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Introduction

Motivation. The deformation complex of a Lie bialgebra V admits a particularly simple description in terms of a certain
graded Lie structure, known in the literature as the big bracket, supported on the shifted Grassmann algebra A*(V & V*)[2],
cf. [20,21,24,27]. Geometrically, the latter can be identified with an odd Poisson bracket on the shifted cotangent bundle
T*V[—1] and thus can be constructed from as little input data as a pairing between V and V*. One of the points of
our interest for the present work is an analogous construction for a particular class of Lie bialgebras, namely involutive Lie
bialgebras, characterized by an additional property of the form [—, —] 08 =0, where [—,—]: V@V >V and §:V >V RV
are the bracket and the cobracket of a Lie bialgebra V respectively. Some of the most notable examples of such algebras
include the Goldman-Turaev Lie bialgebra on the vector space of non-trivial free homotopy classes of loops on an oriented
surface [5] and, more generally, the Chas-Sullivan Lie bialgebra on the string homology of a compact oriented manifold [6].
Furthermore, as shown by K. Cieliebak and ]. Latschev [7], the linearized homology of an augmented strongly homotopy
Batalin-Vilkovisky algebra (or a BV -algebra), which is free as a strictly commutative associative algebra, comes equipped
with an involutive Lie bialgebra structure. As an application, this gives rise to an involutive Lie bialgebra structure on the
linearized contact homology of a closed contact manifold with respect to an exact symplectic filling.

The problem of devising an appropriate homotopy counterpart of involutive Lie bialgebras arises in context of the string
field theory. While the classical (genus zero) open-closed string field theory is encoded by a certain splice of Ao, and Loo-
algebras, comprising what is commonly known as the open-closed homotopy algebra [16], an enhanced structure - that of
a homotopy involutive Lie bialgebra (or IBLy,-algebra) - is needed to set up the full BV master equation in the quantum case
(arbitrary genus). As per general theory, constructing such a homotopy algebraic structure involves building a minimal reso-
lution for the PROP of involutive Lie bialgebras. While that was accomplished by R. Campos, S. Merkulov and T. Willwacher
[4], our motivation for the present work was to elucidate on a Lie-algebraic structure, akin to the big bracket, present on
the corresponding deformation complex.

As it turns out, constructing such an analog of the big bracket would require bypassing a certain no-go result concerning
differential-operator properties of Lie brackets. Namely, the well-known results of A. Kirillov [18] and ]. Grabowski [13]
state that if A is an algebra of smooth functions on a smooth manifold or, more generally, a reduced commutative ring A,
and [—,—]: A® A — A is a Lie bracket that happens to be a differential operator of order n < oo with respect to each of
the arguments, then the order n cannot exceed 1, yielding in the case of n =1 the classical cases of Poisson and Jacobi
structures.

One may attempt to overcome this by introducing nilpotents (thus considering infinitesimal deformations of Lie alge-
bras), by relaxing the antisymmetry condition on the bracket (thus arriving to Leibniz-type algebras, cf. Example 8.1) or, as
we undertake in the present work, by considering Lie brackets comprised as formal infinite series of bilinear differential
operators of ongoingly increasing order

[— —1=[= —li +[= —lh+ - —1sh* +---.

Formalizing the latter concept has lead us to a more general notion of a formal multilinear differential operator algebra,
which in turn required extrapolating some basic notions of the differential calculus and D-modules from the realm of
associative algebras to the case of operads. In a sense, that may be regarded as an approach to the general notion of a
deformation quantization of an algebra over a linear operad.

Multifiltrations and the differential calculus for operads. As one recalls, differential operators on a commutative associative
k-algebra A, where k is a field, are defined in terms of a filtration

Diff ~1(A) := 0 c Diff°(A) c Diff' (A) C --- C End(A)

of the linear endomorphism algebra Endy (A) compatible with the standard commutator bracket in the sense that

[Diff¥(A), Diff'(A)] c Diff**'=1(A), k,1> 0.

A proposed notion of a multifiltration of a linear operad (cf. Definition 2.8) is meant to provide an n-ary analog of this
concept. Specifically, it is defined in terms of a poset of k-linear subspaces of a given k-linear operad P controlled by
the combinatorics of integer-valued multiindices reflecting, in our case, the differential-operator orders of the individual
inputs of a k-linear mapping O : A® --- ® A — A. The corresponding combinatorial data is encoded by a certain poset-
valued operad MZ, similarly to how Z-graded filtrations of associative algebras are defined in terms of the ordered monoid
(Z,+). It is worth noting that in this generalized n-ary setting the commutator bracket gets replaced by a double-indexed
family of operadic commutators [—, —];;. A multilinear differential operator algebra is then defined, just as in case of an
ordinary algebra over an operad, in terms of a structure morphism into the endomorphism operad &nda or &nd A[n]» where
h is a formal parameter, but this time both come equipped with some extra data in the form of differential operator
multifiltrations.

Due to the specifics of the original problem, we pay a particular attention to the case of operator L,-algebras, the latter
being L~.-algebras supported on (graded) commutative associative algebras and with the structure operations representable
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as formal infinite series of differential operators of certain orders. The big bracket and the IBL.,-algebras arise as particular
examples of such algebras. We generalize the former by introducing the superbig bracket. The term is meant to indicate that
it contains the big bracket while, as noticed by Y. Kosmann-Schwarzbach, the big bracket itself gives rise to several simpler
brackets relevant for deformation theory. The interest is further reinforced by Theorem 3.10 that singles out Lie-related
operads as the ones satisfying a certain minimality condition with respect to their multifiltrations. The operads satisfying
this minimality condition, which we call tight, are characterized by the property that each of them admits a presentation
P =F(E)/(R), where the relations R with respect to the generators E stay within the multifiltration components of P of
the lowest possible order. Here, the relevant multifiltration (the standard D-multifiltration) is canonically associated with a
choice of generators E of P. For instance, in the particular case of the Lie operad .Zie the property of being tight shows up
in the fact that the Jacobiator

Jac(a, b, c) :=[a, [b, c]] + [b, [c,all + [c, [a, b]]

is a differential operator of order 1 in each variable, provided that an antisymmetric operation [—,—]: A® A — A on a
graded commutative associative algebra A is a differential operator of order 1 with respect to each of the arguments. An
analogous property does not hold e.g. for associative algebras. Given an operation x: A ® A — A which is a first-order
differential operator in each variable with respect to the graded commutative associative structure on A, its associator
Ass(a,b,c) = (axb) xc —ax (bxc) is, in general, a differential operator of order 2 with respect to its arguments. The
property of being tight comes handy in our approach to deformation of the big bracket.

Layout of the paper

The paper is divided into two parts. In Section 1 of Part 1 we collect some basic facts concerning differential operators
on commutative associative algebras. That section claims no originality whatsoever, but we pay a particular attention to the
non-unital setting, keeping in mind the case of algebras of smooth functions with finite support on non-compact manifolds.

Section 2 features a proposed operadic framework for working with multilinear differential operators, where the no-
tion of a multifiltration of a k-linear operad is introduced. Particular attention is paid to the case of D-multifiltrations
that formalize the compositional properties of multilinear differential operators. As the main technical for constructing D-
multifiltrations we generalize the notion of the standard filtration of an associative algebra to k-linear operads. Explicit
examples of standard D-multifiltrations are to be found in Section 3. Finally, in Section 4, operator and a formal operator
algebras are introduced and the first examples are given.

Part 2 is devoted to some concrete examples of multilinear differential operator algebras. Specifically, Sections 5 and 6
cover the case of operator Lo,-algebras and their particular instances - IBL,-algebras, commutative BV 4-algebras, operator
Lie algebras and Poisson algebras. In particular, we state some results concerning operator Lie algebras whose underlying
algebra is free as a graded commutative associative algebra, having in mind a certain deformation of the big bracket that we
discuss in Section 7. In the latter section, in addition to the operadic machinery, the proof of Theorem 7.2 and the content
of Remarks 7.1 and 7.3 require some technical results concerning PROPs and properads. Since these are not used elsewhere
in the paper, we refer the reader to the works [48] and [41] for the necessary background material. The last section features
a brief overview of operator algebras over some operads other than .Zie and .%Z,,. Namely, we discuss an example of a
formal associative operator algebra provided by Terilla’s deformation formula and an example of a Leibniz operator algebra
due to Kanatchikov.

Conventions. Throughout the text, k will denote a field of characteristic 0. The symmetric group on n elements will be
denoted by X,, with 1, € ¥, denoting its unit. All algebraic objects will be assumed to live in the symmetric monoidal
category of graded k-vector spaces with the symmetry

Ty x®@y— (DX y @x

for any homogeneous x € V, y € U. In particular for o € ¥,; and homogeneous xi,...,x; € V, the Koszul sign €(o) =
€(0;X1,...,%) € {—1,+1} is defined via
X1 Q- QxXn=€(0;X1,...,%) Xo(1) ® - X5 (n).

We will also denote

X(@)=x(0:%1,...,%) :=58n(0) - €(T; X1, ..., Xn).

We will use the notation 1V, resp. |V for the suspension, resp. the desuspension, of a graded vector space V. The free
graded commutative unital associative algebra on a graded k-vector space X will be denoted by

S =P s" X,

n>0
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where §"(X) is the n-th symmetric power of X. We also denote

S(X) := @ SKX) =k X®S2(X)D---®S5"(X), and

0<k<n

s = P s =xes’X e &5"X.

1<k<n

All operads are assumed to be unital. The Jacobiator is usually defined as
Jac(a, b, c) =[a, [b, c]] + b, [c, al] + [c, [a, b]]
while in the context of Ly,-algebras the form

Jac(a, b, ¢) =[la, b, c] +[[b, c], a] + [[c, a], b]

is preferred. Since the difference is only an overall sign which plays no rdle in our theory, we will freely use, depending on
the context, both conventions.

Acknowledgments. We are indebted to Vladimir Dotsenko for drawing our attention to citations [8] and [10] and to the
anonymous referee for many helpful suggestions.

Part 1. Calculus of multilinear differential operators
1. Higher order derivations and differential operators

In this section we present some necessary terminology and results concerning higher order differential operators and
derivations. While standard citations [22,44,14,33,35,39] assume the existence of a unit in the underlying algebra, we need
to work in a nonunital setup. This requires particular care since some concepts of the unital case do not translate directly.
The main results here are Propositions 1.3, 1.6 and 1.8. Their proofs are given at the end of this section.

Throughout this section, we suppose that A is a graded commutative associative, not necessary unital, algebra and
V:A — A, possibly decorated with indices, a homogeneous linear map. As in [33], we define inductively, for each n > 1,
the deviations @Y, : A®" — A by

@Y (a) == V(a),

®2,(a, b) := V(ab) — V(a)b — (=1)VHav (b),
(1

1
O (@, ..., an1) == @Y (ar, ... Gpangr) — DY (as, ..., Ap)anss

— (=Dl @y, ... an_1, ani1)an.

A non-inductive formula for ®¢ can be found in [33, page 373]. In noncommutative probability theory, @%“ is known as
the nth infinitesimal cumulant of V with respect to the multiplication of A.

Definition 1.1. A linear map V : A — A is a derivation of order r if <I>rV+l is identically zero. We denote by Der"(A), r > 0, the
linear space of derivations of order r.

Notice that Der®(A) = 0 while Der!(A) is the space of usual derivations of the algebra A. It follows from (1) that if
CI>rv+1 identically vanishes, then so does <I>rv+2, thus Der’(A) c Der"t1(A). For homogeneous linear maps V4,V : A — A we
denote, as usual, by

(V1. Va]:= V10V — (-D)V1IV2Iv, 0 v,
their graded commutator.
Definition 1.2. The space Diff" (A), r > 0, of differential operators of order r is defined inductively as follows:

(i) Diff°(A) := { Lg:A—>A]aeA } where Lg : x — ax is the operator of left multiplication by a € A, and
(ii) Diff"(A) :={V | [V, L] € Diff"""(A) for allae A}, r > 1.
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Furthermore, as a convenient convention we set Diff_1(A) := 0. This is consistent with the above definition, since
[V, Lq] =0 e Diff "' (A) for any V e Diff®(A). To complete the picture, we recall still another definition of differential opera-
tors that can be found in the literature. It uses the derived k-linear mappings

\IJ’”‘V(al,az...an) =[..00V,Lq ], Lay], ... Lay,]: A—> A, ai,...,ap € A.

As a definition, we set \IJ% := V. In particular, the first few iterations read
WY (x) =V,
Wy @) = V(@) — (=)Wl v),
Wg (a1, a2)(x) = V(@arazx) — (—D1Vla; v (ayx) )
_ (_1)|02\~\V|a2v(a]x) + (_1)(|a1|+\02\)~\V|a1azv(x)’ &cC.

For r > —1 we define

Diff (A) := [ VIV ar,...,ar11) =0 forall ai,...,ar41 €A} (3)

Below we formulate the main results of this section, Propositions 1.3, 1.6 and 1.8. Their proofs are to be found at the end of
this section. The first one specifies the relation between the above three definitions.

Proposition 1.3. For arbitrary r > 0, Der” (A) C Diff"(A) C mr(A). If A has a unit 1 € A, then Diff" (A) = Tffr(A) and, moreover,
Der’(A) = { V € Diff"(A) | V(1) = 0}. (4)
Corollary 1.4. If A is unital, then there exists a canonical isomorphism
Diff"(A) = Der" (A) @ A, r > 0.

Proof. Notice that the operator of left multiplication L, : A — A belongs to Diff"(A) for any r > 0. Thus V — Ly (1) € Diff" (A)
and, since it clearly annihilates the unit, V — Ly(1y € Der"(A) by (4). Thus the correspondence

Vi— (V—-Lya) ®V(Q)
defines a map Diff" (A) — Der"(A) @ A whose inverse is given by 6 @ar> 6 +L,. O

Lemma 1.5. Derivations (resp. differential operators) of order n on S(X) are uniquely determined by their restriction to Sin(X)
(resp. to S="(X)).

Proof. The derivations part is [33, Proposition 3]. Now, given a differential operator V of order n, we consider, using
Corollary 1.4, its unique decomposition V =6 + L;, where 6 is a derivation of order n and L, is the operator of left
multiplication by a € S(X). As mentioned, the former is determined by its restriction to S:i" (X), while a=V(1). O

For subspaces S1, S, of the space Ling (A, A) of k-linear endomorphisms A — A denote
S10S2:={VioVy|V1€S51,V2€5,} and [S1,S2]:={[V1, V2] | V1 €51, V2 €52 }.
One then has
Proposition 1.6. Under the above notation, the following inclusions hold for arbitrary m,n > 0:

(i) Der™(A) o Der"(A) C Der™(A),
(ii) Diff™(A) o Diff"(A) c Diff™*"(A), and
(iii) Diff " (A) o Diff (A) C Diff" " (A).

