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Abstract
The advent of quantum group theory has led to a proliferation of new algebra types,
each calling for its own deformation theory and attendant cohomology theory. We
here explore two methods of unifying such constructions, using triples and operads.

1 Introduction

There are many ways of describing a class of algebraic structures. The classical
approach is to define groups, rings et al. as sets having structure maps satisfying
certain axioms. An individual object is given by a presentation in terms of genera-
tors and relations. Homological algebra is then a way of gleaning from a particular
presentation information about the structure of the given object. However, in this
setting there is no natural homology theory attached to each class of algebras. The
constructions of homology for groups, rings, associative algebras, commutative al-
gebras, and Lie algebras were each developed separately in an ad hoc manner. As
new classes of algebras and bialgebras have arisen in the study of quantum groups,
the appropriate homology theories had to be created, but to do so in the classical
manner seems to be crude when more unified approaches are available.

Triples and cotriples give a unified way of presenting classes of algebras de-
fined on sets or modules. They lead to a canonical homology theory for each class
of algebras, and this may be used to study deformations of algebraic structures.
Distributive laws are generalizations of the distributive law of multiplication over
addition that we all learned in kindergarten. They were introduced in the context of
triples to codify the rules governing abstract algebras having more than one opera-
tion. They may be extended to include mixed distributive laws involving triples and
cotriples, and this opens the door to the study of the cohomology and deformations
of bialgebras, Lie-bialgebras, Poisson Hopf-algebras, etc.

The problem with the categorical approach using triples is that for all their ab-
stract elegance, the complexes used to define homology groups are too unwieldy for
computations and do not look like the complexes used to define the corresponding
classical cohomology groups. However, they point the way towards an understand-
ing of distributive laws and cohomology in the theory of operads. With a few
restrictions, algebras of general type can be presented in this setting, and a natural
cohomology theory may be constructed. This has the great advantage of yielding
resolutions of classical appearance. These notes are meant as a self-contained intro-
duction to these subjects, with an emphasis on the algebras and bialgebras arising
in quantum group theory.
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We start by briefly reviewing the concepts needed for triple cohomology. We
then discuss distributive laws between triples and between a triple and a cotriple
and show how to compute the cohomology of the resulting algebras and bialgebras
using double complexes. In section 6 we give examples, including Poisson algebras
and Lie bialgebras, which help to elucidate all our abstract machinery. We then
rework everything from the ground up using operads, which yields computationally
useful cohomology theories. The interplay between the abstraction of categorical
triples and the classicism of operads is the heart of the paper.

We would like to express our thanks to Jim Stasheff for careful reading of the
manuscript and many useful remarks.

2 Algebras defined by triples

Throughout this paper, k will denote a commutative ring or field and M will
denote the category of graded modules over k. We will be interested in algebras X
over k. The usual approach to abstract algebra is to define a class or category of
algebras as modules X equipped with a set of structure maps {«;} each of the form
a; : @' X — X (we will often drop the k) and satisfying some set of equations.
Triples, or “monads”, give an alternate way of describing a class of algebras. The
basic observation is this: An algebra is always a quotient of a free algebra in a
canonical way, so to build a class of algebras one may start with the construction
of free algebras and then define general algebras as quotients of frees (with certain
restrictions). A triple is just a functor that acts like a free-algebra functor. It
turns out that all classical categories of algebras may be defined by triples on the
category M . The free algebra construction may then be iterated to yield a canonical
resolution to use when defining homology. This not only unifies extant homology
theories but builds a homology theory for each new type of algebras.

Recall that a triple T = (T, u,n) on M is a functor T' : M — M equipped
with natural transformations 1 : 1 — T and p: T? — T satisfying p- puT = p - Tp
and pu-Tn = p-nT = 1. A T-algebra (A,«) is a k-module A equipped with a
multiplication map a : TA — A satisfying

(1) a-p=a -Ta a-n=1

A T-algebra map (A, a) — (B, ) is a k-linear map ¢ : A — B satistying - T =
1 -, so a map of algebras is just a linear map that preserves the operations, as one
would expect. We will use T-alg to denote the category of all T-algebras.

If we want to construct associative algebras, T'A is just the tensor algebra gen-
erated by the module A. Note that we view T'A as just a module — the module
underlying the free algebra generated by A. Then o : TA — A defines a product
on A, while equations (1) ensure that « is unitary, associative, and defined by its
action on A ® A, so T-algebras are just associative algebras in the normal sense.
If we let T' be the symmetric algebra functor, we will get commutative algebras,
while the free Lie algebra functor yields the category of Lie algebras, etc. Hence
any construction carried out in this general setting applies equally well to all these
classical special cases, as well as to newly created classes of algebras (see e.g. [1]).
We will also need the duals of triples. A cotriple G = (G, d,¢) is an endofunctor G
with natural transformations 6 : G — G? and € : G — 1 satisfying G§ - § = §G - 6§
and Ge-d=¢eG-§ = 1.

Suppose we are given a category of algebras A with a pair of adjoint functors
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F:M— Aand U : A — M , the free algebra and underlying module respectively.
These give rise to a triple T on M with T = UF, and a cotriple G on A with
G = FU. Notice that the natural transformation ¢ : GA — A is the multiplication
on A. The question of whether or not A is equivalent to T-alg is the question
of “tripleability” [7], with which we will not concern ourselves since all naturally
occurring categories of algebras are tripleable.

Triples and cotriples lend themselves to the construction of homology and co-
homology groups. The usual definition of the triple cohomology groups H"(A, B)
is as follows: The cotriple G on A yields the following cotriple-generated simplicial
resolution of an algebra A:

(2) AcGAEGAEGAEGA. .

where the i-th face G"T1A — G™A is G" G, for 0 < i < n . In the general
theory, one applies a contravariant abelian group-valued functor F to this complex,
yielding a complex of abelian groups

(3) EA— EGA=3 EGPA S EGPAS .

The homology of the associated cochain complex defines the cotriple cohomology
groups (denoted H"(A, E)g in [6]).

We are interested in the cohomology of A with coefficients in an A-module B,
so the appropriate candidate for F is the functor Der(—, B) ([6] 1.3,1.4). Thus the
cohomology groups H"(A, B) are defined by the “homogeneous” cochain complex
of abelian groups given below:

(4) 0 — Der(GA, B) — Der(G?A, B) — Der(G*A, B) ...

8n—1f _ Z(_l)if .GleGnt
i=0

However, since F' is the left adjoint of U, G = FU and T' = UF, we can convert
this to a complex of modules using

Der(G™ ' A, B) = Der(FUG™ A, B) = Hom(UG"A,UB) = Hom(UT" A, UB)

We will drop the superfluous applications of U, and denote Hom(—, —) by (—, —).
If the switch from Der to Hom seems strange, remember that any linear map lifts to
a unique derivation from the free algebra. In fact T" acts as a linear map (7" A, B)
— (T"1 A, T B) taking a cochain f : T™A — B to its unique lifting as a derivation
Tm™+ A — TB. This action is extended to a by defining Tar : T?A — TA to be
the unique lifting of « as an algebra map. We now find that the complex (4) above
is isomorphic to Beck’s “non-homogeneous” complex [8]:

(5) 0 — (A,B) — (TA,B) — (T*A,B) — ...

It is easier to give the boundaries for this complex if we first define the following
compositions:

2.1 Definition: Let a: TA — A and §: TB — B be two T-algebras over a
triple T = (T, i1, n). For f € (I"™ A, B) define foa, fouT* (0 <k <m)and Bo f
in (T™T'A,B)by foa=f-T"a, fouT* = f - T *=1yT* and Bo f =/ -Tf.

2.2 Definition: If (A,«) and (B, ) are T-algebras, and B is an A-module,
the cotriple cohomology groups H™ (A, B) are the homology groups of the cochain
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complex (5) with the boundaries 0™ : (T™A, B) — (T™*1A, B) given by

(6) amf — (71)mf oa+ Z(fl)m+kf ° ’ukal B 5 o f
k=1

In particular 8°f = f-a — - Tf, so the O-cocycles are precisely the derivations
from A to B, while H!(A, A) classifies infinitesimal deformations of the T-algebra
A.

2.3 Remarks: We have presumed that B is an A-module, and the reader may
take this at face value, but the categorical approach is necessary for the general-
ization to follow. We could ask that B be an abelian group object in the category
T-alg, but there are none in the classical categories of algebras. To get from k-
algebras to A-modules in the usual sense, we replace A by the slice category A/A
of algebras over A. Then an A-module is an abelian group object B — A in this
category [7]. In particular, we have an algebra map ¢ : A — B (the identity of the
group structure) splitting B — A. Hence B = A @ M, where M is the kernel of B
— A. Now Der(A, B) may be thought of as the k-derivations from A to B along ¢
with image in the A-module M.

This is only the classical piece of a more general construction of cohomology
groups which deals with higher order derivations between algebras, [13]. There the
group (A, B) is the cofree coalgebra generated by Homy(A, B). The definition of
T:(A,B) — (TA,TB) is quite delicate in this setting, but there is a composition
of these “enriched” cochains defined as follows: If f € (T™A, B) and g € (T"B, (),
then define g o f in (T™T" A, C) by

gof=g-T"f

It is quite easy to see that composition satisfies the Leibniz formula d(g o f) =
dgo f+ (—1)"g o Jf and thus lifts to the level of homology. Hence there is a
“composition” (circle product) making H*(A, A) a graded ring, the “cohomology
ring” of the algebra A. There is also an internal grading, since we are dealing
with graded modules to begin with, but this plays no role in the triple theoretic
cohomology. It will play a substantial role in the operadic theory below.

3 Triples and distributive laws

x(y+z2)=zy+zz

From an abstract point of view, this distributive law says that the operation of
multiplication by an element of a ring is a homomorphism of the abelian group
underlying the ring. If 77 is the commutative monoid triple on Sets and 7% is the
abelian group triple, then the equation above generates a natural transformation
T\ Ty, — T,T; taking a product of sums to a sum of products. This allows the
functor T5 to act on the category of monoids as we will see below, so one can then
think of a ring as a monoid endowed with an abelian group structure, that is, a ring
is an abelian group in the category of monoids. Of course one can also think of a
ring as a set with a single structure map from the free ring generated by the set,
i.e. you can build the ring structure in steps or all at once, and it is the interplay
between these approaches that is arbitrated by the distributive law.
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There are many other examples of the same sort of relationship between two
algebraic structures. For example, in a Poisson algebra the commutative multipli-
cation and Lie bracket are related by the distributive law

[z, y2] = [z,y]z + y[z, 2]

If T is the Lie algebra triple on a category of modules and T5 is the commutative
algebra triple (the symmetric algebra), then the distributive law 11Ty — ToT)
takes a bracket of products to a product of brackets. This allows one to think of a
Poisson algebra as a Lie algebra equipped with a commutative multiplication, that
is, a commutative ring in the category of Lie algebras. The “distributive laws” of
[9] generalize these ideas to algebra types defined by more than one operation.

Given triples Ty = (T1, p1,m1) and To = (T5, 2, m2) on M, we want to consider
Ts objects in Ty-alg . This only makes sense if we may extend To to act as a
triple on the category Ti-alg, so given o : /A — A in Ti-alg we would like
Ty A to also be a Ti-algebra, hence we need a map T175A — Ty A. This may be
achieved by supposing that there is a natural transformation A\ : TyToA — ToT1 A
and letting T4 (A, @) = (To A, Toar- A). This T4 will be the functor part of the lifting
of Ty to Ti-alg, so (TeA,Tea - A) must be a Ti-algebra, and equations (1) put
two conditions on A. First we need Toav - A - p1 15 = Toaw - X - ThiToar - T1A. The
latter equals Toar - ToThv - AT - Ty A (by naturality) = Too - Top - ATh - T\ (« s
a Ti-algebra, meaning that « - u1 = - Th«, and T3 is natural), so we would like
A1 Ty = Topq - ATy - Th A Second, we need Tha-1;To = 1, which can be ensured by
assuming A-7; 75 = Tonp. These conditions on A make T4 a functor T -alg—T1-alg
by defining Ty f = T>f on maps. That this carries algebra maps to algebra maps
follows from the naturality of A.

