact that FV is generated by V as an
A(m)-bimodule. O

Similarly, we define the notion of the free balanced A-bimodule on a graded
vector space V, denoted by FyV. The adjunction unit &5 : V— F3V determines a
canonical epimorphism = : FV— F,V. Clearly F,V can be thought of as FV

factored by the relations (10). This has the following consequence:

1.16 Lemma. Let f: FV— FV be a homomorphism of degree p. Then there exists
a unique homomorphism fy 1 FyV— F3V such that fgem = mof.

The next statement is merely an observation.

1.17. Observation. For a graded space V and M €& A-biMod, the map
7 FV— F,V induces, for any p, an isomorphism

w? s HomY yivoa, (FV, M) = Hom/, iy (FV, M) . U

2. Cohomology theory of A(m)-algebras
From now on, all A(m)-algebras will be tacitly assumed to be unitary and
augmented (see 1.4). For such an algebra A= (A, p,), the augmentation ideal

will be denoted A = (A, g,).

2.1. For an A(m)-algebra A let "(A) be, for n =0, the free A-bimodule (see

1.14) on the space A®---Q® A (n-times) graded by deg([a,,....qa,]) =
Y.i- deg(a,) + n — 1, here we denote as usually in this context, a, ®---®a, by
[a,,....a,]. For 1=k=n+1 define the linear map 8% : &" A— B" *"'(A) of
degree —1 by

p(lay,....a,])

k-1
- _ 2 (_1)(n+k)(]al|+~--+|aA|+A)

A=0

wlanay ey a, odiay a0 a,)

for k>n+1 put 3y =0. For 1=k=n define also the linear map
3 Q" A— B"**1(A) of degree —1 by



160 M. Mdrki

ATO

for k>n put 8} =0. Notice that 37" '([a,,...,a,]) may be nonzero while
3 (lay. ..., a,]) is always trivial be definition. By Lemma 1.15 these maps
induce  unique  homomorphisms (denoted by the same symbol),
a3y B(A)— B" *T'(A) of A-bimodules of degree —1. Finally, let 9, =
Yo a0, =Y, 9 and 0=9,+d,. Then o is an endomorphism of the
A-bimodule %,,,(A):= D, .., B"(A) of degrece —1. It can be easily verified,

using the ‘associativity’ relation (1) that d<0=0.
2.2. For an A-bimodule M dcfine

(‘(/iﬂ)(A’ M) = Hongl-)lji]\]/lod(%(m)(A)’ M) .
The formula § = ~Hom ,_,.mea(@, M) then defines a differential of degree +1 on
Cr,, (A, M) (one has 8f =(—1)"fa for f € C{, (A, M)) and thc cohomology of A
with coefficients in M 1s defined as

H (A M) = H(C, (A M), 8)

(for our degrec and sign conventions see 3.6). Properties of free bimodules give
rise to the natural identification

(j;:?l)(A; M) - Hom\jc:;[ (1);@17! ®k T/i* M) )

Under this identification, the differential 6 takes the form

of(a,...., a,)
n wn-—k
= 2 2 (_l)k(\ﬂ/\*'“ﬂuﬂ*)\)‘/1+Au:+k
k=1 A=0
@y (@ ) g 4,)
n-1k 1
_ 2 2 (71)(n‘k+p)(\a|)¢~~+1’(u\)+p(1<41)+(/:+A),\
k=1 A=1D
A TR a,. flay, s sy, o)
a)ﬁrn"k*l""*an) (16)

for fe€ C{, (A; M) and a,,. .., a,€ETA, l=n=m.
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2.3. Let BB"(A) be, for n =0, the balanced free A-bimodule on &@" A with the
same degree convention as in 2.1. By Lemma 1.16 the differential o defines a
differential 40 on %’B(,")(A)=@0§,,Sm%‘B"(A). Notice that, by Observation
1.17, for a balanced A-bimodule M,

C::n)(A; M) = HomA*l:li/lodB(‘%B(m)(A)‘ M)

and the ditferential ~Hom , y,q,(49, M) clearly coincides with & defined above.
Therefore, for such a bimodule the cohomology H,,, (A; M) can be computed
with the aid of the complex (%88B,,,,(A), 40). This complex will play an important
role in our cohomology theory for balanced algebras.