Likewise, for the graded commutators one has

(iv) [Der™(A), Der"(A)] C Der™*"~1(A), and
(v) [Diff™(A), Diff" (A)] C Diff ™"~ 1(A).
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Remark 1.7. Notice that, for a general non-unital algebra A, the inclusion

[Dif" (A), Diff " (A)] c Diff "' (A)

analogous to (iv) and (v) above, need not hold. As an example, take A to be a d-dimensional k-vector space placed in

degree zero with trivial multiplication. Then \Jllv =0 for arbitrary V, so WffO(A) is, by definition, the space of all linear
endomorphisms A — A, i.e. the algebra of d x d matrices My(k). If d > 2, My(k) is non-commutative, therefore

0 # [Ma(k). My(k)] = [Diff (A). Diff (4)] ¢ DIff ' (A) =0.
The last of the main statements of this section is

Proposition 1.8. For a arbitrary r > 0, both Diff" (A) and Wffr(A) are sub-bimodules of the space Liny (A, A) of linear maps A — A
with its natural A-A-bimodule structure

(b, V)= LpoV, (V,b)—~> Vol
Moreover, Der (A) is a left submodule of Liny (A, A) with respect to the action (b, V) — Ly o V.

Remark 1.9. The subspaces Der"(A) C Ling (A, A) are not, in general, right submodules with respect to the action (V,a) —
V o Lg, not even when A is unital. Assume, for instance, that V € Der!(A), i.e. that d>2v(a1,a2) =0 for each aj,a; € A. It is
easy to check that then

CDZVOLG (ay,az) = —V(a)aqaz.
Now take A to be the polynomial ring k[x], V := g—x the standard derivation and a € k[x] any non-constant polynomial.
While V € Der!(A), q>2wa #0, 50 VolLg ¢ Der!(A).

The relations between the various subspaces of Liny (A, A) introduced above are summarized in the diagram

0=Der%A)C—Der!(A)C— Der2(A)C—...C—Ling(A, A)

0=Diff '(A)— = Diff‘)J(A) G Diffb(/\) > Diffjf(A) C o .. S Ling(A, A)
0=Diff ' (A)—= Diff (A) > Diff ' (A) > Diff*(A) > - - "> Liny.(A, A)

in which the top row consists of inclusions of left A-modules and the remaining two rows of inclusions of A-A-bimodules.
The vertical inclusions between the upper two rows are inclusions of left A-modules, the inclusions between the bottom
ones are that of A-A-bimodules. If A possesses a unit, the bottom two rows are isomorphic. The rest of this section is
devoted to the proofs of the above propositions and necessary auxiliary results, some of them being of independent interest.
In what follows, to simplify the exposition, we assume that all objects are of degree 0. In the general graded case, the
formulas can be properly adjusted by following the Koszul sign rule saying that whenever we commute two entities of
degrees p and q, respectively, we multiply by (—1)P4.
Let R be a (noncommutative) ring and let [x, y] denote the commutator xy — yx for all x, y € R. Then

[Xy,z] =Xyz — zxy = xyz — xzy + xzy — zxy = x[y, z] + [x, z]y. (5)
Applying this to R = Ling(A, A) with the standard composition as the multiplication, x = L,, y = V1 and z = V3, where Vy,
V, are arbitrary k-linear endomorphisms of A, we get

[Vi0oVa, Lgl=V10[V2, Lol +[V1, Lgl o V2. (6a)

Similarly, for any V € Ling (A, A), aj,a € A,
[Va L(11 o Laz] = [V, LG]] o Laz + La1 o [Va Laz]- (Gb)
Furthermore, the Jacobi identity for the commutator reads

[[V1. V2], La] = [V1, [V2. Lal] = [ V2. [V1. Ld]].
A simple formula

La1 o Laz = La1a2 (GC)

that holds for any aq, a; € A, will also be useful. We will also need the following simple

6
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Lemma 1.10. Assume that A is unital. Then a map A : A — A commutes with the operator L, of left multiplication for any a € A if
and only if it is itself an operator of left multiplication.

Proof. By definition, [A, Lq] =0 means that A(au) =aA(u) for all u € A. Taking u =1 gives A(a) =aA(1) = A(1)a, so A is
the operator of left multiplication by A(1). O

The following statement is also an easy observation.

Lemma 1.11. Assume that V € Liny (A, A) is such that V(1) = 0. For each n > 1, ®% (ay, ..., a,) = 0 if at least one of its variables
equals 1.

Proof. The claim is obvious for n = 1. For n > 2 it follows from defining formulas (1) by simple induction. O

For a commutative associative (unital or nonunital) algebra A denote by A its ‘unitalization,’ i.e. the original algebra with
an artificially added unit. Explicitly, A=A & k as k-vector spaces, and the multiplication given by
(a/ @ J//)(a// @ y//) — (a/a// _"_ y/a// + y//a/) @ (y/,y//)
fora’,a’ € A, y',y" € k. Notice that if A was unital, its unit does not coincide with the newly added unit 1 of A. Lemma 1.11
will be used in the proof of

Lemma 1.12. Let V € Ling (A, A) and Ve Link(z, A) be its extension by %(i) :=0.Then V € Der"(A) if and only if% € Derr(ﬁ).

Proof. If V € Der’(A), ~:I>rv+1 is identically zero by definition, and the same is true also for <I>%“. Indeed, if all ay,...,ar41
belong to A, then

o (ar,....arp1) = G (@1, ..., 4r41) =0
since V € Der"(A). If at least one of a, ..., ar+1 equals the added unit 1, then d)%“(al, ...,0r4+1) vanishes by Lemma 1.11.

The opposite implication is clear, since the restriction of a differential operator to a subalgebra is a differential operator
again. O

The unitalization A and the related Lemma 1.12 will be invoked again in the proof of Proposition 1.6. The next lemma
provides an inductive formula for iterated left multiplications of the same spirit as (1).

Lemma 1.13. Foranyn > 1and any a1,a; ...an+1 € A,
W@y, ... ane1) = W (ar, ..., Gplng1) — @V (a1, . .., G, Gns1) — A1 WS (@i, - ., Gp).
Proof. First note that, by the noncommutative Leibniz identity (6b), we have

W (ar, ..., an-1), Lay 0 Lay,, 1 = [¥% (a1, ..., an-1), Lay] © Lay,; + Lay o (W% 1 (@1, .-, Gn—1), Lay ]
= llJnv(als ...,0p)o Lﬂn+1 +an‘l’%(aly oo Op_1,Gng1).

Invoking (6c), we also have

(W lar, ..., an-1), Lay © Lay,y 1 =[98 @1, ..., an-1), Lapapt1] = WS (a1, - .. , Gn@ni1)

which, combined with the previous display, gives

WY (a1, ...,0n) o Loy, =W (a1, ..., Gnlny1) — @ WS (a1, - .., Gng1).

Substituting this into

\IJ11V+]((1], "'aal’lJrl) = [Ll,ll’lv(a], 0"5aﬂ)7 LClJrl] = "Ilnv(a19 '0'5aﬂ) OLG+] - Lﬂ,H,] Oq}%(ala "'7an)

yields the required result. O
Corollary. For anyn > 1, Wi, (a1, ..., ay) is symmetric as a function of ay, ..., a, € A.

Proof. Induction on n, using Lemma 1.13. O
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An intriguing and important relation between W{,, ®{, and d>’§+1 is given in
Proposition 1.14. Let V : A — A be a k-linear mapping. Then, forn > 1 and any x,ay, ..., a, € A,
(@, ....a) () = @4 (@, ..., an, %) + XY (a1, ... ap).
Proof. For the base case n =1, we have
Wl (a)(x) = V(ax) —aV(x) = V(ax) — aV(x) — xV(a) + xV(a) = d%(a, x) + xdL (a).
For n > 1, we begin by noting that, by definition,
Vo (@, G )0 = [W9(@r, ..., @), L, 1(%)
= Wy (ai, ..., an)(@n41X) — A1 Wy (ai, . .., an)(%).
By induction, the two terms in the right-hand side are equal to
CDHVH(GL oo On, Gnp1X) + G XY (as, ..., an)
and
—An 1 DY (a1, .., an, X) — anp1x®(as, ..., ap),

respectively. Hence,

1 1 1
Vo ar, ... an) %) = DG (ar, ...y pg1%) — an @Y (a1, .. ap, )
1 1
=Y (a1, ..., an, py1%) — Q1 @ (a1, .., a0, X)
n+1 n+1
—x® (@, . ap) F XD (@, - angr)
by (1) < n+2 n+1
= oy (a,...,ap41,X) +XP (a1, ..., 0n41)

as desired. O

Notice that (7) with x =1 combined with Lemma 1.11 gives the well-known equation

Wi (ai,...,an)(1) =0 (ay ..., ap).

Lemma 1.15. Assume that V : A — A is a k-linear mapping. Then V € Diff" (A) for some r > 1 if and only if, for arbitrary a, . ..

A,
W (ay, ..., ar) € Diff°(A).
If A is unital, the above condition is equivalent to
v ar, ..., ar41) =0
foranyay,...,a41 € A.
Proof. Let V e Diff" (A). Then, as it follows directly from the definition, for any 0 <k <r-+1 and ay,az, ..., a; € A,

W (ar,az,...,a) = [.[[V, Lay ], Lay ], - . . L, ] € Diff ¥ (A).
This with r =k gives (9a).

To get the converse direction, consider first the base case r = 1. Namely, let V: A — A be such that for any a € A,

\Iﬂv (@) =[V, Lq] € Diff®(A). Then V is a differential operator of order one by its very definition.
Now, let r > 1 and V be such that ¥, (a,ay,...,a-1) € Diff®(A) for any a,a,...,a,_1 € A. We have

wigh (@ .. .ar1) = ¥(ar, ... a1, 0) €DIffO(A).

Then, by induction, [V, Ls] € Diff ! (A). Hence, V e Diff" (A) which finishes the proof of the first part of the lemma.
Let us proceed to the second part assuming that A is unital. If V € Diff"(A), we already know that ¥} (a1, ..
Diff®(A). Since [A, L] =0 for any A € Diff’(A) and a € A,

.,ar) €
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Wl (ar, ... ar1) = Wy (a1, ..., ar), Lg,,1=0

which is (9b).
On the other hand, the vanishing (9b) means that Wg (ag,...,ar_1) commutes with the operator L, for any a € A so it
is, by Lemma 1.10, an operator of left multiplication, i.e. (9a) holds. Thus V e Diff" (A) by the first part of the lemma. O

Remark 1.16. Note that, without the unitality assumption on A, the statement of the second part of Lemma 1.15 is false.
Indeed, let A be a vector space with trivial multiplication. Since the operators of left multiplication are trivial as well,
\Iﬂv (@ =[V,Ls]=0foranyac A and V:A — A, yet V is a differential operator in Diff’(A) as per Definition 1.2 only if
vV =0.

Proof of Proposition 1.3. As in the proof of the first part of Lemma 1.15, we inductively establish that V € Wffr(A) if and
only if \I/rv+1 (ai,...,ar41) =0 for each aq, ..., ar41 € A. If V € Diff" (A), ¥ (a1,...,aq) € Diff°(A) by (9a), so

v @, ... a0 = W (ar. .. ), Lg,,, 1 =0,

thus V e Diff (A). This proves the inclusion Diff" (A) C Diff (A).
Assume that V € Der”(A). By definition, q>fv+1 (ai,...,ar,x) =0 for arbitrary aq, ..., a;, x so, by (7) withn=r,

o (ag, ..., ar)(x) = dy(a, ..., a)x.

Thus WG (aq, ..., ar) is the operator of left multiplication by @ (ay,...,a;) € A, meaning that

W (ay, ..., ar) € Diff°(A)

thus V e Diff" (A) by Lemma 1.15. Therefore Der”(A) C Diff" (A), finishing the proof of the first part of the proposition.
Assume that A is unital. By Lemma 1.10, W{ (ay, ..., a;) commutes with the operator L, for any a € A if and only if it is
an operator of left multiplication. This proves that Diff" (A) = Diff (A).
Let V € Diff"(A) be such that V(1) = 0. By (8), if Wi'(a1,...,ar+1) vanishes, and so does ®%5'(a;...,ar41). Thus
V € Der"(A).

On the other hand, if V € Der”(A), @r“ vanishes by definition, and so does \l/rV“ (@,...,ar41) forall ay, ... ,ar41 by (7)
with n =r + 1. Therefore V e Diff" (A). It remains to prove that V(1) = 0. Taking a; =a; =--- =1 in (1) gives
dL(1,..., 1) =—dL(1,...,1) (10)

for any n > 1. Since V is a derivation of order r, @Tv“ 1,...,1) =0 thus ®&! v(1) = V(1) =0 by iterating (10). This finishes
the proof. O

Proof of Proposition 1.6. We start by proving item (ii), by induction on m + n. Let V; and V, belong to Diff°(A) which by
definition means that they are both operators of left multiplication. By (6c), their composite V7 o V; is an operator of left
multiplication as well, so V10V, € Diff’(A).

Suppose that (ii) been established for all m + n < k. Consider the case m +n =k + 1. For any a € A, in equation (6a),
[V1, Lg] is of order <m —1 and [V3, Lg] is of order < n — 1. Then by the inductive assumption, each of the summands, and
hence the left hand side of (6a), is a differential operator of order < m+n — 1, thus Vj o V, is of order < m+n, as desired.

The proof of (iii) differs from that of (ii) only in the first inductive step. If Vq,V; € mO(A), by definition, for any a € A,
we have [V, Lg] =[Va2, Lg] =0. Hence, by (6a), [V] 0 V3, L] =0, and thus Vi 0V, € WO(A). We then proceed inductively
as before.

It follows from (4) combined with already proven cases that (i) holds for derivations annihilating the unit of an unital
algebra. Let A be an arbitrary, not necessarily unital, algebra, and V, V derivations of orders <m and < n, respectively.
Their extensions V1, Vz to the unital algebra A are derivations of the same respective orders by Lemma 1.12, so V1 o V2 isa
derivation of order <m +n by the above reasoning related to the unital case. Notice that the composite V1 o V, annihilates
the unit 1 of A and extends V1 o Vs, so the later is a derivation of order < m +n by Lemma 1.12 again.