Now we will get pretty tired of writing expressions like AT} - T1 A, so we use
A to denote the natural transformation A : T{"T3 — T3"T7" built from repeated
applications of A. This is well defined, since all ways of moving the T3s to the back
are equal by the naturality of A. With this notation, the two conditions on A are

(7) A . /1,1T2 = TQ,LLl . A A . 771T2 = T2771
(T»A is a T;-algebra)

To make the functor T4 into a triple T% = (T4, uh,n5), we let phy = ps and n) =
12. However, since these must be Ti-algebra maps, we need two more conditions
on A

(8) A-Tipg = poTy - A A-Tiny =nTy
(12 and 7y are Ti-algebra maps)

3.1 Definition: A distributive law of T over Ty is a natural transformation
A: T Ty, — ToTh satisfying (7) and (8).

We may now construct the category of Th-algebras in T-alg. This is denoted
ToT-alg. Its elements (A, ag,a9) are Ti-algebras ay : T1A — A equipped with
a second structure map s : 7oA — A making it a Th-algebra, so as must satisfy
oy = ag - Tha and ag - 12 = 1. Hence (A, a) is just a Ta-algebra that has been
lifted to Ti-alg. Since ap must be a Ti-algebra map from Th(A, aq) to (A, aq), we
also have
(9) Q9 - T2041 A= a1 'Tloég
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Trao

T1T2A > TlA
A
Y
TQTlA a1
TgOél
Y Y
T,A o - A

Note that the triple Ty may be lifted to T1-alg only if such a distributive law
exists, [7]. The distributive law X also allows one to construct the composite triple
T21 = (Tgl,[J,Ql,ﬂQl) on M [4] It is defined by

T5A=TT1A pa1 = Ty - Typy - A No1 = 211 - m

That this does define a triple follows from the conditions we have already put on .
One now may look at the category Toi-alg of Toi-algebras in M. A Tyi-algebra
(A, €) has a single structure map £ : ToT1 A — A, but as we can see from the last
diagram, any element of T9T;-alg already has such a map. The following theorem
is exactly what one would expect — it doesn’t matter if you define algebras step by
step or all at once.

3.2 Theorem: Tsyi-alg is isomorphic to ToT1-alg.

Proof: ([9]) T2T1-alg — Ta;-alg is defined by (A, a1, as) — (A, as - Toay), while
its inverse Ta1-alg — T2 T1-alg is defined by (A, &) — (A, & - neT1,& - Tom) a

4 Effect on triple cohomology

The interplay between composite structures has its effect on cohomology and defor-
mations, where one might want to consider the two operations separately. Suppose
(A, a1, as) is a ToTy-algebra, and (B, 51, f2) is an A-module (or an abelian-group
object in the category T3T;-alg — see Remarks 2.3); both Ty and T% yield non-
homogeneous complexes

0 — (A,B) — (T1A,B) — (T?A,B) — ...
0 — (A,B) — (ThA,B) — (T§A,B) — ...

Furthermore, each T3' A is a T4-algebra, and so there is a non-homogeneous complex
— (T9'A,B) — (T'Ty' A, B) — (TET3'A,B) — ...

This looks like the beginning of a double complex (below): However, T7 A is not, in

general, a T)-algebra (the free monoid generated by a ring is not naturally a group),

so the vertical arrows in the complex below are not really the usual boundaries for
a non-homogeneous complex.
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Dy Dy Dy Dy
(134, B) — 2w (1134, B) s (12734, B) —2s 19734, B) 1
A A A A
Dy Dy Dy Dy
(10)
(T»A, B) 9 (TyT» A, B) o, (TT>A, B) . TTyA, B) O,
A A
Dy Do Dy Dy
2 3 >
(AvB) B (TlAvB) B (Tl A7B) B Tl AaB) B

Once again it is much easier to give the boundaries for this complex if we first
define a circle product involving the cochains, po, oo, and Ss.

4.1 Definition: Let f € (T7TiA, B). Then define

foay = f-T{ Tj oy
Boof = Po-Tof-AY
fopr = f-TIT3  po

As before, T takes a cochain to its unique lifting as a derivation. We have denoted
by A% the variant of A which keeps the first ¢ instances of T5 fixed and shifts j
instances of T} to the front of the remaining 75 :

A9 TITIHY — T TV TS

The vertical complexes now have the same boundary formula as the usual non-
homogeneous complex, though they have been twisted, a fact that is hidden in the
definition of the circle product. One may easily check that these are indeed cochain
complexes, the key being that this new circle product is associative (as are all the
circle products discussed in this paper). It is then a formality to check that this
circle product satisfies the Leibniz formula. Note that there is a circle product on
the entire double complex, which (of course) also satisfies the Leibniz formula.

4.2 Definition: Let f € (TngiA,B) and g € (TPT3" B, C). Then define
gof = (=g - TPTIf - A € (TPH TV A, C)

The homology of the total complex of this double complex above defines the
cohomology of the TyTj-algebra A with coefficients in B. By Beck’s theorem
above, we could also consider A and B as Tap-algebras and look at the usual triple
cohomology using the cotriple T5;. The chain complex defining these cohomology
groups looks like

(11) 0 — (A,B) — (Tn A, B) — (THA,B) — (T3, A, B) . ..
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This looks a far cry from the double complex (10), but the main result of [9] is that
(11) is homotopy equivalent to the diagonal complex of (10), i.e.

0 — (A,B) — (I,TWA,B) — (T3TEA, B) — (T3TPA,B) . ..

This combined with the Eilenberg-Zilber theorem shows that the cohomology of
these three complexes are the same. Note that all of these chain complexes are those
associated to obvious simplicial complexes, this being necessary for the application
of the Eilenberg-Zilber theorem [18].

5 Bialgebras using triples

So far we have looked at objects with algebraic structures, i.e. their operations are
maps of the form ®" A — A. Bialgebras also have a coalgebraic operation — a map
A — A® A — so we must deal with these types of structures before considering
bialgebras. In general an abstract coalgebra has operations of the form C — ®"C.
Coalgebras are defined by cotriples on M just as algebras are defined by triples.

For example, let C denote the category of coassociative coalgebras in M. There is
a pair of adjoint functors K : M — C, U : C — M, where U is the obvious forgetful
functor, and K is the cofree-coalgebra functor [14]. The composite S = UK induces
a cotriple S = (.5, 4,¢) on M, and the category C is equivalent to the category of
S-coalgebras. An S-coalgebra (C,c¢) is a module C equipped with a map ¢ : C
— SC satisfying the usual identities: €-¢ =1 and d - ¢ = Sc- ¢. These ensure that
an S-coalgebra is determined by a coassociative “comultiplication” or “diagonal” C'
— C ® C. Of course, using the cocommutative variant of S gives cocommutative
coalgebras, using the Lie version of S gives Lie coalgebras, etc. Note that these
are all subtriples of the triple which defines non-associative non-cocommutative
coalgebras, just as free algebras of special types are generally quotients of the free
non-associative non-commutative algebra.

The cohomology of coalgebras is defined in a manner dual to that used for
algebras [32]. The simplicial cocomplex used is generated by repeated applications
of S, thatisifb: B — SBand ¢: C' — SC are coalgebras the groups H"(B, C) are
defined by a complex (B, S*C) = Homg (B, S*C) (S* denotes the iterated functor
S) whose boundary maps depend on the comultiplications on B and C. As in the
algebraic case, the cochains form abelian groups. This is achieved by taking B to
be a C-comodule, i.e. an abelian cogroup in the category C/C. Such an object
has a map B — C and the function S : (B,C) — (SB,SC) takes a linear map
to its unique lifting as a coderivation along that map, though Sc : SC — S2C is
the unique lifting of ¢ to a map of coalgebras. The group H°(B, C) is the group of
coderivations from B to C, while H*(C,C) classifies infinitesimal deformations of
the S-coalgebra C' (see [12]). Once again there is a circle product defined on the
level of enriched cochains. It satisfies the usual Leibniz formula and is defined by

gof=8"g-f

where f € (B,S™C) and g € (C,S™E). The boundaries for the coalgebra cochain
complex above are then given by

d"f=cof+» (—1)'68" "o f+ (-1)"Tfob
=1
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Now suppose that we are also given a triple T = (T, u,n) on M, hence the
category T-alg of T-algebras in M. For example, T could be the tensor algebra
triple or the Lie algebra triple, yielding the category of associative or Lie algebras
respectively. To ensure harmony between S and T, that is, to make sure that the
triple T lifts to S-coalg and S lifts to T-alg, we insist that there be a “mixed”
distributive law between them [33].

5.1 Definition: If T is a triple and S is a cotriple, a mixed distributive law
A: TS — ST between T and S is a natural transformation satisfying the following
four conditions:

() A-uS=Sp-A (i) OT-A=A-T5

(iii) A-nS =5 (iv) el A=Te

We have again used A to denote the variant of A which commutes appropriate
compositions of 7" and S. These equations have the following consequences: Given
a T-algebra A, equations (i) and (iii) ensure that SA is again a T-algebra, while
(i) and (iv) ensure that 6 and e are T-algebra maps respectively. Dually, given
an S-coalgebra C, equations (%) and (iv) ensure that T'C' is again an S-coalgebra,
while (7) and (%) ensure that p and 7 are S-coalgebra maps.

Given T and S and the distributive law A as above, a TS-bialgebra (B, §,b) is
a module B equipped with two structure maps 8 : TB — B and b : B — SB,
making it a T-algebra and an S-coalgebra. Further, the structure maps 8 and b are
required to be compatible in the sense that they must satisfy Sg-A-Tb = b- 3, that
is, the following diagram must commute:

TSB ~ To TB
A
A
(12) STB B
SB
Y Y
SB ~ ; B

T'S-bialgebras may be thought of as S-coalgebras in T-alg, or as T-algebras in
S-coalg. A map between two TS-bialgebras is just a linear map that is both a T-
algebra map and an S-coalgebra map. The resulting category is denoted TS-bialg
or ST-bialg. Note that Sf-\: T'SB — SB makes SB a T-algebra, and A-Tb: TB
— ST B makes TB an S-coalgebra. Then (12) says [ is a coalgebra map and b is
an algebra map. The reader should compare this with (9) above.

