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0. Introduction

In [9] we proposed a notion of center and homotopy center of a monoid in a monoidal
category enriched in a duoidal category. Examples include classical centers but also the
2-category of categories, the symmetric monoidal closed category Gray of 2-categories,
2-functors and pseudonatural transformations [20] and Tamarkin’s homotopy 2-category
of dg-categories, dg-functors and their coherent natural transformations [27].

It is well-known that the center of an associative algebra is a commutative algebra.
A homotopical analogue of this statement is the famous Deligne conjecture which states
that there is a natural action of an Fs-operad on the Hochschild complex of an associative
algebra lifting the Gerstenhaber algebra structure from the cohomology to the chain level.
We conjectured in [9] that our generalized (homotopical) center admits a closely related
algebraic structure. Namely, there is a natural action of a contractible 2-operad in the
sense of the first author [3] on the homotopical center of a monoid [9, Corollary 11.20].
We call this statement duoidal Deligne’s conjecture. Tamarkin’s main theorem from [27]
is a particular case of this conjecture. Classical Deligne’s conjecture also follows from
the duoidal version [9, Corollary 11.22]. The main goal of this paper is to prove this
conjecture under some mild homotopical conditions on the base symmetric monoidal
category V.

Our secondary goal is to advertise a new theory which, as we believe, has an indepen-
dent value. During our work on the proof of duoidal Deligne’s conjecture we discovered
that the existing language is not adequate for our purposes. Some operad-like structures
that we wanted to use were not operads in any of the existing senses. To overcome these
difficulties, we introduce a concept of an operadic category and of an operad correspond-
ing to such a category.
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Examples of operadic categories are abundant. They include categories like finite
sets, finite ordinals, the categories of n-ordinals [4] and n-trees [3,10], Barwick operator
categories [2], ordered graphs and many other. Examples of the corresponding operads
are (colored) classical symmetric and nonsymmetric operads, n-operads [3], hyperoperads
of Getzler and Kapranov [19], charades of Kapranov [21], etc. As classical operads, our
generalized operads have algebras, which now include other operad-like structures such
as (wheeled) properads or PROPs;, cyclic operads and (twisted) modular operads.

We believe that operadic categories admit a rich and interesting theory. They are
closely connected to other existing and emerging approaches to generalized operad-like
structures such as Feynman categories of Kaufmann [22], polynomial monads [6], moment
categories of Berger [13] and operator categories of Barwick [2]. To keep the focus, we
decided to choose a ‘minimalistic’ approach and to include as much or as little theory of
operadic categories as necessary for the proof of Deligne’s conjecture. A deeper theory,
including 2-categorical aspects of operadic categories and relation to other notions with
more applications, will be developed in subsequent papers.

0.1. Plan of the paper

According to our goals we decided to subdivide our paper into two parts. Part 1
contains all necessary definitions and facts about operadic categories.

An operadic category is a category over the (skeletal) category of finite sets whose
morphisms come with a finite set of objects of the same category, called fibers. The
motivating example is the category of finite sets itself, where the set of fibers of a map
f:T — S is the set of preimages f~1(i), i € S. The axioms of operadic category are
designed to make the assignment of fibers to morphisms an abstract algebraic structure
on a category. Operadic functors are functors which preserve fibers and some other
elements of this structure.

With each operadic category one associates its category of operads with values in a
symmetric monoidal category. In many respects the category of operads plays the role
of the presheaf category over a small category, but other aspects of operadic categories
make it closer to multicategories. We show that several standard categorical notions
such as the left Kan extensions, discrete fibrations, the Grothendieck construction or
Beck—Chevalley squares extend to operadic categories and operads. On the other hand,
some important notions from the theory of classical operads, such as the Day—Street
convolution, multitensors and the condensation can be easily carried over to the context
of operadic categories.

Part 2 of our paper shows how all these notions work together in the proof of
duoidal Deligne’s conjecture. In Section 6 we describe an operadic category LTr and
an LTr-operad JTF that canonically acts on any multiplicative 1-operad in any duoidal
category.

In the subsequent sections we demonstrate that this action induces an action of a col-
ored 2-operad Tm) on the same multiplicative 1-operad. This induced action is crucial
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and the most complicated part of our proof. The 2-operad 7m} is constructed as a pull-
back of the Tamarkin-Tsygan colored symmetric operad £(?) [28,7] whose definition we
recall in Section 7. Algebras of £(?) are multiplicative nonsymmetric operads. While this
observation was enough to prove classical Deligne’s conjecture [7], for the duoidal version
we have to take into account that the two units of a duoidal category can be different,
though connected by a noninvertible morphism. This asymmetry cannot be captured
by the classical approach via symmetric operads. This was our reason for introducing
operadic categories.

Once this induced action of 7m) is constructed, we obtain the proof of duoidal
Deligne’s conjecture using the condensation of [7] generalized to the context of operadic
categories. This is the subject of the last section of our paper.

0.2. Conventions

Throughout this article, V' will be a complete, cocomplete closed symmetric monoidal
category. A tree will always mean a rooted (i.e. directed) tree [25, I1.1.5]. The arity of
a vertex of a directed tree is the number of incoming edges of that vertex.

Categories will be denoted by typewriter letters 0, P, Tam), @Y, etc. Exceptions are our
basic monoidal category which we keep denoting V' from historical reasons, and the basic
duoidal category Z used in Part 2. Operads in V' will be denoted by the calligraphic
letters O, P, etc., while a typical operad in Z will be denoted by the script «/. A more
specific notation used in Part 2 is summarized in Table 1. Finally, N denotes the set of
natural numbers (inducing 0).

Part 1. Theory of operadic categories
1. Operadic categories and their operads

Let sFSet be the skeletal category of finite sets. The objects of this category are
linearly ordered sets n = {1,...,n}, n € N. Morphisms are arbitrary maps between
these sets. We define the ith fiber f=1(i) of a morphism f : T — S, i € S, as the
pullback of f along the map 1 — S which picks up the element %, so this is an object
f~Y(i) = n; € sFSet which is isomorphic as a linearly ordered set to the preimage
{j €T | f(j) =i}. Any commutative diagram in sFSet

f

AN
R

T S

then induces a map f; : h=1(i) — g~ (i) for any i € R. This assignment is a functor
Fib; : sFSet/R — sFSet. Moreover, for any j € S we have the equality f~1(j) = f_(Jl) (7).
The above structure on the category sFSet motivates the following abstract definition.
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A strict operadic category is a category 0 equipped with a ‘cardinality’ functor |-| :
0 — sFSet having the following properties. We require that each connected component
of 0 has a chosen terminal object U., ¢ € my(0). We also assume that for every f : T — S
in 0 and every element i € |S| there is given an object f~1(i) € 0, which we will call the
ith fiber of f, such that |f=1(i)| = | f|~*(i). We also require that

(i) For any ¢ € m(0), |Ue| = 1.
A trivial morphism f : T — S in 0 is a morphism such that, for each i € |S5]|,
F71(i) = Uy, for some d; € my(0).

The remaining axioms for a strict operadic category are:

(ii) The identity morphism id : T'— T is trivial for any T € 0;
(iii) For any commutative diagram in 0

T

S (1)
NS

h R g9

and every i € |R| one is given a map
fi e h7H@) = g7 ()
such that |fi| : |[h=1(i)] — |g~1(5)| is the map |h|~1(i) — |g|~*(4) of sets induced by

£

NS

b1 9
|R|

T

S|

We moreover require that this assignment forms a functor Fib; : 0/R — 0. If R = U,
the functor F'ib; is required to be the domain functor 0/R — 0.
(iv) In the situation of (iii), for any j € |S|, one has the equality

f_l(j) :f|;|1(j)(j)' (2)

(v) Let
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be a commutative diagram in 0 and let j € |Q|,7 = |c|(j). Then by axiom (iii) the
diagram

W (i) ———— g7(0)

WY S
L)

commutes, so it induces a morphism (f;); : b; *(j) — a; ' (4). By axiom (iv) we have

a”'(j) = a; '(j) and b~ (j) = b; ' (j).

We then require the equality

Ji=(fi)-

We will also assume that the set 7y(0) of connected components is small with respect
to a sufficiently big ambient universe.

Remark 1.1. Tt follows from axiom (iii) that the unique fiber of the canonical morphism
lr:T —U.isT.

A strict operadic functor between two strict operadic categories is a functor F': P — 0
over sFSet which preserves fibers in the sense that F(f~'(i)) = F(f)~*(i), for any
f:T — S ePandie€|S| =|F(S)|. We also require that F' preserves the chosen
terminal objects in each connected component, and equality (2). This gives the category
OpCat of strict operadic categories and their strict operadic functors.

Remark 1.2. Our notion of operadic category is not invariant under categorical equiv-
alences. It is, nevertheless, very convenient and sufficient for our applications. There is
a more general non-strict version of the above definition which we are going to consider
in a subsequent paper. We will also consider non-strict operadic functors and operadic
natural transformations. We hope to prove a coherence theorem saying that every gen-
eral operadic category is equivalent in an appropriate sense to a strict one. Since in this
paper we only use strict operadic categories we will call them simply operadic categories
for brevity.

Example 1.3. The terminal category 1 with the cardinality functor |-|: 1 — sFSet which
sends the unique object of 1 to 1 € sFSet is operadic.

Example 1.4. The category Ay, of finite ordinals (including the empty one) has an obvious
structure of an operadic category.
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Example 1.5. The categories sFSet and A,y are examples of operator categories in the
sense of Barwick [2]. It is easy to see that, in fact, any Barwick’s operator category is
equivalent to an operadic category in our sense. Recall that an operator category is an
essentially small category ® which satisfies the following conditions:

(i) the set of morphisms ®(7,.5) is finite for any pair of objects T, S € ®,
(ii) the category ® has a terminal object 1, and
(iii) there is a pullback T' x g i of i along f for any morphisms f: T — Sandi:1 — S.

To find an equivalent operadic category we take a skeletal version of ®, fix 1 as the
chosen terminal object, take ®(1,T)) = |T'| € sFSet as the cardinality of T' and choose
pullbacks T X i, i € |S|, as the fiber functors. The rest of the structure is clear.

Example 1.6. Each category C determines the ‘tautological’ operadic category C + 1
which, as a category, is C with a formally added terminal object 1. The cardinality
|-|: C+ 1 — sFSet is defined by

0, ifT ec, and
T =9 .
1, ifT=1.

The axioms dictate that the only maps that have fibers are |7 : T'— 1 with the unique
fiber T', and the identity id : 1 — 1 whose fiber is 1. This construction constitutes a
fully faithful embedding of the category of small categories to the category of operadic
categories.

Example 1.7. Let € be a set. A €-bouquet is a map b: X +1 — &€, where X € sFSet. In
other words, a €-bouquet is an ordered (k + 1)-tuple (c1,...,c;c), X = k, of elements
of €. It can also be thought of as a planar corolla whose all edges (including the root)
are colored. The extra color b(1) € € is called the root color. The finite set X is the
underlying set of the bouquet b.

A map of €-bouquets b — ¢ whose root colors coincide is an arbitrary map f: X — Y
of their underlying sets. Otherwise there is no map between €-bouquets. We denote the
resulting category of €-bouquets by Bq(C).

The cardinality functor |-| : Bq(€) — sFSet assigns to a bouquet b: X +1 — € its
underlying set X. The fiber of a map b — ¢ given by f: X — Y over an element y € Y
is a €-bouquet whose underlying set is f~1(y), the root color coincides with the color of
y and the colors of the elements are inherited from the colors of the elements of X.

It is easy to see that Bq(€) is an operadic category with € its set of connected com-
ponents. It is an example of an operadic category whose fibers are not pullbacks. It has
the following important property:
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Proposition 1.8. For each operadic category 0 with mo(0) = €, there is a canonical op-
eradic ‘arity’ functor Ar: 0 — Bq(€) giving rise to the factorization

a [

<N @

Bq(¢) — > sFSet

: 0 — sFSet.

of the cardinality functor | -

Proof. Let the source s(T') of T € 0 be the set of fibers of the identity id : T — T.
We define Ar(T') € Bq(€) as the bouquet b : s(T') + 1 — €, where b associates to each
fiber U, € s(T) the corresponding connected component ¢ € €, and b(1) := mo(T). We
leave as an exercise to check that the assignment T — Ar(T') extends into an operadic
functor. O

The assignment € — Bq(€) extends to a functor Bg : Set — 0pCat, and the functor
Ar : 0 — Bq(@) is the initial object of the comma-category 0/Bg. This explains why the
bouquets will play such a prominent réle among operadic categories. Indeed, the arity
functor will be used to define the endomorphism operads in Example 1.19.

Proposition 1.9. Pullbacks in the category of categories create pullbacks in the category
of operadic categories and operadic functors.

Proof. Let us consider the ordinary pullback
R
Q

of the diagram Q P p T gof operadic categories and their operadic functors.
We may assume that objects of R are pairs (¢,5), t € 0, S € Q, such that 7 (¢) = p(5).
Morphisms (¢,7) — (s,S) in R are couples (o, f), where o : ¢ — s is a morphism in 0
and f : T — S a morphism in Q such that (o) = p(f). The functors r : R — 0 and
w : R — Q are the obvious projections to the first resp. second factor.