The proof of the remaining items is similar except that instead of (6a) we use the Jacobi identity (6b). Let us prove (v)
by induction on m + n. The base case is m =n =0 when V| = Ly, Vo, =L}, for some a, b € A. Then [Vy, V3] =[Lg, Lp] =0 as
expected.

Suppose that the statement has been established for m + n < k. Consider the case m +n =k + 1. In (6b), [Lg, V1] is of
order m — 1 and [Lq, V2] is of order n — 1. Then by the inductive assumption, each of the summands, and hence the left
hand side of (6b), is a differential operator of order m +n — 2. Thus [Vy, V3] is of order m +n — 1, as desired. Item (iv) can
be easily derived from (v) by the extension trick employed in the proof of (i). O

9
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Proof of Proposition 1.8. The invariance of all spaces with respect to the left action follows from the obvious equations

(blzbov =b. oY, V]

Lov=Db Wy, beA,

and (6¢) which proves the invariance of Diff°(A). The invariance under the right action can be proved inductively, using the
equation

[Volp,Lal=Vol[Lp, Lol + [V, Lalo Ly =[V, La] o Lp.

The details can be safely left to the reader. O

2. Multifiltrations and multilinear differential operators

The section is devoted to introducing an operadic framework for describing algebraic structures, whose operations are
represented by multilinear differential operators. The standard references for operads include [37,34] and a more recent [29].
In what follows, all operads are assumed to be unital, k-linear and connected, meaning that P(0) = 0.

We ought to warn the reader that the term ‘operator algebra’ that is to be introduced in this section is an abbreviation
for a ‘multilinear differential operator algebra’ and is not directly related to the homonymous, but more elaborate, functional
analytic concept.

2.1. Filtrations of algebras

We proceed by recalling the basic terminology concerning filtrations of associative algebras. Recall that an (increasing)
filtration {F;A}icz on an associative k-linear algebra A is a collection of k-subspaces

+CF_4ACFACFAC---CA (11)

such that FiA - FjA C Fi jA for all i, j e Z. If A is unital with a unit 14, we assume in addition that 14 € FoA. All
filtrations on A are naturally ordered by the componentwise inclusion and form a poset Filt(A) with the largest element
being the trivial filtration F;A:=A forallie Z

One says that a filtration FA = {F;A}icz is exhaustive if | J FiA = A and is bounded if there exists b € Z such that
ieZ
FiA =0 for all i < b. Furthermore, a filtration FA such that

[FiA, FjA] C Fipj_1A (12)

for all i, j € Z. is called a D-filtration [1]. Note, in particular, that in such a case F1A is a Lie algebra with respect to the
commutator bracket. An algebra A is said to be almost commutative if it admits a bounded exhaustive D-filtration. The
following standard example is of particular relevance for us.

Example 2.1. Let C be a commutative associative k-algebra and A := End(C) be the associative algebra of k-linear endo-
morphisms of C with the multiplication given by the usual composition of linear maps. Proposition 1.6 implies that the
collections of subspaces

Diff*(C) = {0 : C — C| O is a differential operator of order k}, k € Z

and

Der*(C) = {0 : C — C| O is a derivation of order k}, k € Z

comprise well-defined bounded D-filtrations of A.

Given an algebra filtration FA = {F;A}icz, one readily notes that a k-algebra homomorphism f : A — B induces a
filtration on B by setting G;B := f(F;A) for all i € Z. Furthermore, if FA is exhaustive, then so is the induced filtration
GB = {GiB}icz, provided that f is surjective.

Example 2.2. Let g be a Lie algebra. An application of the previous observation to the evident filtration on the tensor algebra
T(g) by the monomial degrees and the canonical surjection of T(g) onto U(g) := T(g)/I, where I is the ideal generated by
the elements of the form x® y — y ® x — [x, y] for all X, y € g, yields a filtration on the universal enveloping algebra of g.

One may find it instructive to consider the special case of g being the free Lie algebra L(E) on a generator space E, in
which case U(LL(E)) >~ T(E). The filtration FT(E) = {F;T(E)};cz of T(E) obtained in this way is different from the canonical
filtration of T(E) by the monomial degrees.

10



D. Bashkirov and M. Markl Journal of Geometry and Physics 173 (2022) 104431

Example 2.3. More generally, given a unital algebra A with of a generating set S, the canonical surjection T(E) — A, where
E := Span(S), gives rise to an exhaustive filtration on A. Explicitly, such a filtration can be constructed inductively by setting
FiA=0foralli <0, FgA:=k, F{A:=k+E and FyA:=F1A-Fy_1A for all k > 1.

The filtration obtained in this way is known as the standard filtration of an algebra A with respect to a generating set S
[40, Section 1.6]. It is a D-filtration whenever the space of generators E is closed under the commutator. Its operadic analog,
which is to be introduced in Section 3, will be particularly useful for us later on.

Example 2.4. Consider the tensor algebra T(E) on the graded generator space E = Span(A) with A being of an odd degree.
If {FpT(E)}p>o is the filtration of T(E) as per Example 2.2 and {T9(E)}q>0 is the standard grading of the same algebra by
the monomial degrees, then

FpT(E) =P T*(E).

k<p

Interpreting the associative unital algebra Dg:= T(E)/(A?) as an operad concentrated in arity one, Dg-algebras are differ-
ential graded (dg) vector spaces. The operad Dg will serve in Section 3 as an example of a tight operad generated by an
operation of arity one.

An index-free description of the filtration data can be obtained as follows. Given a graded vector space A = ;.5 A, let
Sub(A) denote the modular lattice of all graded linear subspaces V C A, i.e. families {V; C A;}icz of linear subspaces, with
the meet and the join operations being the componentwise subspace intersection and the componentwise subspace sum,
respectively. As a poset, Sub(A) carries a natural category structure.

The tensor product induces, for arbitrary graded vector spaces A’ and .A”, a functor

Sub(A’) x Sub(A”) = Sub(A' ® A")
defined by

sub(A) x Sub(A”) 3 {(V{}i x (V]}j— { @ Vi® V/}, € sub(A'®@A").
i+j=s

Likewise, any homogeneous linear map A — B induces a functor Sub(A) — Sub(B). As a consequence, any homogeneous

k-bilinear operation ¢ : A ® A — A defines a functor (denoted by the same symbol)

¥ : Sub(A) x Sub(A) — Sub(A) (13)

given as the composition Sub(A) x Sub(A) - Sub(A ® A) — Sub(A) of the above functors. An obvious analog of the
induced functor (13) holds also for arbitrary multilinear maps # : A®" — A.

Example 2.5. Let A be a unital associative algebra. Its multiplication - : A® A — A induces on Sub(A) a monoid structure in
the cartesian category Cat of small categories, whose unit is Span(e), the linear span of the algebra unit e € A. Likewise, the
graded commutator bracket [—, —]: A ® A — A given by [@/,a"]:=d -a”" — (—1)¥11"lg” . ¢’ induces a symmetric bifunctor
(denoted by the same symbol) [—, —]: Sub(A) x Sub(A) — Sub(A).

Let Z be the integers, 4+ :Z x Z — Z the standard addition and [—, —]: Z x Z — Z the operation given by [p,q] :=
p+q—1 for p,qe Z. If we consider Z as a small category with the category structure given by its standard order,
then (Z,+) and (Z,[—, —]) are commutative monoids in Cat, with the units being 0 and 1 respectively. The following
proposition refers to the structures introduced in Example 2.5. By a magma we mean a binary operation with no specified
axioms.

Proposition 2.6. Let A be a unital associative algebra. The data of a D-filtration on A is equivalent to that of a functor ¥ : 7 —
Sub(A) which is a lax monoidal morphism (Z, + ) — (Sub(A), - ) and, simultaneously, a lax magma morphism (Z,[—, —]) —
(Sub(A), [—, D

Proof. Given such a functor .# : Z — Sub(A), let use denote FpA :=.%(p), p € Z. The functoriality of .% is equivalent to
FpA C FgA whenever p <q. Furthermore, for .# to be a lax morphism (Z, + ) — (Sub(A), - ) means, by definition, the
existence of natural morphisms

FZ () - F(@qQ) — F(P+q, p.qeZ and F(Span(e)) — F(0)

in Sub(A). In terms of the filtration determined by .# it means that FpA-FgA C Fp14A and e € FoA. By the same argument
we verify that .% is a lax morphism (Z, [—, —]) = (Sub(A), [—, —]) if and only if [FyA, FgA] € Fpyq—1A. O

11
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2.2. Multifiltrations of operads

We are going to generalize the notions recalled in the previous subsection to the realm of k-linear operads. In essence,
this amounts to introducing an n-ary analog of the Z-indexed flag of subspaces (11) and modifying appropriately the
corresponding compatibility condition for the algebra multiplication. Furthermore, extrapolating the notion of a D-filtration
will require introducing an operadic analog of the standard commutator bracket.

While filtrations of associative algebras are defined in terms of the ordered monoid of integers Z, filtrations of operads
are to be controlled by an operad MZ = {MZ(n)},>1 of posets of integer-valued multiindices. Specifically, for all n > 1, we
set MZ(n) := Z" with the poset product order inherited from Z. That is, the set MZ(n) is partially ordered via

(P}, pp) <(PY,....py) ifand only if p; < p{ foreach 1 <i<n.

With the obvious right permutation action of the symmetric groups X, the unit (0) € MZ(1) and the structure operations
oj : MZ(m) x MZ(n) > MZ(m+n—-1),n>1,1<i<m,
given for (ai,...,am) € MZ(m) and (bq,...,by) € MZ(n) by

@i, ...,am)oj (b1,....bw):=(a1,...,ai—1,b1+a;, ..., bn +a;,0i11, ..., am), (14)

MZ forms an operad in the cartesian category Cat of small categories.
Furthermore, for each n > 1, MZ(n) is a lattice with the join and the meet operations being

(Ph, .- P vV (PY, ..., pp) = (max(p}, p7), ..., max(py, py))

and
(P}s s Pp) A DY, ..., pp) := (min(p], p), ..., min(py, py))
respectively. Finally, for p = (p1,..., pn) € MZ(n), we denote the maximum of p1,..., p, by maxp € Z.
In what follows, given d = (a1, ...,a,) and an inde_>§ 1 <i<m, we will use a shorthand notation d; := (a1, ...,ai_1),
dg := (@j41,...,ay) and write d = (d, a;, dg). Now, for b = (b1, ..., by), equation (14) reads

dojb:= (b +a,dg).
where b+ a; := (by +a;, ..., by +ay).

Remark 2.7. The Cat-operad MZ introduced above is an ordered version of S. Giraudo’s combinatorial operad TM [10,
Eq. (3.1)] for M being the additive monoid of integers. More applications of that construction are presented in [8].

Definition 2.8. An (increasing) multifiltration FP = {F3P(n)}5emzm) n>1 Of a k-linear operad P is a collection of k-subspaces
of F3P(n) C P(n) indexed by the elements P € MZ(n) for all n > 1 subject to the following conditions:

(i) Monotonicity: FjP(n) € FprP(n) if p' < p".
(ii) Equivariance: F3P(n) - o = Fp.,P(n), where o € ¥p acts on p=(p1,...,pn) via
p-0=Ds) - Pom))-

(iii) Compositional compatibility: F3P(m) o; F;P(n) C F;_;P(m+n—1) for all ae MZ(m), be MZm) and 1 <i<m.

doib

(iv) Unitality: If e € P(1) is the operadic unit, then e € F)P(1).

We will routinely shorten {F3P()}3emzm),n=1 to {F3PM)}5 n, whenever there is no danger of confusion.
A multifiltration FP is said to be exhaustive if

Pn) = U Fl-,iP(n), forall n>1,
peMZ(n)

and is said to be bounded if for any n > 1, there exists Bn € MZ(n) such that F3P(n) =0 for all pP< Bn.

Definition 2.9. Let P and Q be k-linear operads equipped with multifiltrations FP and GQ respectively. Then a multifiltered
operad morphism ¢ : (P, FP) — (Q, GQ) is an operad morphism ¢ : P — Q such that ¢(F3P(n)) € GzQ(n) for all n > 1 and
P e MZ(n).

12
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All multifiltrations of P form a poset MFilt(P), where F'P < F”? if and only if Féﬂ’(n) C ngP(n) for all p € MZ(n) and
n > 1. Furthermore, for any two multifiltrations F’P, F”P, their componentwise intersections

G;,?(n) = Fé?(n)ﬁngP(n), n>1,peMzZn) (15)
and sums
Ki,iP(n) = F%CP(n)—i—F;—J’?(n), n>1,peMZn) (16)

constitute well-defined multifiltrations. Both constructions admit obvious generalizations to the case of intersections and
sums of arbitrarily large collections of multifiltrations and turn MFilt(?) into a lattice. Two trivial examples of multifiltra-
tions are immediate.

Example 2.10. Any k-linear operad P possesses the multifiltration with FzP(n) := P(n) for all peMZ®n) and n> 1. It is
the largest element of MFilt(P).

Example 2.11. A filtration FA = {F;A};cz of an associative algebra A is a multifiltration of A treated as an operad concen-
trated in arity 1. The qualities of being exhaustive and bounded transfer accordingly.

Example 2.12. Any k-linear algebra A gives rise to a Giraudo’s combinatorial operad MA, where MA(n) := A®", for alln > 1,
and
oj : MA(m) ® MA(n) > MA(m+n—1)
@,....,am) @ (b1,...,bp) = (a1,...,ai-1,a; - b1, ....a; - bp,aiy1, ..., am)
for all m,n>1 and 1 <i <m. Any exhaustive (resp. bounded) filtration FA = {F;A};cz of A induces an exhaustive (resp.

bounded) multifiltration FMA of MA given by

F3MA(M) = F(p, py.pmMA(M) := Fp, A®--- @ Fp A, p € MZ(n), n> 1.

Example 2.13. Let A be a commutative associative k-algebra and &nd4 be the endomorphism operad on the underlying
vector space. Generalizing Example 2.1, we equip &nd with a multifiltration F&'nd by taking F(p, . p,)é&nda(n) to be the
space of k-linear maps O : A®" — A that are differential operators of order p; in the i-th variable, for each 1 <i <n.

Example 2.14. Let A[h] := A ® k[h]. A ‘formally deformed’ version of the previous example is the multifiltration F&nd
of &ndappy whose (p1, ..., pp)-th component is comprised of all k[h]-multilinear maps O :Aﬂh]®" — A[h], n>1, such

that, for ay,...,a, € A,
O(al""aan):Oo(ala"'van)-"_O](a17"'7an)'h+Oz(alv"'van)'h2+"'a (17)

where Og(aq,...,ay) is a differential operator of order p; + s with respect to the i-th argument, for each 1 <i <n. The
multifiltrations F&nds and Fé&nd, In] of Examples 2.13 and 2.14 are bounded, but not exhaustive in general.