If (A, o, a) is also a bialgebra, the bialgebra cohomology groups of A with coeffi-
cients in B are defined via a double complex (T* A, S*B) (below) whose boundaries
depend on the structure maps of A and B, as well as A, [33]. The cochains in
this case are biderivations between the two bialgebras, while the boundaries of the
double complex are just the usual boundaries for algebra and coalgebra cohomology
if we put the S-coalgebra structure on T™A and the T-algebra structure on S™B
as above. To define the cohomology groups for a particular category of bialgebras,
one need only define the cotriple S, the triple T, and the distributive law .
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(4,52B) —9 + (14,5°B) —9+ (124, 5°B) —9+ (T34, 5°B) -9~
A A

(A4,8B) —9 + (14,8B) — 2+ (124,5B) — 9+ (134, 5B) —9

(4,B)

(TA, B)

(TA, B)

(T3A, B) ——

0 0

As in the algebraic and coalgebraic situations, there is a circle product on the
double complex and it carries over to the total complex. Let C*¥(A, B) and d
respectively denote the k-cochains and boundary of the total complex. We have
from [12]

Ck(A7 B) = @ern:k(TmA» SnB)
dmn = (9 + (—1)"+d) : (T™A, S"B) — (T™ 14, 5" B) @ (T™ A, S™1 B)

There is again a circle product on the total complex defined by
o:(IT™B,S5"C) ® (T'A,SIB) — (T™A, Si+n(C)
This allows us to write the equations for a TS bialgebra (B, 8, b) as follows:

Bou=p0o0p dob="bob Bob=Dbop

For the reader’s convenience we note the following useful equations, which follow
by naturality and the equations defining a bialgebra. Here f € (T™B,S"C), g €
(T'A, S7B):

fouSog=fopuog fodTog=fodog
fo’uTi—i-m ZuTiS"Of (5Si+"0f=f0(5siTm

6 Examples

6.1 Example: The first useful example of a distributive law was, of course, the
distributive law of multiplication over addition in a ring. In this setting rings are
viewed as sets which have two algebraic structures, multiplication and addition,
given by the semigroup triple T; on Sets and the abelian group triple Ty, with
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their natural distributive law 7175 — T57T; . That the cohomology of rings viewed
as Tap-algebras over sets is Shukla cohomology is the main result of [2].

It is instructive to formulate diagram (9) for this simple example using the more
usual presentation of multiplication and addition. First write

T X = X4+XXxX+XxXxX+---
X = 1+ X+X+sX+XsXxX+--.

where we have used * to denote the symmetrized product. One usually thinks of
the multiplication 77X — X as being defined by its quadratic piece - : X x X
— X (we hope that the reader understands that the dot ‘-’ denotes the operation).
Similarly the addition 75X — X is defined by + : X * X — X. Then (9) becomes

(X+X)x (X+X)—TXT L xxx

A
Y
(13) (X x X)* (X xX)
.*.
Y
X*xX T - X
where A is given by
(14) (W, y*z) = (w,y) * (w, 2) + (2, y) * (z,2)

Of course X x X and X *X are only pieces of T and T5 respectively, but the diagram
above gives the idea of how to define A in general. Note that A\ defines a monoid
structure on X x X with respect to which + becomes a map of monoids. Note also
that (14) is a bit of a cheat, since we have used the addition in (X x X)* (X x X).
Clearly the distributive law should be viewed as a map

(15) A (X« X)x (X X)) 5> (X xX)*x (X xX)x (X xX)=* (X xX)

This may seem like a trivial point, but it shows that one should not expect the
distributive law to be defined between quadratic terms only.

6.2 Example: Asmentioned above a Poisson algebra is a module equipped with
an associative commutative product and a Lie bracket connected by the equation

(16) [z, y2] = [x,y]z + y[z, 2].

If T is the Lie algebra triple on a category of modules and T is the commutative
algebra triple, then (16) above yields a distributive law

(17) A TlTQ — T2T1

taking a bracket of products to a product of brackets. Regard 71 A as a quotient of
the exterior algebra A+ ANA+ANANA--- and write

ThbA=k+A+AxA+AxAxA+---
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Then (16) shows how to define a map AN (A*xA) — (ANA)x A+ Ax(ANA)
which is a piece of A. In this case the diagram corresponding to (13) becomes

(Ax A) A (Ax A) A ANA
)\/
AxAx(ANA)
Y
Ax A , - A

The map X\ above is the piece of A coming from the equation [wx, yz] = wy|x, 2] +
wzlx, y] + zy[w, z] + zz[w, y] which we must check is well-defined by (16). As in the
previous example we have cheated a bit by using the algebra of A * A to define the
left edge of the diagram above. The lower left corner should be A x A x A.

As mentioned in section 3, another way of looking at this problem is as follows:
Given a Lie algebra o : T1A — A, the map Toa\ should define a Lie algebra
structure on To A. (More traditionally speaking, given a Lie algebra [—,—] : AA A
— A, the map (A A) A (A*x A) — (A * A) should define a Lie algebra structure
on (Ax A).) We must check that (16) gives a well-defined map, and that it satisfies
the requisite identities, including the Jacobi equation. A simple induction shows we
need only check products of the forms [wz,yz] and [w, zyz]. The commutativity of
the product then gives well-definedness, and the fact that a already defines a Lie
algebra takes care of the rest. It has been shown by the second author that this
example is typical of all “quadratic” algebras (see section 9 below or [24]).

6.3 Example: Before turning to bialgebras, we mention an odd-looking example
that seems to be an extreme case. Consider a module A having two associative
multiplications - : A A — A and (—,—) : A® A — A connected by the equations

(18) ZL‘-<y,Z>:<$'y,Z> <$,y>'22<$,y-2>

These algebras were introduced by the second author in [24] and called there non-
symmetric Poisson algebras. Letting T'A denote the tensor algebra generated by A,
the multiplications - and (—, —) yield maps o1 and ay : TA — A, and we have a
distributive law A : TT A — TT A defined by (18). To understand this let both AA
and A - A denote A ® A. Then

TTA=A+AA+A-A+AAA+A-A-A+ A (AA)+ (AA)- A+

The distributive law is determined by A - (AA) + (AA)- A — (A- A)A+ A(A- A)
using (18). This is an example of a distributive law between “two” triples whose
inverse is again a distributive law.

6.4 Example: As an example of the bialgebra situation, we consider classical
associative/coassociative bialgebras. If T is the tensor algebra triple and S is the
coassociative coalgebra cotriple, a bialgebra B has a multiplication 8 : TB — B
and a comultiplication b : B — SB defined by - : B& B— Band A: B — B® B.
The multiplication and diagonal are classically connected by the equation

Az -y) = (Az) - (Ay)



Di1STRIBUTIVE LAWS, BIALGEBRAS, AND COHOMOLOGY 13

The mixed distributive law AB : T'SB — STB is then generated by the usual
middle interchange (B ® B) ® (B® B) — (B ® B) ® (B ® B), which is exactly
what is needed to put an algebra or coalgebra structure on B ® B. To write this
completely in terms of the triple and cotriple would necessitate a discussion of the
cofree coalgebra construction, which we do not want to go into here (see [14] for
details). Suffice to say that SB may be realized as B X (B*x B) x (BxB*B) X - -
where this is a submodule of B x (B® B) x (B B® B) x ---. Themap b : B
— SB sends z to (z, Az, (A®1)Az,...), which is well-defined since we are looking
at coassociative coalgebras, and the distributive law A then looks like

(19) (BxBxB---)+(BxB*B:-)@(BxBxB--+) —
(B+B®B--)x((B+B®B-- )x(B+B®B---))---

The middle interchange defines A on the quadratic pieces of T'SB, i.e. it can be
thought of as a map (Bx B)® (B*B) — (B® B)x (B ® B) and (12) becomes

ARA

(BxB)® (B*B) B® B
A
Y
(B® B)* (B ® B)
<k .
Y
B*x B+ A B

6.5 Example: We may also look at Lie bialgebras, i.e. Lie algebras B which also
have a Lie-diagonal A : B — B® B [27]. In this case, the triple T is the Lie algebra
triple, while the cotriple S defines Lie coalgebras. The usual way of presenting the
connection between the diagonal and bracket product is Alx,y] = [Az,y] + [z, Ay]
or

(20) Alz, 9] = [z, ¥l ® 22)+ [, y1)] @ Y2y +2(1) @ [2(2), Y] +Y(0) @ [2,Y(2)]

where Az = Y x(1) ® £(2) and Ay = > Y1) ® y(2). This serves as a guide to the
definition of A\ : TSB — ST B, which may be written as a map

(21) (BxBxB---)+(BxB*xB--)A(BxBxB---) —
(B+BAB---)x((B+BAB--)x(B+BADB--"))...

Equation (20) shows the second coordinate (the diagonal) of A acting on the quad-
ratic piece (B x B) A (B * B) of TSB:

(B*xB)AN(BxB) — (BAB)x*B+ Bx(BAB)
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In this case (12) becomes

(B% B) A (B« B) BAB
A/
Y
(BAB)* B+ Bx(BAB)
Y Y
BxB~ B

A

6.6 Example: We end these examples by considering trialgebras, i.e. modules
equipped with three operations. We will look at the situation involving two triples
T, and T5 and a cotriple S. An ST>T; -trialgebra A will have three structure maps
a1 : ThHA — A, as : ThA — A and a : A — SA. The question is what relationship
must there be between the three functors for this to determine a reasonable class of
algebras. First of all we must assume there is a distributive law A : T1T5 — 177,
so that we may look at the category of ToT;-alg of T5T;-algebras. Then we look
for S-coalgebras in T9T1-alg so we must be able to lift the cotriple S.

The easiest situation occurs when there are two more mixed distributive laws
A1 TS — STy and \g : T5S — ST>. We may then sensibly look at the category
(T2S) T -trialg of T9S-bialgebras in Ti-alg, the category T2(ST;)-trialg of To
algebras in ST -bialg, the category S(ToT1)-trialg of S coalgebras in TyT1-alg , or
the category ST -trialg of S coalgebras in Ta;-alg . These four categories are, of
course, identical, and the last makes sense because we have a distributive law

(22) ToA - A1 - Tng — STQl

The cohomology of such trialgebras is straightforward, being given by a tricomplex
which the reader can easily construct. Unfortunately, the only natural examples of
trialgebras we know do not fit this neat scheme. In particular, a distributive law
1515 — ST5 need not decompose as in (22).

Recall that a Poisson bialgebra B is a Poisson algebra equipped with a coasso-
ciative diagonal A : B — B ® B satisfying

(23) Az-y) = (Az)-(Ay)
(24) Alz,yl = [za),ym)] @ z@)¥e) +2mya) @ [T2), Ye@)]

One usually thinks of B as a classical commutative/coassociative bialgebra having
an added Lie multiplication, but this is a bit deceptive (see [31]). Let Ty, T4, and
A be as in (17) above, and let S be the cofree coalgebra cotriple. Then equation
(23) determines a distributive law Ay : 755 — ST defined by the usual middle
interchange (c.f. (19)), but there is no distributive law of the form Ay : T3S — ST}
(this explains why there is no category of bialgebras having a Lie multiplication and
coassociative comultiplication). Rather, equation (24) determines a distributive law
15,5 — ST51, so Poisson bialgebras should be thought of as coassociative coalge-
bras in the category of Poisson algebras. Their cohomology groups are determined
by a double complex of the form (73;,5), each row (T3;,5™) is homotopic to a
double complex (7775, S™), and there are well-defined bicomplexes (T{"Ty,S*),
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but the whole mess does not determine a tricomplex since the double complexes
(T3, S*) remain undefined. The implication for deformation theory (quantiza-
tion) is that one may not look for deformations of a Poisson bialgebra that leave
one of the multiplications fixed.

Finally we must point out that quasi-whatever bialgebras do not fit into the
scenario of triples and distributive laws, since free and cofree objects do not exist
unless one fixes the inner automorphisms involved in the definitions of such objects.

7 Algebras defined by operads

We now turn our attention to an alternative description of algebras and their coho-
mology. As in the first part of the paper, we work over the category M of graded
k-modules, but here the graded structure of M becomes more manifest because we
must immediately address the question of signs. In the triple case the differential of
an n-cochain was always a summation of (n—+1) pieces (see formula (4)) and the sign
convention was the obvious one. This is no longer true for the operadic cohomology
which we are going to introduce now, where the signs are a much more delicate
matter (for example the Chevalley-Eilenberg cohomology , which is the operadic
cohomology of Lie algebras). A solution of this problem is the systematic use of
the Koszul sign convention (recalled below) which give us a proper sign convention
almost for free. From now on, we will always assume that the ground field k is of
characteristic zero.