0
l” (1)
P

T
—_—
p
R —

We equip R with a structure of an operadic category as follows. We define the cardi-
nality functor |-| : R — sFSet by |(¢,7)| := |t|.* The chosen terminal objects are

Uro(t,5) = (Uno (1), Uno())-

3 Since |t| = |S| we could as well put |(¢,T)| := |T|.
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The fibers are defined componentwise, i.e. for a morphism (o, f) : (¢,7) — (s,.5) we put
(0, /)71 (@) = (071 (0), f7(3)), i € [s| = |S].
Notice that, since p and 7 are operadic functors,
m(o7H(i)) = (ro) 1 (i) = ()~ (D) = p(f 7' (2),

so indeed (o, f)~1(i) € R.
We leave the verification that the diagram (4) is indeed a pullback in the category of
operadic categories as an exercise. O

Pullbacks can be used to define colored versions of operadic categories. Given an
operadic category 0 and a finite set €, we define the operadic category 0¢ of €-colored
objects in 0 as the pullback

0¢ —— Bq(¢)

.

0 ——— sFSet
Notice that mo(0%) = 7y (0) x €.

Remark 1.10. Since sFSet is the terminal object in the category of operadic categories,
the pullback 0¢ is actually the product 0 x Bq(€) in OpCat.

A 0-collection in V is a collection E = {E(T)}reo of objects of V' indexed by the
objects of the category 0. The category of 0-collections in V will be denoted Co11%(V).
For an 0-collection E and a morphism f: T — S let

E(f)= ) E(T)).

i€l S|
In the following definition we tacitly use equalities (2).
Definition 1.11. An O-operad is a collection P = {P(T')}reo in V together with units
I - PU,.), ceml(0),
and structure maps
u(f):P(f)@P(S) = P(T), f:T =5,

satisfying the following axioms.
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(i) Let T 4,8 % R be morphisms in 0 and h := gf : T — R as in (1). Then the
following diagram of structure maps of P combined with the canonical isomorphisms
of products in V' commutes:

Q) P(f:) @ P(9) ® P(R) ®,; n(f:)@id
i€|R| \

ic@u(g)l P(h) ® P(R) .

w(h)
R P @ P(S) = P(f) o P(S) Lk (1) /

i€|R|

(ii) The composition

P(T)— ) 19P(T)—= ) P(U.)@P(T)——=P(idr) 2 P(T) L P(T)

i€|T| i€|T|

is the identity for each T € 0, as well as the identity is
(iii) the composition

PT)&T — > PT)&P(U.) —> Pr)@P(U.) “Sh BT, ¢ = mo(T).

Notice that for an arbitrary operad P and ¢ € m(0), P(U,.) with the multiplication
p(id) : P(Ue) © P(Ue) = P(Ue)

forms a unital monoid in V.

A morphism ¢ : P’ — P" of 0-operads in V is a collection {¢r}reg of V-morphisms
¢r : P(T) — P"(T) commuting with the structure operations. We denote by 0p?(V') the
category of 0-operads in V. Each operadic functor F' : 0 — P obviously induces the
restriction F* : 0p¥’ (V) — 0p%(V).

We can put the definition of 0-operad in a 2-categorical context as follows.* Let XV
denote the symmetric monoidal bicategory with one object x and V as its category of
morphisms * — . Recall that a part of a lax-functor structure on P from a category 0
to the bicategory XV are morphisms

P(f)©@P(g) = P(h)

4 We were inspired by the definition of a nonsymmetric operad as a strict monoidal lax-functor Aqy — XV
given by Day and Street in [17].
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for each commutative diagram like (1), as well as morphisms I — P(id). For such a
lax-functor and an object T' € 0 we denote P(T) := P(T N U.).

Definition 1.12. An operad-like functor from 0 to V' is a lax-functor P : 0 — XV equipped,
for each f:T — S with fibers T} := f~1(i), i € |S|, with an isomorphism

P(f) = Q) P(T) (6)

€S|

which satisfies the following axioms:

(i) For any commutative diagram (1) the following diagram commutes

P(f)®P(g) P(h)

QPG e Q) Plg"() Q) P(h7(1))

JE|S| 1€|R| i€|R|

! |

Q Pl e @Pl0) — ® ( ® PUTG) @P(e™'(1))

j€ls| i€|R)| JEIR]  gl(5)=i
where the bottom vertical arrow on the left side is an identity due to equality
P(fiai0 @) — P(f71()) (7)

and the up-going right vertical arrow is given by the lax-constraints induced by
commutative diagrams:

W) — g 0)

R
U

(ii) For each object T € 0, the following diagram commutes

~

P(idr)
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The proof of the following lemma is straightforward:

Lemma 1.13. The category 0p°(V) is equivalent to the category of operad-like functors
from 0 to V' and their laz-natural transformations which commute with the structure
isomorphisms (6).

Example 1.14. Operads over the terminal category 1 of Example 1.3 are monoids in V.

Example 1.15. The category of operads over the category sFSet is isomorphic to the
category of classical symmetric operads. Operads over A, are ordinary non-¥ operads
[5, Sec. 3, Prop. 3.1]. Applying the construction of diagram (5) to the operadic category
A4y we obtain the category ASZ g describing €-colored non-X-operads. More examples of
this construction will be given in Section 6.

Example 1.16. An operad over the category C + 1 from Example 1.6 is the same as a
monoid M = P(1) in V, together with the ‘actions’

w(ly): M@ P(T)— P(T), T €C, (8)
and a contravariant functor ® : C — V such that the maps
O(f):=P(f):P(T)—>P(S), f:T—Sec,

commute with the actions (8). In particular, C + 1-operads with P(1) = I are precisely
presheaves C? — V.

Example 1.17. Operads over the category Bq(€) of €-bouquets introduced in Example 1.7
are ordinary €-colored operads. Therefore, for each €-colored collection E = {E.}ccc
of objects of V' one has the endomorphism Bq(€)-operad & ndBEq(@, namely the ordinary
colored endomorphism operad [14, §1.2].

Example 1.18. The category 0p°(V) of 0-operads in V = (V, ®, I) has a monoidal struc-
ture given by the ‘componentwise’ multiplication in V. The unit for this structure is the
operad J° with 3°9(T) := I for each T € 0. Clearly F*(3F) = 3° for any operadic functor
F:0— P.

Example 1.19. For a €-colored collection E = {E.}.ce¢ in V and an operadic category 0
with 7y (0) = €, one defines the endomorphism 0-operad End%, as the restriction

Endy = Ar* (Endi®)

of the Bq(€)-endomorphism operad of Example 1.17 along the arity functor Ar of Propo-
sition 1.8.
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Definition 1.20. An algebra over an 0-operad P in V is a collection A = {A.}cery(0)s
A. € V, equipped with an 0-operad map o« : P — End’.

An algebra is thus given by suitable structure maps

ar ® A.@P(T) — AWO(T), Teo,
cemo(s(T))

where s(T') denotes, as before, the set of fibers of the identity id : T — T. This notion
of P-algebras will further be generalized in Section 3.

Example 1.21. The category I of stable labeled graphs [24, Section 7] is an operadic
category. Morphisms are given by contractions of subgraphs. The cardinality functor
associates to a graph its set of vertices. Fibers of a morphism are the subgraphs contracted
to a vertex.

If V is the category of differential graded vector spaces, then I'-operads are precisely
hyperoperads in the sense of [19]. Algebras over these operads are (twisted) modular
operads, see [19] or [25, Def. I1.5.5].

Example 1.22. This is our only example of a large operadic category. Let A be an abelian
category and let Epi(A) be its subcategory of epimorphisms. The cardinality functor on
Epi(A) maps all objects to the one point set 1. The (unique) fiber of any morphism is
its (chosen) kernel. It is easy to check that this defines an operadic category structure
on Epi(A). An Epi(A)-operad in the category of vector spaces is the same as a charade
over A in Kapranov’s sense [21, Definition 3.2].°

1.1. The category of k-trees

We are going to recall briefly the category Qi of k-trees, for k > 0; the details can
be found in [3, Sec. 3, Example 8] or [10]. The category of 0-trees Qo is the terminal
category 1. Its unique object is denoted by Uyp.

The category of 1-trees Q; is the category of finite ordinals (n) := {1,...,n}, n > 0,
and their order-preserving maps. As usual, we interpret {1,...,n} for n = 0 as the
empty set. The terminal object of Q; is Uy := (1). When the meaning is clear from the
context, we will simplify the notation and denote the object (n) € Q; simply by n. The
category Q; is isomorphic to the operadic category Ay, recalled in Example 1.4.

Let k£ > 2. A k-tree is a chain

th—1 th—2 ty

T = ( Nk Np—1 cee ni ) (9)

5 Generally speaking, Epi(4) is not a strict operadic category but we can easily “strictify” it if we use a
skeletal version.
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of morphisms in Q;. A morphism

tre— ti— t _ _
U:(nkklnk_1k2 lnl)—)(mk‘u'mk—lg'"'iml) (10)

of k-trees is a diagram in Set

th—1 th—2 t1
Ng —> Ng—1 T n
Ukl Uk—ll \Lffl
Sk—1 Sk—2 S1
mpg ——> Mi—1 T mi

such that

(i) o1 is order preserving and
(ii) for any p, k> p > 1, and ¢ € n,, the restriction of 41 to t;l(z’) is order-preserving.

We denote by Qi the category of k-trees and their morphisms as defined above. Its
terminal object is the k-tree Uy := (1 — 1 — --- — 1), its initial object is z*Ug := (0 —
0 — --- — 0). Notice that we have the obvious truncation functors

treg_1 trp_o tro try
Q Q1 Q9 Q1 = Daiyg -

One also has the suspension functor z : Q — Qxy1, £ > 0, that to a k-tree as in (9)
associates the (k + 1)-tree

tp—1 tp—2 t1
z‘:]';:(nk ——Np] ——> o —>=n —> 1 )

An s-leaf (or a leaf of height s) of a k-tree T as in (9) is, for s = k, by definition an
element of ny. For 1 < s < k an s-leaf is an element i € n, such that ¢t;1(i) = 0. We
denote by Lf . (T) the set of all s-leaves of T

Let 0 : T — 8 be a map of k-trees as in (10) and ¢ € my = Lf,(8) a k-leaf of 8. Let
us define the fiber 0=1(i) over i as the chain

o) = ( ak_l(z') — U,;llsk_l(i)) o (st sp_1(4)) ) (11)

of the restrictions of the maps in (9). Analogously one may define also fibers over the
s-leaves for s < k, but we will not use them in this article.

The category Qj with the cardinality functor |T| := Lf, (7), with the fibers defined as
above and the chosen terminal object the k-tree Uy, is an operadic category. Operads in
0p™ (V) are precisely k-operads in the monoidal globular k-category ¥V, see [9, §11.3].
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1.2. The category of k-ordinals

Let, as in Section 1.1, & > 0. Recall [4, Sec. II] that a k-ordinal is a finite set O
equipped with k£ binary relations <g, ..., <x—1 such that

(i) <, is nonreflexive,
(ii) for every pair a,b of distinct elements of O there exists exactly one p such that

a<pb or b<,a,
(iii) if @ <, b and b <, ¢ then a <wyin(p,q) €

A morphism of k-ordinals o : O — N is a map of the underlying sets such that ¢ <, j in
O implies that

(i) o(i) <, o(j) for some r > p, or
(if) o(i) = o(j), or
(iii) o(j) <, o(4) for r > p.

Let Ord; be the skeletal category of k-ordinals and their morphisms. The category
0rdy, is operadic. The cardinality |-| : Ordy — sFSet associates to a k-ordinal O its
underlying set (denoted O again). The fiber of a map o : O — N over ¢ € N is the preim-
age o~ 1(i) with the induced structure of a k-ordinal. The category Ordy is connected,
the unique terminal object being the one-point k-ordinal 1. Operads in 0p%% (V) are
pruned k-operads in the monoidal globular n-category ¥V [4].

There is a natural k-ordinal structure on the set of k-leaves of each k-tree in Q. Let
T be as in (9) and a,b € ny = Lf,(T) its distinct k-leaves. We say that a <, b if a
precedes b in ny and p is such that

tptp,1 s tk,l(a) = tptp,1 e tkfl(b)
but
tp_l . -tk_l(a) 7& tp_l e tk_l(b).

If such a p does not exist, we put a <g b. It is easy to show that this construction extends
to an operadic functor

p: Q. — Ordg. (12)

On the other hand, Ordj, can be identified with the full subcategory of Qj consisting
of pruned trees. Recall that a k-tree T € Qi as in (9) is pruned if all tx_q,...,t; are
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epimorphisms. Equivalently, all leaves of T are its k-leaves, so T is “fully grown.” For
example, the 2-ordinal

0<02,0<p3,0<04, 1<02,1<93, 1<04,0<11,2<13,2<14, 3<14,

is represented by the following pruned tree

0 1 2 3 4

A

See [4, Theorem 2.1] for a more detailed discussion. We thus have an inclusion of cate-
gories [ : Ordy < Qi which is left adjoint to the pruning functor (12).