The shuffles s, ,_, Q" A—>®" A induce, for 0= i=<n, n>0, the linear maps
(denoted by the same symbol) s, B"(A)— B"(A) and s,,_,: BB"(A)—
BB"(A).

tnl' in—i

2.4. Lemma. Lets, =Y ,s,,_ ands=D Then, forany k, 1 <k =m,

l=n=m n
k_ ok k _ ok
§o g0, = p0,;°5 and s°d; =aj°s
provided A is balanced.

Proof. Clearly, it is enough to verify the equality only on ‘generators’
[a,,....a,],1=n=m. As s maps a generator into a linear combination of
generators and as 9, and 49, agree on these generators, it is enough to verify our
equality only for d,. Using elementary combinatorial arguments we get

a,l(s([al’ e a,l)

Z al;si,r1~-i([al""’a11])

0=i=n

= Z (“1)6[5(‘11""’“(1 Qyysennsds),
O=i=p Osa=8=j
i=§=¢d=n
a—pB+d-0=k
I‘Lk(s(aa+l7""a[3‘a6+l""’a¢))v
s(ag,ooovaag o, ...,a,)],

where
0=(|ai+|| teot |a8|)(|aa+|| +ooe +|a1|)
+(|aﬁ+1| +oot lail)(|aa+1| +oeeet |a¢|)
+k(|a1‘+'”+|au|+|a1+1|+'”+|a5|+a+i+8)

tat+itd+tn+tk+(+86)a+i).
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As our algebra A is supposed to be balanced, the term
pp(s(a, s onay las, ..., a,)) and hence all the summation can be nonzero
only if @« = 8 or & = ¢. Therefore our sum can be reduced to

> (—D)[s(a,..... a,la;, ..., as), mwlag .oaas ).
Ozfwp—k Oz
i acn ok
s(dy e a | as . popre s a,)]
+ > (—1)'[s(a,..... a,la.,,..... ay) .
ki Ol k
(=8 n
mld, oy dyiy) s
sta, o opvoond; lay oo a)] .
where
.é:('“,w et e 'k‘)(‘aw et ‘az‘)
+k(la |+ +la,l+]a )+ +lal+a+i+8)
Fati+tdtn+k+(i+8+k)a+i)
and

n:(la,u‘+"'+Iaa,)('au'll+"'+‘all)

+k(la |+ Hlaf+la |+ A al Y a+i+d)

+tat+itd+tnt+thk+({@+é)ati).

On the other hand. it is easily seen that

sdylag.. ... a,l
— 2 (71)/\(‘ul|w--»\NAWA)MM,%
O~ i n Kk
DA n—k
'SIJI /\'"l[al """ (I\ Iu‘/\(a)\ﬁl “““ a)\+/\)’a/\¢/\+| """ (l”]
—
= 2 CDstanaa ca) mlay e a, )
O A k
Ouii= A
O =i
(PPN U T a,))
+ 0> (=D sta. o aagoa) wlay . a, . 4)
O A~ A
Ak ion
fnjn

Sy pyeeea la, a,)l.
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where
=g, [+ HlaDa [+ +la, |+ k)
th(lal+-+lal+N)+(G+HDA+i+ D)+ A+n+k
and
¢ =(la; |+ +laD(la, |+ +]a]+ k)

+k(la |+ Ha |+ N+ (GHDA+Ek+ i+ D)+ A+ n+ k.

Using the substitution j=a, A=29 in the first summand and the substitution
j =90, A= a in the second summand, one can easily verify that the last formula
coincides with the formula for 4% os above. O

2.5. Lemma. For any k,1=k=m,
Jkos =500
Proof. We have

popslay,. .. a,))
= Bal; z Si.n*i([al’ sees an])

0=i=n

= > D w(s(C, | E ) [s(F,, | G, ) s(H,, | D))

O0=i=n
(17)

prgtr+s=k—1
where

I'=(n+k)X|C|+|E,|+p+q)+(|F,|+|H,|)|E

ipr Iq|

+|G | H |+ +p)g+(i+qg+n+s)

iqsl

and where we, as in the proof of Theorem 1.8, simplify our notation by putting

Cp=(a1,...,ap) —(ai+1"“’ai+q)’ Fipr:(ap+l""’al r) Gi(/S:
(a1+q+l""’ n— s) H ( i— r+l""?ai) and D.Y:(an*s*h""an)' The SUbStl_
tutiona=p,y—s,6+/ i,j=rand B—j=gq gives