For two graded vector spaces, V,W € M, let MP(V, W) denote the set of linear
homogeneous maps f : V. — W of degree p, and denote by M(V, W) the graded
vector space @p MP(V,W). For V.€ M, let 1V (resp. | V) be the suspension
(resp. the desuspension) of V, i.e. the graded vector space defined by (1V), = V,,_1
(resp. (I V)p = Vpp1). By #V we denote the graded dual of V, i.e. the graded
vector space P, (#V), with (#V), = MP(V.k) = M(V_,, k), the space of linear
maps from V_, to k. For a graded vector space V we have the natural maps 1: V'
—1V and |: V —| V. We will consider M as a symmetric monoidal category
with the symmetry isomorphism given by z @ y — (—1)!*I'%ly @ 2. The symmetry
isomorphism is based on the Koszul sign convention, meaning that whenever we
commute two “things” of degrees p and ¢, respectively, we multiply the sign by
(=1)P2. We will systematically use this convention throughout the paper. Let us
recall some basic definitions of [26].

7.1 Definition: By an operad we mean an operad in the symmetric monoidal
category M, i.e. a sequence P = {P(n);n > 1} of graded vector spaces such that:

(i) Each P(n) is equipped with a k-linear (left) action of the symmetric group
>, on n elements, n > 1.

(ii) For any my,...,m; > 1 we have degree zero linear maps (called the composi-
tion maps)

Y= Ymp,omy, : PO @P(m1) @ - Q@ P(my) — P(mq +--- +my).

These data have to satisfy the usual axioms including the existence of a unit
1 € P(1), for which we refer again to [26]. We sometimes write u(vq,---,v;) or
wiry @ -~ @) instead of y(p @ 11 ®@ -+ @ 1y).
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Cooperads are defined in the dual manner. Hence a cooperad is a sequence
Q = {9(n);n > 1} of graded vector spaces such that each Q(n) has an action of
the symmetric group X,,, n > 1, and, for any n > 1, the map

v(n): Qn) — @ Q) @ Qlmy) @ - - @ Q(my)

is given, where the summation is taken over all [, mq,...,m; > 1 with m;+---+m; =
n. These maps have to satisfy some axioms which are exactly the duals of the axioms
of an operad. As we will need cooperads only marginally, we just say that, under
an obvious finite-dimension assumption, the dual of an operad is a cooperad and
vice versa.

By a map x : P — Q of operads we mean a sequence x = {x(n) : P(n)
— Q(n); n > 1} of degree zero X,-invariant linear maps, such that x(1)(1) =1
and the sequence xy commutes in the obvious sense with the composition maps.
We denote by Oper the category of operads and their maps in the above sense.
As a matter of fact, we will tacitly assume that all operads P considered in our
paper are such that P(n) is of finite type for any n > 1, and that the unitary ring
P(1) is isomorphic to the ground field k, with two very important exceptions — the
endomorphism operad £y and the dual endomorphism operad Gy defined below.

For a graded vector space V', define the operad £y as follows: Let £y (n) =
M(V® V) and define the composition maps by the usual composition, i.e.

Vg (fOP1® - @) = flp1 Q- Q@ @),

for f € Ey(l) and ¢; € Ey(my;), I > 1 and mq,...,m; > 1. The action of the
symmetric group is given, for f € £y (n) and o € 3, by

(25) (O-f)(xla s 73;”) = 6(0; L1y ,Jﬁn) : f(ma(l)a s axo(n))a
where €(o;21,...,2,) (the Koszul sign) is determined by the equation
(26) Ty A ATy =€(0521, 0, %) - To) A A T,

which has to be satisfied in the free graded commutative algebra A(z1,...,2,). The
operad £y will be called the operad of endomorphisms on V.

Dually, for a (graded) vector space W, let Gy be the operad defined as follows:
Put G(n) = M(W,W®") and define the composition maps as

Yy (fRO1® - @) = (_1)|f\'(|801|+"'+\</71|) (1 ®--® @) o f,

for f € Gw(l) and ¢; € Gw(m;), I > 1 and mq,...,m; > 1. The action of the
symmetric group is defined as in (25). We call Gy the dual endomorphism operad
on the space W.

By an algebra over an operad P (or by a P-algebra), we mean a graded vector
space A together with a map a : P — €4 of operads. We will write A = (4,a). If
not necessary, we make no distinction between the algebra and its underlying space.
A P-algebra is thus given by a sequence of degree zero ¥, -invariant linear maps
a(n) : P(n) — M*(A®" A) satisfying certain axioms, hence the elements of P act
as n-multilinear operations on A. A homomorphism of two P-algebras A = (A, a)
and B = (B,b) is a homogeneous degree zero map ¢ : A — B which commutes in
the obvious sense with the P-algebra structures a and b. We denote by P-alg the
category of P-algebras and their homomorphisms.
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Dually, by a P-coalgebra we mean a (graded) vector space C' together with an
operad map ¢ : P — G¢; we write C = (C,c¢). We say that a P-coalgebra C is
connected if for any x € C there exists n > 2 such that ¢(n)(u)(z) = 0 for all
€ P(n).

Let us recall the following well-known classical facts. If A is an “ordinary”
algebra (such as associative, commutative, Lie, &c.), then an A-module structure
on a vector space M is the same as an algebra structure on the direct sum A & M
such that both the projection A & M — A and the inclusion A — A ® M are
algebra homomorphisms and that the product of (0@ m) and (0®m’) in Ad M is
trivial for all m, m’ € M. This motivates the following definition.

Let A = (A,a) be a P-algebra. An A-module is a (graded) vector space M
together with a P-algebra structure m : P — £ agar on A @ M such that both the
projection A@® M — A and the inclusion A — A @ M are algebra homomorphisms
and that for all n > 1 and p € P we have m(u)(z1,...,2,) =0if ;e M C ADM
for at least two i, 1 < i < n. It is possible to show that an A-module is an abelian
group object in the slice category P-alg/A, but we will not need this result (see the
remarks in 2.3).

8 Operadic cohomology

We define, for an algebra A over a quadratic (see below for the definition) operad
P and for an A-module M, a cohomology theory Hp(A; M) based on a very small
chain complex. This cohomology is a natural generalization of such classical con-
structions as Hochschild cohomology, Harrison cohomology and Chevalley-Eilenberg
cohomology. The ideas of the construction are implicit in the papers [17, 16] and
it is quite possible that they circulate among people as folklore, but, as Murray
Gerstenhaber pointed out to us, the problem with folklore is that we are not all of
the same folk, so we decided to give an explicit construction here.

The construction is motivated by the following observation, which is certainly
well known to people working in rational homotopy theory, though we are not
able to find a suitable reference (for related ideas see [22, 23, 29, 30]). Our ob-
servation is that the Hochschild cohomology can be computed as the cohomology
of the algebra of coderivations of a certain coassociative coalgebra. Similarly, the
Chevalley-Eilenberg cohomology of a Lie algebra can be computed as the coho-
mology of the algebra of coderivations of a certain cocommutative coalgebra and,
finally, the Harrison cohomology of a commutative algebra can be computed as the
cohomology of the algebra of coderivations of a certain Lie coalgebra. The plan of
our construction will be based on a similar scheme.

The basic ingredient of our definition is the notion of Koszul duality for operads,
introduced in [17]. This construction gives, for any quadratic operad P, another
operad, denoted by P' and called the Koszul dual of P. Our cohomology will be
then defined as the cohomology of the algebra of coderivations of a certain (almost)
cofree P'-coalgebra (see below for the definition).

Let us recall first some notions from [17]. By a collection we mean a sequence
E = {E(n); n > 2} such that each E(n) is a k-linear X,-space. The obvious
forgetful functor from the category of operads into the category of collections has
a left adjoint F, and we call the operad F(FE) the free operad generated by the
collection E. We will assume that all collections considered in this paper have the
property that the graded vector space E(n) is of finite type, n > 2.
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Let P be an operad. A sequence I = {I(n); n > 1} of X,-invariant linear
subspaces I(n) C P(n) is called an ideal if, for A € P(n) and p; € P(m;), 1 <i <,
the composition A1 ® - -+ ® ;) belongs to I(mq + - - +my) if either A € I(I) or if
for at least one ¢, 1 < i <[, we have u; € I(m;). For an ideal I in P, it makes sense
to speak about the quotient operad P/I. For a given sequence R = {R(n); n > 2}
of linear invariant subspaces R(n) C P(n), denote by (R) the ideal generated by R.

Every Xs-invariant linear space E defines a collection {E(2) = E, E(n) =
0 for n > 3} (denoted also by E), and we can consider the free operad F(E) on
E. Choose a Yz-invariant linear subspace R C F(FE)(3) and form the operad
(E; Ry = F(E)/(R) We say that an operad P is quadratic if P = (E; R) for some
E and R as above.

Let V be a k-linear ¥,,-space of finite type. We equip its dual #V with the ¥,,-
action given by op(v) = sgn(o) - ¢(c~tv). If E is a linear ¥ space of finite type,
then there exists, for each n > 2, a natural ¥,,-invariant identification #F(E)(n) =
F(#E)(n), given by the pairing (—|-), : F(E)(n) ® F(#E)(n) — k, which is
characterized by the following conditions.

(i) (—|—)2 is the evaluation between F(E)(2) = E and F(#FE)(2) = #E.
(ii) For p € F(E)(k), v € F(E)(), ¢ € F(#E)(k) and ¢ € F(#E)(l) we have

(p(1%0D @ p ® 19(k=D) (1201 @ ¢ @ 1OF=D)) 1y =

[ CDEDED oy (i, fori =,
0, otherwise.

(iii) (oplop) =sgn(o) - (u|e), for p e F(E)(1), ¢ € F(#E)(1) and o € &;.

Let P = (E; R) be a quadratic operad. Using the above identification, we can
view the subspace R C F(E)(3) as a subspace (denoted by the same symbol)
of #F(#E)(3) and we can take its annihilator R+ C F(#E)(3). The operad
P' = (#F; R*) was introduced in [17] as the Koszul dual of the operad P.

For a graded vector space W, let Cp(W) = D,,5, C5(W), where
Cp(W) = (#P(n) @ W)™

Here ¥,, acts on W®" by permuting the factors (but taking into account the Koszul
convention as in (25)) and (#P(n) @ W®")%» is the space of invariants of the
diagonal action of ¥,, on #P(n) ® W™, We equip Cp (W) with the obvious P-
coalgebra structure. Denote by 7 : Cp(W) — W the canonical projection. The
coalgebra Cp(W) is connected and it has the following universal property (which
we state without proof, which is a standard one). For any connected P-coalgebra
C' and for any homogeneous degree zero linear map ¢ : C' — W, there exists ex-
actly one coalgebra homomorphism g : C — Cp (W) making the following diagram
commutative.

c I cpw)
P T
144

Let us point out, however, that the coalgebra Cp(W) is the cofree connected coal-
gebra on W, not an honest cofree coalgebra; see also the remarks in Example 6.4.
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Dually, for any graded vector space V we can define, following [17], the free P-
algebra on V by Ap(V) = D,,5; Ap(V), with

Ap(V) = (P(n) ® VE")s,

where (—)x, denote the space of coinvariants. This algebra has the classical and
absolutely obvious universal property. Moreover, any P-algebra structure a : P
— &y on V defines, by dualization, the canonical map (which we denote again by
a) a: Ap(V) — V. One would expect that there exists also a dual analog of this
map for coalgebras. More precisely, let ¢ : P — Gy be a P-coalgebra structure
on W. We would like to dualize this map to get a map (again denoted by the
same symbol) ¢ : W — Cp(W). An immediate observation shows that such a
dualization hits, in general, infinitely many components of Cp(W), so the target
space is [],~, Cp (W) rather than Cp(W) = @,,~, CA(W). This is related with
the fact that Cp(W) is not the honest cofree coalgebra; see also the comments
above. But it still makes sense to take, for any n > 1, the component ¢" : W
— C (W) of this dual, and by the canonical map in the coalgebra case we mean
the sequence {c¢™ : W — CB(W)},>1 of these maps. The functor Ap(—) gives
rise to a triple on the category M and the algebras over this triple are exactly
P-algebras, see [16]. This connection gives formal meaning to the analogy between
the triple and operadic definition of algebras.