Remark 2.15. The relation between the orders of differential operators in (17) and the powers of h is motivated by the
notion of IBLy-algebras, cf. Example 5.4. The latter fits into the scheme of binary QFT algebras of Park [45], which are,
by definition, graded commutative associative algebras over k[h] equipped with a differential D whose deviation (D'E,H is
divisible by h", for each n > 0.

Similarly to the case of filtered algebras, multifiltrations can be passed along morphisms.

Lemma 2.16. Let ¢ : P — Q be a morphism of k-linear operads and FP = {F;P(n)}; , be a multifiltration of P. Then the system
¢ (F)Q={¢(F)3Q(n)}p n of subspaces of Q = {Q(n)}n, where

¢ (F)3Q(n) := ¢ (F3P(n)),
is a multifiltration of Q. Furthermore, if ¢ is surjective and FP is exhaustive, then ¢ (F)Q is exhaustive as well.
Proof. The monotonicity and unitality of ¢ (F)Q are automatic. The equivariance of ¢ (F)Q follows from ¢ being an operad
morphism and thus compatible with the symmetric group action. To check the compositional compatibility with the o;-

products, assume that « € ¢(F)zQ(m), B € ¢(F);Q(n). By the definition of ¢ (F)Q, there are o’ € F3P(m) and B’ € F;P(n)
such that ¢ (@) =« and ¢(B’) = B, and thus

13
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Ti—1,j—1 X Imyn—i—j41 Litj—1 X Tm—in—j
’ \

Fig. 1. The operadic commutator [a, b];;.

o f= (@) oi p(B) = p(@ oi f) € (Fz 5P +n—1) = §(F); ;Pm+n—1),

yielding the desired inclusion ¢(F)3Q(m) o; ¢(F);Q(n) C ¢(F)ao,-59(m + n — 1). Finally, it remains to observe that for a
surjective ¢

U epom= | oFPm=¢| | FPm) | =¢@m)=2m

peMZ(n) peMZ(n) peMZ(n)

foranyn>1. O
2.3. D-multifiltrations

An additional property that the multifiltrations of Examples 2.13-2.14 possess is implied by parts (iv)-(v) of Proposi-
tion 1.6 and concerns the behavior of multidifferential operators under commutation. To state it, for a k-linear operad P
with the operadic compositions

0j : P(M)®@P(M) — P(m+n—-1),n>1, 1<i<m, (18)
we introduce a family of commutators

[— =1 : PMP() — P(m+n—-1), 1<i<m, 1 <j<n, (19)
generalizing the standard commutator bracket of an associative algebra. Namely, for a € P(m) and b € P(n), we set

[a,blij := (@o; b) - (Ti—1,j—1 X Imtn—i—j+1) — (=D PI(boja) - (Litj—1 X Tm_in—j), (20)

where 7j_1j_1 X Imyntitj+1) € Zmyn—1 is the permutation that exchanges the first i — 1 symbols with the next j —1
symbols and leaves the remaining symbols unchanged. The action of 1;}j_1 X Tjy—jn—; is determined in a similar way. The
flow diagram on Fig. 1 illustrates the idea.

As in (13), operations (20) induce bifunctors (denoted by the same symbol)

[—, —1ij : Sub(P(m)) x Sub(P(n)) — Sub(P(m+n—-1)), 1 <i<m, 1<j<n. (21)
The property we wish to formalize stipulates its behavior in terms of the indexing operad MZ. To this end, we define

[—, =]ij:MZ(m) x MZ(n) > MZ(m+n—1), 1 <i<m, 1<j<n, (22)
by setting

[d. bl := (by +a;. @, +bj.a; +bj — 1,bg +a;.dr + b)),

for @ = (d;.a;,dr) € MZ(m) and b = (b, bj, bg) € MZ(n). Note that (MZ(1), +, [—, —]11) is equivalent to (Z,+,[—, —]) in
the sense of Proposition 2.6.

Definition 2.17. We say that a multifiltration FP = {F;P(n)} , of a k-linear operad P is a D-multifiltration if
[F3P(m), FgPm)]ij € Fip g, P(m+n—1)
forall pe MZ(m), e MZ(n), 1<i<m,1<j<n.
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Example 2.18. Let FA be a D-filtration of A. Then, trivially, it is a D-multifiltration of A regarded as an operad concen-
trated in arity 1. More generally, the multifiltration of Giraudo’s operad MA inherited from FA as per Example 2.12 is a
D-multifiltration.

Example 2.19. The multifiltrations of Examples 2.13 and 2.14 are D-multifiltrations.

The property of being a D-multifiltration is preserved under taking sums and intersections of D-multifiltrations. Further-
more, as a corollary to Lemma 2.16, we get

Lemma 2.20. For any k-linear operad morphism ¢ : P — Q, the image ¢ (F)Q of a D-multifiltration FP is a D-multifiltration.

2.4. Saturated multifiltrations

In general, the benefit of having a non-trivial filtration on an algebra, or a multifiltration on a linear operad, lies in
gaining means of better understanding its structure in terms of some smaller constituents and their mutual relation. For
multifiltrations, the complexity of the indexing operad MZ encoding such a decomposition is noticeably higher than that of
a linearly ordered monoid Z governing the case of ordinary associative algebra filtrations. With that in mind, we would like
to single out a certain class of multifiltrations characterized by a relatively simple underlying combinatorics.

Definition 2.21. A multifiltration FP = {F3P(n)};  is saturated if

F3P(n) N F5:P(n) € Fr a5 P(n), forall p’, p"” € MZ(n). (23)

Due to monotonicity (i) of Definition 2.8, inclusion (23) amounts to the equality

F3P(n) N F5P(n) = Fp 05, P(n), forall p’, p"” € MZ(n).

For n =1, the defining condition automatically holds true. In that regard, the notion of being saturated gets trivial in the
realm of associative algebras.

Example 2.22. All multifiltrations in Examples 2.10-2.14 are saturated.

Example 2.23. As an example of a non-saturated multifiltration, let P be the k-linear operad with P(2) = Span(«, 8, y) and
P(n) =0 for any n # 2. That is, it is an operad generated by three binary operations with the vanishing pairwise- and self-
compositions. Then the multifiltration defined by setting Fo,1)P(2) := Span(e, ¥), F(1,00P(2) :=Span(8, y), F3P(2) :==P(2)
for all p>(1,1) and F3P(2) ;=0 for all P < (0, 0) is not saturated. More natural examples of non-saturated multifiltration
are to appear in Section 3.

An elementary check shows that the property of being saturated is not preserved under taking sums and images of
multifiltrations, but is preserved under taking arbitrary intersections. That, combined with the fact that for any k-linear
operad P the largest (trivial) multifiltration of P as per Example 2.10 is saturated, confirms the validity of the following

Definition 2.24. The saturation FP of a multifiltration F? is the smallest saturated multifiltration containing FP.

Specifically, FP can be described as the intersection of all saturated multifiltrations containing FP. In such a case, by
|9, Theorem 2], the correspondence FP +— FP makes up a closure operator on the lattice MFilt(?). That is, it enjoys the
following formal properties

FP<F?P (24a)
FP=FP (24b)
and that F’P < F”P implies

F'P<F'P. (240)

As it is the case for any closure operator, it is a functor MFilt(P) — SMFilt(P) left adjoint to the inclusion SMFilt(P) —
MFilt(P), where SMFilt(?P) is the sublattice of MFilt(P) consisting of all saturated multifiltrations of P, and both lattices are
regarded as categories with x — y if and only if x < y.

Our next task is to identify the saturation FP with the colimit of suitable intermediate steps. To this end, given a
multifiltration FP = {F3P(n)}; , of a k-linear operad P, we define its presaturation as the family of subspaces {F%f]’(n)};,,,1
where
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FiPmy:=)_ > FpPmN---NF;Pm), forn>1. (25)
k>1 . EM,...LI_Jk .
P1A-APk=D

Lemma 2.25. Let FP be a multifiltration of a k-linear operad P and F’P be its presaturation.

(i) The family F'P = {Fé?(n)}f,.n is a multifiltration of P.
(ii) If FP is a D-multifiltration, then so is F'P.

Proof. (i) Monotonicity, unitality and equivariance of {Fé?(n)}f,’n are straightforward. It remains to prove that for any
peMZ(m),qe MZ(n),1<i<nand 1<j<m,

F%T(m)oiFéf}’(n) C FéOiaT(m +n—-1). (26)
By k-linearity of the o;-compositions it suffices to show that

(Fp,P(m) N --- N Fp, P(m)) oj (Fg, P(m) N -+ N Fg P(m)) C Fj P(m+n—1)
for all pq,...,Ppx € MZ(m), q1,...,q; € MZ(n), such that p; A--- AP =p and g A--- A q; = q. To this end, observe first
that

Poid=(P1 A AP oi @ A AG) = \(Puoidv), (27)
u,v

where in the rightmost term u and v run from 1 to k, and from 1 to [, respectively. Then

(Fp,P(m) N --- N Fp, P(m))o;(Fg,P(m) N --- N F3P(n)) C m(Fﬁu:P(m) oi F3,P(n))
= ﬂ Fpuo, Pm+n—1) C F)y Pm+n—1)=F; Pm+n—1).

u,v

u_v(i)uoiév)
(ii) Let FP be a D-multifiltration. Then an argument analogous to the one used in part (i) with the identity

[P.4lij=[P1 A APk, G1 A AqLlij = /\[ﬁu,av]u
u,v

in place of (27) shows that

[F5P(m), FaP(m)]ij C Fg g Pm+n—1), (28)

foralln>1, p,ge MZ@n). O

Given a multifiltration FP = {F3P(n)}; ,, let FOP = {Fés)ﬂj(n)}f,.rl denote the multifiltration obtained by iterating the
presaturation of FP s times.

Proposition 2.26. The components of the saturation of FP are given by

FpP(m) = J Fg”:P(n), PeMZm), n>1. (29)

s>1

In other words, FP = colim F®)P in the poset MFilt(P).

Proof. The colimit of F® P is a saturated multifiltration by Lemma 2.25. Each saturated multifiltration containing FP clearly
contains also F’®P and thus also F® P for each s > 1. It therefore contains also the union of iterated presaturations, thus (29)
indeed defines the smallest saturated multifiltration containing FP. O

Remark 2.27. Since the definition (25) of a component F é P(n) of the presaturation F’P does not involve the operad struc-

ture of P, a priori it might not be obvious that F'P = {Féf]’(n)};),n, and consequently the saturation FP, would comprise

a well-defined non-trivial multifiltration. As follows from the proof of Lemma 2.25, it does happen to be the case due to
the distributive identity (27) noteworthy in that it connects the mutually independent lattice structures of the components
MZ (n) for all n > 1 with the operad structure of MZ.
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Corollary 2.28. Let ¢ : P — Q be a morphism of k-linear operads and FP = {F3P(n)}; , be a multifiltration of P. Then
¢(F)Q =< ¢ (F)Q. (30)
The equality ¢ (F)Q = ¢ (F)Q holds if and only if ¢ (F)Q is saturated.

Proof. From the definition of the presaturation (25), for any n>1 and p € MZ(n),

G(FHQm =¢(FsPa) =0 | > Y FpPmn---NF;Pm

k=1 pq,..., Dk

P1A-APk=P

o D ¢ERPINNG(FRPM) = $(F;Am).

k>1 . ﬁL---LPk .
P1AAPg=p

The inclusion ¢ (F)Q < ¢ (F)Q now follows from (29).
Now, let FP and ¢ be such that ¢ (F)Q is saturated. We have ¢ (F)Q < ¢(F)Q. Upon taking the saturation on both sides,
we get

¢(F)Q < ¢(F)Q=¢(F)Q
and the last claim follows. O
In general, the inclusion (30) could be proper as illustrated by Example 3.6.
2.5. Stabilized multifiltrations

The following notion is meant to single out multifiltrations whose components, in a given arity n, get eventually constant
with respect to a natural order on MZ(n).

Definition 2.29. Let n > 1. We say that a multifiltration FP = {F3P(n)} , stabilizes in arity n at N for some integer N if, for
each p e MZ(n),

FsP(m) =Fpa... .y P (). (31)

In particular, F3P(n) = F(y,...nyP(n) for any P> (N,...,N). The multifiltration F?P is said to be stabilized if it stabilizes in
each arity n > 1 at some N, > 1.

yaees

Remark 2.30. The term above is not to be confused with the notion of a stable filtration (with respect to an ideal) of a
module or an associative algebra.

By monotonicity, condition (31) implies that F3P(n) C Fy,...nyP(n) for any P € MZ(n). If FP is saturated, then the
converse implication holds as well. The utility of this condition is to become more apparent in the next section, where a
certain natural class of stabilized multifiltrations will be constructed. Otherwise, it is largely due to the following

Proposition 2.31. Suppose that a multifiltration FP = {F3P(n)}; , stabilizes in arity n at N. Then,

(i) the presaturation F'P stabilizes in arity n at N as well, and
(i) foreach p = (a1, ..., ap) € MZ(n), we have

F;-,fP(n) =Fa NP NFNaN,.. . PO O NFin . Nap, NyPO) N Fn . N P0). (32)

Proof. (i) Let p € MZ(n) and p1,..., Px be such that pj A --- A Py = p. By stabilization of FP(n) at N, we have

nPm)
The definition of presaturation (25) implies now that F}JfP(n) = FéA(N N)(P(n).
(ii) We need to show that

F;,]fP(n) n-.-N Fi,ka(n) = Ff)]/\(N,..A,N)T(n) n---N Fﬁl<A(N

.....

F%,?(ﬂ) C Fa,N,...\yPO) N EN gy N, .yP@) N NFN . Nag , NyP@O) N F (N, N ay) P, (33)
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as the inclusion in the opposite direction follows readily from the definition of the presaturation F’P. To this end, let

=1,...,

1,2,...,n. We have

FT)](P(H) n-.-N Fi,ka(n) = Ff,l/\(N’m’N)T(n) n-.-N Fﬁl<A(N N)fP(n)

k
- ﬂ F(HQ,N ,,,,, NP = Fa N,..nP0),
i=1

where the first equality is due to stabilization and the subsequent inclusion follows by monotonicity. In a similar way, we
obtain Fp, P(m)N---NFp, P) S Fn,g5.n.....N) and so on. The desired inclusion then follows from (25). O

Corollary 2.32. Under the hypothesis of Proposition 2.31, FP(n) = F'P(n).