It will sometimes be useful to identify a k-ordinal O € 0Ord; with the corresponding
pruned tree [(Q) € Q. The functor p : Q. — 0rdy then appears as the pruning associating
to each T € Qi its maximal pruned subtree. We must emphasize that [ : Ordy < Qi is not
an operadic functor, since it does not preserve fibers in general. It is only lax operadic
in an appropriate sense.

2. Discrete fibrations of operadic categories
Definition 2.1. An operadic functor F' : 0 — P is called a discrete operadic fibration if

(i) F induces an epimorphism m(0) — my(P) and
(ii) for any morphism f:7 — S in P and any ¢;, s € 0, where i € |S|, such that

F(s) =S and F(t;) = f~ (i) for i € ||,
there exists a unique o : t — s in 0 such that®
F(o) = fand t; =0 (i) forie|S|.
We have the following simple

Lemma 2.2. A discrete operadic fibration F : 0 — P induces an isomorphism
mo(0) = mo(P).

Proof. Assume that V., Vi, a’,a” € m(0), are chosen terminal objects in components of

the category 0 such that F'(Vy) = F(V,») = U, for ¢ € mp(P). Then (ii) of Definition 2.1
taken with T'= S5 = U,, f : U, — U, the identity map, t; = V,» and s = V,,» produces a

6 Notice that F(s) = S implies |s| = |S| and F(o) = f implies F(¢t) = T.
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map o : t — Vo whose unique fiber 0=1(1) is V. Since Fib; : 0/V,» — 0 is the domain
functor by (iii) of the definition of the operadic category, t = V-, so ¢ is in fact a map
Vi — Vi, therefore V,, and V,» belong to the same component of 0, i.e. a’ =a”. O

For an 0-operad O € 0p°(V') and T € P put

]_[ O(t (13)

F(t)=

Proposition 2.3. Assume that F is a discrete operadic fibration. Then (13) is the under-
lying collection of a naturally defined P-operad.

Proof. For each f:T — S € P and T; := f~1(i), i € | S|, we need the structure map

): Q) RO(T)) ® FO(S) — RO(T).
i€|S|

Expanding the definition of F{O and invoking the distributivity of the monoidal product
over coproducts we see that it is the same as to give a map

wh): ]I R ow)eos) — H O(w

F(t;)=Tj, j€|S| i€|S| F(w)=
F(s)=S

It clearly amounts to specifying, for each t;’s and s as above, a map

Q) ot:) © O(s) — ]_[ O(w (14)

1€|S]| F(w)=

The defining property of discrete operadic fibrations provides a unique ¢t € 0 with
F(t) = T, and a morphism o : t — s such that o=1(i) = t; for i € |S|. We then choose
(14) to be the composition

R o) 2 0(s) L 0() = [ Ow),

icls| F(w)=T

where p(o) is the structure map of the 0-operad O and ¢; the canonical map to the
coproduct.

Let U,, ¢ € m(P), be a chosen terminal object of a component of P. By Lemma 2.2,
there is a unique chosen terminal object Vg, a € my(0), such that F'(V,) = U,. We define
the unit I — F1O(U,) as the composition

I— OV, —>H(’) o(U.,)
F(t)=U.,
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of the unit map for O with the coprojection. Since all constructions were functorial lifts
of the operad structure of O, the resulting structure is an operad again. O

Theorem 2.4. Let F': 0 — P be a discrete operadic fibration of operadic categories. Then
the assignment O — F\O described above defines a left adjoint Fy : 0p°(V) — 0pF (V) to
the restriction functor F* : 0p* (V) — 0p?(V).

Proof. We need to establish, for O € 0p°(V') and P € 0p°(V), a natural isomorphism
op" (V) (RO, P) 2 0p°(V) (O, F*P).
There is an isomorphism of the sets of morphisms of collections
Coll*(V)(FO,P) = Col1°(V) (O, F*P). (15)

This follows immediately since (13) is the formula for the left Kan extension along the
induced functor Ob(F) : Ob(0) — Ob(P) between the discrete categories of objects.

The proof is finished by showing that a morphism of collections in the left hand side
of (15) is an operad morphism (i.e. it commutes with the operad structure maps) if and
only if the corresponding morphism in the right hand side of (15) does. We leave this as
an exercise. 0O

Let now V be the monoidal category Set of sets, F' : 0 — P a discrete operadic
fibration and J° € 0p°(Set) the terminal O-operad with 3°(¢) = {¢}. Theorem 2.4 gives
the operad

O := F|(3°) € 0p°(Set) (16)

with O(T) = {t € 0; F(t) =T}.

Vice versa, assume that one is given an operad O € 0p°(Set). One then has the
category O whose objects are t € O(T) for some T' € P. A morphism o : ¢ — s from
t € O(T) to s € O(S) is a couple (g, f) consisting of a morphism f: T — S in P and of
some € € X;c g O(t;), t; := f~'(i), such that

p(f)(e,s) =t

where p is the structure map of the operad O. Compositions of morphisms are defined
in the obvious manner. The category 0O thus constructed is clearly an operadic category
such that the functor F': 0 — P given by

F@):=Tfort € O(T) and F(e, f):= f

is a discrete operadic fibration. We call this construction the operadic Grothendieck
construction. It is a direct generalization of the classical Grothendieck construction for
presheaves [26, p. 44] as the following proposition shows.
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Proposition 2.5. The above construction establishes an equivalence between the category
0p°(Set) of P-operads in Set and the category of discrete operadic fibrations over P.

Proof. A direct verification. O

Example 2.6. As we saw in Example 1.16, Set-operads P in the operadic category C+ 1
of Example 1.6 such that P(1) = 1 are presheaves on 0. The restriction of the correspon-
dence of Proposition 2.5 to operads P with this property is an equivalence between the
category of presheaves on 0 and the category of discrete fibrations P — C of categories.
Proposition 2.5 therefore indeed generalizes the discrete version of the Grothendieck
construction.

Proposition 2.7. Assume that in the pullback (/), the functor m : 0 — P is a discrete
operadic fibration. Then w : R — Q is a discrete operadic fibration, too.

Proof. We rely on the notation in the proof of Proposition 1.9. Suppose we are given
a morphism f: 7' — S in Q with fibers T; := f~1(i), i € |S|. Suppose we are also given
objects (t;,T;) and (s,5) of the category R such that § = (s, S) and T} = w(tl,T) for
each i € \S| We must find a unique (o, f) : (t,T) — (s,5) in R such that @(c, f) = f
and (o, f)~1(i) = (t;,T;) for each i € |S|.

It follows from definitions that S = w(s,S) implies S = S, T} = w(t;,T;) implies
T, = T; and w(o, f) = f implies f = f. Since (s,S5) and (t;,T;) are objects of R we
see that 7(s) = p(S), and 7 (¢t;) = p(T;) for all i € |S|. Similarly, we conclude that
(o) = p(f)-

We therefore need to prove the following statement. Given f : T — S in Q with fibers
T; := f~1(i) and objects t;,s of 0, i € |S|, such that 7(s) = p(S), and 7(t;) = p(T),
there exists a unique o : t — s in 0 such that 0~%(i) = ¢; and 7(0) = p(f). The above
statement however follows from the lifting property in the discrete operadic fibration
7 : 0 — P applied to the data p(f) : p(T) — p(S) € P and s,t; € 0, ¢ € |S|. This finishes
the proof. O

We close this section by proving that squares of adjoint functors between the associ-
ated categories of operads induced by pullbacks of discrete operadic fibrations satisfy the
Beck—Chevalley property [26, p. 205]. Therefore operads over operadic categories behave
similarly as presheaves over small categories.

Proposition 2.8. If in the pullback of operadic categories (/) the functor m : 0 — P is
a discrete operadic fibration, then the induced functors between the associated categories
of operads satisfy the Beck—Chevalley condition, meaning that there is a natural isomor-
phism

@ (r*(P)) = p"(m(P)) (17)

for any operad P € 0p° (V).
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Proof. Notice that the functor @ : R — Q is a discrete operadic fibration by Proposi-
tion 2.7. We will use the explicit description of the left adjoint along discrete fibrations
provided by Theorem 2.4. For T' € P it gives

therefore, for S € Q,
p.(m(P))(S) =m(P)p($) = [[ Pw®.
m(t)=p(S)
On the other hand,

(@)= [[ ™Sz [[ P = I Po.

w(t,5)=8 @ (t,9)=8 w(t)=p(S)

therefore indeed p. (m(P))(S) = @ (r*(P))(S) for each S € Q. In the last display we

used the fact that w(t,S) = S implies S = S so, since (t,S) € R, we have the equality
m(t) =p(S). O

3. 0-Multi(co)tensors and generalized algebras of 0-operads

We start by showing how the standard notion of a multitensor on a V-category C,
see [11, Def. 2.1] or [5,16], generalizes to the realm of operadic categories. Let Endc be the
endomorphism sFSet-operad of C, so Ende(n) is, for n > 0, the category of V-functors
C®" — C. The restriction along the cardinality functor |-| : 0 — sFSet gives a categorical
0-operad |Endg|*. Let 1y be the terminal categorical 0-operad. An 0-multitensor on C is
then a lax-morphism of categorical operads Iy — |Endc|*. Unpacking this definition we
obtain:

Definition 3.1. An 0-multitensor on a V-category C is an O-collection E = {Er}req of
V-functors

Er:C®---®C—C, TEO0,
—_———

|T|-times
equipped with
(i) V-natural transformations
pr: Es(Er,,...,Er,) — Er

defined for any f : T — S in 0 with fibers T, ..., Tk, and
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(ii) V-natural transformations (the units)
Ne : id = Ey,_, ¢ € m(0),
satisfying the obvious associativity and unitality conditions.

Multitensors create operads, as shown in the following lemma whose simple proof
we leave to the reader. For an object T' € 0, let mps(T") denote the set of connected
components of the fibers of the identity id : T — T, and m(T") the connected component
of T, cf. the proof of Proposition 1.8.

Lemma 3.2. Let E be an 0-multitensor on a V-category C and 0 = {0(i) }iex,(0) an
arbitrary collection in C. Then the collection

coEndf = {coé’nd(;E(T)}Teo
with coEnd¥ (T) the enriched hom

c(0(i), Er(8(i1),...,8(ix))), i =mo(T), {i1,... ir} =mos(T),
is a natural 0-operad in V.

Dually, we introduce 0-multicotensors on C as colax-morphisms of the categorical
O-operads Iy — |Endc|*. An explicit definition can be obtained by inverting arrows in
Definition 3.1. Multicotensors create operads in a similar way as multitensors do:

Lemma 3.3. Let D be an 0-multicotensor on a V-category C and X = {X (i) }ier(0) an
arbitrary collection of objects of C. Then the collection

Endy = {Endg(T)}Teo

with End%(T) = C(Dr(X(i1),...,X(ir)), X(i) and i1,... ik, i € m(0) having the
meaning as in Lemma 3.2 is a natural 0-operad in V.

Example 3.4. Let 1 be the terminal category of Example 1.3. A 1-(co)multitensor on C
is the same as a V-(co)monad on C.

For an arbitrary operadic category 0 and ¢ € 7y(0), there is an operadic functor 1 — 0
which sends the unique object of 1 to U.. Restricting along this functor we verify that
Ey, (resp. Dy,) is a V-monad (resp. V-comonad) on C for an arbitrary 0-multitensor F
(resp. multicotensor D).

Example 3.5. The tensor product ® of a symmetric monoidal V-category C gives rise
to an sFSet-multitensor () on C, which is simultaneously an sFSet-multicotensor on C.
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Namely, for a finite set S of cardinality n and X3,...,X,, € C we put

@T(Xh R Xn) = @iES X;.

For any operadic category 0 we then have an 0-multitensor @0 on C (which is also an
0-multicotensor) given by restricting &) along the cardinality functor:

Or(X1,..., Xn) == Oy (X1,..., Xi), T €0.

The case C =V of the above construction along with Lemmas 3.2 and 3.3 explains the
standard fact that an object of a symmetric monoidal category V has both the (classical)
endomorphism and coendomorphism operads, see [25], Definitions I1.1.7 and II1.1.9.

Definition 3.6. Let D be a fixed 0-multicotensor and P an 0-operad. An algebra of P
in C is a mp(0)-collection A in C with a morphism of 0-operads

P — Endy.

Example 3.7. If C=V and D = @U, then P-algebras in the sense of the above definition
are the same as P-algebras of Definition 1.20.

Assume that D is an 0-multicotensor and suppose that C is cocomplete as a V-category.
This means, in particular, that there is a left action functor V ® C — C which we denote
by ®, believing that it would not lead to confusion. We have an adjunction

C(B®X,Y)=V(B,Cc(X,Y))

forany B €V and X,Y € C.
Since D is a V-functor in each variable, there is for each T € 0, |T| = n,
X1,...,X, €C,and B € V, a V-natural transformation

B@DT(Xl,...,Xi,...,Xn)—)DT(Xl,...7B®Xi ...,Xn), 1§z§n,

called the strength of D. We will require that D interacts with the left V-action in such
a way that the following conditions are satisfied:

(i) The diagram

B ® Dy, (X) Dy (B® X)
B% /4

B X

commutes for any ¢ € m(0), X € Cand B € V.
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(ii) Let f : T'— S be a morphism in 0 with fibers T1,...,Tk. Let n = |T|,and 1 < i < n,
1 < s <k be such that i € |T| belongs to |T,|. Then the diagram

B@DT(Xl,...,Xi,...,Xn) —— B®DS(DT1(X1;~-~)7~--7DTk(~-~7Xn))

|

Dr(X1,...,B®Xi,...,Xy)

T

Ds(DTl(Xl,),,DT (,B@XZ )»aDTk(;Xn))

s

commutes for any B € V and X1,...,X, €C.