Let C = (C,c) be a P-coalgebra and 6 : C — C a homogeneous degree p linear
map. We say that 6 is a degree p coderivation of C (into itself) if

e(n)(p) o= (=P Y " (1% @00 1% D) o c(n)(u),
0<i<n—1
for any n > 2 and p € P(n). We denote by Coder?(C') the linear space of all degree
p coderivations of C.

Consider again the coalgebra Cp (W) introduced above. The grading Cp (W) =
C%(W) induces on Coder”(Cp(W)) a second grading, namely Coder”(Cp(W)) =
@,, Coder”" (Cp(W)) with

Coder?”" (Cp(W)) = {0 € Coder?(Cp(W)); (m08)(CLHL(W)) =0 for ¢ # n+1}.

8.1 Lemma: The map w : Coder”"(Cp(W)) — MP(CET (W), W), given by
w(0) = mwo 0, is an isomorphism for all p, n.

Proof: The lemma is a consequence of the universal property of Cp (W) mentioned
above and we leave the proof to the reader. o

In the rest of the paper, all operads will be assumed to be quadratic.

8.2 Theorem: LetV be a graded vector space and let W =] V. Then there is a
natural one-to-one correspondence between P-algebra structures a : P — Ey on 'V
and coderivations d € Coder™! (Cpi(W)) of the P'-coalgebra Cpr(W) with d? = 0.

Proof: To fix the notation, let P = (E; R). First we show that there is a one-to-one
natural map
Q : Oper(F(E),Ey) — Coder™! (Cpi (W)).
To this end, observe that, since F(E) is free, Oper(F(E),Ev) is naturally isomor-
phic to My, (E, M*(V®2V)), while, by Lemma 8.1, we have
Coder" ' (Cp1(W)) = MM (CE(W), W) = M ((#P'(2) @ W)=, W)
M ((E @ W)™, W)

1%
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Let now Z: MY (E,M(V®2V)) — M ((E @ W¥®%)*2 W) be the isomorphism
defined by
E(f)e®wi @ w) = (=111 | f(e)(Twr® Twp).

We define 2 by the commutativity of the diagram

Oper(F(E),Ev)

Coder™ (Cpi (W)

o~ (a1

MS, (B, M(VE2V)) —= MI((E @ W2)=, W)

It is easy to verify that a € Oper(F(E),Ev) defines an algebra structure on
V, i.e. factors through F(E)/(R), if and only if the coderivation d = (a) satisfies
d? = 0, which finishes the proof. o

Suppose now that A = (A,a) is a P-algebra and M = (M, m) an A-module.
Let U =l A, X =/ M and W = U @& X. Notice that the decomposition W& =
D\, (WE)HI | where (W) is the subspace formed by i-tuple products of
elements of U and j-tuple products of elements of X, induces the decomposition
Cp(W) = @, =, Cp/(W) for any n > 1. Let C3"(A; M) be the subspace of
Coder”" (C'p1 (W)) consisting of those coderivations 8 for which (wo@)(C;;f (W) =0
whenever j > 1, and (70 )(CLIH (W) c X C W.

Suppose now that d € Coder'!(Cp:(W)) corresponds to the algebra structure
m on A@® M as in Proposition 8.2. Let us denote, for § € Coder?" (Cpi (W)), by
V(0) = do 8 — (—1)P0 o d the (graded) commutator. It is easy to verify that V
maps C&"(A; M) to OB (A; M) and that V2 = 0. We can then formulate the
following definition.

8.3 Definition: Let A be an algebra over a quadratic operad P and let M be
an A-module. Define the cohomology HZ"(A; M) of A with coefficients in M as

HE"(A; M) := HP™(CE™(A; M), V).
We call p and n the inner and the simplicial degrees, respectively.

8.4 Remark: The map w of Lemma 8.1 induces an isomorphism

(27)  Cp"(A; M) = MP(CEH (U), X) =
= MP(CRI(LA),LM) = My | (#P' (n+1) @ (LAY, L),

St
We could have defined C%5"(A; M) by the equation above, without having referred
to coderivations of some coalgebra. The problem is that we do not know an easy
way to describe the differential in terms of M5, . (#P(n+1)® (LA)BC+D | M),
the only way we know is the one based on the somewhat explicit description of the
Koszul dual operad P' using the language of trees as in [16, 17].

8.5 Examples: If A is an associative algebra, i.e. an algebra over the associa-
tive operad Ass, we know ([17]) that the Koszul dual Ass' is again Ass and the
description above gives us the usual definition of the Hochschild cohomology. For
a Lie algebra, i.e. for an algebra over the Lie operad Lie, we have Lie' = Comm,
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the commutative operad, and the description above gives the Chevalley-Eilenberg
cohomology. Finally, for a commutative algebra, i.e. for an algebra over the com-
mutative operad Comm, we have Comm' = Lie and the description above gives us
the Harrison cohomology.

It can be shown, using the computation of [17], that for a so-called Koszul operad
(see again [17] for the definition) we have H%Zl(A; M) = 0 whenever the algebra
A is free. This is, by [5], enough to infer the following proposition.

8.6 Proposition: For an algebra A over a Koszul operad P and for an A-module
M, the cohomology HZ"™(A; M) coincides with the Barr-Beck triple cohomology of
A with coefficients in M.

This proposition relates the operadic cohomology with the “triple cohomology”
introduced in Definition 2.2.

9 Distributive laws and operads

In this paragraph we discuss distributive laws from the operadic point of view. The
definitions and results quoted here were taken from the paper [24] of the second
author. We formulate them for quadratic operads only, since the range of our
applications is limited by our definition of the cohomology. Similar definitions can
be made for more general types of operads as well.

Suppose that a Yo-space E has an invariant decomposition £ = F; @ E5. This
decomposition induces the decomposition

F(E)(3)=F(E)3)11 & F(E)(3)12® F(E)(3)21 © F(E)(3)22,

where F(E)(3);; is the ¥s-invariant subspace of F(E)(3) generated by the composi-
tions of the form p(1,v) (or u(v, 1)) with p € E; and v € Ej;, for i, j = 1 or 2. Notice
that F(E)(3);; can be identified with the image of the map F(F;)(3) — F(E)(3)
induced by the inclusion E; C E, i = 1,2. Let us consider a ¥3-invariant map
D : F(E)3)12 — F(E)(3)21. Every such a map defines an invariant subspace
Rp C F(FE)(3) generated by elements of the form  — D(xz), for x € F(E)(3)12.

Let P = (E; R) be a quadratic operad for which there exists a Yp-invariant
decomposition E = E; @ Es, an invariant linear map D : F(E)(3)12 — F(E)(3)21
and Yz-invariant subsets R; C F(F)(3)4, ¢ = 1,2, such that R = R; & Rp @ Ro.
In this case we write

P = <E1, E2; Rl, D, R2>

We can clearly form the suboperads P; = (E;; R;) C P, for i = 1,2. Denote, for
any n > 1 and I < n, by P(n); the invariant subspace of P(n) generated by the
elements of the form p(v1,...,1;), for p € Pa(l) and v, € Pi(m,), for a sequence
my,...,m;>1, m+---+my=n,and 1 < s <. The inclusions P; C P,i=1,2
induce, for any n > 2, a map

(28) ¢m): @ Pn)— Pn).

1<i<n

9.1 Definition: We say that D is a distributive law (or sometimes also that
P = (E1,E2; R, D, Ry) is an operad with a distributive law) if the map &(n) is an
isomorphism for each n > 2.
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We refer to [24] for how the distributive law in the sense of the above definition
induces the transformation A from the triple definition (Definition 3.1) of the dis-
tributive law. Observe that £(n) is always an isomorphism for n = 2, 3. The second
author proved in [24] the following coherence theorem.

9.2 Theorem: The map £(n) is an isomorphism for any n > 2 if and only if it
s an isomorphism for n = 4.

The following lemma can be verified directly.

9.3 Lemma: LetP = (FE,Es; R1,D,Rs) be a quadratic operad with a distribu-
tive law D. Then its Koszul dual operad P' is again a (quadratic) operad with a
distributive law, namely

P' = (#Eo, #E1; Ry, #D, R,

where #D : F(#E)(3)12 — F(#E)(3)21 is the dual of D : F(E)(3)12 — F(E)(3)21
under the natural identification F(#E)(3)i; = #F(E)(3);i-

9.4 Example: Below we give, following some ideas of [16], an innocuous gen-
eralization of Poisson algebras already discussed in Example 6.2 and describe the
Koszul dual of the corresponding operad (Proposition 9.5). This will also be an
example of a nontrivially graded operad. By an (m,n)-algebra we mean a (graded)
vector space P together with two bilinear maps, —U —: P ® P — P of degree m,
and [—,—] : P® P — P of degree n (m and n are natural numbers), such that, for
any homogeneous a,b,c € P,

(i) aub = (=1)lallblFm . pyaq,
(it) [a,0] = —(=1)l“FI+7 - b, a],
(ili) — U — is associative in the sense that

aU(bUc) = (—1)™Ud+D (qub)uUe,

(iv) [—, —] satisfies the following form of the Jacobi identity:

(_1)Ia|>(|c\+n) a, [b, ] + (_1)\b|>(|a\+n) -[b, e, a]] + (_1)Ic\~(\b|+n) e, a,b]] =0,

(v) the operations — U — and [—, —] are compatible in the sense that

(=)™ lel[a,bU ¢ = [a,b] U e+ (=1)PlleFmI[g ¢ Ub.

Obviously (0, 0)-algebras are exactly (graded) Poisson algebras, (0, —1)-algebras
are Gerstenhaber algebras introduced under this name in [15], while (0,n — 1)-
algebras are n-algebras of [16]. For the relation between the cohomology of configu-
ration spaces and n-algebras we refer to [11]. We may think of an (m,n)-structure
on P as a Lie algebra structure on 1™ P together with an associative commutative
algebra structure on 1" P such that both structures are related via the compati-
bility axiom (v).

Let us give an operadic description of (m, n)-algebras. To simplify the notation,
let x = (=1)" and A = (—1)™. Let FE be the space spanned by two elements, u (for
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— U —) of degree m and ¢ (for [—, —]) of degree n, with the action of X5 defined by
spp= A and sf = —x/, s being the generator of 5. We can easily see that

F(E)(3) = Span(X;;,Y;;, Z;j; i,j =1 or 2)
with
(29) ij = ei(ej &® 1), K] = €i<1 & €j) and Z” = ei(ej X 1)(]1 ® 8),

where e; = £ for i = 1 and e; = p for ¢ = 2. The action of the group X3 on F(F)(3)
is described by the following table (which is, unforunately, broken into two pieces,
due to the limited width of the page), whose meaning is clear, we hope.