BakES([al’ M an])

= > (—1)*

at+B+y=k—1
O=j=B.a=8=n-vy—-f

" (s(A, | sa) [s(X,s | Y S(st | By)) ,
(18)
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where
A=(n+ k)(|A(zl + “’V//sal ta+tp+j)+ (|Xrn§{ + )Zm")' |VV,35{
Yl 1 Zsl +(E+j+a)B+))+H (5 +B+y+n)j.
and where A ={(a,,...,. a,), Wys=(as,,.1s. .-, s p)e Xog =(d, (v . as),
Yooy = (@5, p00v0 s a, ). Zis=(a5.y,-...a5, )and B, =(a,_, . ..., a,). We

will show that the terms with 8 >0 give no contribution to the sum in (18).
Suppose for a moment that we have proved it. Then (18) gives

Ifal;is([al ~~~~~ a,l)

_ 2 (vl)(nd\')(h\“&u) . M(Am [S(X,,,s \ Y(.“y)]. By)

aty=—k—1
s -y

= Z (_1)('1”\')(!111\*--~b\a”‘ﬂ.)

w~y—h—1
w=d oy

g lag. .. a,.lsta, ,..... aslas,yv...a, )],

Ay oygroa ) (19)
which is exactly the formula for so 4a%.(Ja,, ..., a,]). The lemma is thus proved.
It remains to show that, having fixed «, y. 6 and 8 >0. the sum

2 DN (A W) [s(X | Y)).s(Z, | B))., (20)
O=j=p8

where we write A=A, W =W, X=X, Y=Y, .7Z=27 and B=B .is

zero. Note that x(psx,.....x,) = x(pix, 1) .- X,,,) for any permutation o.
Notice also that x(p:Z.B)=(=D“""""" x(p:Z) x(p:B). Let B=
@,.....a, ,)and Z =(a; ;. ..., ags . ,). These remarks together with 1.3(1).
1.3(iii) and (15) give

I3

w (A W), (X V)] s(Z, | BY)
= (= ) BRI Y gy e 12 iy
X(PZ) xX(pi B m(S(A | W, BT Z) [5(X | )] .
while
p(S(A| W, | B Z,). [s(X | V)])

= (=D)AL  (S(A W, Z,] B). [s(X | V)])
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due to the commutativity of the shuffle 1.3(ii). Using these equalities, the sum in
(20) is equal to

S Cox(pi Z)- (D) L (s(A | W, Z, | B), [S(X | Y)])

O0=j=p8

where C = =1 and this value does not depend on j. On the other hand, the
equality 1.3(v) says that, for g >0,

S x(ps W) (~1)P - s(W, | Z)=0.

0=j=8

Clearly x(p; W) = (=)™ 5(p W, Z)) - x(p: Z)). where x(p: W, Z))
does not depend on j. The last equality then gives

> Cox(ps Z) ()AL (W Z) =0,

0=j=<g

where C’ = =1 again does not depend on j. We see that the sum in (20) is zero for
B >0 which completes our proof. [

For a graded k-module X the formula

o(x, ® - Qx,)=x(0)x, (), ® - Qx,1,,, FES,,
where the sign y(o) was introduced in 1.2, defines an action of the symmetric
group S, on @" X. This observation enables us to consider S, = Nl S, -, as an
element of (J(S,) and we may try to construct a Hodge-type decomposition
similarly as it was done in [5, Section 1] for Hochschild cohomology of commuta-
tive algebras. We have, for n =1, the elements ¢, (1),...,¢e,(r) € Q(S,) which

are polynomials in s, (given by [5, formula (2), p. 233]) such that

e,(N+--+e, (n)=id,
e.(j)y =e,(j), 1=j=n,
e (e, ())=0, i#].
For an A(m)-algebra A we get (putting X = A) an action of (1(S,) on X" A

which in turn gives the actions of Q(S,) on B"(A) and BB"(A). For any j=1
define the endomorphism e(j) of #B,,,,(A) = SP) BB"(A) by

O=n=m

o [e(j)x) forx€ BB"(A)and j=n,
«NE =10 otherwise ,
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and put

x forx € BB"(A).
0 otherwise .

e(0)(x) = {

We clearly have e(j): =e()),e(i)ee(j)=0"for {5 [and e(0)(x) + e(1)(x) +
x (finitec sum) for any x € 485,,,,(A). In the following Loroll(uy s=D