Definition 3.8. An O-multicotensor D on a cocomplete V-category C satisfying proper-
ties (i) and (ii) above will be called strong. We will call a V-category C equipped with a
strong multitensor D for which the comonad Dy, of Example 3.4 is the identity comonad
for each ¢ € mp(0) a colax 0-monoidal V -category.

Remark 3.9. The terminology above has been adapted from the classical definition of
a strong monad on a closed monoidal category [23]. Indeed, when 0 is the terminal
category 1, the notion of a strong 0O-multicotensor coincides with the notion of a strong
comonad, cf. Example 3.4.

For a mo(0)-collection X in C and T' € 0 denote

X" = Dp(X(i1),...,X(ir)), {i1s-...ix} = mos(T).

The structure of a P-algebra on a my(0)-collection A in a colax monoidal V-category C
can be expressed in terms of an action defined as a collection of morphisms

P(T)® AT — A(i), T €0, i =mo(T),
satisfying the following conditions:

(i) The square

IR

I® AU AUe
P(U,.) @ AV A

in which 7. is the counit of the comonad Dy (—) = (—)Y¢ commutes for any ¢ €
0 (O)
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(ii) For any morphism f : T — S in 0 with fibers T1,..., Tk, the following diagram in
which ¢ = 7o(T) commutes

P(S)QP(TY)® --- @ P(Th) AT —— P(S)QP(T1)® - -- @ P(T)@Dg (AT, ... ATr)

l !

P(T)@AT P(S)@Ds(P(T1) @A™, ..., P(T}) 2 AT*)
A7) P(S)@AS

4. Convolution and condensation

The condensation described in this section creates, in a controlled manner, out of
colored operads and their algebras, non-colored ones. The main statement of this section
is Proposition 4.6.

Fix a finite set ¢ and consider the pullback 0% in (5). Objects of 0% can be interpreted
as objects of 0 colored by elements of €. A typical object of 0¢ will therefore be denoted
by T'(i1,...,ik;1), where k := |T| and i1, ... ik, € €.

The operadic category 0% contains a full operadic subcategory LO® 7 whose objects are
objects of 0% of the form U, (i;7), i,j € €, ¢ € my(0). It is easy to see that LO®-operads
are precisely 7o (0)-families of V-enriched categories with the set of objects €. In other
words, 0p0° (V) = Cate (V)™ @), where Cate (V) denotes the category of V-categories
with the set of objects €, and the set 7wy (0) is considered as a discrete category.

The inclusion ¢ : LO¢ < 0¢ induces the restriction functor ¢* : 0p° (V) — 0pt2* (V)
between the categories of operads. We define the functor U : 0p°° (V) — Cat(V) as the
composition

0¢ L* 10¢ ~ 70(0) Hcem(ﬂ)
U: 0p? (V) — 0p"® (V) = Cate(V) —— = cat(V) ,

where the coproduct exists because V' is cocomplete.

Definition 4.1. We will call the V-enriched category U(P) the underlying category of an
0%-operad P in V.

Explicitly, the set of objects of U(P) is mp(0) x €, while the enriched hom-set between
(c,i) € mp(0) x € and (d, j) € m(0) x € is

) ] the initial object 0 of V, if ¢ # d, and
U(P)((e,1), (d. 7)) = {P(Uc(i;j)), otherwise.

7 “L” abbreviating “linear.”
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Since U..(i;1) are the chosen terminal objects of 0%, we have the identity morphisms
I = U(P)((c,i), (c,7)), (e,4) € mo(0) x €,

given by the operad units of P. The composition in U(P) is induced by the (unique)
maps between objects of the form U.(i; j), ,5 € €, ¢ € my(0).

Let C be a colax 0-monoidal V-category with a multicotensor D as in Definition 3.8.
We are going to define the convolution product on the category C¥P). Assume first for
simplicity that 0 is connected so that the objects of U(P) are elements of €. For any
T €0, k = |T|, the operad P generates a V-functor

P(T) : U(P)” @ @ U(P)” @U(P) = V

k-times

defined on objects i1, ...,ix,7 € (U(P)°?)®* @ U(P) by
P(T) (i1, - .. ik 1) = P(T(i1, ..., ik;7)). (18)
To see how P acts on morphisms, we observe that in 0% we have morphisms of the form
T(ivs . in;t) — T(ts -y Jkit)s i1y ey iy jis- -5 Jkit € €,

whose underlying morphism in 0 is the identity of 7. The multiplication in the 0%-operad
P with respect to these morphisms induces the contravariant part of the functor P(T).
The covariant part is induced by the multiplication in P corresponding to the morphisms
in 0% of the form

T(iy, ... ix;8) = Ue(nid), i1, ... ik i,n € €.

For T as above and X1, ..., X}, € C"P) the convolution product PEF (Xy,..., X}) €
cY(P) is given by the coend in C:

PER(Xy,..., X1)(i)
u(p)®en
= / P(T)(Zl,,’Lk,Z)@DT(Xl(’Ll),,Xk(lk)), ZEU(P) (19)

The above constructions easily extend to the case of an arbitrary my(0), we just take the
products of the corresponding constructions for the individual connected components.
The convolution (19) generalizes the Day—Street convolution product [16] of a sub-
stitude related to an ordinary (that is sFSet-) operad. If C is a symmetric monoidal
V-category and D = @0 is the O-multicotensor from Example 3.5, many standard facts
about the convolution remain valid in this generalized situation. For example we have
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Proposition 4.2. The convolution product determines an 0-multitensor ©EP = {QE}D}TGD

on C"P) whose unital part ] QE[Z is the identity monad.

c€mo(0)
Remark 4.3. The O-multitensor structure of ®E¥ is induced by the 0-multitensor struc-
ture of the O-multicotensor (O°. The fact that (O° is both a multicotensor and a mul-
titensor makes this situation very special — the convolution product (19) need not be
an O-multitensor for general D. To simplify the notation, we will sometimes write E7
instead of ©EF .

An 0-multicotensor D on C induces an 0%-multicotensor D¢ on C by ‘forgetting the
colors’
[ — ; —— ¢
DT(ilw’ik;i) := Drp, T(i1,...,1;41) €0 (20)
which in turn restricts to an LO®-multicotensor LD®. Since, by assumption, Dy, is the
identity comonad for each ¢ € 7y(0), the colax unitality of multicotensors gives natural
morphisms
LDg, (5)(X) = Dy, (X) — X, Ue(i; j) € LO%. (21)
Let now A be an algebra of an 0%-operad P in C as in Definition 3.6. The action
<
a:P—=E ndg induces, via the restriction along the inclusion ¢ : L0¢ < 0% combined
with the canonical transformations (21), an action

(a) : (P) — L*(Sndgc) = SndﬁDC — End™y,
where id is the obvious identity LO®-multitensor on C. This gives rise to a functor
¥ Algp(C) — cVP) (22)
from the category of P-algebras in C to the functor category C¥(P). If 0 is connected, the

algebra A is a collection {A(7)}iee in V, the functor ¢*(«a) takes ¢ € € to A(4), and the
map

() : P(U(i;j)) — C(A(i), A(j))

of the enriched hom-sets is given by the P-algebra structure of A. The description of
t*(a) for a general 7y(0) is similar.

In the particular case when C is a symmetric monoidal V-category, E¥ = ©E? is a
multitensor on CY(P) by Proposition 4.2. It turns out that t*(A) is an algebra over E7
in the sense of the following definition.
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Definition 4.4. An algebra over an 0-multitensor E on a V-category C is an object Z € C
equipped with a family of morphisms

O[TIET(Z,...,Z)—)Z, T €0,

such that

(i) the composition Z L Ey.(Z) M 7 s the identity for each ¢ € m(0), and
(ii) the diagram

ES(ETI(Z,...,Z)7...,ETk(Z,...,Z))

commutes for any morphism o : T — S in 0 with fibers T1, ..., Tk.

As in the classical case [7, Proposition 1.8] we obtain

Proposition 4.5. The functor v* : Alg,(C) — CUP) induces an isomorphism between the
category of P-algebras in C and the category of EF -algebras in C¥(F),

Let us return to a general colax 0-monoidal V-category C. Assume that, in addition,
C is complete as a V-category, so we have cotensors Y € C such that

C(X7Y‘X)§V(a,C(X7Y)) for X, YecC, aeV.

For a P-algebra A in C and an object & of the functor category VV(P) we define the
d-totalization of A as the end

% A\ O (2
Tots(A) = / (= (A) (). (23)
1€U(P)
Since EP = ©EP is a multitensor, the O-collection co€nd} with
coEnd® (T) = / V(5(i), EE (6., 8)(i)
1€U(P)

is an 0-operad in V' by Lemma 3.2. The main statement of this section reads:

Proposition 4.6. Let P be an 0%-operad in V and A a P-algebra in C. Then the
m0(0)-collection Tots(A) is a natural coEndy -algebra.
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Definition 4.7. We will call the 0-operad co€ ndzg) the d-condensation of P and its algebra
Tots(A) the d-totalization of A.

Remark 4.8. If C = V| the J-totalization (23) can be given by a simplified formula
Tots(A) := / V(5(i), V(A)(3)).
1€U(P)

Proposition 4.6 in this case can be proved using Proposition 4.5 by a straightforward
generalization of [7, Proposition 1.5], see also the appendix to [8].

Proof of Proposition 4.6. We will assume for simplicity that 0 is connected, the general
case can be handled similarly. The action

coEnd} (T) @ Tots(A)T — Tots(A), T €0, (24)

where Tots(A)" = Dy (Tots(A),..., Tots(A)), will be constructed using a natural mor-
phism

Or : Tots(A)T — / DEP(*A, ..., 15 A)(i)Er 00, (25)
i€U(P)
To simplify the notation, we will implicitly assume that the symbols iq,...,i,,

J1y---,Jn and i denote objects of the underlying category U(P). We will also drop ¢*
from the notation, writing A instead of ¢*A. Notice that the target of (25) is equal to

/ / PEL (A, A)(i) D trE00IE 0000,y = T,

so the morphism (25) is the same as a family of morphisms
TOt5(A)T N DEI?(A, s A)(,L)P(T)(zl ..... in;i)®6(i1)(X)...@E(in)7

which satisfy some obvious naturality conditions. By adjunction, this amounts to a family
of morphisms

P(T) (i1, ... in;i) @(i1) @ --- @ 6(in) @ Tots(A)T
—>7>(T)(¢1,...,z'n;i)®DT(5(i1)®/A(j1)5<ﬂ'1>,...,5(in)®/A(jn)éﬁn))
jl jn
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We also have, for each 1 < k < n, the evaluation morphisms

8(ig) ® /A(jk)“jk) — A(iy)

Jk

which induce a map

P(T)(il»-u»in;i)®DT(5(i1)®/A(j1)5(11)7”.’§(in)®/A(jn)5(jn))

— P(T)(i1, ... ,in; i) ® Dp(A(ir), ..., A(in)).

Composing this map with the canonical coprojection to the coend

we obtain the required morphism (25). The necessary naturality conditions for the above
construction is obvious.

Let us finally explain how the map Ur in (25) leads to the action (24). To this end,
observe that a P-algebra structure on A generates a morphism

i15eeeyin

PET(A,...,A)(i) = / P(T)(i1, ..., in;1) ® Dr(A(i1),..., A(in)) — A(i). (26)

The action (24) is then the composition

Cognd?(T) ® T0t5(A)T = (/V((S(Z),EI?((S, .- 75)(7'))) ® TOté(A)T —)id@UT
/V(d(i)E{’ﬁ(d,...ﬁ)(i)) ®/DE;’(AW.,A)(i)E}’(é,-uﬁ)(i) N
/DE%’(A7---,A)(2')5(“ o /A(z')‘“i) = Tots(A)

whose last arrow is generated by (26). We leave a straightforward but tedious verification
that this composition is, indeed, a P-algebra structure to the reader. 0O
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Table 1
Notation.
Name Type of objects Introduced in Typical object
Categories
Qp Batanin’s k-trees Section 1.1 T, 8,...
il N-colored k-trees Section 6.1 T =(T,¢), 8=(8,¢)
Ordo 2-Ordinals Section 1.2 o,N
ord) N-colored 2-ordinals Section 6.1 O =(0,¢c), N=(N,c¢)
LTr Trees with levels Section 6.2 By, ...
Tam} Ord}-labeled trees Section 7 (0,6), (N,~v)
T} a5-labeled trees Section 7 (7,6), (8,7)
Tamy Trees with labeled O -vertices Proof of Lemma 8.5 ¢
'Hng' Trees with labeled O -vertices Proof of Lemma 8.5 3
Operads
£ N-colored X-operad Section 7 tree 8,7,. ..
Tmh N-colored 2-operad Definition 7.1 a5-labeled tree (T, d)
T am} Pruned N-colored 2-operad Pullback (54) 0rd}-labeled tree (O, d)

Part 2. Duoidal Deligne’s conjecture
5. Reminders

In this part we work with many particular examples of operadic categories and their
operads. We included Table 1 to simplify the reader’s navigation through them. We also
briefly recall, following [9] closely, duoidal categories and the necessary related notions.