Indeed, by (32), for any j=1,2,...,n, we have F{N’_waj’_mN)?(n) =FWN,...q,... ~nyP(n). Then by another application of the
same equality, F g?(n) =F é?(n) and the claim follows from Proposition 2.26.

2.6. Standard D-multifiltrations

We are about to introduce a construction of a multifiltration that can be associated with a k-linear operad with a
specified choice of generators. This can be thought of as an operadic analog of the standard filtration of an associative
algebra as per Example 2.3 with two enhancements. First, the construction to be discussed here results in a D-multifiltration.
Just as in the case of associative algebras, this would require the space of the chosen generators in arity 1 be closed under
the commutator. At the same time, as we shall discuss below, the specifics of the combinatorics of MZ (n) for n > 2 may
result in a non-trivial D-multifiltration on an operad without non-trivial unary operations. Second, the combinatorics of
this D-multifiltration is simplified by taking its saturation. This does not have its direct analog in the realm of associative
algebras, since all algebra filtrations are saturated in the sense of our Definition 25.

Let P be an k-linear operad generated by a X-module E = {E(n)}y>1. For the rest of the section, we will assume
that P(0) =0 and E(1) is closed under the bracket [—, —]17. In particular, this encompasses the case when P is simply-
connected, i.e. when P(1) is one-dimensional and is spanned by the operad unit. The prestandard D-multifiltration of P with
respect to E is defined as the smallest D-multifiltration GP = {GzP(n)}5 , of P such that E(n) C G(,...,1yP(n) for all n > 1.
Notice that such a multifiltration of P automatically satisfies E(n) N G3P(n) =0 for p<(1,...,1). Explicitly, GP can be
described as follows.

(i) For n =1, we define G P(1) :=k - e, where e € P(1) is the operad unit. Next, we set
GyP):=k-e+E(1).
For all p > 1, we inductively define
G(p)fp(]) = G(p_1)fP(1) + G(l)T(l) o1 G(p_1)fP(1).
(ii) For n > 1 and all p € MZ(n) such that p % (1,...,1), as well as for n=1 and all p € MZ(1) such that p < (0), we put

G3P(n) :=0.
(iii) Forn>2 and p > (1,...,1) we proceed inductively by setting
G3P(m) :=Em) + Z (GpPK) 0i G P(M) -0 + Z [GyPk), G PD]ij- 0. (34)

i,p’,p" k.10 i,j,p’,p" k.o

Here, both summations in (34) run over k,[ > 1 such that k+1=n+ 1. The first sum is taken over all 1 <i <k, p’ € MZ(k),
p” e MZ() and o € X, such that (p’ o; p”)o < p. The second one goes over all 1 <i<k, 1 <j<I, p' e MZ(k), p” € MZ(l)
and o € T, such that [p’, p”J;jo < p. We will routinely omit an explicit reference to the generating collection E, whenever

there is no danger of confusion.
Proposition 2.33. Let the family GP = {G;P(n)}; , be as described above. Then

(i) GP is a D-multifiltration.

(ii) If P is simply-connected, then in arity n, it stabilizesat N=n — 1.
(iii) It is the smallest D-multifiltration such that E(n) C G(1,..,1)P(n) foralln > 1.
Proof. (i) Monotonicity and unitality of GP are immediate. The equivariance follows from the compatibility of the operadic
compositions with the symmetric group actions.
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The property of being a D-multifiltration in arity n =1 follows by a simple inductive argument using (5). Now, given
n>2,deMZ(), beMZ(y) withx+y=n+1and 1 <s <k, equation (34) for p :=d o b, yields

G PM=EmM+ > GpPU)oiGpPh)-o+ Y [GyPK),CGepPD]j o
5.5 ko 1,55 ko
> GaP() o5 G5P(Y),

>

where the inclusion follows upon taking k=x, [=y, p’=d, p” =b, i =s and o = 1,, the unit of X, in the first sum. In a
similar way we get, using (34) again,

G[a’l;]s[?(n) 2 [GaP ), GE?(Y)]SI

for all x, y, d, B s, t for which the above expression makes sense.

(ii) Since, by definition, G;,fP(n) =0if p j,{ (1,...,1), we may assume that p > (1,...,1). Since P is assumed to be
simply-connected, the stabilization at arity n =1 is clear. For a given n > 2 and p € MZ(n) denote p:=pA(n—1,...,n—1).
As n > 2 by assumption, p > (1,...,1) if and only if p > (1, ..., 1). We must therefore prove that

GpP(n) C GP(n) foralln > 2 and p € MZ(n), (35)

because the opposite inclusion and thus the equality would follow from the monotonicity. We proceed by the induction on
the arity.

The base case n =2 is implied by G3P(2) = E(2) = G;P(2). For the induction step consider formula (34) defining G3P(n)
and compare it with the formula

GPm :=Em+ Y (GgPlR)oiGypP) o+ > [GyPk).GgprPD]j o (36)
i.q.q" k1o i,7,9.4" k1o
in which (§' 0 ¢”)o < p in the first sum, and [¢’, §"];jo < p in the second one. Since the term E(n) occurs in both formulas,
it remains to prove that all terms of the first and the second sum of (34) occur also in (36).
Consider an arbitrary term (G P(k) o; Gz P()) - o of the first sum in (34) in which, of course, (p’ o; p”)o < p. By the
induction assumption,
(GprP (k) 0i G P()) - 0 = (G P(k) 0j G P(D) - 0. (37)
At this point, one needs to verify that
p’oi p” < p implies p’o; p” < P, (38a)
thus the term in (37) indeed occurs in the first sum of (36), with ¢ := p’ and q" := p”.
The second sum in (36) can be handled in a similar way using the property that

[p’, p"lij = p implies [p’,p"lj <P (38Db)
Both (38a) and (38b) can be verified directly, using the elementary inequalities
min(x, k) + min(y,l) <min(x+ y,k+1), and
min(x — 1, k) < min(x, k) — 1

that hold for arbitrary x, y,k,l € Z.

(iii) Let FP = {F3P(n)}3,, be a D-multifiltration of P such that E(n) C F(1,....1)P(n) for n > 1. We must prove that

G3P(n) C F3P(n), foreachn>1,p e MZ(n). (39)

Since, by definition, G3P(n) =0 if p % (1,..., 1), we may assume that p = (1,...,1).
Inclusion (39) is clear for n = 1. For n =2 it follows from G;P(2) = E(2) C F1,...1yP(n) C F3P(n). For n > 2 we proceed
by induction. Assuming that GzP(m) C F3P(m) for all m <n, p € MZ(m), we get

GyPM=Em+ Y  (GpPkoiGypP) o+ Y  [GaPk),CprPDlj o

i,p’.p" k1o i,j,p',p" kLo

CEm+ Y. (FgPhkyoiFprPM)-o+ Y  [FyPk), FprPDlj-o
i,p,p" k1o i,j,p'.p" .k.lo

C F3P(n)

for all p € MZ(n), which proves the induction step. O
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Remark 2.34. The stabilization bound estimate of Proposition 2.33 can be improved. Namely, if k > 2 is the smallest integer
such that E(k) # 0. Then {G3P(n)}5 , stabilizes in arityn>2 at N = [Z%}] the integral part of the fraction.

Remark 2.35. The above construction can be simplified to the one resulting in a multifiltration, rather than a D-
multifiltration, by omitting the rightmost sum in (2.33) and dropping off the requirement of E(1) being closed under the
commutator [—, —]q1.

Definition 2.36. Let P be a k-linear operad generated by a collection E. The standard D-multifiltration with respect to E is the
smallest saturated D-multifiltration FP of P such that E(n) C F(,...1)P(n) for each n>1.

More explicitly, we have the following

Lemma 2.37. Let P be a k-linear operad generated by a collection E. Then the standard D-multifiltration with respect to E is the
saturation GP of the prestandard D-multifiltration GP.

Proof. Let FP be the standard D-multifiltration of P with respect to E. By part (iii) of Proposition 2.33, we have GP < FP.
Upon taking the saturation on both sides, by (24c), we get GP < FP = FP. On the other hand, by the minimality of FP
among saturated D-multifiltrations, we have FP < GP. O

In view of the above lemma, we will routinely use GP as our notation for the standard D-multifiltration of an operad P
with respect to a certain generating collection.

Remark 2.38. Since prestandard D-multifiltrations of simply-connected operads are stabilized, part (ii) of Proposition 2.31
along with Corollary 2.32 provides a recipe for computing the components of standard D-multifiltrations, which is to be
made use of in the next section.

We conclude this section with a couple of results on the functoriality of (pre)standard D-multifiltrations that will be
used later.

Lemma 2.39. Let GeP = {G;P(n)} ,, be the prestandard D-multifiltration of P with respect to a generating collection E = {E(1)}n>1,
¢ : P — Q be a surjective morphism and F := ¢ (E) be the subcollection of Q with components F (n) := ¢ (E(n)), n > 1. Then the image
¢ (Gg)Q of the prestandard D-multifiltration G P is the prestandard D-multifiltration GrQ of Q with respect to the generators F, that
is GFQ=¢(Gp)Q.

Proof. It is easy to verify that, given a D-multifiltration FQ of Q, the collection

¢ (F)P={¢ " (F)PM}pn
with the components
¢~ (F)pPm) ==¢~ (F;Qm)), pe MZ(n), n>1,

is a D-multifiltration of P. Applying this to the prestandard D-multifiltration GrQ, we get a D-multifiltration ¢~ (GF)P of
P with E(n) C ¢~ 1(GF)....1)P(n) for all n > 1. By the minimality property of GgP, we get GgP < ¢! (Gr)P. Hence,

P(GE)P < (d ' (Gr)Q=GrQ.

On the other hand, Lemma 2.20 implies that ¢ (Gg)Q is a D-multifiltration of Q satisfying that F(n) C ¢(Gg)u
all n > 1. Thus, by minimality of G¢Q,

1HQ(n) for

GrQ=¢(Gp)P

and the desired equality follows. O

Proposition 2.40. Assume that o : P — 8 is a not necessarily surjective morphism of operads, GP = {E;,?(n)};,’n is the standard
D-multifiltration of P with respect to the generating collection E = {E(n)}n>1, and F§ = {F38(n)}3 , is a saturated D-multifiltration
of 8 such that

a(En)) C Fa,. 1HSn),
for each n > 2. Then a(G)S < FS.

20



D. Bashkirov and M. Markl Journal of Geometry and Physics 173 (2022) 104431

Proof. Denote by Q C 8§ the image of o so that « factorizes as P j5» Q < 8. Then Q is a suboperad of § carrying two
D-multifiltrations. The first one is the restriction FQ of FS to Q, and the second one is the image ¢(G)Q of the prestandard
D-multifiltration of P.

For any n > 2, we have a(E(n))=¢(E(m)) € Fn,. 1H2%m). By Lemma 2.39, ¢(G)Q is equal to the prestandard D-
multifiltration GQ of Q with respect to the generators «(E). Then by the minimality property of prestandard D-
multifiltrations, we have ¢ (G)Q < FQ. Passing to the saturations, by Corollary 2.28 and (24c), we get

$(G)Q<¢(G)Q<FQ=FQCFS,

where we use th_e fact that FQ is saturated as a restriction of a saturated multifiltration FS onto Q. It remains to observe
that €(G)S =¢(G)Q. O

3. Standard D-multifiltrations - examples and calculations

The section presents some explicit examples of standard D-multifiltrations on operads with a single generator. Much of
the work done here amounts to analyzing the basic combinatorics of the standard D-multifiltration on a free operad and
then passing to the saturation of its quotient. The corresponding results will be used later in the proof of Theorem 3.10.

The proposition below addresses the case of the standard D-multifiltration of the free operad [ (E) when its generating
collection E is spanned by a single fully symmetric or fully antisymmetric n-ary operation, n > 2, and degree of the same
parity as n.

Proposition 3.1. For the standard D-multifiltration GIF (E) of the free operad [ (E), the following properties hold in arity 2n — 1:

(i) GF(E)2n —1) = Gjrq...)F(E)2n — 1) foreach p € MZ(2n — 1),
(i) Gp.a...2F(E)2n — 1) =F(E)(2n — 1), thus dim G 2.2, 2 F(E)2n — 1) = (2nn—1), and
(iii) dimGq 2, 2F(E)2n—1) = (2";2) + %(2“—2)'

..... n—1
(iv) If E is spanned by a single n-ary antisymmetric operation [—, ..., —], then E(l,l,...,l) [ (E)(n) contains the Jacobiator
Jac, == Z sgn(o) - [[o(D),...,om],om+1),....02n— D] e F(E)2n—1). (40)
o €Shpn1

Here, the summation runs over all (n,n — 1)-shuffles, i.e. permutations o € X»,—1 such that

o(l)<---<om and on+1)<---<o@n—1).

In the above formula, [[o(1),...,0(M],0(+1),...,0(2n— 1)] denotes the operation

[[=.....=lo1[—.....—]€eF(E)2n — 1)

acted on by o € Xy,_1. We will use the same type of notation for the action of the symmetric group also in the rest of the
paper. _

In can be shown by a tedious, but straightforward, argument that G 1, 1HF(E)(2n — 1) in part (iv) is in fact one-
dimensional and spanned by the Jacobiator (40). A particular case corresponding to n =2 is addressed in Example 3.2.

Proof of Proposition 3.1. Item (i) says that the standard D-multifiltration of [ (E) stabilizes in arity 2n — 1 at 2. This follows
from Proposition 2.33, resp. from its enhancement spelled out in Remark 2.34.

Since all the results of the proposition concern pieces of arity 2n — 1, we will not specify, in the rest of this proof, that
arity explicitly where it is clear from the context. Let w be a fully symmetric or fully antisymmetric operation of arity n
spanning E. Then the expressions

o(w@@),...,om),cm+1),...,02n—1)), 0 €Shyn_1, (41)

form a basis of F(E)(2n — 1). Since all terms above are obtained from w o1 w by the action of an element o of X,,_1 such
that ((1, 1,...,1)o01 (1,1,..., 1)) -0 <X(2,2,...,2), they all belong to G(3,...2)F (E) by (34), and thus

Ge.2,.2FE)2n—-1)=F(E)2n—-1).
The equality in (ii) then follows from the inclusions
G@a..2F(E)2n—1) CGaa..2F(E)2n—1) CF(E)(2n —1).