(REWTE m‘ "ne

2.6. Corollary. for a balanced A(m)-algebra A
pies=s0,d and jooe(j)=e(f)o 0.

Proof. The first equation follows immediately from Lemmas 2.4 and 2.5. For
pd" = 05 + 404 we have (again from Lemmas 2.4 and 2.5) sd50s (x) =
S, 44100 (x) for x € BB”(A) which enables us to prove by exactly the same
method as in the proof of [5, Theorem 1.3(ii)] that 6" ce (j)(x)=
e, ..(j)e ,{(')A(.r). This casily gives the second equation of our corollary. [
2.7. Proposition. Let M be a balanced bimodule over a balanced A(m)-
algebra  A.  Define the endomorphisms < and ¢(j) of C, (A:M)=
Hom " noa (BB, (A), M) to be the duals to the maps s and e( j) defined above.
Then Sos =508, §oc(j)=c(j)od. c(j) =c(j) and ¢(i)oc(j)=0 for i#].
Moreover. C, (A; M)= “ﬂ,, C, (AMG (A M) with G(A:M) ={f¢€
Co (A MY (D) f)=0 for i=n}, and c(O)(f)+--+cn)(f)=f modulo
G (AM) forall n=0 and f€ C,, (A M).

(1)

Proof. All statements of the proposition casily follows from the definitions,
properties of ¢, (j)'s and Corollary 2.6. ]

2.8. We can now introduce an analog of a Hodge-type decomposition for our
cohomology of A(m)-algebras. Put

(Un)(A M) ( )((“”)(A M)) jZ()

It immediately follows from Proposition 2.7 that C;/(A: M) is, for each j = 0. a
8 stablc subspace of C, (A:; M) and that the maps ¢o()): Cl, (A M)—
’(A M) induce an identification

(r1)

() (A M 1_[ ( ‘l?l; A M

)

Here € (A M) will be of a special importance for us and we introduce the
notation CB;, (A: M):= C5\(A; M) (again B from balanced).

Having in mind futurc applications, we give the following alternative descrip-
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tion of CB,,,(A; M). First, define, for each g =2, the graded subspace Sh¥(A) C
BBI(A) by Sh'(A)=ED ... Im(s,, ) and let Sh(A)=D, ., Shi(A)C
BB, (A). It is not hard to show that ,3(Sh(A)) CSh(A), which implics that .9
induces on #B,,,,(A)/Sh(A) a differential (denoted again by ,a). It easily follows
from the general properties on the projections ¢(j) (similarly as in the case of
commutative algebras discussed in [5. 6]) that

CB!

()

(A; M) = Hom;pl;wmd(/jB(m)(A) /Sh(A), M)

and that the restriction of 6 on CBy,,(A; M)C Ci(A; M) coincide with the
dlfferentldl 8, induccd by 0. Moreover, the inclusion CBy,,(A;M)<
(A; M) is dual to the canonical projection BB, (A)— BB, (A)/Sh(A).

"

(m)
Put

H (A M) = HY(C( (A M) 8) L =0,

where 8"’ denotes the restriction of the differential 6 on C/(A; M). Again,
(,,,)(A M) will play an important role and we denotc it by

m)(A M) - H (CB(m)(A M) 6[})

and call it the balanced cohomology of A with coefficients in M. Denote also by
II“(A M):HB (A;M)—H (A;M) the map induced by the inclusion
(A M) C[ (A; M). Summing up the results above, we may formulate
the central result of the paper.

(m

2.9. Theorem. Suppose that A is a balanced A(m)-algebra and M a balanced
A-bimodule. Then there exists a natural decomposition

H\ (A M) = H H{ (A M)

such that the natural ransformation I1*(A; M) coincides with the map

HB(m)(A‘ M) (m)(A M) = H H(m)(A M) = (:l:n)(A; M) .