A duoidal V -category is a pseudomonoid in the 2-category of monoidal V-categories,
lax-monoidal V-functors and their monoidal V-transformations. Explicitly, a duoidal
V-category is a quintuple 2 = (2, 0o, O1, e, v) such that

(i) (2,00, ¢) and (2,01, v) are monoidal V-categories, equipped with
(ii) a V-natural interchange transformation

(XD1Y)\:|0(ZD1W) — ()(DoZ)\jl(YYD()VV)7 (27)

(iii) a map e — eOjqe,
(iv) a map vOpv — v, and
(v) a map e — v.

The above data should enjoy the coherence properties listed e.g. in [9, p. 1816]. Moreover,
we require that v is a monoid in (2, Oy, e) and e a comonoid in (2, 01, v).

A duoidal category Z is called strict if both monoidal categories (2, 0¢,€e) and
(2,01, v) are strict monoidal categories. Since every duoidal category is equivalent to a
strict one by [9, Theorem 2.16], we assume that all duoidal categories in this article are
strict.

A 1-operad in a duoidal category 2 = (2, 0y, 01, €, v) is a collection &7 = {7 (n)}n>0
of objects of & such that
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(i) for each integers n > 1, kq,...,k, > 0, one is given a structure morphism
v (JZ{(kj)l:h s Dlﬂ(kn))ﬂoﬂ(n) — ﬂ(kl + -+ kn), (28)

(ii) one is given a map j: e = &/(1) (the unit) and
(iii) a left v-module structure vOp%/(0) — <7 (0)

such that appropriate axioms are satisfied, see [9, p. 1825] for details. An example is
the operad «7ss with @ss(n) = v for each n € N [9, Example 4.4]. Recall finally that
a multiplicative 1-operad is a 1-operad &/ equipped with an operad morphism

o ss — . (29)

For a duoidal category 2 we denote by Cat(%) the 2-category of (2, O, e)-enriched
categories. As observed by Forcey [18], Cat(Z) has a monoidal structure. The tensor
product x; of two Z-categories # and £ is given by the cartesian product on the
objects level while

(A x1 L)((X,Y),(Z,W)) = (X, Z)01.L(YV, W), for X, Z € A, Y,W € £.

The unit for this tensor product is the category 1, which has one object * and
1,(x, %) = v.

A monoidal D-category K = (F,©®,n) is defined as a pseudomonoid in the monoidal
2-category (Cat(2), x1,1,), see [9, pp. 1820-1821] for a detailed description of this struc-
ture. Each object X € J# has its endomorphism 1-operad Endx in 2 with components

Endx(n) = (O"X,X), n>1,

see [9, Def. 4.7].
A monoid in 2 is a lax monoidal functor 1, — J#. More explicitly, a monoid in %
is an object M € ¥ together with:

(i) a morphism (neutral element) i : n — M,
(ii) a morphism (multiplication) m : M ® M — M and
(iii) a morphism (the unit) u:v — ' (M,M) in 2.

These data should satisfy axioms listed in [9, p. 1823]. The endomorphism 1-operad
Endy of a monoid M € J# is multiplicative by [9, Prop. 4.9].
The center of a monoid M is the following equalizer in Z:

Z(M) = A (7, M) =% # (M, M). (30)

The center has a natural structure of a duoid (double monoid in the terminology of [1])
in . This is, by definition, an object D € & together with



M. Batanin, M. Markl / Advances in Mathematics 285 (2015) 1630—-1687 1661

(i) a structure of a monoid DOGD — D, e — D with respect to the first monoidal
structure of &, and

(ii) a structure of a monoid DO1D — D, v — D with respect to the second monoidal
structure of &

such that suitable axioms listed in [9, p. 1818] are satisfied.
6. Operadic categories of trees and ordinals

In this section we introduce several operadic categories of colored trees and ordinals,
and study various functors between them. We also define endomorphism operads of
collections in duoidal categories and prove, in Theorem 6.4, the existence of canonical
actions on multiplicative 1-operads.

6.1. The category of colored 2-trees

We will need the N-colored version @} of the category Q of k-trees recalled in Sec-
tion 1.1. It is constructed by taking 0 = Q; and € = N in the pullback (5). Explicitly,
an N-colored k-tree is a couple I = (7, ¢) consisting of a k-tree T € Qi and of a coloring
¢: Lf,(T)+1 — N of its set of k-leaves plus one more color ¢(1) interpreted as the
‘output’ color of T. Morphisms (T,¢") — (8, ¢”) are morphisms T — 8 of the underlying
k-trees if ¢/(1) = ¢”’(1), while there are no morphisms if ¢/(1) # ¢’(1). This explicit
description follows the ideas of Tamarkin’s [27].

The category Q) with |J| := Lf,(7) is operadic. The fiber J; of a map f : T =
(T,d) = 8 = (8,¢") over a k-leaf i € |8] is the fiber as in (11), with the coloring of
its k-leaves induced by ¢’ and the output color ¢”(i). One has mo(QY) = N, the chosen
terminal object for n € N being the terminal k-tree W} with its unique k-leaf colored
by n and the output color n.

One analogously defines an N-colored version DrdiI of the operadic category 0rdj
of k-ordinals of Example 1.2. We leave its detailed description to the reader. One has
7r0(0rd§) = N, the chosen terminal object for n € N being the terminal k-ordinal 1}
colored by n, with the output color n.

In the rest of this article we will however need the categories Q and 0rdy, resp. their
colored versions QY and 0rd}, only for k < 2.

Definition 6.1. We will call Q;-operads, resp. Q)-operads, 2-operads, resp. N-colored
2-operads. Similarly, Ords-operads, resp. Ordy-operads, will be called pruned 2-operads,
resp. pruned N-colored 2-operads.

Proposition 6.2. There is a natural Qo-multicotensor O on any duoidal V -category 9 =
(2,00,01,€,v). If D is a cocomplete V-category then the multicotensor O is strong.
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In particular, each N-colored collection & = {&(n)}n>0 of objects in 2 admits its

N-colored endomorphism 2-operad Sndzg = 5ndEoN € OpQE’!(V).

Proof. The proof is based on a simple modification of a construction given in [9, p. 1853].
Let T € Q2 be a 2-tree. Let the 1-truncation of T be {1,...,t}, with its set of 2-leaves
over the 1-vertex d € {1,...,t} being {vf,..., vl }, and let X = {Xc;}1<a<t, 1<i<qs be
a family of objects in 2.

We then define, for 1 < d <'t,

aa Xg101 -1 X ifgg >1
X(?l — d,1U1 14d,qq5 : qd (31)
v, if g4 = 0.
With this notation,®
Ot Dqt—l qu Dql
E\‘j’(Xl,l, . 7Xt,qt) = qu I:Io.)djl Oog--- D()X‘J—l D(]X(‘Tl .
The counit of the multicotensor O is the identity. The comultiplication
Uo D‘J’HDS(DU‘I,...,D‘J’,C) (32)
corresponding to a morphism o : T — 8 in Qo with fibers 77,...,T% can be described

by induction. We do not provide the details here but refer to the construction of the
morphism X7 in the proof of [9, Lemma 11.13] which is exactly the comultiplication
lle in the case when all members of the family X are equal to the same object X. The
argument however does not depend on this difference. We will repeat the same kind of
construction in the description of the endomorphism 2-operad £ ndsg in the second part
of this proof.

The proof that O is a strong multitensor also goes by an induction following the
construction of the comultiplication, using the fact that both Og, 07 are V-functors and
the interchange morphism (27) is a V-natural transformation. We leave the details to
the reader.

As shown in (20), the Qp-multicotensor O induces an Q5-multicotensor ON. The
N-colored 2-operad Sndf;? € Dpﬂg(V) of an N-collection & = {&(n)},>0 in Z is the
endomorphism operad related to this multicotensor as in Lemma 3.3. We describe it in
detail because we will need this description later.

We start by associating, to each N-colored 2-tree T = (T, ¢) € Y, the O-power &7 of
& as follows. Let the 1-truncation of the underlying 2-tree T be {1,...,t}, with its set

of 2-leaves over the 1-vertex d € {1,...,t} being {v{,... vl }.

8 Observe the reversed order of the factors.
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& & &) (& & &)
0 O - Oy 0 O - Oy

Fig. 1. An ‘ideological’ picture of &7. Leaves of height 2 (resp. 1) are decorated by & = {&(n)}n>0
(resp. v). The decorations of vertices of height 2 (resp. 1) are then multiplied by O; (resp. Og), with
the O7-multiplication performed first. For brevity we did not show the colors.

We then define, for 1 < d <'t,

o0 _ E(c(vf))or - & (c(vd)), ifqa>1
7 v, if qd = 0.

With this notation,
qt at—1 q2 q1
éﬂ- :Zé&f?l Doggl?l Do"'Dongl Doé":?l .

We believe that the portrait of &7 in Fig. 1 borrowed from [9] clarifies our definition.
Define finally

End™ (T) = 2(67,6(n)),
where n is the output color of J. Let us describe the operad multiplication
u(f): End=(T)® - ® End®(T),) ® End™ (8) — = End™ (T) (34)
corresponding to a morphism f: T — 8 in @) with fibers Ty, ..., T. For
665 = &(n) € End=(8) and ¢;: 6T = E(ny) € End™(T,), i € 8],
we use an auxiliary natural morphism
O (p1,... 1) 8T — &5 (35)

described below, and define u(f) by the formula

w1 @ d, @) = do® (41,..., ).
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Let us define (35). Suppose first that tr1(8) = (1), so 8 is the suspension of the 1-tree
(1,...,k). In this case the exchange rule (27) in 2 induces a natural map

&7 — 7m0 6T
and ®7(¢q, ..., ¢p) is the composite

¢101--01¢k
- >

of
T e, . 0 & &E(ny)0y - D E(ng) = &5.

To address the general case denote, for T1,To € ), by T3 V Ty the colored 2-tree
obtained by identifying the root of J; with the root of J5.” Observe that

T VT2 = gTig g7, (36)

A general 8 uniquely decomposes into the product 8; V --- vV 8, of the suspensions of
1-trees; f : T — 8 is then of the form

f=HAV- -V T=T1 V- VT, —8 V- ---V§, =8. (37)
Suppose the fibers of f, : T, — 8§, are T‘f,...,ﬂ';a, 1 < a < s, then the fibers of f are

Ty, Tp=T1,...,7}

'S 'S
LT T

For qﬁg:éﬂg — &(ng) we define ®f(¢1,..., ¢} ...,gbf,...,qﬁzs):éﬂﬁcfs by

p1’
(I)f((bia '7¢;;17"'7¢i7"'7¢55) = @fl(d)%, 5¢11;1)D0"’Doq)fs(qsia"'a(ﬁss)? (38)

where we tacitly used (36). This defines (35) for arbitrary trees. O
6.2. The category of leveled trees

The category LTr has objects planar rooted trees with three types of vertices: ‘white’
vertices O, ‘vertical’ vertices ® and ‘horizontal’ vertices @.'° These vertices may have
arbitrary arities > 0 and are lined up into levels of two types:

(i) levels consisting of white vertices O and/or vertical vertices ®, and
(ii) levels consisting only of horizontal vertices @®.

An example of a tree in LTr is given in Fig. 2 which uses the convention that leveled
trees are drawn horizontally, with the root on the left. Morphisms in LTr are generated
by three types of ‘elementary’ morphisms:

9 In [9] we denoted this operation by J1 + T.
10 The terminology will be explained in Section 6.3.
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789 10

6

3 4

Fig. 2. A tree in LTr. It has 7 levels numbered from the left to the right, 4 of type (i), 3 of type (ii). The
vertices on the same level and the input leaves are ordered from the bottom up.

Type 1. Maps of trees f : § — «, where « is obtained from S by choosing two adjacent
levels and contracting all edges connecting vertices in these two chosen levels. This
contraction results in a single level with vertices determined by the following rules:

(i) contracting an edge adjacent to a O-vertex produces a O-vertex,
(ii) contracting an edge connecting two ®-vertices or a @-vertex with a ®-vertex pro-
duces a ®-vertex and
(iii) contracting an edge connecting two @-vertices produces a @-vertex.

If we ‘order’ the types of vertices by
®<®<0O (39)

then the above rules say that the ‘higher takes everything.’

Type 2. Maps of trees f : 8 — «, where « is obtained from 3 by replacing a ®-vertex by
a O-vertex of the same arity, or by replacing all @-vertices in the same level by ®-vertices.
Therefore only replacements that increase order (39) are allowed.

Type 3. Maps of trees f : 8 — «, where « is obtained from £ by introducing a new level
consisting only of O -vertices of arity 1.

We require the following relations between these elementary morphisms: a contraction
of two levels does not depend on the order, contractions commute with replacement of
vertices, and introducing a level and then contracting it is an identity morphism.