The second part of item (ii) expresses that there are exactly (Z"n_ ') shuffles in Shyp—1.
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Let us attend to (iii). It is straightforward to verify, using the (anti)symmetry of the generating operation, that in arity
2n — 1, equation (34) for G(1,2,....2)F (E) reduces to

Ga2,. 2F(E):=Y (EMm) oy Em) -0 + Y [Em), EM1 0. (42)
o o
The first sum in (42) generates the vectors
o(l,w@@),...,cm+1),0(+2),...,02n—1)), (43)
where o is a permutation of the set {2,...,2n — 1} such that
c2)<---<om+1)and o(n+2)<---<o@@n—1). (44)

The second sum in (42) generates the vectors

o(w1,0@2),...,0m),cm+1),...,002n—1)) (45)
—(D'o(w,0@m+1),...,020=1)),0(2),...,00)),
where o is a permutation of the set {2,...,2n — 1} such that
02)<---<o(m),om+1)<---<o@@n—1)and c2) <o2n—1). (46)

It is simple to show that the vectors in (43) and (45) are linearly independent, thus they form a basis of G1,2,...2)F (E)(2n —
1). Moreover, by (32) with N =2,

Gz, nF(E)2n—1)=Gaa. »F(E)2n—1).

The formula in (iii) then simply expresses the total number of the vectors in (43) and (45).
Let us finally turn our attention to (iv). By formula (32) with N =2,

Gar..nF(E)2n—1)=(") Ga..1..2F(E)2n 1)

where the intersection runs over all positions of 1 in the multiindex. We thus need to show that Jac, € G(2,....1,..,2)F (E) X
(2n — 1) for each position of 1. Since Jac, is stable under cyclic permutations, it suffices to establish that Jac, €
Ga,2,..2F(E)(2n — 1). To this end we decompose Jac, = Ap + B, where

Ap = ngn(a){[[l,cr(Z),...,a(n)], on+1),...,012n— 1)]

—(=D'[(1,om+1),...,002n— 1)],0(2),...,0(n)]},

where o runs over all permutations as in (46), and

Bp:=(—-1)" ngn(a)[[(a(Z), s om+D],1,om+2),...,02n—1)]
= (—1)’”’1 ngn(a)[l, [(02),...,.on+1)],o(n+2),...,0(2n— 1)],

with o running over permutations in (44). Now it suffices to notice that A, is a linear combination of the vectors (45),
while By, is combination of the vectors (43), thus both A, and B, belong to G2, 2)F(E)(2n — 1). The decomposition
dacp = Ay + By is an abstract version of a similar trick used in the proof of Proposition 5.5. O

Let F(E) be the free operad on a collection of, possibly several, binary operations E. Then for the standard D-
multifiltration {G3F (E)(n)}5 ,, we have

E(2) ifpi,p2>1,and

G F(E)(2)=
1. F(E)(2) {0 otherwise.

By Proposition 2.33, in arity 3, G stabilizes at N =2 and its components form the lattice
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G.22F(E)3) =F(E)(3)

Ga.22F(E)3) Ga12F(E)(3) Ga21F(E)3)
(47)

Ga1nF(E)3) Ga21nF(E)3) Ga,1,2F(E)3)

GaanF(E)3)
By the saturation property, the above lattice is determined by the components Gi.2.2)[F(E)(3), 5(2,1,2)[F(E)(3) and

6(2,2,1)[F(E)(3) as we illustrate in the following examples.

Example 3.2. Let E = E(2) be spanned by a single antisymmetric operation [—, —]; its antisymmetry is expressed as [1, 2] =
—[2, 1]. The pieces in the top two tiers of (47) are equal to

G.22)F(E)(3) =Span([1,[2,3]].[2.[3.11]. [3.[1. 2]]) = F(E)(3),
G,22F(E)(3) =Span([1,[2,3]].[2. 3, 11] + [3. (1, 2]]).
G.1,2F(E)(3) =Span([2,[3,11],[3.11,2]] +[1.[2,3]]), and
G2 F(E)(3) =Span([3,[1,2]],[1.[2,3]] +[2. 3. 1]]).
To identify the remaining components, suppose that
nweG1,1,2)F(EY3) =neG1,2,2)F(E)3)NueG2,1,2)F(E)3).
Then there exist c1, ¢3,dq, d2 € k such that
w=ci[1,12,31] +c2([2, 3. 11] + [3.[1, 2]]) = di[2, [3. 1] + do([3. [1. 21] + [ 1. [2. 3]]).
Since [1,[2,3]], [2.[3.1]] and [3,[1,2]] form a basis of G,2.2)F(E)(3), it follows that c; = c; =d; = da, and setting the
common value of these coefficients to 1 produces p = Jacs, where
Jacs :=[1,[2,3]] +[2.[3. 1]] + [3.[1. 2]] (48)

is the abstract Jacobian. Thus 5(1,1,2)[F(E)(3) = Span(3a63). Since we already know from part (iv) of Proposition 3.1 that
Jacs € G1.1,1)F (E)(3), we conclude that

G1)F(E)3) =Ga,2nF(E)3)=GCa1,1,0F(E)3) = Ga,1,1)F (E)(3) = Span(Jacs). (49)

Example 3.3. Let the generating collection of F(E) be spanned by one symmetric binary operation (—, —). That is, (1,2) =
(2,1) in terms of the shorthand notation of Example 3.2. Then [ (E)(3) has a basis consisting of (1, 2, 3)), (2, @3, ])) and
(3. (1,2)). We easily verify that in (47)

G.22F(E)(3) =Span((1,(2,3)). (2. (3. 1), (3.(1,2))) = F(E)(3),

Ga,22F(E)(3) =Span((1,(2,3)), (2.3, 1) — (3,(1,2))),

Ge.1.2F(E)(3) =Span((2,(3. 1), (3.(1,2)) — (1,(2,3))), and

G.21)F(E)(3) =Span((3,(1,2)), (1. (2,3)) — (2, 3. D)).
In contrast with the situation of Example 3.2, the remaining pieces of the poset (47) are trivial,

GaanF(E)3) =Ga2nF(E)3) =Ga1.2F(E)3) =Ga,1.1F(E)(3) =0. (50)
Indeed, by the saturation property,

G1.nF(E)3) =G1.2F(E)3) NGa21nFE)3)

Ga2)F(E)3) =Ga22F(E)3)NGa21)F(E)(3)

G11.2F(E)3) =Ga22F(E)3)NGr12F(E)(3)

whereas the intersections on the right hand sides are all trivial by a simple linear algebra.
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Example 3.4. Consider finally the case when E is spanned by a single binary operation (—, —) with no symmetry. Then
F(E)(3) has a basis consisting of 12 vectors

{ (@), (@(2),03)), ((0(1),0(2)),0(3)) }0623.
Just as before, we observe that G1.2.2)F(E)(3), G2.1.2)F (E)(3) and G(2.2,1)F (E)(3) have their respective bases
(1,2.3), (2.3),1), (1,3.2), (B.2),1),
(2,3.D)= (3.2, 1), ((1,2),3) = ((1,3),2), (3,(1,2)) = (3. 1),2), (2,(1,3)) = (2, 1),3)
(

(
(2,3, 1), (3.1),2), (2,.(1.3)), ((1,3),2),
(3.(1,2) = (1.(3,2), (2,3),1) = (2. 1),3), (1.(2,3)) = ((1,2),3), 3.2, 1)) = (3.2), 1)

(3.(1,2), ((1,2),3), 3. 2. 1), ((2,1),3),
(1,2.3) - (2.(1,3)), (3,2),1) = (3. 1,2), (1,3,2) —((1,3),2), (2,3. 1) —((2,3).1)

Then G1.1.2)F (E)(3) = G1.2.2F (E)3) N G(2.1,2)F (E)(3) is 4-dimensional, spanned by

and

(1,2,3) +((1,3),2) = ((1,2),3), (2,(1,3)) +(2,3),1) - (2, 1),3),
(1,3,2) + (3, 1,2) — (3,(1,2)), (2,3, 1)+ (3,2),1)—(3,(2,1).

Finally, Gq.1.hF(E)(3) = G1.1.2F(E)(3) NG.2.1yF (E)(3) turns out to be one-dimensional, with a basis vector

(1,2,3) +((1,3),2) = ((1,2),3) = (2, (1,3)) — ((2,3). 1) + (2, 1), 3)
—(1,3,2) = (BG.1,2)+(3.(1,2)) + (2.3, 1) +((3,2),1) = (3, 2, 1)).

The above vector can be conveniently rewritten using the associator

Ass(1,2,3):=((1,2),3) — (1,(2,3)) CF(E)(3)
of the operation (—, —). Namely, it is

LieAdm(1,2,3):= Y sgn(o)Ass(0(1).5(2).0(3))

0EX3

making up a relation characterizing Lie admissible algebras [36, Example 6].
Example 3.5. Let .Zie be the operad governing Lie algebras, presented as the quotient of the free operad F(E) in Exam-
ple 3.2 modulo the Jacobian (48), and ¢ : [ (E) —» Zie be the natural projection. We are going to describe the standard
D-multifiltration of Zie with respect to the generator ¢ ([—, —]) € ZLie(2). Let us single out the following elements of
Lie(3),

e:=¢([1.12.31]), f:=0¢([2.13.11]), g:=¢([3.[1.,21])

related by the Jacobi identity e + f + g = 0. We choose {e, f} as a basis of .Zie(3). According to Lemma 2.39, we may de-
scribe the relevant pieces of the prestandard D-multifiltration of .Zie(3) as the image of the same pieces of the prestandard
D-multifiltration of [ (E). The result is

G,2,2)Zie(3) =Span(e, f) = Zie(3),
Ga,2,2)-Zie(3) =Span(e), G(2,1,2)-Lie(3) =Span(f) and G2 2,1)-Lie(3) = Span(e + f).

By part (i) of Proposition 2.31, the prestandard D-multifiltration G.Z’ie stabilizes, so we may use formula (32) combined
with Corollary 2.32 to describe the standard D-multifiltration of .Zie(3). The result is

G(2,2,2)-Zie(3) = Span(e, f) = Zie(3),
G1,2,2)-Zie(3) = Span(e), G2,1,2ZLie(3) =Span(f), G2,1)-ZLie(3) =Span(e+f),
6(1,],2)31'6(3) = 6(2,1’1)31'6(3) 26(1,2’1)31'8(3) = 6(1’1,])$i€(3) =0.

The lattice analogous to (47) for the standard D-multifiltration of .Zie(3) thus looks as
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Zie(3)

Span(e) Span(f) Span(e+ f)

The configuration of G1,2.2)-Zie(3), G.1,.2-Zie3) and G(2,2.1)-Lie(3) in ZLie(3) is portrayed in:
G(172,2)$ie(3)

Ge,1,2Zie(3)

G@.2,1)-Zie(3)

Notice that in this case the image ¢(55[F(E)(3)) equals EZ,ZieG) for each p € MZ(3). One may in fact prove that, more
generally, if P is a binary quadratic operad with the quadratic presentation F(E)/(R) such that R C G1.1,1yF(E)(3), then
6(1,1,1)93(3) coincides with the image of 5(1,1,1)[F(E)(3) under the canonical projection F(E) —» P.

Example 3.6. Let ¥om be the operad for commutative associative algebras, presented as the quotient of the free operad
F(E) of Example 3.3 modulo the associativity (1, (2,3)) = ((1, 2), 3). Denoting by ¢ : F(E) - €om the canonical projection
and

a:=¢(1,2,3)), b:=¢(2,3.1)), c:=¢(3,(1,2)),

the vector space ¥om(3) is isomorphic to Span(a), and a =b = c in ¥om(3). Using the pattern of Example 3.5, we calculate
G(2,2,2)<€0m(3) = G(1,272)<€0m(3) = G(2,1,2)%0m(3) = G(2,2,1)%0m(3) = Span(a) = %Om(3).

From this we conclude that Ei,%om@) = %om(3) for each p € MZ(3). All entries of the lattice analogous to (47) equal
%om(3). The standard D-multifiltration of ¥’om is strictly bigger than the image of the standard D-multifiltration of [ (E)
under the projection ¢ : F(E) — %om.

Example 3.7. A 3-Lie algebra, aka Filipov algebra [11], is a vector space V together with a trilinear antisymmetric bracket
[—, —, —] satisfying

[1,2,[3,4,5]1=1I1,2,3],4,5]1 4+ [3,[1, 2,4],5] 4+ [3, 4, [1, 2, 5]1.

One can verify that if F(E) is the free k-linear operad generated by a single antisymmetric ternary operation, then the
above identity determines an element in G,2,1,1,1)F (E).

Given a k-linear operad P with a generating collection E, its relations R = {R(n)}s>1 are, in general, expected to be
contained in the components G;P(n) of the corresponding standard D-multifiltration with p>(1,...,1). To single out the

special case of R being confined to the lower-level components of GP, we introduce the following

Definition 3.8. A k-linear operad P with a generating collection E is tight if it admits a tight presentation, that is, a presen-
tation P = [ (E)/(R) such that the collection R = {R(n)},>1 generating the operadic ideal (R) satisfies

R(n) C Ga.. nHF(E)(n), foreachn>1. (51)

.....
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Lemma 3.9. Let P be a tight k-linear operad with a tight presentation P = F(E)/(R) and 8 be a k-linear operad with a saturated
D-multifiltration F8. If & : F (E) — 8 is an operad morphism such that

a(E(n)) C Fu,...1h8(m) foralln > 1,

,,,,,

then

a(R(m)) C Fa,.,18() foralln> 1.

.....

Proof. We have a(R(n)) C &(E(l nF(E)(n) € F(,...,1)S, where the second inclusion follows from Proposition 2.40. O

Theorem 3.10. The only tight quadratic operads generated by a single binary operation are the free operad [ (E), the operad Zie for
Lie algebras, and the operad Zie/ dm for Lie admissible algebras.

Proof. The result follows from the analysis carried out in Examples 3.2-3.4. If the generating collection of the quadratic
operad P =[F(E)/(R) is spanned by one antisymmetric operation, then E(LLU[F(E)(B) is the one-dimensional span of the
Jacobiator by (49). Thus either R =0, in which case P is free, or R = Span(dJacs), in which case P is the operad for Lie
algebras.

If the generating operation is commutative, then E<1’1,1)[F(E)(3) =0 by (50), thus P must be free. If the generating
operation has no symmetry, then either P is free or P = .Zieo/dm by the result of Example 3.4. O

Remark 3.11. It is evident that the coproduct 7" uP” of tight operads is tight again. As argued in [36, Example 6], the
operad Zies/dm is the coproduct

Lieddm = ZieuF(w)

of the operad for Lie algebras with the free operad on one commutative binary operation . Thus the tightness of Zie</dm
is corroborated by the tightness of the operads at the right hand side of the above display.