Consequently, the map II*(A; M) is a monomorphism. [

2.10. Since the differential 9 is not homogencous with respect to the ‘simplicial’
degree g in A,,,,(A)= @(,gqi,,, B(A), the simplicial degree does not induce a
grading of the cohomology. Nevertheless, we can use it to define a filtration.
Put F.C,,(A;M)={f€ C,,(A; M)| f| 01, = 0 for ¢g=1i}. Then plainly
8F.C, (A M)YCFC,,(A; M), F_ C,,(A; M) = (A; M), N, FC,,(A; M)

(1) (m) (m)
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=0 and F,C,, (A;M)=0 for i=m. In a similar way we can obtain also a
filtration F,CB,,,,(A; M) of CB,,,,(A; M) having the analogous propertics. It is
also casy to show, using (16), that the map p: C,, (A; M)— F,C,,(A: M),
given by p( )| ucn, = flapua, for 1= g =mand p(f)| 4.4, =0, commutes with the
differential and splits the inclusion F,C,, (A; M) < C, (A; M), provided M is
balanced. The similar result holds also for CB,, (A: M).

The filtrations above induce the filtrations on H,, (A; M) and HB,, (A: M),
respectively. The splitting constructed above then shows that, for a balanced
A-bimodule M, FH (A MY= H(EC (AT M), 06), stmilarly for
HB,,, (A; M). Morcover, the constructions of 2.8 arc clearly compatible with our
filtrations, therefore the inclusion CB,,,(A; M) < C,,, (A: M) induces. for cach i,
a monomorphism

HF. : HF.CB

(A: M), 8,)— H(F.C,, (A1 M). )

(nr) ()

3. Examples and applications

3.1. Cohomology of algebras. Lct A be an (augmented) algebra and M a (graded)
bimodule over A. Then A can be considercd as an A(x)-algebra (Example 1.5)
and also M can be converted into an clement of A-biMod taking w, =0, k # 2.
and p.(a,m)=a-m, u,(m,b)=m-b for a,b€ A and m € M (Example 1.11).

Denote C.7(A; M) =Hom " [\,o(8"(A). M). Then C{;7(A; M) can be natur-
ally ldentmed with a subspace of C[, (A; M): under this identification
Cl (A M)=11,..,Cli(A: M) and 6C{ (A M) C (’”l 771 (A; M), the last in-
dusmn being a conscqucnce of (16).

Let us recall briefly the notion of (two-sided, normalized) bar-resolution
B(A, A) of the algebra A; we usc the sign and degree conventions of [11.
Chapter X, Section 10|, For n =0, let 3"(A, A) be the free graded A-bimodule
on ®" A (in the usual sense, see the discussion in Example 1.11); the element
a4, @ - ®a,c@" A being graded by deg(a, @ ®Qa,)=|a |+ +la,|+n.
The differential 4, , is then a map of A-bimodules defined by

a4 Jla.. o oLal=afas, ..., al+(=D"a..... a, la,
n—t
D)y, aa, ..., a, .
i=1
where e, =|a,|+ -+ |a]|+i and [a,, ..., a,] is an abbreviation for a, ®

®a,e@"A. Let Chl (A M)=Hom{,, (#"(A, A), M) and 3., =
HomM“d (3,4, M). The Hochschild Cohomology of A with coefficients in M is
then defined as Hoch” P(A; M) =H""(C/.5(A; M), 8,,.,). Forany pand n=0
define the linear map w : ;. W(A: M)— C/."(A: M) by

”n(h
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(wf)([a,,--..a,})
- (_1)"|”|\*(11‘1)|az|+"'+\“,.H"("‘1)r"2 . f([al’ .. a ]) )

It is easy to verify that the map « commutes with the differentials, hence it
induces the isomorphisms

w** (A, M) H* *(C*)*(A M), 8)———>Hoch* (A; M)
and

w*(A; M) H, (A; M)— [] Hoch™ "(A; M) .

n=(Q

Suppose that the algebra A is commutative (i.e. balanced as an A(ex)-algebra; see
Example 1.5) and let M be a left A-module. Then there exists on M a natural
structure of an A-bimodule with m-a=(-1)"""1-q-m for a€ A and me M
(compare Proposition 1.13 and the remark following it). It makes sense to denote
CBJ(A; M) =Hom "\ [\, (BB"(A)/Sh"(A), M) C CB!,,(A; M). Again 5, re-
strlcts to a differential (denoted by the same symbol)
51 CBUY(A; M)— CBY)"""'(A; M). 1f we denote by Harr'/(A; M) the Har-
rison cohomology of A w1th coefficients in M [2,25], where i is the simplicial
degree and j is the total degree, respectively, it can be easily verified that the map
o constructed above gives rise to the identifications

*(A; M) H**(CBY S (A; M), 8,)—— Harr ™ *(A; M),

wi(A;M): HB} (A; M)— [ Harr""(A; M),

n=0

these identifications being compatible with the natural maps ¢* *(A; M):
Harr**(A; M)— Hoch* *(A; M) [2, p. 314] and II*(A; M): HB[,(A: M)—
H{ (A; M) (Theorem 2.9).