The category LTr is operadic. The cardinality functor LTr — FSet assigns to § € LTr
the set O (3) of its white vertices. The fibers of a map o : f — « are preimages of white
vertices of a. Trees in LTr belong to the same connected component if they have the
same arity (= number of input edges), one therefore clearly has mo(LTr) = N. The (in
this case unique) terminal objects are white corollas O™ of arity n € N.
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2 30021 1

10

Fig. 3. An N-colored 2-tree corresponding to the leveled tree of Fig. 2.

There is an operadic functor

Q:LTr — Q) (40)

assigning to 8 € LTr an N-colored 2-tree ' = (T, ¢) defined as follows. Assume that the
white and vertical vertices of [ are lined up, from the root down, as in the table

1 1 1

vy 5 e )

’U% 'U% e 'U2
” (41)

t t t

V] U5 . UQt

(the table therefore does not show type (ii) levels). The 1-truncation of T is the 1-ordinal
{1,...,t} represented by the corolla with ¢ leaves numbered from the left to the right.

The leaves of T are elements of the set'!

{v(‘j, 1<ce<t 1<d<gq., vjis White}. (42)

The leaf v§ is connected to the cth 1-vertex c. Finally, the color c¢(vj) of the leaf v§ is
the arity of the vertex v}, while the output color ¢(1) of T is the arity of 3. We put
Q(B) :=(T,¢). An example of this construction is in Fig. 3. Observe that the functor €
in (40) does not see horizontal vertices.

6.3. Endomorphism object for leveled trees

By Proposition 6.2, each collection & = {&(n)}n>0 of objects of a duoidal category
2 = (2,00,01,e,v) has its N-colored endomorphism 2-operad Endsg. Likewise, one
can define an LTr-collection Endy™ = {Endy™ ()} serry Which becomes, under the mild
assumption of the commutativity of diagram (49) below, an operad in 0p“™* (V).

Its construction is similar to the one in the proof of Proposition 6.2. Assume that all
(not only O- and ®-) vertices of a leveled tree 5 € LTr are organized as in the table

1136 we use the same symbols for both the white vertices of 8 and for the leaves of T.
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u% u% e uzln
2,2 2
uy U3
. (43)
woub el
Notice that necessarily p; = 1. Then we define, for 1 < b </,
=L b b
éaﬁ = éa(ul)Dl---Dlé”(upb),
where, for 1 < ¢ < py,
&(nl), if ul is a white vertex of arity n®,
El) =1 v, if u? is a vertical vertex, and (44)

e, if u? is a horizontal vertex.

Vertical vertices ® are therefore represented by the vertical unit v and the horizontal
vertices @ by the horizontal unit e, which explains the terminology. Finally we put

&%= &5 0y 0o T
or, in the expanded form,
&P = ((g(u{)gl s D1£(U£¢))Do e \:‘0(@@(“%)[‘1 e DW@(U;I))? (45)

and define Endy*(B) := 2(&7,&(n)) with n the arity of 3.
One has a natural morphism of LTr-collections

A: Ends™ 5 Q*End® (46)
whose components
Ag : EndS=(B) — End™ (T), B € LTz, T = Q(B),
are induced by a natural map
Op: 7 — &P (47)

defined as follows. Let us introduce first an auxiliary reduced O-power

_ Py Pg—1 P2 —P1
&8 = é"gl DO@@BDI DO"'DOggl Dofg)gl
whose factors are, for 1 < b < /£, given as

Zom . émll)b, if the bth level of g is of type (i), and
. e, if the bth level of S is of type (ii).
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Clearly, & is obtained from &7 by replacing multiple O;-powers of e by a single
instance of e. The comonoid structure

e — ele (48)

therefore gives rise to a canonical map w : &% — &°. More precisely,
— — P ——P1 Py p1
w=w'lp--Oow' : &¥ =&5" Op---0oby0 — &7 =6&5" Do+~ D5

where @? : c??zl}b — éaBD i)b? 1 < b < /¥, are the following canonical morphisms.
If the bth level of 3 is of type (i), then @ is the identity c?gfb = éffb. When the bth

level is of type (ii), then by definition gag’{b = e while éffb = e -+ - O1e (pp-times). In
this case we take as w;, the map given by iterating the comonoid structure of e.
Comparing the definitions of &7 and &7 we see that & differs from &7 by (possibly
multiple) Og-products with e and/or Op-products with v. Recalling that e (resp. v) is the
unit for the horizontal (resp. vertical) multiplication in 2, we conclude that &P and &7
are canonically isomorphic. The map Ag in (47) is the composition &7 = &8 =5 &7,

Remark 6.3. One can check that if the diagram

elje —— el1v

R o

vdje ——e¢

induced by the canonical map e — v and by the unit constraint for v commutes, the
construction of Section 6.3 gives rise to an LTr-multicotensor that induces a natural
LTr-operad structure on Endy~.

This in particular happens when the comultiplication (48) is an isomorphism, in which
case w is an isomorphism, too, and A is an isomorphism of LTr-operads. An important
instance of such a situation is when & is the duoidal category 8p»(C, V') of span V-objects
over a small category C [9, Def. 6.3].

Theorem 6.4. For each multiplicative 1-operad </ in a duoidal category & there exists
a natural map of LTr-collections

UM Endslr (50)
such that the composite
=0 Y endttt A 0 End® (51)

is a morphism of LTr-operads. If the diagram (49) commutes, all maps in (51) are operad
morphisms.
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Proof. The map (29) gives rise to a map «, : v — &/ (n) and, when precomposed with
the canonical map e — v, to a map «, : e — & (n) for each n > 0. By the definition
of J%* morphism (50) is determined by specifying a map g : &/? — o/(n) for each
B € LTr, where n is the arity of 8. Assume again that the vertices of 5 are as in table (43)
and denote, only for purposes of this proof,

A (B) = (/(n§)01 - 01 (nh,)) 0o+ Oo (& (ng) 01 - 01 (n)) (52)

where ng is the arity of the vertex UZ, 1<b</4,1<c<py. Itisclear that the structure
morphisms (28) of the 1-operad & give rise to a map v : & (8) — </ (n).
For o/ (ul) as in (44) define w? : & (ul) — o7 (nb) by

the identity id : & (nb) — o (nb), if u® is white
w? := < the map a, : v — & (nb), if u? is vertical, and
the map a. : e — &7 (n?), if u? is horizontal.
Comparing (52) and (45), we see that the above maps assemble to a morphism
wg P — o (B) (53)
We finally define ¥g : &/” — </ (n) as the composite

s 5 o (8) L o (n).

The category LTr was designed to model the ‘pasting schemes’ for multiplicative
1-operads and all related constructions were ‘tautological” This makes the desired prop-
erties of the above objects obvious. 0O

7. The Tamarkin operad

We are going to give an alternative definition of Tamarkin’s operad seq acting on
dg-categories and study various related categories and operads. The second part of this
section is devoted to the construction of the functor (56) needed in Section 8. We consider
as in the introduction to [7] the pruned N-colored 2-operad T am} given by the pullback

T amb K® Jay

o

Des>(c
Desy(L£(3)) Do) Desy(K®))

where £3) is the second filtration of the lattice-path operad, K(?) is the second filtration
of the complete graph operad of Berger [12], ¢ : £3) — K@ is the complexity index
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Fig. 4. A tree § € £3(2,3,0,0,2,1,1;10).

functor and as is the canonical internal 2-operad in K(?) consisting of 2-ordinals. The
prominent réle of T amy' is given by the fact that the operad seq of [27, §5.6.1] acting on
dg-categories equals its restriction along the pruning functor (12). To keep the notation
compatible with the rest of the paper, we denote the Tamarkin operad by 7m)} and take
the above observations as its definition.

Definition 7.1. The Tamarkin operad TmY is the restriction p* T am} of the pullback (54)
along the pruning functor p : @5 — 0rd}.

An alternative description of TmJ is given in Remark 8.2. Without going into details of
all objects above, we give below an explicit description of 7 am} and the related objects.

It was shown in [8, Prop. 4.10] or [7, Prop. 2.14] that £ is isomorphic to the
Tamarkin-Tsygan operad [28]. Our exposition will use this description of £(). The
operad £ is an ordinary symmetric N-colored operad in the monoidal category Set of
sets. Its component 6(2)(711, ...,ng;m) is the set of planar rooted trees ¢ with m input
leaves and two types of vertices:

(i) white vertices O labeled 1,...,k such that the ith vertex has arity n;, and
(ii) black vertices @ of arbitrary arities different from 1.

We moreover require that ¢ has no internal edge connecting two black vertices. An
example is given in Fig. 4.
The symmetric groups permute the labels of white vertices. The o;-operation

L(Z)(nl,...,nk;m) xﬁ(z)(ml,...,ml;ni)
—>L(Q)(nl,...,ni,l,ml,...,ml,nHl,...,nk;m)
inserts the tree v € £®)(my,...,my;n;) to the ith vertex of § € £ (ny,...,ng;m) and

contracts the edges connecting two black vertices if necessary. The units are represented
by planar corollas whose unique vertex is white.
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There is a canonical complementary order [4, Def. 2.2] on the set O () of white vertices
of a tree § € £(2) given as follows. For 4,5 € O (0),

(i) i<9 j if and only if there is a directed path in ¢ from i to j, and
(ii) <y j if and only if the edge path connecting ¢ with the root lies on the left from
the path connecting j to the root, where ‘left’ refers to the planar structure of §.

The following definition will be useful in the sequel; recall that N-colored 2-ordinals
were reviewed in Section 6.1.

Definition 7.2. An 0rd}-labeled tree is a couple (0O, 6), where § € £ and O € 0rd} is
an N-colored 2-ordinal whose underlying set is O (4) and the coloring given by the arity
of the corresponding vertex of §.

Let < be some complementary order on the underlying set of a 2-ordinal O. We say
that O dominates < if, for all 4,5 € O,

Z'Déo J if 1<07j, and i<y j if t <1 J. (55)

The pullback (54) represents the pruned 2-operad T am} as a suboperad of the desym-
metrization of the operad £(?) whose arity-©O operations are Ord)-labeled trees (0O, 6)
such that O dominates the canonical complementary order on the set O(d) of white
vertices of 9.

Let us define the operadic category Tam) as the Grothendieck construction of Propo-
sition 2.5 applied to the pruned 2-operad T am). By definition, the objects of Tam) are
pairs (0, 6) € Tam}(O) of 0rd}-labeled trees such that © dominates the canonical com-
plementary order on O (d). The rest of this section will be devoted to the definition of a
functor

u : LTr — Tam), (56)

where LTr is the category of leveled trees introduced in Section 6.2. This functor will
play a key rdle in Section 8.

We start by noticing that the set O (8) of O-vertices of 8 € LTr has a natural lexi-
cographic order defined by saying that u < v if the level of u is closer to the root than
the level of v; if u lies on the same level as v then u < v if and only if w is on the
left from v in the sense of the planar structure of 5. Given a leveled tree § € LTr, we
consider an Ord)-labeled tree u(8) = (O, B) with O := p(Q(B)), where Q : LTr — @} is
the functor in (40), p : @Y — 0rd) the pruning functor, and 3 produced from 3 in four
steps:

(i) labeling the white vertices of 5 by 1,..., k using the above lexicographical order,
(ii) forgetting the level structure of f,
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Fig. 5. The cases ¢ <( j (two left pictures) and i <1 j (rightmost picture).

(iii) converting all ®-vertices of 3 to @-vertices and
(iv) contracting edges connecting two @-vertices and erasing all @-vertices of arity one.

As an exercise, we recommend to check that applying the above steps to the tree (8
in Fig. 2 produces the tree in Fig. 4. To show that indeed u(8) = (OQ,5) € Tam)
means to verify that the 2-ordinal @ dominates the complementary order generated
by B. )

Let i <g j in O and let w;, w; be the corresponding white vertices from /3. The relation
i <o j means that, in 8, the vertex w; lies on the level closer to the root than the level
of w;. There are two possibilities: either w; and w; are connected by a directed path and
then w; <9 w; in O (B), or there is no such a directed path, in which case either w; <; w;
or w; <y wy in S. The domination condition (55) clearly holds for the pair 4,j in this
case.

Assume that ¢ <; j in O. This means that w; precedes w; in the lexicographical order
and also that there is no directed path connecting w; and w; in 3. Hence w; <1 w; in
O (B) which finishes the verification that O dominates 5. The idea is indicated in Fig. 5.

A morphism ¢ : (0,§) — (N,~) in Tam) is, by definition of the Grothendieck con-
struction, an |N| 4 1-tuple

(07 (01,51)7---7<0k75k>) (57)

where o : @ — N is a morphism of 2-ordinals, Q; = o~1(4) and (Q;,6;) € Tam(0O;),
i € |N], are such that

m((olyél)a'"7(Ok76k);(N77)) = (075)7 (58)

where m is the multiplication in the pruned 2-operad T am}.