Theorem 3.10 indicates that in case of operads generated by a single binary operation tightness is a fairly restrictive
property. Yet some meaningful examples of tight operads generated by multiple operations or operations of arities other
than two are available. A rather simple example is the operad Dg (cf. Example 2.4) whose algebras are differential graded
vector spaces. A less trivial one is the operad %, governing Ly, (strongly homotopy Lie) algebras in the category of graded
vector spaces. Recall the following

Definition 3.12 ([25, Definition 2.1]). An L,-algebra consists of a k-linear graded vector space L equipped with k-linear maps
I : ®k L— L, k>1, of degree k—2 which are antisymmetric, i.e.

oy, s ho)) = X (@)A1, ..., Ak) (52)
for all permutations o € ¥, and homogeneous A1, ..., Ax € L. Moreover, the following generalized form of the Jacobi identity
is required to hold for any k > 1:

Jac(a. . ) =D X (@) (=D 1)s - Ao i) Ao (i1 -0 Aotly) =0, (53)

with the summation running over all i, j > 1 with i + j =k + 1, and all (i, k—i)-shuffles o € X.

Loo-algebras are governed by the operad .45 with a quadratic presentation F(E)/(R), where the generating collection
E ={E(k)}k>1 is such that for each k > 1, E(k) is the one-dimensional sign representation of the symmetric group X
spanned by £k, and R = {R(k)}x>1 has its kth component R(k) spanned by the following abstraction of (53):

Jace(1,.... k)= > > sgn(@) (=)' Ve(li(o (1), ..., o), 0 (+1),...,0(k), (54)
i+j=k+1 ©

where the second summation runs over all (i, k—i)-shuffles o € X.
Proposition 3.13. The operad %, is tight quadratic.

Proof. Consider the above presentation of %5, and let GF(E) be the standard D-multifiltration of F(E). Since E(k) C
Ga nF(E)(k), then Jac € G 2F(E)(k). Since Jacy is cyclically symmetric, it suffices to establish that

..........

Jack € Ga 2, .2 F(E)(K). (55)
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Then, indeed, by the cyclic symmetry and equivariance

Jack € Ga,..2.1.2,...2)F (E) (k)

for any position of 1 thus, by the saturation property, Jacy € E(l
posing

nF(E)(k) as required. To prove (55), we start by decom-

,,,,,

Jack(1, ..., k) = A1, ..., k) + By, ..., k),

where Ag(1,...,k) is the restriction of the second sum in the right hand side of (54) to (i, k—i)-shuffles with o (1) =1, and
Br(1,...,k) accounts for the remaining summands, i.e. those with o (i+1) = 1.
Notice first that all the summands of B belong to E(l,z,m_;)[F(E)(k). Indeed, each summand

sgn(o) (=)Dt (), ..., o), 0>(+1),...,0K)
of Bk(1,...,k) can be written as
sgn(@) (=1 D ¢ 01 t))a,

using the operadic oj-composition and the right action of the symmetric group ;. By definition of the standard D-
multifiltration, £; € 6(1 nEEY()), 4 € 5(1 1 (E)(i) thus, by the compositional compatibility,

.....

(jo14)eGa. 21, . »F(E)K)

where 2 occupies the first i positions of the multiindex and 1 the remaining ones, starting with position i+ 1. Since
o (1) =i41, the first input of (¢; o1 £;)o is mapped to the (i+1)th input of (£; o1 ¢;), so

sgn(0) (=)D (¢} 01 ¢))0 € G12,.. 2)F(E)(K)

by the equivariance and monotonicity. Thus all the summands of By and thus also By itself belong to 5(1,2,_,,,2)[F(E)(I<).
To prove that Ay € 5(1,2,"_.2)F(E)(k), we decompose it further as

Ay ) = AL R + AL LK)+ AL LK),

where A/ is the sum of terms of Ay with i = j=1, an is the sum of terms where either i or j, but not both, equals 1,
h A;<' th ft fA,withi=j=1 dA,’g' th ft h ither i or j, but not both, equals 1
and A}’ is the sum of the remaining terms. Clearly, A, is nontrivial only for k=1 in which case

1
Al =t10t1= 5[51,41]11,
so A} € GyF (E)(1) because GF(E) is a D-multifiltration and ¢; € G()F(E)(1). Furthermore,
Al =t o1 b — (=1} 01 1 = [1. L)n,
thus A,’J € 5(1,2,,_,_2)[F(E)(k) by the same argument. It remains to analyze A,’J’. Notice that it decomposes as

AV, =AS, k) AT k)

where

A= ) Y sgn(e) (=D Veti(1,0Q), ..., 0 (i), 0 (i+1),....0(k)

itj=k+1 O

with the second sum is restricted to the shuffles o with 0(2) <o (i+1) and thus also o (1) =1, while

Ap (L k= ) Y sgn(o) sgn(@) (=141, o ((4+1), ... 0 (K), 0 (2), ..., 0 (D))

i+j=k+1 O
with the same range for o and t being the permutation
0?2),...,00(),0@(+1),...,0k —o(i+1),...,0(k),012),...,0().
Now, to any (i, j—1)-shuffle such that o (2) < o (i+1) we associate a (j, i—1)-shuffle o7 by
ol = (oc,oc@i+1),...,0(k),0Q2),...,0()).

Then, with the same range for o as before, we have
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C=ATHAD = ) D san(e)(=1)' UV 01 £i)o + sgn(o) sgn(z)(—1) V(¢ oq £))0
i+j=k+1 O

from which we conclude that
A= > Y sen(o) (=)' il
i+j=k+1 O

Since ¢; € Gq,..)F(E)(@) and ¢ € G, 1)F(E)(j), and since GF(E) is a D-multifiltration, each [¢;,£;]11 belongs to
6(1,2“_’2)[]‘_(15)(’(), and therefore A;g/ € E(l.zw_’z)ﬂ‘_(E)(k). O

4. Operator algebras

Throughout this section, A will be a graded commutative associative k-algebra. Let P be a k-linear operad and F&ndy =
{Fp&nda(n)}p , the multifiltration of Example 2.13. Then the collection Ziff 4 := {Ziff 4(n)}n>1, where

Piffa(n) := ) Fp&nda(n), n> 1,
p.n
is, by Proposition 1.6, a multifiltered suboperad of the endomorphism operad &ndg. It has a multifiltered suboperad Zers =

{Dera(n)}n such that F(p,, . p,) Pera(n) consists of k-linear maps O : A®" — A that are derivations of order p; in the i-th
variable, for each 1 <i <n.

Definition 4.1. An operator P-algebra A is an operad morphism o« : P — Ziff ;. We say that it is of order k > 0, if P is
generated by a collection E = {E(n)};>1 such that

a(E(n)) C F,.. 1 2iff s(n), foralln> 1.

An operator P-algebra on a graded commutative k-algebra A is a P-algebra in the ordinary operadic sense, via the
composite P — Ziff 4 < &nda. A morphism of operator P-algebras with the underlying graded commutative associative
algebras A’ resp. A” is an algebra morphism f: A’ — A” which is simultaneously a morphism of P-algebras in the usual
sense [37, Definition I1.1.21].

Operator P-algebras can be regarded as algebras over the operad defined as the quotient of the coproduct P u %om,
where %om is the operad of graded commutative associative k-algebras, by the ideal .# expressing that P acts via (higher
order) differential operators with respect to the multiplicative structure encoded by %om. Aside from some exceptional
cases, such as Poisson algebras recalled in Example 4.4, the ideal .# is not generated by a distributive law in the sense
of [31]. Indeed, as proven in [3], the only operad tied to ¥om via a nontrivial distributive law is the operad .Zie. The
relations expressing the higher derivation property do not even have the form resembling a distributive law.

Example 4.2. Commutative associative algebras are operator algebras of order 0.

Example 4.3. A Jacobi structure on a manifold M is an operator Lie algebra on C*°(M). A well-known [18,13] structure
theorem gives a precise characterization of the only non-trivial bracket [—, —];. Namely,

[f,gh =TI(df,dg) +&.(f dg — gdf)
for a 2-vector field IT and a 1-vector field & on M subject to the compatibility conditions

[€,T1] =0, [II,T1]=2& ATl

Example 4.4. A Poisson algebra A is, by definition, a Lie algebra whose underlying space is a commutative associative algebra
such that the Lie bracket is a derivation of order 1 in each variable. It is thus the same as an operad map .Zie — Per, that
sends the generator of .Zie(2) into an antisymmetric operation A®2 — A which is an order 1 derivation in each variable.
That is, A is operator .Zie-algebra of order 1. The situation is summarized by the commutative diagram

ZLie ——= Pera
Diff a

Poiss — &nd g

of operad morphisms in which Poiss is the operad governing Poisson algebras.
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Example 4.5. Let Dg be the operad treated in Example 2.4. A Batalin-Vilkovisky algebra with the underlying commutative
associative algebra A is given by an operad morphism Dg — ZPera that sends the generator of Dg(1) to a derivation of
order 2 and degree —1 with respect to the grading of A. Batalin-Vilkovisky algebras are therefore operator algebras of order
2. The situation is expressed by the diagram

Dg—— Pery
Diffa »

BY ——=&ndgy

where BV is the operad governing Batalin-Vilkovisky algebras.

On a practical side, given a k-linear operad P = F(E)/(R), defining an operator P-algebra on a commutative associative
k-algebra A amounts to assigning a multilinear differential operator to each generator of P and verifying the defining
relations within Ziff 4. The latter task simplifies if each of the relations gets mapped to a multilinear differential operator
of order 1 in each variable, which is, in particular, the case for tight operads. More specifically, we have the following

Corollary 4.6 (to Lemma 3.9). Let P be a k-linear operad with a tight presentation P = F (E)/(R), A be a commutative associative
unital k-algebra with a set of generators S and & : F(E) — Ziff 4 be an operad morphism such that &(En)) C Fq,...1)Ziff 4 for
all n > 1. Then & factorizes through o : F(E)/(R) — Ziff 4 if and only if O(x1,...,%;) =0 for all 0 € @(R(n)), x; € S L {1},
i=1,2,...,n,andn>1.

Proof. By Lemma 3.9, &(R(n)) € F(1,...1)Ziff 4(n) for all n > 1. The claim follows now upon noting that by (9b) and by
setting x =1 in (2), a differential operator V: A — A of order <1 is identically zero if and only if V(x) =0 for each
xeSuf{l}. O

If A is not necessarily unital, an analogous result holds upon replacing Ziff 5 in the statement of the above corollary by
Yer4 and restricting x;’s to the generators S.

We are going to introduce a deformed version of the multifiltered operads Ziff, and Zers to account for the case of
algebraic structures with operations representable as formal series of differential operators. To this end, let h be a formal
parameter of an even degree and &nd,pu) be the endomorphism operad of the k[h]-module A[h] with the multifiltration
Fé&ndppy = (Fpé&ndagny ()5, of Example 2.14. The collection Ziff 4[h] := {Ziff s[h] (W) }n=1, where

Piffalh] ) := | ) Fpéndapym) .n>1,
peMZn)

form a multifiltered suboperad of the endomorphism operad éandA[[h]]. Analogously we define a multifiltered suboperad
Pera[h] of Ziff 4[h], requiring that the multilinear maps Og, 01, O3, ... in (17) are derivations in each of its variables of
the indicated degrees.

Definition 4.7. A formal operator P-algebra is an operad morphism « : P — 9iff 4[h]. We say that such an algebra is of order
k>0, if P admits a generating collection E = {E(n)},>1 such that

a(E(m) C Fy,...12iff a[h](n), foralln > 1.

Expanding this definition, we note that a formal operator P-algebra « : P — Ziff 4 [h] of order k is a P-algebra supported
on A[h] and such that its n-ary generating operations are of the form

O(a1,...,an):Oo(a1,...,an)+Ol(a1,...,an)-h+02(a1,...,an)~h2+...

where each O; is a multilinear differential operator of order < k + s with respect to each of its arguments. In particular,
any formal operator algebra of order k is automatically a formal operator algebra of order [ for any [ > k. The canonical
inclusion A < A[h] and the reduction A[h] — A mod h determines an operad morphism &nd s, — &nda, which restricts
to a morphism of multifiltered suboperads 7 : Ziff 4[h] — Ziff 4 as per Definition 2.9.

A morphism of formal operator P-algebras with underlying algebras A’ resp. A” is a k[h]-linear morphism f : A’[h] —
A"[h] of graded commutative associative algebras which is also a standard morphism of P-algebras [37, Definition 11.1.21]
with underlying graded vector spaces A’[h] resp. A”[h].

Definition 4.8. The semiclassical limit of a formal operator algebra P — Ziff 4[h] is an operator P-algebra whose structure
map is the composite
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P — Ziff alh] = Ziff a.
The semiclassical limit of a formal operator algebra of order k is an operator algebra of the same order.

Example 4.9. An example of a formal operator P-algebra of order 0 for P the associative operad Ass is provided by Terilla’s
quantization [47] as recalled in Subsection 8.1. Its semiclassical limit is the commutative associative algebra S(V & V*).
Another example of the same type is the celebrated Kontsevich deformation quantization of a Poisson manifold M [19]. Its
semiclassical limit is the algebra C*°(M) of smooth functions on M.

Part 2. Applications

5. Formal operator L., -algebras

This and the following section are devoted to a discussion of operator Ly,-algebras and some of their instances — IBLoo-
algebras, commutative BV 4 -algebras, operator Lie algebras and Poisson algebras.

5.1. Formal operator L.o-algebras

Let A be a graded commutative associative algebra.

Definition 5.1. A formal operator Lo-algebra is an L.-algebra whose underlying vector space L is A[h] := A ® k[h], the

structure operations are k[[h]-linear and such that, for each ay,...,a, € A C A[h],
(@, ....0) =Y ln(@r,....q)-h"", (56)
n>1

where I : A®K¥ 5 A is a differential operator of order n in each variable. In terms of Definition 4.7, such an algebra is a
formal operator .%,,-algebra of order one.

Example 5.2. If the underlying algebra A is a graded vector space with the trivial multiplication, then the differential op-
erators of order one on A are all k-linear maps. Thus the usual Lo,-algebras can be thought of as a particular case of the
formal operator Lo.-algebras with the structure operations Iy, vanishing for n > 1. In Example 5.7 we describe a less trivial
embedding of the category of L.-algebras with weak morphisms into the category of formal operator L,-algebras.

Example 5.3. In a similar vein, L. Vitagliano’s multiderivation L,-algebras [49] are a particular case of formal operator Lso-
algebras, where Iy, =0 for n > 1 and each Iy ; is a derivation of order one in each of its variables for all k > 1.