3.2. Cohomology of algebras of derivations. In this paragraph we refer to the
notation introduced in Example 1.9. So, let V=V _ be a (graded) vector space of
finite type and m =1 a natural number, the case m = > being especially im-
portant. Consider an object (TV,d), where 9=09, +4d,+---+49,, is a derivation
of degree —1 and 7_,°8" =0. Let Der*(TV) denote the graded Lie algebra
of derivations of the algebra TV (see [24, 0.2.(4)]) and let Der[, (TV)=
Der*(T)/~, where 6’ ~ 6" if and only if w_, 26" = 7_, 8" For 6§ € Der*(TV)
let {6} denote the corresponding class in Der(,,,(TV). The formula A({6})=
{[8 6]} then defines on Der(, (TV) a differential of degree —1. Moreover, let
Der(m)(LV) = {{6} €EDer[, (TV)| 6(V)C L(V)®k}. If a(V)C L(V), then A
restricts to a differential (denoted again by A) on Der,,,(LV).
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Let A be the A(m)-algebra 0 YTV, 6): recall that V= l#/i. Then A can be
considered in the clear sense as a bimodulc over itself and we define a lincar

isomorphism 0:C (,”,(A‘ A)— Der,,,, "(TV) in the following manner.

Every [f€C!, (A.A) can be  cexpressed as  [[), f, with [ €
Hom |/ mm.,d(”” A) A). the last obicct bcing naturally isomorphic  with
Hom, ./ "(&" A, A). Then we put Q(f)=(—1)"{6, + - +48,). where 6, [, =

l”#/,,T tor ()< n=m. It can be verificd 1mm<.dldtdy that €2 is an isomorphism
of differential spaus hence it induces an isomorphism 0*(A): H) (A A)=
H '”(Dcr ol TV ) I a(V) C L(V). the algebra A is balanced (see Example

1.9) and it is not hdrd to verify that 0 restricts  to - an - isomorphism
I (B, (A: A)— Du ) "(LV). So. denoting by [ : Der (LV) < Der ”,,(TV)
the canonical inclusion, we have the commutative diagram

()

]

HE (A AY —5 1 (Derf, (TV). 3)

II‘|.1:.HT [/ e
/(\] —

HB (A; A)——H " '(Der,, (LV). 1)

where g‘*(A) is the map induced by 7 and I"(A) is induced by the inclusion /.
This diagram. together with Theorem 2.9, imply that the map [7(A) is a
monomorphism.

3.3. The homotopy-bar construction. Lct A be an A(im)-algebra and let #T%(A) =
EB,, o X" TA. Define on 8(A) the differential &= 5| +ot 5”,, where

S [ dy.opld, Ay x )y g e e a,l.

Then (/3(/4). ) is the homotopy-bar (or tlde) construction on the A(m)-algebra
A, introduced in [22. p. 295] (but we use the sign convention of [18, Définition
3.13]).

As in 1.4 consider the ground ficld k as an A-bimodule. Then the natural
isomorphism

HOM , staa (A ()10 = Homy | 0 @ 14.k)
coming from the universal property of the free A-bimodule 43, (A), induces the
identification (',”,(A.k)NHom\m(./i A).k )= (#B( A))". compatible with the
differentials & and #4d. respectively, and we have an isomorphism

HE (ATK)= HA(#B(A). #0)

(1)
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3.4. Cohomology of the DeRham complex. Recall briefly the notion of the cobar
construction over a coalgebra as it is given for example in [1] or [24, 0.6.(2)]. Let
C=(C, A, d) be a differential graded (coaugmented) coalgebra, deg(d) = +1 and
let C = C/k be the coaugmentation ideal. Denote F(C) = T(] C) and equip F(C)
with the differential d by the formula

d.([c,....c,])

= —2 (—1)(’,,1 .[Cl" .. ,dC,-,. .. 7C”]

i=1

n—1
+ > > (=" el o T N TR < T ST T o X
i=1 m
where we abbreviate ¢, ®---®lc, by [c,....¢,]. e, =]c [+ +[c]|+iand
Alc)) =Y, ¢, ®c, for 1=i=n. Then (F(C), d;) is called the cobar construc-
tion on the coalgebra C.