For any morphism f : 8 — «a in LTr, the functor  : LTr — Q) induces a map of
2-trees Q(f) : Q(B) — Q(«) so, denoting O := p((B)) and N := p(Q(a)), we have the
induced map

0: 0 —N, o:=p(Q(f)) (59)

of N-colored 2-ordinals.
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To define the functor u : LTr — Tam) on morphisms, it suffices to specify it on
elementary morphisms listed in Section 6.2. Let f : 8 — « be an elementary mor-
phism of Type 1 collapsing two consecutive levels. Each O-vertex w of « has the fiber
f~1(w) € LTr. Such a w also corresponds to a unique element i = i(w) of the 2-ordinal
presented N = p(Q(a)). So, we associate to w the element (Q;,d;) := (o7 1(i), f~1(w)) €
Tam) (0~ 1(i)). It is easy to check that then (58) with (O;,d;) as above, (O,6) := u(f)
and (N,7v) := u(«) is satisfied, so we constructed a morphism u(f) : u(8) = u(a) in
Tamg.

If f: 08 — «is an elementary morphism of Type 2 that replaces a level of @-vertices
by a level of ®-vertices, then clearly u(5) = u(a) and we define u(f) to be the identity
morphism.

Assume that f : f — « replaces a ®-vertex of § by a O-vertex w and denote by
e = e(w) the corresponding ‘exceptional’ element of the 2-ordinal N. To describe the
fibers of f : B — « and of the induced map (59) denote, for ¢ € N, by 1¢ € 0rd}) the
terminal 2-ordinal whose input and output colors equal ¢, 05 € 0rd} the initial 2-ordinal
whose output color is ¢, and by O¢ (resp. ®°) the O- (resp. ®-) corolla of arity c¢. With
this notation,

F ) = {OC”, if v # w, and

®, ifv=uw,
where ¢, is the arity of a O-vertex v of a. The induced map (59) is an inclusion and
. {lgi, if i # e, and
o (u) = ‘
05, ifi=e,
where ¢; € N denotes the color of i € §. We define u(f) : u(5) — u(a) by taking in (57)
(15,0%), ifi#e, and

(04,6;) == { ) ) .
(055,®%), ifi=e.

The discussion of Type 3 elementary morphisms f : f — « is analogous. The excep-
tional fibers of f are now the exceptional trees | with no vertices, while the exceptional
fibers of the induced map o : O — N are the initial of 2-ordinals 15 with the output
color 1. This completes the definition of the functor wu.

8. Action of the Tamarkin operad

The aim of this section is to prove the following statement in which 7m} is the
Tamarkin operad recalled in Definition 7.1.

Theorem 8.1. For any multiplicative 1-operad </ in a duoidal category one has a natural
action

Tm) — End. (60)
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Proposition 2.5 associates to the operad Tam} the operadic category Tam), together
with a discrete operadic fibration

s Tamg — Ordg.

By (16), Tam) = s/(32), therefore Tm) = p*(Taml)) = p* (s;(fiTamIs)), so the map
in (60) is the same as a morphism
N
p* (51(3Ta‘"§)) — Endgj. (61)

On the other hand, define the operadic category Tm) using Proposition 1.9 as the
pullback of operadic categories:

p
QY ——— ord).

The induced functors of the associated categories of operads enjoy the Beck—Chevalley
property by Proposition 2.8, so

p* (s1(372)) =2 1y (r*(3T2)). (63)
The map in (61) is thus the same as a morphism
N
t(r* (ﬁTa‘“g)) — 5nd§f
which is, by adjunction, the same as an operad morphism
N N
r*(JTa’“g) —t* (€nd2§).

Since clearly r*(ﬁTamlg) = "T“‘g, Theorem 8.1 will be proved if we construct a natural

morphism
N
A t*(End™). (64)
Remark 8.2. Notice that r*(jTamI;) = 3™ together with (63) implies that Tm) = t;(ijI;),

so TmY is the result of the application of the functor inverse to the Grothendieck con-
struction to the discrete fibration Tm} — Q5.
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It is obvious that the diagram

v N
LTr ——— Tam,

Q\L ls
p
QY ——— 0rdl)

in which Q : LTr — @} is the functor (40) and u : LTr — Tam} the functor (56) commutes,
so we have the induced operadic functor w : LTr — Tm} to the pullback of (62) as in the
commutative diagram

u

LTr X\

T
o Tmy —— Tamy (65)
ty Vs
o — 2~ ordl.
Recall that we already constructed a canonical morphism (51) of LTr-operads

N
=M S QF(EndR).

N N
By (GEL), tw = Q, so Q*(Endij) = w*(t*(é'ndi?)). Noticing the isomorphism J* =
w*(I™2), we see that we therefore also have a natural morphism of LTr-operads

N
T w (3™ — w* (7 (End™)). (66)
The requisite map in (64) will be constructed by ‘inverting w*’ in (66), using:

Lemma 8.3. Let F : 0 — P be an operadic functor and P,O € 0pF(V). Assume that F
is surjective on objects. Suppose we are also given a morphism ¢ : F*(P) — F*(O) of
0-operads such that, for arbitrary Q', Q" € 0 such that F(Q') = F(Q"),

s F*P(Q") — F*O(Q") equals <or : F*P(Q") = F*O(Q"). (67)
Then there exists a unique morphism p : P — O of P-operads satisfying ¢ = F*(p).
Proof Lemma 7.3. For T € P choose @ € 0 such that 7' = F(Q). Since F*P(Q) = P(T)
and F*O(Q) = O(T'), we may define pr : P(T) — O(T) by pr = sg. We leave as an

exercise to verify that the collection p = {pr} is a well-defined morphism of operads. O

We wish to apply the lemma to the situation when 0 = LTr, P = Tm}, F is the
N
functor w in (65), P = 3™, O = ¢* (Endif;) and ¢ the morphism e of (66). Since w is
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clearly surjective on objects, we only need to verify (67). In this particular case it means
that, given ', 3" € LTr such that w(8’) = w(8”), Tg = Ypr. Recalling again that
JLTT — w*(JT’“Q) and tw = , we easily see that it is enough to prove:

Lemma 8.4. Let Z = {=5} : I'1* — Q*(é’ndfg) be the composite (51). If 3, 8" € LTz are
such that w(p") = w(B"), then Vg = Vg,

As the first step in proving Lemma 8.4 we characterize, in Lemma 8.6 below, pairs
B', 3" € LTr having the same w-image in Tm}. For this, the following alternative descrip-
tion of objects of the categories Tam) and Tm) will be useful.

Lemma 8.5. Objects of Tam) can be described as the isomorphism classes of planar
rooted trees ( with white vertices O, vertical vertices ® and horizontal vertices @. While
O -vertices have arbitrary arities > 0, @-vertices have either arity > 2 or 0, and all
®-vertices are of arity 1.

We moreover require that ( has no internal edge connecting two @-vertices and no
internal edge starting from o @-vertex and ending in a ®-vertex, i.e. the following
edges

o t—0 oy u—O (68)

are not allowed. Finally, O - and ®-vertices are lined up in levels such that each level
contains at least one O -vertex.

Objects of Tm) can similarly be identified with the isomorphisms classes of trees as
above, but this time allowing also levels consisting solely of ®-vertices.

Proof. Let us denote provisionally by f;mg the set of isomorphism classes of trees which,
according to the lemma, should describe objects of Tam), and let T‘E@ be similarly related
to Tm}. We are going to construct two couples of mutually inverse maps,

¢ 4
— — — —
Tam) ¢ Tam) and Tm) . Tm) .
~ ~—

While the definitions of ¢ : f:mg — Tam) and o : ﬁ@ — Tm) are very simple, our
constructions of their inverses will involve intuitive geometric arguments. A formal com-
binatorial construction should use a straightforward but lengthy induction on the number
of vertices of the trees involved. We leave it to the interested reader.

Before we begin, notice that each planar rooted tree w with levels of O - and ®-vertices
determines an N-colored 2-tree Q(w) € QY by same procedure as described for the leveled
trees of LTr in Section 6.2. That is, we organize O- and ®-vertices of w to table (41); the
1-truncation of Q(w) will then be the set {1,...,¢} and its 2-leaves the same as in (42).
The N-coloring of the 2-leaves of Q(w) is given, as always in this article, by the arities



M. Batanin, M. Markl / Advances in Mathematics 285 (2015) 1630—-1687 1677
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Fig. 6. A 2-tree J € SZI;’ and its pruning O = p(J) € Urdg‘

Fig. 7. The tree ¢ = (0O, ) € Tam).

of the corresponding O-vertices. It is clear that Q(w) is pruned if and only if w does not
have levels consisting solely of ®-vertices.

Let us describe ¢ : Tam) — Tam). As in Section 7, the level structure of ¢ € Tam)) in-
duces the lexicographic order on the set O (¢) of its white vertices. We label the O -vertices
of ¢ by {1,...,k} accordingly, remove the levels and denote the resulting tree by (.

Since, by assumption, all levels of { contain at least one white vertex, the 2-tree
Q(¢) is pruned and can therefore be interpreted as a 2-ordinal. Then, by construction,
#(¢) == ((¢),¢) is an 0rd)-labeled tree. It is moreover clear that the 2-ordinal Q(()
dominates the canonical complementary order on O (), so in fact ¢(¢) € Tam}.

On the other hand, take (O, §) € Tam} and define ¢ = ¥(O, ) € Tam) as follows. First,
organize the O-vertices of 0 to levels such that 2(d) = O. The domination condition for
(O, 0) guarantees that it is possible. Then move the @-vertices of d so close to the root

that none of the edges &@-4———=@® intersect a level line and that none of the @-vertices
lies on a level line. Finally, introduce unary ®-vertices at the intersection points of the
level lines with the edges of 8. Then ¢ : Tam) — Tam) and ¢ : Tam) — Tam)) are obviously
mutual inverses.

For instance, if O is the N-colored 2-ordinal represented by the pruned N-colored 2-tree
in the right side of Fig. 6 and d the tree in Fig. 4, then (9,4) € Tam}, and (9, d) € f§m§
is the tree in Fig. 7.

Let us describe o : "/l"\r/ng] — Tm). Notice that elements of Tm} are, by the definition
via the pullback in (62), couples (J,0) such that T € Q) and (p(7),8)) € Tam), where
p(T) € 0rd} is the pruning of the N-colored 2-tree J. We can call couples (T,8) € Tm)
oY -labeled trees.
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Fig. 8. The tree £ = ¢(J,6) € Tn).

For ¢ € Tm) denote by p(€) be the tree obtained from ¢ by removing levels all consisting
only of ®-vertices. Clearly p(¢) € Tam}, so it makes sense to put & := ¢(p(¢)). It is then
clear that the rule £ — (Q(€), #(p(€))) defines a map o : Tm) — Tm).

Let us construct its inverse ¢ : Tm) — Tm). Suppose that (T,8) € Tm). As we already
observed, (p(T),d) € Tam), so we may use the previous construction and consider, as
an intermediate step, the tree ¢ := z/;(p(fT),5) € ”Fa?n%’ The tree £ = ¢(T,9) will be
constructed by adding additional levels of ®-vertices of arity 1 to ¢ as follows.

Let try(T) = {1,...,u} and try (p(T)) = {1,...,t}. If t = u, there is nothing to do as
T is pruned; in this case we take £ := (. Assume therefore that ¢ < u.

Since try (p(7)) is a subset of tr1(J), we have an inclusion ¢ : {1,...,t} < {1,...,u}.
The complement {1,...,u} \ Im(¢) is the disjoint union S; U --- U Sy of non-empty
intervals. For instance, for T as in Fig. 6, tr(T) = {1,...,8}, tr1 (p(7)) = {1,2,3},
Im(:) = {2,5,7}, so

(1,...,8\ Im(s) = (1) U (3,4) U (6) U (8).

For i, 1 <i < k, such that t ¢ S;, let r; := ¢~!(max(S;) + 1). In the example above,
r1 =1, ro = 2 and r3 = 3. For each such an 7 we add to ¢ card(S;) new levels consisting
of ®-vertices of arity 1 placed above the r;th level of  so close to it that all vertices of
¢ above this level are also above these newly introduced levels. If ¢ € S;'? we introduce
card(S;) new levels of ®-vertices of arity 1 intersecting the input leaves of (.

We denote the resulting tree by £ and define ¢(J, d) := £. We believe that Fig. 8 makes
the construction of 8 out of ¢ obvious. It is also clear that the maps o : :frvng — Tm) and
¢ : Tm) — ﬁﬁ§ are inverse to each other, showing that fzﬁ§ =~ Tm). This finishes the
proof. O

In the description of Lemma 8.5, the w-image of a leveled tree 8 € LTr in Tm) can
be obtained in four steps. First we forget all type-(ii) levels of 3, so the @-vertices are

12 This may obviously happen only when i = k.
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Fig. 9. The w-image of the tree 8 € LTr from Fig. 2.

allowed to move freely. In the second step we split all ®-vertices of arity n > 1 into
one @-vertex of arity 1 followed by n ®-vertices of arities 1, graphically:

%

The third step removes all internal edges starting at a @-vertex and ending at a ®vertex
by allowing @-vertices to penetrate through ®-vertices as in:

)

S

)

!

In the final step we contract all edges connecting two horizontal vertices and remove
horizontal vertices of arity 1. The result is the image w(f).

We leave as an exercise to show that if we apply the above steps to the tree 5 in
Fig. 2, we get the tree w(f) in Fig. 9. The following lemma describes all 5’s in LTr with
the same w-image.