X11 Y11 211 X12 Yo 212

(123) X1 Yiu Z1 X2 Y12 Z12
(312) | —xZn1 —xX11 Y AZ12 —xX12  —xAYis
(231) | —xYu1 Z11 —xX11  —xYi2 —xAZp2 AX19
(213) —xX11 —XZ11 —xY11 AX12 —XZ12 —xY12
(321) Y X1 —XxZ11  —xAY12  —xAX12 AZ12
(132) Z1 - xYn X1 Z12 AY12 X12
Xo1 Yo Zo1 Xoo Yoo Za2

(123) X1 You Za Xao Yoo Zao
(312) | —xZxn AXo1  —AxYar A2 AX oo Yoo
(231) AYor  —AxZa1r —xXa AYao Z22 AXo9
(213) | —xXa1 AZa1 AYay AXa9 A3y AYa
(321) | =AxYar  —AxXa —XZ21 Y22 Xoo AZa2
(132) Za1 —xYa1 Xo1 Z22 AYao X2

The space of relations R is the ¥s-invariant subspace of F(E)(3) generated by the
elements

X1 —xY11 — xZ11 (for the Jacobi identity)
Xoo — \Ys9 (for the associativity)
Yio — Ay — X9y (for the compatibility).

From this we get easily that the operad P(m,n) for the category of (m,n)-algebras
can be described as
P(m,n) = (E1, E2; R1, D, Ra)

with
Ey = Span({), Ey = Span(u), Ry = Span(X11 — xY11 — xZ11),
Ry = Span(Xay — AYa2, Yoo — Z33)

and the distributive law D : F(E)(3)12 — F(E)(3)21 defined by
D(X12) = Yo1 + Z21, D(Y12) = Xo1 + AZ21 and D(Z12) = Xo1 — xYo1.

We leave it to the reader to verify that the condition of Theorem 9.2 is satisfied.

Let us describe the Koszul dual of the operad P(m,n). For E = #FE, E =
E, ® E, with By = Span(f), deg(f) = —n, and E; = Span(fi), deg(fi) = —m, with
the action of ¥y given by sfi = i and s¢ = —¢. The evaluation between E and
E = #F is given by

(30) (ul€) = (Ulm) = 1 and (u|p) = (¢|¢) = 0.
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As above, F(E)(3) has the basis
(31) X=e(&@®l), Yi=¢E(1®e&)and Z9 =6'(& @ 1)(1 ® s),
where & = ( for i = 1 and & = fi for i = 2. The pairing between F(E)(3) and
F(E)(3) is given by

(32) (X5 XYy = 67 8%, (Yi|YM) = —6F6k and (Z;;|2M) = —67 6!

(2

while the pairing is trivial on other combinations of the basis elements and &7
denotes the Kronecker delta. From this we get immediately that

Ry = Span(X!'! =AY —AZ1) R{ = Span(X?* — xY 2 Y% — 7%2)
and that #D is given by
AD(X12) = V12 4 221, #4D(V12) = X2 4 2% and #D(Z12) = X2 — AV
We have proved the following proposition.
9.5 Proposition: For any natural numbers m and n we have
P(m,n)' = P(—n,—m).
!

In particular, the category of (m,—m)-algebras is Koszul self-dual, P(m,—m) =
P(m,—m), for any m.

9.6 Example: Recall from Example 6.3 that a nonsymmetric Poisson algebra
consists of a vector space P and two associative multiplications, - ,(—,—): P® P
— P such that:

(a-b,c)y =a-(b,c) and (a,b-c) = {(a,b) - c,

for any a,b,c € P. The operadic description appears as follows: Let Ey (resp. Es)
be the free ¥s-space generated by a symbol ¢ (resp. u), £ corresponding to (—, —)
and g corresponding to -. If E = Ey @ Ey. Then F(F)(3) is generated, as a
Ys-module, by X;; = e;j(e; ® 1) and Y;; = e;(1 ® e;), where e; = £ for i = 1 and

€ = U for 4 = 2. Define D : ]:(E)(?))lg — ]:(E)(g)gl by
D(Xlg) = Y21 and D(Ylg) = X21.

It was verified in [24] that this map defines a distributivity law and that nonsym-
metric Poisson algebras are algebras over the operad P = (E1, Fa; Ry, D, Ry), where
Ry (resp. Ry) is the associativity axiom for ¢ (resp. u). It is also almost immediate
to see that the category of these algebras is Koszul self-dual.

10 Effect on cohomology (operad case)

Let P = (E1, E2; R1, D, Ry) be an operad with a distributive law. Recall that this
means, by definition, that the map

¢m): @ Pn) — P(n)

1<i<n
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of (28) is an isomorphism for each n > 2. We use this isomorphism to identify P(n)
with @, ,<,, P(n);. This identification induces, for any (graded) vector space W,
the decomposition

(33) CRW) =P’ (W)
where the summation runs over all a + 8 =n, 1 < a <n, and

(34) CpP (W) = (#P(a+B)a ® WEET)Z@in,

On the other hand, take the P;-coalgebra Cp, (W), forget the coalgebra structure,
and form the Py-coalgebra Cp, (Cp, (W)). This coalgebra again decomposes as

Cp,(Cp, (W) = €D Cp, (Cp, (W) 7,
where the summation runs again over all a« + 8 =n, 1 < a < n, with
CPQ (Cpl (W))aﬁ =
P {#P2()R(HP (ma)@WE™ )1 @ - @ (P ()W = )P } 7

where the summation runs over all mq,...,mqy > 1 with my 4+ -+ 4+my = a+ .
We can show that the map

#P(a+B)a @ WEETH — 4(Py(a) @ Pi(m1) @ -+ @ Pr(ma)) @ WOTH)

induced by the composition map Pz () @P1(m1)®@- - -@P1(mq) — P(o+8) gives an
identification Cp, (Cp, (W))*F = C’g’ﬁ (W), which in turn induces an isomorphism

(35) Cp(W) = Cp,(Cp, (W))
of Py-coalgebras. The decomposition (33) then induces the decomposition

Coder”™ (Cp(W)) = @ Coder? ™ (Cp(W))

ith A
W1

Coder? ™ (Cp(W)) =
{6 € Coder? (Cp(W)); wo 9(0%’6(W)) =0 for (a, B) # (i +1,5)}.

Notice that the two most extreme pieces of the decomposition above have a partic-
ularly easy description:

(36) Coder”™?(Cp(W)) = Coder”"(Cp,(W)) and
Coder”*™(Cp(W)) = Coder”"(Cp, (W)).

All the decompositions above apply, by Lemma 9.3, also to P' in place of P, with
Pi = (P2)' and P} = (P1)". In particular, (36) gives

(37)  Coder"*(Cpi(W)) = Coder™°(Cpi(W)) ® Coder™" (Cpi(W))
= Coder"!(Cpi (W)) @ Coder™* (Cpy (W)).

Let a : P — £y be a P-algebra structure on a (graded) vector space V. The
composition of a and the inclusion P; < P induces on V a P;-algebra structure a;,
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for i = 1,2. Let d € Coder™ (Cpi(W)) (resp. d; € Coderl’l(Gpi (W))) correspond

to a (resp. to a;) as in Proposition 8.2. We immediately have the following lemma.

10.1 Lemma: Under the identification of (37), d = di + ds.

Let A be a P-algebra over an operad with a distributive law as above, and let
M be an A-module. Then

CBM(AM) = P %Y (A M)
i+j=n

with C%"7 (A; M) = C%" (A; M)NCoder? I (Cpi (W)). Notice that we have, much
as in (36),

CB™(A; M) = O (A; M) and CRO"(A; M) = CB (A; M).
We may easily verify that
di (Cp™ (A; M)) € Cp (A3 M) and dy(CR™ 1 (A; M) € O™ (4; M),
which immediately gives the following statement.

10.2 Theorem: The cohomology Hy*(A; M) of a P-algebra A with coefficients
in an A-module M, where P = P(E1, E2; R1,D, R2) is a quadratic operad with a
distributivity law, can be computed as the cohomology of the total complex of the
bicomplex below

d2 d2 d2 d2

C;;f(fl;M) _h, Ct? (A; M) , CR¥2(A; M) A, C’;;’?”QEA; M)ﬂ

A

d2 d2 d2 d2
O} (s M) < € (43 00) e 02 (45 00) <D 3% (4 00)
A A
d2 d2 d2 d2

* *,1 . *,2 . *,3 .
M (A7M) dl 0731 (A7 M) dl CPl (A7 M) dl CPl (A7 M) dl
Notice that the bottom row (resp. the extreme left column) of the above bicomplex
computes the cohomology Hp (A; M) (resp. Hp (A; M)).

The bicomplex in the above theorem is the operadic analog of the bicomplex
in (10). Having in mind Theorem 8.6, it is useful to quote the following result of
the second author [24].

10.3 Theorem: If the operads P1, Py are Koszul, then the operad P is Koszul
as well.
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10.4 Example: In this example we construct the operadic cohomology of non-
symmetric Poisson algebras from examples 6.3 and 9.6. Let P = (P, - ,{(—,—))
be such an algebra. A P-module is a graded vector space M equipped with two
actions, Y A: PQ M & M ® P — M such that, for all a,b € P and x € M,

(i) v(a,v(b,x)) =v(a-b,z), v(a,v(z,b)) = v(v(a,x),b)
and v(v(z,a),b) = v(z,a-b),

(i) A(a,A(b,x)) = M({(a,b),x), Aa,A\(z,b)) = AMAa,z),b) and A(A(z,a),b) =
Az, {a, b)),

(iil) A(a,v(b,z))=v({(a,b),x), v(a, A(b,x))=A(a-b,x), A(a,v(z,b))=v(A(a, x),b),
I/(a,)\(l‘,b)) = A(V(a’x)vb)a )\(z,a . b) = V()\(SE,Q)J))) and V(xv <avb>) =
Av(z,a),b)).

As we already observed in Example 9.6, the category of such algebras is Koszul
self-dual, so P' = P for the corresponding operad. The distributive law gives
the isomorphism Cp: (W) = Cpi (Cpy (W) of (35) and, because P; = P! = Ass,
for i = 1,2, Cpi(Cpy (W)) = T(T(W)), the “double” tensor coalgebra. Notice
the perfect symmetry Cp: (Cpy(W)) = Cpy (Cpi (W) (see also the comments in
Example 6.3).

The observation above makes it clear that a typical element of the space C3, (W)
is of the form wy o1 ws 09 -+ 0,,_1 Wy, where o; € {*,x} with % corresponding, via
the Koszul duality, to (—, —) and % corresponding to - . The space C;ZH(W) of (34)
then consists to those elements of C’;frﬁ (W) for which the cardinality of the set
{i; oy =*}isa—1.

To make life easier, we suppose P to be trivially graded, so we may neglect
the internal degrees and identify C"! (P, M) with M(CR,(P), M) using (27). For
f € C (P, M) the differential d is then given by the formula

df(ao 0+ Op_1 an) — ni(—l)jdjf(ao 0Q+*Op_1 Cln)
j=0
where
R R 7 AR
@ anon - onran) = { Jlooso o e ) e =
ECRRE SRR (it et o i S

with 1 < j < n. The differential d thus defined obviously decomposes as d = dy +d2
where dy (resp. d3) corresponds to the first (resp. second) cases of the formulas
above. This decomposition reflects the bicomplex description of the cohomology as
predicted by Theorem 10.2.

In the first draft of the paper we did some computations related to the coho-
mology of Poisson algebras (Example 9.4), but we found them rather technical and
not very stimulating, hence we decided not to include them in this revision of the
paper. The computations are available on request from the second author.
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11 Bialgebras (operadic approach)

In this section we are going to develop an operadic definition of various types of bial-
gebras and prove a technical statement about induced structures (Theorem 11.11).
The conceptual trouble here is related to the fact that bialgebras are not algebras
over some operad (the presence of co-algebraic operations makes this impossible),
but rather algebras over PROPs [19] or, more precisely, over their k-linear versions
called theories in [21]. A theory is a system {A(m,n)}n n>1 of k-linear spaces to-
gether with some operations of composition and an action of the symmetric group.
We may view a A(m,n) as a space of operations with m “inputs” and n “outputs.”
Roughly speaking, an operad is then a theory generated by {A(m,1)},,>1 while a
cooperad is a theory generated by {A(1,m)},>1.