Let A be a graded differential chain algebra, augmented and of finite type.
Then the dual # A is in the evident sense of coaugmented coalgebra, and we can
apply the cobar construction to it. Consider the following composite of maps:

Coh(As k) = Hom’ aa( B (A), k) «=—Hom{, (T 1 A.K)

Vect

=(#TV1A) "< (T1#A) " =T (| #A4)
where o is an isomorphism defined by

o(f)[a,,....a,])= (1ol rlalemn gy @@ 1a,)

(a similar map is used also in 3.1), y is the canonical injection (as A is supposed to
be of finite type, it is also an isomorphism), the other identifications being clear.

It is not hard to verify that the isomorphism 5 = woy : T([#A)*— C(;*)(A; k)
commutes with the differentials d, and 8, respectively, therefore

H (A K) = H*(F(#A), dg).
Supposing that the algebra A is commutative, i.e. balanced as an A(ex)-algebra, it
can be shown, using the characterization {20, Theorem 2.2], that = restricts to an
isomorphism (£ ,(A), d,) = CB_(A; k), where the ¥ -functor is defined in [24,
1.1.(7)]. therefore

HB (A;K) = H* (£ (A),d,).

Let now S be a simply connected topological space having the rational
cohomology of finite type. Let # be Sullivan minimal model of § (see [24,
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[11.2.(1)]). Then 4 is of finite type and it is well known that H*(F(#4), d,.) =
H,(25:k) and that H*(¥ (M), 3,)= 7. (25)XPk (see 1] and [24, 111.3.(7)]).
The isomorphisms constructed above then give
H, (A k)= H (02S:K) and  HB (A K) = 7,(025) k.

Finally. notice that the functors H [ (+:k) and HB[, (+:k) map weakly iso-
morphic algebras into isomorphic objects (use the spectral sequence induced by
the filtration of 2.10). We sce that in the last formula we can replace the minimal
model .# by the algebra A, (§) of Sullivan—DeRham forms {23, Section 7] or
cven by the algebra €(S) of DeRham differential forms in the case when S is a
smooth manifold and the field k contains the field of real numbers R.

3.5. The canonical map /: H , (L:; L)— Hoch(®¥ L, 4L). In the classical (non-
graded) casc the existence of such a map / easily follows from the “inverse process’
as it is described in [3. X.6]. To be more precise. let . L denote the universal
enveloping algebra % L considered as a left L-module with the action given by
(A, t)y—=A-u—u-A for A€ L and w& UL. Then we have, by [3, p. 277,
Theorem 5.1]. the identification H,, (L: U L)=Hoch(¥%L; L) and we can
define / to be the composition H,  (L: L)— H_ (L., %L)=Hoch(%L,UL),
where the first map is induced by the inclusion L — UL of left I.-modules. The
same construction would perhaps work also in the graded case, but we prefer to
give a more transparent explicit definition.

To this end. recall briefly the definition of the Lie algebra cohomology as it is
used here. For a (graded) Lic algebra L let, for n =0, D"(L) denote the free
L-module on A" 1 L; the element TA, A~ ATA, EA"TLCD(L) will be
abbreviated by (A,... ., A, ). The differential , . of degree —1 is then defined by
the formula

Lic

+ 2 (H])r, L R AP R AP R DR P

1~ j-n

(LA AT A Ao Ao A) .
where f,=[A|+ - +|A|=4i I =i=n_and " denotes, as usual, omission. For
an L-module M & L-Mod let CUU(L; M)=Hom/ ,,(D"(L). M) and 6 =

Hom, ,;.4(?, ;.. M). The cohomology ot L with cocfficients in M is then defined

as

HU(L: M) = H""(CLI(L M), 8,

Lic
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Let U = UL be the universal enveloping algebra of L. It comes together with a
morphism ¢ : L — %L which is, in fact, a monomorphism by the Poincaré-
Birkhoff-Witt theorem [19, p. 281]; we will identify L with a graded subspace of
UL via ¢.