Lemma 8.6. Let 8/, 3" € LTr. Then w(B') = w(B") if and only if B is obtained from [’
by a finite sequence of the following elementary moves and their inverses:

(i) introducing a new level of horizontal vertices of arity one,
(ii) choosing two adjacent levels of horizontal vertices and contracting all edges con-
necting vertices in these two chosen levels, creating one level of horizontal vertices,
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(iii) replacing an arity-1 vertical vertex followed by an arity-n horizontal vertex with an
arity-n vertical vertex followed by an arity 1 horizontal vertex:

(iv) replacing an arity-1 horizontal vertex followed by an arity-n vertical vertex with an
arity-n horizontal vertex followed by an arity 1 vertical vertex:

Notice that moves (iii) and (iv) are ‘local’ in that they do not change the level structure
of 8 and that one can be obtained from the other by interchanging the roles of ® and @.

Proof of Lemma 7.6. It is immediate to see that none of the moves changes the w-images.
Therefore, if 8 and 8" differ by a sequence of the moves and their inverses, w(f’) =
w(B”).

To prove the opposite implication, let us say that a leveled tree § € LTr is in the
canonical form, if B has no levels consisting only of @-vertices of arity 1, and no internal
edges as in (68). It is obvious that, if 8’,3” € LTr are in the canonical form, then
w(B’) = w(B”) if and only if §/ = B” in LTr. The proof is finished by observing that
each 8 € LTr can be brought to the canonical form by a finite sequence of moves (i)—(iv)
and their inverses. 0O

Lemma 8.7. Let &7 be a multiplicative 1-operad < in a duoidal category 2. If two leveled
trees 5, 8" € LTr differ by a finite sequence of elementary moves listed in Lemma 8.0,
then the structure morphisms

Ep(I): 77 — (n) and Zpn(I): o7 — o (n),

where T := Q(F') = Q(B”) and E = {Eg}gerrr s the morphism (51), are equal.
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Proof. Expanding the definitions we see that we must establish that the diagram

/ wp’
b A — e (B
77 o, e () (69)
P’ w[j//; ﬂ(ﬁ”)
in which 6g/,6g+ are the maps (47), wg,wgr the maps (53) and ~g:,vg~ the operad
compositions, commutes for each move of Lemma 8.6.
Move (i). Assume that 8" is obtained from S’ by adding a level of horizontal vertices
of arity 1. It follows from the defining formula (45) that there are some Qflﬁ AP e
such that
% =g 0o while 77" =" Ooleny - D1e)00 .

Likewise, it follows from (52) that there are some «7(8’), 2,.(8') € 2 such that

o (B') = #4(B") Do, (B') while o (8") = #4(8)00(#(1)01 - D147 (1)) Do ().

The unitality axiom [9, Def. 4.1] for 1-operads then implies the commutativity of the
diagram

o 0padf (8" 0o, (B)

e —__

%B/Doeﬂoﬂrﬁ/ o (n)
| _—

%B,Do(e\jl cee D]_@)DQMFBI L— M(ﬁ/)\jo (527(1)\31 R Dlﬂ(l))ﬂoﬂfr(ﬁ/>

which, along with the obvious commutativity of

9 "Z{lﬁ Do
B

T e
g7 ;z{lﬁ Doeljosz/fl

T '

7 Doleny - - Oye) Do)

implies the commutativity of (69).

Move (ii). By analyzing the definitions of the objects involved in (69), we easily see that
its commutativity would follow from the commutativity of the diagram
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(e\jl re Dle>D0€ —_— (’UD1 <. \:|1’U>D0U

| -

€ v

whose left vertical arrow is constructed in [9, Example 4.5, and the remaining arrows
are induced by the monoid structure of v and by the canonical map e — v.

Mowe (iii). The commutativity of (69) would in this case follow from the commutativity
of

(eDy -+ - O1e)0ov — (vOp -+ - O1v)dov

| :

edopv vOopv

whose maps are induced by the comonoid structure of e, monoid structure of v and the
canonical map e — v.

Move (iv). The commutativity of (69) would follow from the commutativity of the dia-
gram

(’UDl cee Dl’l))D()e —_— (’UD1 v Dl’l))D()v

:l l: (72)

vOpe vOov

whose arrows are given by the module structure of v and the canonical map e — v. The
commutativity of diagrams (70)—(72) above is however an easy consequence of general
properties of duoidal categories. 0O

9. Duoidal Deligne’s conjecture

Let & be a complete V-category and 6 : A — V a cosimplicial object in V. Recall [9,
§5.2] that the d-totalization of a cosimplicial object ¢ : A — & is the V-enriched end

Tots(¢) := / p(n)°™ € 2.
nen

By Proposition 5.2 of [9], any multiplicative 1-operad &7 in 2 bears a canonical structure
of a cosimplicial object A = {7 (n),n > 0} in 2. In Definition 5.3 of [9] we introduced
the Hochschild §-object of an &7 as the d-totalization

CHs(o/) := Tots(A).
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We claim that the canonical cosimplicial structure on &7 is induced by the action (60)
of the 2-operad 7m). By this we mean that the underlying category U(7m}) is the
simplicial category A and that A = 1*(.7), where (* is the functor (22) with P = Tm}
and C= 2.

It follows from definition that the objects of the underlying category U(Tm)) are
natural numbers. Its hom-sets are

U(TmQN)(i,n) = TmQN(UQ(i, n)), i,neN,

where Us(i,n) is the terminal 2-tree Uy with its unique 2-leaf colored by ¢ and the root
by n. Morphisms in U(7m})(i,5) are thus represented by trees as in Lemma 8.5 with
one O-vertex of arity i, no ®-vertices, and n leaves. It is obvious from this descrip-
tion that 7m} and £®) have isomorphic underlying categories, while U(L(2)) =~ A by
[7, Lemma 2.5]. The identification A = (*(.«7) is now a simple exercise. We conclude
that

CH;(o) = Tots(),

where Tots(</) is given by (23).

As we already recalled from [9, Prop. 4.9], the endomorphism 1l-operad Endy of a
monoid M in a Z-monoidal category is multiplicative. The Hochschild §-object of Endpm
was called the d-center of M and denoted

CH(;(M, M) = CHg(gndM).

Since V' is a cocomplete symmetric monoidal category it has Set-tensors. For a set .S
the tensor S ® X is equal to the coproduct [[¢ X of S-copies of X. For any operadic
category 0 and any 0-operad P in Set we can construct then an enrichment of P in V
which on an object T' € 0 takes value P(T) ® I. By abusing notations we will denote
such an enriched 0-operad by the same letter P. In particular we will consider the operad
TmY as a colored 2-operad in V for any cocomplete V.

Proposition 4.6 immediately gives:

Theorem 9.1. Let § be a cosimplicial object in V. Then there is a canonical action of the
N
2-operad coé’ndZ—m2 on the Hochschild object CHs(<) of a multiplicative 1-operad 7. In

N
particular, there is a canonical action of coé’ndg—m2 on the §-center CHs(M, M) of any
monoid M in any Z-monoidal category.
N
When V is the category of chain complexes, cof ncléTm2 is the chain 2-operad @ con-
sidered by Tamarkin in [27, §5.2]. Let I be the constant cosimplicial object whose all

terms equal the unit object I € V.

N
Proposition 9.2. The 2-operad coé’nd?m2 is isomorphic to the canonical 2-operad J*2.



1684 M. Batanin, M. Markl / Advances in Mathematics 285 (2015) 1630—-1687
. i ?

Fig. 10. The local surgery defining the operators 80, 8 in (73).

Proof. It is sufficient to observe that the value of the multitensor ET"L"' (I,...,1I) is the
constant cosimplicial object I for any T € Qy. Indeed, if it is so, then clearly

cofnd] ™ = Nat(I,1) = V(I,I) = I

where Nat(I,I) means the space of natural transformations (i.e. cosimplicial maps) be-
tween the constant cosimplicial objects 1.

It is clear that for each n > 0 the coend E;—mI;(I, ..., )(n) in (19) equals the colimit
of the k-simplicial object Tm)(T)(e,...,e;n) ® I, k := |T], so it is enough to check
that the colimit of the k-simplicial set Tm} (T)(e, ..., e;n) is a one point set. This boils
down to verification that the equivalence relation generated by the simplicial operators
on Tm5(7)(0,...,0;n) has only one equivalence class.

Notice that, by definition (18),

ngl(T)(Zl7 e 7lkj;n) = ngl(‘:r;{)‘lvvzk)’

where Tfj” € 0 is the 2-tree T € Q, with its 2-leaves colored by i1, ..., i, € N and the
root by n. The elements of Tm} (7)(0,...,0;n) are thus represented by T-labeled leveled
trees whose O-vertices have no incoming edges. In this description, the two simplicial
operators

98,0 Tmb (0 10y o T (T00) 1< <k, (73)

in i-th direction are local operations acting on a tree & € Tmb (T%?) by the following
surgery: ‘cut off’” the unique incoming edge of the ith O-vertex of £ and then ‘glue’ it
to the outcoming edge of this vertex in two possible ways introducing a new @-vertex,
as indicated in Fig. 10 — compare with the differential in the brace operad [8, Exam-
ple 5.8]. It is simple to prove by induction that any two trees from Tm} (7)(0,...,0;n)
can be connected by a zig-zag of such elementary surgery operations, so the colimit of
Tm5(T)(e,...,e;n) is a one-point set as claimed. O

The center of a monoid M in a Z-monoidal category %, defined as Z(M) :=
CH (M, M) or, more explicitly, as the equalized (30), has a canonical structure of a



M. Batanin, M. Markl / Advances in Mathematics 285 (2015) 1630—-1687 1685

duoid in Z by [9, Theorem 5.6]. On the other hand, according to [9, Example 11.15],
duoids in Z are the same as J%-algebras in 2.1 The following proposition is easy to
prove.

N
Proposition 9.3. The action of the operad coé’noi}rm2 > 3% equips Z(M) with its canon-
ical duoid structure.

Let now V be a monoidal model category and § be a standard system of simplices for
V in the sense of [15, Definition A.6]. Recall that this means that

(i) 4 is cofibrant for the Reedy model structure on V2,
(i) 6° is the unit object I of V and the simplicial operators [m] — [n] act via weak
equivalences " — ¢ in V, and

(iii) the simplicial realization functor |-|5s = (-)®46 : V2" — V is a symmetric monoidal
functor whose structural maps

| X5 @v [Y]s = [ X @v Y5
are weak equivalences for Reedy-cofibrant objects X,Y € V27,

N
Since E;m2 (I,...,I) =1, the canonical map of cosimplicial objects § — I induces a
map of 2-operads

N N
coSndZ—m2 — cogndzmz.
Theorem 9.4. Let § be a standard system of simplices for a monoidal model category V

such that the lattice path operad is strongly §-reductive in the sense of [7, Definition 3.7].
Then the canonical morphism of 2-operads

co€ ndzmg’ — co€ nd?mg =~ g2 (74)

N
is a weak equivalence. In other words, the 2-operad coé’ndg’m2 s contractible.

Proof. The proof follows closely the proof of Theorem 3.8 from [7], with the simplification

that we do not need to take a colimit over the complete graph operads. The only fact
we should know is that the map of 0-objects

FO BTS00 =1

'3 The operad J% was denoted Ass, in [9].
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is a weak equivalence for every T. In the notation used in the proof of [7, Theorem 3.8], the
object on the left side is the same as &, ,(6)° for (1, o) equal to ag € K@, It is shown
at the end of the proof of [7, Theorem 3.8] that the map fO is a weak equivalence. O

The map § — I induces a canonical map
Z(M)= CH;(M,M) — CHs(M,M). (75)

N
The map (74) equips the duoid Z(M) with a structure of co& ndzrm2 -algebra such that

(75) becomes a map of co€ ndg—mg—algebras.

Let F(M) be a fibrant replacement of M in the category of monoids with the pro-
jective model structure, and § a standard system of simplices for V. The §-center
CH;s(F(M),F(M)) of F(M) was called in [9] the homotopy center of M. The above
considerations imply the central result of our paper:

Corollary 9.5 (Duoidal Deligne’s conjecture). Under the assumptions of Theorem 9./,
the Hochschild §-object of a multiplicative 1-operad in a duoidal category 2 admits an
action of a contractible 2-operad.

The homotopy center of a monoid M in a multiplicative Z-category admits an action
of a contractible 2-operad that lifts the duoid structure on the center Z(M).

The assumptions of Theorem 9.4 are satisfied for instance when V is the category
of compactly generated topological spaces or chain complexes over a commutative ring,
and J the cosimplicial space of topological simplices or normalized cellular chains on
topological simplices, respectively, see [7, Examples 3.10(a), (c)]. It is also not difficult
to show that these assumptions are satisfied for V' = Cat with the Joyal-Tirney model
structure and § the cosimplicial chaotic groupoid on finite sets, cf. [9, Example 5.10].

On the other hand, it was shown in [7, Example 3.10(b)] that for the category of sim-
plicial sets and § = dy,, the cosimplicial simplicial set of representables, the assumption
of strongly d-reductivity of the lattice operad fails. We however believe that the second
part of Corollary 9.5 remains true even without this assumption, because taking fibrant
replacement of M should counterweight the poor homotopical property of §. We leave
this refined version of Deligne’s conjecture as a subject for a future work.
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