Suppose now that P and Q are two operads. Temporarily denote by F =
{F(m, n)}m n>1 the free theory generated by P and by the cooperad #Q. A mized
distributive law is a relation M in F of a special type. A bialgebra is then an algebra
over the quotient-theory F/(M). We now give precise meanings for these notions
without referring to theories.

Let N,s1,...,5n,t1,...,tn be natural numbers, sy +---s, =t1+---+t,, = N.
Then ¥, x---x3, and 3y, X---xX;  are subgroups of ¥y, hence we may consider
k[Xny] as a Xg; X -+ X Bg - gy X -+ X 3y, -bimodule. Also P(t1) @ -+ Q@ P(tm)
(resp. Q(s1)®---®Q(sy,)) is a natural left 3y, x - x 3, (resp. right Xg, x---x 3 )
module and it makes sense to form the product

Q(Sl) (SR Q(Sn) ®251 XX, k[EN] ®2t1 X XSy, P(h) [ P(tm).
We simplify the notation by writing

— @k[EN] ® — instead of — ®251><...><2 k[ZN] ®Et1><"'><2tm —

Sn

By a mized distributive law (between P and Q) we mean a sequence
M = {M(m,n)}mn>1
of maps
(38) M = M(m,n) : P(m)® Q(n) —
Piet)® @ Q(tm) B KEN] B P(s1)®---@P(sa)},

where the summation is taken over all N > 1and sy +---+s, =t1+---+t, = N.
The spaces above are in fact subspaces of F(m,n), so we may understand the latter
as things having m “inputs” and n “outputs.” To make this even more mnemonic,
we write the target space on the right-hand side as

Q(t1) P(s1)
(39) P : DKEN]® :
Q(tM) P(Sn)

The map M, considered as a map of theories, must satisfy some conditions which
mean that it is compatible with the structure maps of the theory. We formulate
these conditions in operadic terms.

First, we have an obvious action of the symmetric group X,, “on inputs” of
P(m) ® Q(n) given by (0,p ® q) — op ® q, where the action of X, on P(m) is
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the one given by the operad structure. Similarly we have an action of ¥ on the
“inputs” of the space in (39) given as follows: For o € %,,,, let 0,5_171___% € Yy be the
permutation sending (1,..., N) to

(tit oy Lottty it oyt Lot )

We may think of at:}__"tn as of the permutation permuting the blocks

(L..t)t+ 1, o t1+t2) ... (t1+- - +tmo1+1,...,N)
via ¢~1. The action of ¢ is then given by

Ui b1
@| : |sus| @ |h—
dm Pn
9o (1) P1
€(05q1, -5 Qm) - @0;71”.7,57#@
4o (m) Pn
The action of ¥, “on outputs” is defined in a similar way. The first condition we
require is that the map M is invariant with respect to both actions.

The second conditions is the compatibility with composition maps. We formulate
it again first “for inputs”. Suppose that p € P(m) is of the form p = u(vy, ..., vg),
with p € P(k), v; € P(l;) and > I; = m. Let us write, for ¢ € Q(n)

i i

q1 p1
M(p®q) = Z : Ro'® :
AN/ v,
The second condition then says that
M(Vlv qzl) pi
(40) Mpog =) ¢- : ool |,
' M (v, q;) 28

with ¢ = (—1)(v2llail+lvsl-(gil+las Dt tlvil-(lail++lai D) - and similarly for “out-
puts.” A little caution is needed to interpret formula (40) properly, because the
right-hand side is not of the form required in (38). If 1 < j < k and ¢} = Q(s%)
then each M (v}, ¢}) is a sum of elements of the form

0,7 i,]
4 by

: ®o® :

i,J i,J
qu pé;

To interpret formula (40) we must compose the “outputs”

(]
2%

(]
ij
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of M(v;, q;) with the elements of the “output” column
P

P},
of M(u® q) via the permutation ¢ using the structure maps of the operad Q. We
suggest that the reader look at formula (43) for an explicit and easy example of this
kind of manipulation. Let us sum up the above remarks in a compact definition.

11.1 Definition: We say that a system {M = M (m,n)}m, n>1 of maps as in (38)
is a mixed distributivity law if:

(i) it is compatible with the symmetric group actions both on the “input” and
“output” sides

(ii) it is compatible with the compositions both on the “input” and the “output”
sides.

Suppose now that our operads P and Q are quadratic, P = (E; R), Q = (F; S).

11.2 Proposition: A mized distributive law for quadratic operads is uniquely
determined by its component M(2,2) (which we denote R),

Q1) \ = = ( P(s1)
41 R:EQF +—> @ k[X .
( ) ® ( Q(tz) ® [ N] ® 7)(82)
On the other hand, a map R as above determines a mized distributive law if and

only if it is compatible with the Xa-actions and if the obvious extensions of R to
R®F and E® S are zero.

Proof: The compatibility condition (40) enables us to express the mixed distribu-
tivity law M on P(m) ® Q(n) via its values on the space of generators, i.e. via
R =M(2,2).

On the other hand, given R, we may extend it inductively to a mixed distributive
law between the free operads F(E) and F(F). It is not hard to see that this
extension induces a mixed distributive law between P and Q if and only if it sends
R®F and E® S to zero. a

11.3 Definition: We call a map R having the properties stated in the previous
proposition a replacement rule.

Let P and Q be quadratic operads and R a replacement rule between P and
Q. Suppose we have a graded vector space B, a P-algebra structure a : P — &g
and a Q-coalgebra structure ¢: @ — Gg on B. These two structures give rise to a
natural map J; : E® F — M(B®2, B®?) given by e ® f + c(f) o a(e). Similarly,
they define another natural map

J,. ( gg; ) BEKEN]® ( 77283 ) — M*(B®2, B®?)

given by

( a ) Sow (pl ) — (elar) @ clga)) 0 0 0 (a(pr) @ alpa)),

q2 Y%
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where we interpret o € k[Xy] as a map from B®" onto itself given by
(b1, .oy bn) = €(o5 b1, bn) - (bo(1)s - -+ 5 bo(n))-
11.4 Definition: Let P and Q be quadratic operads and let R be a replacement
rule between P and Q. We say that B = (B, a,c) is a P-Q-bialgebra if
(i) a: P — &p is a P-algebra structure on B.
(ii) ¢: Q@ — Gp is a Q-coalgebra structure on B.
(i) Ji(e® f) = J.(R(e® f)) in M(B®? B®?).
11.5 Example: In this example we discuss associative/coassociative bialgebras
of Example 6.4 from the operadic point of view. Let Ass = (E; R) be the associative

algebra operad, i.e. F is the free Y5-space generated by one symbol p and R is the
ideal generated by the associativity relation p(u,1) — u(1, ) = 0. Define

R:E®E— < v >®k[24]®< g)
Z?) R @ p) = ( Z >®T1324®< Z )

Here T1324 denotes the map B®* — B®% induced by the permutation (1234) —
(1324). Let us verify that it satisfies the conditions of Proposition 11.2. The Y-
Yo-equivariance of R is clear. For the extension M of R we have

(43) Mu(p, 1) @ p) = (M(MM®H))®T1324®<Z>
[ eneeetiz)

because M (p ® p) = R(n ® ) and we expanded R(p ® p) as in (42). Similarly,

m
M(p(l,p)@p)=| p | @Tizsoa6 ® H(Ls ) .
" ( p(1, ) )

This computation shows that M takes R® E to zero, and similarly for £ ® R. The
corresponding Ass- Ass-bialgebras are bialgebras in the usual sense. We leave to the
reader to verify that the same replacement rule defines Comm-Ass-bialgebras, Ass-
Comm-bialgebras and even Comm-Comm-bialgebras (the latter are rather boring,
due to the Structure Theorem).

11.6 Example: Here we discuss Lie bialgebras of Example 6.5 as bialgebras
given by a replacement rule. Let Lie = (FE;R) be the Lie algebra operad; let ¢
be an antisymmetric element generating E. Then R is generated by the Jacobi
identity. Let us define the replacement rule

R:EQF+—

(e o o s o)
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between Lie and Lie by

R(L,0) = <f)®1®<é> ® (f)@mgz@(f) ® @@1@@ ® @)@ng@@) .

We leave it to the reader to verify that this really does define a mixed distributive
law (the computation is rather long, involving many terms).

11.7 Example: In this example we describe a nonsymmetric analog of Lie bial-
gebras. Let Ass = (E; R) be the associative algebra operad as in Example 11.5 and
define the replacement rule

R:E®E._>(f)®k[23]®< z)@(g>®k[23]®(5>

between Ass and Ass by

wn = (1)} )o ()51

We call these Ass-Ass-bialgebras mock bialgebras. So, a mock bialgebra is a vector
space B with an associative multiplication - and a coassociative comultiplication A
such that

Alx-y) = Zl’u) Qx2) Y+ Ya) DY)-

Mock bilagebras will illustrate the necessity of the homogeneity assumption in The-
orem 11.11.

11.8 Example: In this example we discuss Poisson bialgebras already intro-
duced in Example 6.6. Let Poiss = P(0,0) = (E; R) be the operad for Poisson
algebras, let ¢ (resp. p1) denote the antisymmetric (resp. symmetric) generator of E,
see Example 9.4. Let Ass = (F;.S) be the operad for associative algebras, let v be
the generator of F. Define the replacement rule

R:E®F»—><§)®k[24]®<§)

between Poiss and Ass by

RU®v) = < g >®T1324®< 5>@<Z>®T1324®< ’g)

while R(p ® v) is defined by the same formula as in the bialgebra case, see Exam-
ple 11.5.

11.9 Definition: We say that a replacement rule R is homogeneous if, on the
right-hand side of (41), t; =t and s1 = 5.

Observe that R is homogeneous if and only if on the right-hand side of (38) we
always have t; =ty = -+ =t,, and s1 = so = --- = s,,. The replacement rules in
examples 11.5 and 11.8 are homogeneous, the replacement rules in examples 11.6
and 11.7 are not.

11.10 Theorem: Let B be a P-Q-bialgebra. Then
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(i) The Q-coalgebra Cg(B) has a natural P-algebra structure. Moreover, in the
homogeneous case this P-algebra structure is such that each CZ(B) forms a
subalgebra and the canonical map ¢ : B +— C3(B) is a P-algebra homomor-
phism for any n > 1.

(i) The P-algebra Ap(B) has a natural Q-coalgebra structure such that the canon-
ical map a : Ap(B) — B is a Q-coalgebra homomorphism.

Proof: Let us prove (i). To define a P-algebra structure on Co(B) means to define,
for each m,n > 1, a map

(44) P(m)a(D #Q(t1)RB%")*1@ - D #Q(tm)RBI'm ) tm) —
— (@ #Q(n) ® BE")n.

The mixed distributive law gives, after a proper dualization, the map

P(m) @ (P #Q(t) ® B¥") ™ @ & (D #Q(tm) ® BE'm)Pm —s
— P #omn) & (P P(s1) © B¥ )z, @@ (EP Qsn) ® B¥")x,

while the P-algebra structure on B gives, for any 1 < i < n, amap (P(s;)@B%%)x
— B. The composition of these two maps give the requisite map of (44). We leave
the verification of the desired properties to the reader. The proof of (ii) is the
verbatim dual of the arguments above. a

The theorem we have just proven relates the operadic notion of a replacement
rule with the triple definition of a mixed distributive law; see Definition 5.1.

11.11 Theorem: Let B be a P-Q-bialgebra.

(i) If the replacement rule is homogeneous, then both Cp(B) and Ag (B) have
natural (B, a)-module structures.