Consider the Hochschild cochains C;.% (U; U) as they are introduced in 3.1
and let

:lfch(U U)
~{recwiv

> () f([Airys- s Ay C L, Al,...,)\"EL},

age<s,

where S, denotes the nth permutation group and the Koszul sign e(o) is defined
by the equality

</\l" te )\n = f5(0-)<Aa'(1)" ter A(r(n)>

which has to be satisfied in A" 1 L. It can be verified that CHoch(U U)is a
8110en-Stable subspace of C5,(U; U); denote by J the inclusion. Define also the
map K CHoch(U U)-_) CLle (L L) by

k(AU A= 2 e0) Ay )

ag€S,

for f e C",’{‘:C,I(U; U) and A,,..., A, € L. It can be verified by a direct computa-
tional argument that x commutes with the differentials.

Supposing that L is of finite type and L_,=0, it is possible to prove (it was
done, in fact, in [14, Lemma 2.1], using an equivalent description in terms of
algebras of derivations) that x induces an isomorphism in cohomology and we
can define the canonical map [**: *(L; Y= Hoch**(U;U) as I=
H(J)o H(k)™"

We aim to show the existence of a balanced A(w«)-algebra A such that there are
isomorphisms

[le

Ki:HY* (L, L)y— F,HB (A A)

Lic

and
K* : Hoch™""*(U; Uy—> F,H_,(A; A),

where F, refers to the filtration introduced in 2.10, H . *(L;L)=
M,., HX(L; L) and Hoch™"*(U; U) =]],., Hoch"*(U; U). Moreover, these

Lic
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isomorphism satisfy K*o/""* = [T*(A; A)e K. It is easy to sce that Theorem
2.9 implies that /*"* is a monomorphism.

The construction of A is based on various properties of algebras of derivations
as they are studied for example in [4], [13], [15] and [21]. Since this paper is not
meant as an cxposition of methods of the rational homotopy theory, our
arguments will be merely sketchy.

First. let (AV.,d.)= €*(L.o=0), where the functor €™ is introduced in [24,
L.1.(1)]: recall that V= T#L. Let Der*(A V') denote the Lie algebra of derivations
of AV, the differential ¢ . of degree +1 is defined by d_.(8)=[d-: 6]. Then
Der® (AV)={6EDer"(aAV)|0(V)C @1 LAV s clearly a d | -stable sub-
space of Der*(A V). It can be shown. using a similar method as in 3.2, that there
exists a canonical isomorphisms of differential modules (C, .. *(L: L).8,,.) and
(Der " '(AV).d ). hence

H DS (L L)Y=H Y(Der® (AV.d, ).

Notice that the existence of isomorphisms of this type is well known (see [15,
Introduction]) and that (A V. d.) is the Sullivan minimal model of the coformal
space S with 7, (285)®k=L . Let (L(W).a, +9,) =X (AV.d,), where ¥ is
the functor defined in [24, 1.1.(7)]; recall that W= | #AV. We can define a map
x*:Der® (AV)—Der (LV) by x(8)|, = l#67. It is casy to verify that y
commutes with the differentials d . and a, , =[#; 0, + 9,]. respectively. Tt is also
possible to show. using various properties of the functors ¥, and €* (|24,
Chapitre 1] and [21. Section 3[), that y induces an isomorphism in cohomology.
The differential 0, +d, induces on TW a differential (denoted by the same
symbol) and let A=0 "(TW. o, + d,). where the functor O s introduced in
Example 1.9. The constructions in 3.2 give risc to an isomorphism
Der*(LW), d,,,) = (F,CB,,, '(A: A). 8,). Note also that H*(F,CB (A: A).
8,)= F,H*(CB[, (A A), 8,). see 2.10. Composing all the identifications above,
we obtain the desired isomorphism K. The isomorphism K* is constructed by
the samc method, only replacing the functors ¥, and ‘€* by the "dual bar
construction” 2 of |7, Appendix].

3.6. Note on the sign and degree conventions. Our definition of an A(m)-algebra
rclies upon the sign convention explained in 1.1. Having chosen the definition of
an A(m)-algebra, we get automatically the signs in the formulas for the differen-
n(A) and A8 (A), respectively. and. in the light of Thecorem 1.8,
also in the definition of the shuffle product.

As for the degree conventions of 2.1, the homogencity of the differential o
requires that deg([a,, . ... a,)=la |+ +]a,
I (mod 2) is necessary tor the validity of the formulas in the proof of Lemma 2.5.
The remaining conventions arc chosen so that the gradings on H, (A:k) and
H*(#B(A), d) (sec 3.3) agrec.

tials on A3,

")

+ g + const., the choice const. =
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