(i1) Both Ap(B) and Ag:(B) have natural (B, c)-comodule structures.

Proof: Let us prove (i). Observe first that the P-algebra structure on C3(B) of
Theorem 11.10 induces, via the canonical map ¢ : B — Cg(B), a (B, a)-module
structure on C3(B) for any n > 1. This gives rise to an obvious (B, a)-module
structure on the direct sum Cp(B) = @,,~; C%(B). The homogeneity assumption
was necessary to build up the action from the partial actions on the homogeneous
parts, otherwise there is no way to guarantee the convergence of such an action, see
Example 11.14.

The existence of a (B, a)-module structure on Ag:(B) is a much more delicate
matter. To fix the notation, let @ = (F;S). The first observation is that a re-
placement rule R between P and Q induces a mixed distributive law between P
and F(F) = (F;0), the free operad on F, which is homogeneous if R is. We thus
have a (B, a)-module structure on Czpy(B). The second important observation
is that there is a canonical isomorphism of graded spaces C’;.( F)(B) ™~ A}( 4 F)(B),
therefore we have a natural (B, a)-module structure also on Az4r)(B). The third
observation is that the algebra Agi(B) is a quotient of Azup)(B). So it remains
to prove that the (B, a)-module structure on Az p)(B) induces a (B,a)-module
structure on the quotient Ag:(B). We leave this rather technical verification to
the reader. The proof of the second half of the theorem is an exact dual. The
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homogeneity assumption is not needed here, because the action always ‘converges’,
see Example 11.14. O

In the following examples we focus our attention on the module structure on
Agi(B) which, we think, has not yet been observed except in the bialgebra case
where it is rather obvious, as we will see in the next example.

11.12 Example: Let us begin with the classical bialgebras (see examples 6.4
and 11.5). Here P = Q = Ass, therefore Q' is again Ass and the free Q'-
algebra Ag:(B) on a vector space B is the usual tensor algebra, Agi(B) =T(B) =
D1 ®" B. Let B = (B, i1, A) be a bialgebra. We introduce the iterated diagonal
A"l B — B®" > 1, by Al =1 and Al = (A @ 197 1) o Al"]. Using the
Sweedler notation Al*(b) =3 b1y ® - @by, we define a left action o : B® T'(B)
— T(B) by
bo(x1®--~®xn) :Zb(l) -x1®-~-®b(n) “ T,

where - denotes the multiplication u. The right action is defined in a similar way
and these together give a (B, )-module structure on T'(B).

11.13 Example: A bit less trivial is the case of Ass-Comm-bialgebras. We have
Q' = Lie and Ag:(B) is the free Lie algebra L(B) on B. Let B = (B, i, A) be an
Ass-Comm-bialgebra (i.e. a cocommutative bialgebra). Let us define a left action
e of (B,a) on L(B) inductively by saying that beu = b-u for b,u € B while

belu,v] = Z[b(l) o u, by e ]

for u,v € L(B). The right action is defined by a similar rule. The well-definedness
of the action means that it preserves the antisymmetry (this is almost obvious) and
the ideal generated by the Jacobi identity. Let us inspect how b € B acts on it! We
have, for u,v,w € B,

be ([u,[v,w]] + [v, [w,u]] + [w, [u,v]]) =
= [b(1)-u, [b2) v, by w] + [br) v, [b2) w, bes)-ul] + by w, [bea2)-u, by v]]
= [b1y-u, [be2y-v, bizy-w]] + [bay v, [bezy-w, bery-u]] + [b(a)-w, [b(1y-u, beay-v]] = 0.

Here the cocommutativity of A which implies that

Y by ®@be) ©ba) =D b)) ® bo(z) © bio(s)

for any o € X3 is absolutely crucial.

11.14 Example: Let (B, p,A) be the mock bialgebra introduced in Exam-
ple 11.7. As in Example 11.5, P = Q = Q' and Agi(B) = T(B), the tensor algebra.
Because of the nonhomogeneity of the replacement rule, this example is really weird,
and we describe first the P = associative algebra structure on Co(B) = T(B). It
is given by the multiplication x : T(B) ® T(B) — T'(B) defined by

for (z1®---®@x,) € T"(B) and (11 ® - - - Qym) € T™(B). If we try to blindly repeat
the construction of a (B, a)-module structure on Ag:(B) = T'(B) as it is given in



Di1STRIBUTIVE LAWS, BIALGEBRAS, AND COHOMOLOGY 35
the proof of Theorem 11.11, we arrive at the formula

be (21 ® - ®@xp) =b 21® - Qp+
+Zb(1)®b(2) TR Ry +Zb(1)®b(2)®b(3) TR Ry e,

which is not an element of Cp(B) = @,,~,; C3(B) but rather of [[, -, CA(B). We
see that the homogeneity is a necessary assumption in Theorem 11.11 (i).

On the other hand, there are no problems with the existence of the structures
of Theorem 11.10 (ii). The coalgebra structure, say § : T(B) — T(B) @ T(B), is
given by

(1@ @) = D 1@ (@) @ (Ti) ) @ @
1<i<n
where we interpret 21®(2;) (1) ®(2;) ) ®" - -®p, as an element of T*(B)@T"~"*1(B).
The left (B, ¢)-comodule structure on T'(B), say v, : T(B) — B ® T(B), is given
by

n(E1 @ - @ zy) = Z (@1 3) () @ (@1 1) () @ Tigr @ T,
1<i<n

where we interpret (zq - - - i)y @ (@1 ) (9) ®Tiq1 - @ Ty as an element of
B ® T"~"*1(B). The right action is defined in a similar way.

12 Operadic cohomology of bialgebras

In this section we define a cohomology of a P-Q-bialgebra B = (B, a,c), where
P and Q are quadratic operads with a homogeneous replacement rule R. The
homogeneity assumption is not absolutely necessary, but in the general case we do
not have a nice definition based on a bicomplex. There are also some problems with
the grading because the resulting cohomology is not a direct sum of the homogeneous
components but rather the direct product, this phenomenon being already observed
on the cohomology of A(m)-algebras [20].

We need first the notion of the operadic cohomology of a coalgebra C' = (C, ¢)
with coefficients in a C-comodule N. The definition is exactly the dual of the
definition of the operadic cohomology of an algebra with coefficients in a module
(Definition 8.3). We thus merely sketch the definition.

Let A = (A,a) be a P-algebra and 6 : A — A a homogeneous degree p linear
map. We say that 0 is a degree p derivation if, for any n > 2 and p € P(n),

0 0 a(n)(p) = (—1)Hol. Z a(n)(p) o (1% ® § @ 1"—i=1),
0<i<n—1

Let us denote by Der?(A) the space of all degree p derivations of the algebra A.
Recall that, for a graded vector space W, Ap(W) denotes the free P-algebra on W.
As in the case of coderivations, Der?(Ap (1)) has a second grading, namely

Der™" (Ap(W)) = {6 € Der?(Ap(W)); 0(W) C AL (W)},
We have the following analog of Theorem 8.2.

12.1 Theorem: LetV be a graded vector space and let W =1V . Then there
exists a one-to -one correspondence between P-coalgebra structures ¢ : P — Gy on
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V and degree one derivations 6 € Der™' (Api (W) of the free P'-coalgebra Ap (W)
with 6% = 0.

Let C' = (C,c¢) be a P-coalgebra. By a C-comodule we mean a graded vector
space N together with a P-coalgebra structure v : P — Geogn on C @& N such
that both the projection C' @ N — C and the inclusion C' @ C @ N are P-algebra
homomorphisms and v(n)(p) : C & N — (C @& N)®", for each n > 1 and p € P(n),
maps N to the subspace of (C'® N)®" spanned by monomials which contain exactly
one element of N.

Finally, let C = (C,¢) be a P-coalgebra and N a C-comodule. Let V =1C,
Y =t N and Z = V& X. The decomposition Z®" = @,,,_,(Z®")"/, where
(Z®m™)%J is the subspace spanned by monomials containing i elements of V' and j
elements of Y, induces the decomposition A%, (Z) = €, ;_,, A1(Z) for any n > 1.
Let D%"™(N,C) be the subspace of Der”"(Ap:(Z)) consisting of those derivations
6 for which 0(Y) C A;;?(Z) and 6(V) = 0. The graded commutator with the

derivation § € Der'!(Cpi(W)) which corresponds to the coalgebra structure on
C® N via the correspondence of Theorem 12.1 induces a differential A : D%™(N, C)
— DEFYMHL(N, C). We have the following analog of Definition 8.3.

12.2 Definition: Let C be a coalgebra over a quadratic operad P and let N be
an C-comodule. The cohomology HZ"(N;C) of C' with coefficients in N is defined
as

HE(N:C) = HP" (D" (N.C), ).

We call p and n the inner and simplicial degrees, respectively. As in (27) we observe

that

(45) Dy™(N,C) = MP(tN, AL (10)).

Now we proceed to the definition of the operadic bialgebra cohomology of a P-Q-
coalgebra B = (B, a,c) with a homogeneous distributive law R. Put

Cp&" (B, B) = MP=" " (CH(B), A (B).

By Theorem 11.10 (i) there exists a (B, a)-module structure on A’éfl(B) (recall
that R is supposed to be homogeneous) and (27) gives the identification

(46) C3'5"(B, B) = MP~™(CEHH(IB), L AL (B)) = C3 ™™ (B, A (B)).

Similarly, by Theorem 11.10 (ii) there exists a (B, c)-comodule structure on the
space CgﬁH(B) and we have the identification

(47) Cpo" (B, B) = MP™™ (1 CpH(B), AG (1 B)) = DG ™" (CAT(B), B).

We may thus consider the following bicomplex.
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* *,1 . 2 . 3 A .,
M*(B, B) —~ Cy (B; B) Vi Cy*(B; B) N Cy”(B; B) v
The n-th row of the bicomplex is the complex defining the operadic cohomology of
(B, a) with coefficients in Agfl(B) (46) and the m-th column is the complex from
the definition of the operadic cohomology of the coalgebra (B, ¢) with coefficients in
C’gﬁ“(B) (47). Tt is not hard to verify that the differentials in the above bicomplex
commute, so the following definition makes sense.

12.3 Definition: The cohomology Hy o(B; B) of a P-Q-bialgebra B = (B, a, c)
is the cohomology of the bicomplex above,

HY'o(B;B) = H"( @ CH'e"™(B,B),V +A).

mtn=x

12.4 Example: In this example we discuss the cohomology of bialgebras in-
troduced in examples 6.4 and 11.5. We again consider the nongraded case only,
so we may neglect the inner grading. The cohomology H7 4ss(B, B) of associa-
tive coassociative bialgebras coincides with the bialgebra cohomology introduced by
Gerstenhaber and Schack in [15]. At the (m,n)-position of the bicomplex is then
the space M(Q™ T (B), ®""(B)).

The cohomology of Ass-Comm-bialgebras, i.e. associative coassociative bialge-
bras with the cocommutative comultiplication looks very similar except that the
space at the (m,n)-position of the bicomplex is M(®Q™(B), L"t1(B)), where
L"*1(B) is the subspace of the free Lie algebra L(B) on B consisting of elements
of length n.

In the dual case of the cohomology of Comm-Ass-bialgebras the element at the
(m, n)-position is M(CTHH(B), Q" (B)) & Mian(®" T (B), " (B)) where
Migare(®™H(B), @™ (B)) is the subspace of M*(Q"™(B), ®"""(B)) of lin-
ear maps which are zero on decomposables of the shuffle product, see [28]. The
differential in the last description is given by the restriction of the differential from
the Gerstenhaber-Schack complex. A similar bicomplex was used in [25] to describe
restricted deformations of triangular quasi-Hopf algebras.
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