Example 5.4. Assume that A is unital. A formal operator L,-algebra whose all structure operations except l; : A[h] — A[h]
vanish and [1(1) =0, is the same as a commutative BV,-algebra [23, Definition 7]. In particular, if A =5(V) for a graded
vector space V, we recover the definition of an IBL,-algebra [43, Subsection 4.2], cf. also [39, Example 9].

Due to the k[h]-linearity of the structure operations I, and the decomposition (56), the condition Jacy(A1,...,Ax) =0
for A1,..., Ak € A[h] is equivalent to the system of equalities
Jacgp(@r. ... a) = x (@) (=1l (Ui (@), - Ao (i) Qo (1) - - Ao ) = O, (57)

where i, j and o run over the same ranges as in (53) and s,t > 1 run over all values such that s+t=n+1, for each n > 1
and aq,...,a, € A.

Proposition 5.5. The multilinear map Jac,  : A®% s A defined in (57) is a differential operator of order n in each of its variables.

Proof. We will refer to the notation introduced in the paragraph before Proposition 3.13. Let Iy, k > 1, be as in (56) and
notice that Iy € G(1....1) Ziff a[h] (k). Let us define an operad map & : F(E) — Ziff 4[h] by &(£) := Ik, k > 1. Then clearly

&(Jac) =Yy Jace, -h"".
n>1

Since £ is tight by Proposition 3.13, then Lemma 3.9 implies that &(Jacy) and thus also the right-hand side of the above
display belongs to G1,.1)2iff o[h] (k), which is equivalent to the statement of the proposition. O
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Remark 5.6. It is known that the individual structure operations I : ®k L— L, k>1, of an Ly-algebra can be assembled
into a degree —1 coderivation § on the cofree conilpotent cocommutative coassociative coalgebra S¢(1L) cogenerated by the
suspension of the underlying vector space L. Then the infinite system of relations (53) is equivalent to a single equation § =
0, cf. [25, Theorem 2.3].

Likewise, the structure operations of a formal operator Ly,-algebra in Definition 5.1 assemble into a coderivation &, of
S€(tL)[h] that squares to 0. We however do not know how to express conveniently the required decomposition (56) in
terms of &p.

Example 5.7. Consider an Ly,-algebra whose structure operations Iy : ®k L— L, k>1, are assembled into a coderivation §
of the coalgebra S°(1L) as in Remark 5.6. Clearly

d=01+08+d+"-,

where 8y, corresponding to I, takes S¥(1L) to 1 L. By inspecting explicit formulas [26, Eq. (3)] for the components &'s of
the coderivation § (denoted in's in loc. cit.), it is simple to check that, under the canonical isomorphism of graded vector
spaces 5¢(1L) = S(1L), each § is a differential operator of order <k on the free graded commutative associative algebra
S(1L). Taking, in Definition 5.1, A :=S(1L), Iy :=0 for k > 2, and

I 1= 81 + 82h + 83h* +- -+,

one represents the initial classical Lo, -algebra as a formal operator Ly,-algebra with the underlying commutative associative
algebra S(11L).

A (weak) morphism of L.,-algebras that are represented in the language of Remark 5.6 by the dg coalgebras by
(S°(1L"),8') resp. (S€(1+L"),8") is, by definition, a dg coalgebra morphism

F:(S(1L),8") — (S°(1L"),8"). (58)
It turns out that (58) is the same as a system

fk . ®k L — L//7 k >1, (59)

of degree k—1 graded antisymmetric linear maps that satisfy an infinite system of equations listed e.g. in [12, Section 7.3],
whose explicit form is not needed in the present article.

Analogously, a (weak) morphism of formal operator L.,-algebras with underlying graded commutative associative algebras
A’ resp. A” is given by a system (59) with L' := A’[h], L” := A”[h] satisfying equations in [12, Section 7.3], such that each
fr is k[h]-linear in each variable and, moreover, f;: A'[h] — A”[h] is a morphism of commutative associative algebras.
With this definition, Poisson algebras and their morphisms form a subcategory of formal operator L.-algebras with I a
derivation in both variables, and all other I ,’s trivial.

Let us denote by AssocCom, Liey and operLie,, the categories of commutative associative algebras, Lo,-algebras
and formal operator L..-algebras, respectively. We clearly have a diagram of functors

”

i o
AssocCom operLie, Lieso
1 Io

in which O’ forgets the Loo-structure and remembers the underlying commutative associative algebra only, while the functor
I equips a commutative associative algebra with the trivial L,-structure. The functor Iy interprets an L,,-algebra as a formal
operator Lo,-algebra supported on a trivial graded commutative associative algebra.

Finally, 0" : operLie,, — Lies forgets the underlying commutative associative algebra structure and remembers only
the operations I, x with n =1, cf. (56) for the notation. One is tempted to define another functor operLie,, — Lies by
putting h =1 to (56), but the infinite sum thus obtained might not be well defined. Examples when this happens are easy
to construct.

6. Formal operator Lie algebras
In this section we consider the case of formal operator algebras over the operad Zie.

Definition 6.1. A formal operator Lie algebra is a formal operator .Zie-algebra of order one in the sense of Definition 4.7.
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Explicitly, it is given by a graded commutative associative algebra A and a k[h]-linear Lie bracket [—, —] on A[h] whose
restriction onto A C A[h] decomposes as

[@,dN=) [d,d"l,-h""", d,d" € A, (60)
n>1

where [—, -], : A® A — A is a differential operator of order n in each variable. Such an algebra is said to be a formal
derivation Lie algebra if [—, —], is a derivation of order n in each variable.

Trivially, a formal operator Lie algebra A with [—, —], vanishing for n > 2 is an operator .Zie algebra of order one, which
includes Poisson algebras as a special case, cf. Example 4.4. An example of a formal operator Lie algebra with non-trivial
higher-order brackets is to be presented in Section 7.2. In that regard, the following result providing a way of constructing
bilinear differential operators of arbitrary orders will be quite useful for us:

Lemma 6.2. Let X be a graded vector space and

[T(—, =) 80 ®SI(X) — S(X) | 1<, j<n) (61)
be a family of k-linear maps such that

Y@, a"y = (DI v@", a)), ford®d" €S (X)®SI(X). (62)
Then the formula

[X)x5 - X, XX X 1 = (63)

/ / / / 1 1 ij /"
Do D@Dy X5y Yoy sit) Korgsy Xty X Xpu1) Xy

1<i,j<n o,u

where o runs over (s — i, i)-shuffles, v runs over (j,t— j)-shuffles, x| - --x; € S*(X), x{ - -/ € S'(X), defines a unique graded

antisymmetric operation [—, —1In : S(X) ® S(X) — S(X) which is a derivation of order n in each variable and such that Y(—, —);,j is
equal to the restriction of [—, —], onto $'(X) ® S/ (X).

Proof. Existence follows by a direct verification, cf. the formula at the top of page 374 of [33], whereas uniqueness is due
to Lemma 1.5. O

Now, given a formal operator Lie algebra A, denote for a,b,c€ A andn>1
Jacy@ b= Y {01 a, b, clsle + (~DPEIb, [e,alsle + (~1)Ie, [a, b (64)
S+t=n+1

Note that the Jacobi identity for [—, —] is equivalent to

Jac,(a,b,c)=0 (65)

holding for all n > 1 and a, b, c € A. Since Jac, can be identified, up to a sign, with Jacs , of equation (57), then by Proposi-
tion 5.5, it is a differential operator of order n in each of its three variables. This observation leads to the following

Corollary 6.3. Let A = S(X) for a graded vector space X, and [—, —] : A[h] ® A[h] — A[h] be an antisymmetric k[h]-linear mapping
admitting a decomposition as in (60). Then for each n > 1, (65) is satisfied for all a, b, c € S(X) if and only if it holds for all a, b, c €
S="(X). If each of the brackets in (60) is a derivation of the corresponding order with respect to each of the arguments, then it is enough
to check this condition for a, b, c € Sf"(X).

Corollary 6.4. A graded Poisson algebra with the underlying graded commutative associative algebra S(X) is uniquely determined by
a graded antisymmetric bilinear map (—, —) : X ® X — S(X) whose extension [—, —] : S(X) ® S(X) — S(X) into a derivation in
each variable satisfies the Jacobi identity on X @ X ® X.

Proof. The extension [—, —] of (—, —) mentioned in the corollary is given by formula (63) with
i —,—) fori=j=n=1,and
(=, ol = {5 !
0 otherwise.

The only nontrivial Jacobian (64) is Jac,(a, b, ¢), which is a derivation of order 1 in each variable. Hence, by Corollary 6.3, it
is enough to verify that it vanishes for any a, b, c € Sf X)=X. O
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Example 6.5. The basic example illustrating Corollary 6.4 is obtained by taking X to be a Lie algebra L with the Lie bracket
(—, —). Note that assignment L+ S(L) yields a left adjoint to the forgetful functor from the category of Poisson algebras
to the category of Lie algebras. By imposing an additional degree shift on L and treating the bracket as a bilinear mapping
LR 1L —1L of degree (—1), the same construction returns the Schouten bracket on A(L) >~ S(1L).

Remark 6.6. Let us consider the complete topological algebra @(X) = limg S(X)/SZK(X) where,

S2k(X) = @ S7(X).

n>k

It is not difficult to prove that each differential operator V of order <r defined on S(X) uniquely extends into a continuous
linear map S(X) — S(X). Moreover, any algebraic equation that V satisfies is, by continuity, satisfied also for its extension.
In particular, any Poisson algebra with the underlying commutative associative algebra S(X) determines a Poisson algebra
with the underlying commutative associative algebra S(X).

7. L.-bialgebras, IBL,-algebras, the big and the superbig bracket

The section is devoted to a discussion of a certain formal operator Lie algebra with non-vanishing higher-order brackets
arising in the context of the deformation theory of involutive Lie bialgebras. We precede the actual discussion of the subject
with a brief recollection of some auxiliary facts concerning linear algebra in the graded setting, followed by a reminder on
the big bracket algebra.

Let W be a graded vector space, 1 W its suspension and 1: W — 1 W the obvious degree +1 isomorphism. The exterior
(aka Grassmann) algebra generated by W is the quotient

AW):=TW)/J

of the tensor algebra T(W) modulo the ideal J generated by the expressions
w@w’ + (—)WIWiyw & w

with homogeneous w’, w” € W. One has a sequence {f;}n>0 of k-linear degree n décalage isomorphisms
fo: AT W) — ST(tW),

between the components spanned by the products of generators of length n, inductively defined by fo:= 1y, fi(w):=1w
for w € W while

farp@ A V) = (=DM foqu) - fiy(v), foru e AYW), v e AP(W), a,b>1. (66)
The family {f;}n>0 assembles into an isomorphism of non-graded algebras

fiA(W)=5(1W) (67)
whose components satisfy (66). Likewise one defines a sequence {g,}s>0 of linear degree 2n isomorphisms

&n:S"(IW) — S"(tW),
inductively by go := 1y, g1({w) := 1w for w € W, while

Sa+b(U - V) == ga(w) - gy(v), foru e S* (W), veS"(UW), a,b>1.
The family {gn}n>0 again gives rise to an isomorphism

g:S(IW)ESs(rw).

7.1. The big bracket

Let V be a graded k-vector space, 1V its suspension, and | V* the desuspension of its linear dual. In what follows, we
will assume that V is finite-dimensional. This assumption can be relaxed using the compact-linear topology on dual spaces
and completed tensor products [30, Chapter 1], but since this generalization brings nothing conceptually new, we will stick
to the finite-dimensional case. Take, in Corollary 6.4, X :=1V & V* and (—, —) : X ® X — 5(X) given by

(a,u) = -y o) = a@) e k=35%X) C S(X) (68)
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for o € | V*, ue 1V, while (1V,1V) = (] V* | V*):=0. Notice that |u| must equal || for (o, u) above to be nonzero. The
assumptions of Corollary 6.4 are easy to verify. Denote by (S(TV DLV, [—, —]) the resulting Poisson algebra.

Take B(V):= [?>S(1V ®1V*) and equip B(V) with the Lie bracket {—, —} induced from the one on S(1V @& V*) by
the vector space isomorphism

SV @IV ZSAV) @SV “E SHV) @ S(HVH) ZS(HV @1V) + VSV @1V*) = B(V). (69)

Since the above isomorphism involves even degree shifts only, the related signs issues are trivial. The bracket {—, —} thus
constructed is the big bracket of [27]. Applying (67) gives its standard presentation

(BW* {—, =) = (A*P2(V eV, {—, -}, (70)

cf. [24, Equation (2)].

Let Bg(V) C B(V) be the subspace of B(V) spanned, in the presentation (70), by the exterior products of p elements of
V and q elements of V*. Maurer-Cartan elements in B%(V) &) B%(V) describe Lie bialgebras, and those in B%(V) &) B%(V) &)
BY(V) Lie quasi-bialgebras [23, Section 3].

To make room for L,-bialgebras, we define gpiie(V) to be the Poisson subalgebra of B(V) with the underlying space

oie(V):= @ BV (71)

p.q=1, p+q=3

Its closure @piie (V) in ¢2§(TV ®1V*) has an induced Poisson structure by Remark 6.6. Maurer-Cartan elements in Gpizie(V)
are known to describe L. -bialgebras [23, Subsection 4.4].

Remark 7.1. Recall that works [32,41] provide an explicit method of constructing L..-algebras controlling deformations of
algebraic structures starting with a cofibrant or, if it exists, minimal model of the governing operad- or PROP-like object.
For structures with quadratic relations, the resulting L,-algebra is actually a dg-Lie algebra [32, Proposition 2].

It turns out that Gpie(V) is precisely the Lie algebra capturing deformations of Lie bialgebras constructed using the
explicit minimal model of the properad LieB for Lie bialgebras. Indeed, by definition, the degree n part of the completion
Gpitie(V) consists of infinite families

{f§ €BE(V)|p.g=1, p+q=>3}, (72)

where flf, interpreted as a linear map A1V — APV, raises the degree by (p +q) —n — 2.

On the other hand, according to [38, Example 20], cf. also [42, Eq. (2)], the minimal model of the properad for Lie
bialgebras is generated by the collection Y spanned by the generators S(f , p,q>1, p+q=>3, with g fully antisymmetric
inputs and p fully antisymmetric outputs, placed in degree p + q — 3. By [32, Eq. (9)], the degree n piece of the Lie algebra
capturing deformations of Lie bialgebras is given by

Chirie(V3 V) 1= Linlzinz(T, Endy).

Here Endy denotes the endomorphism properad of V and Linlz’_”E(T, Endy) the vector space of ¥ — X-equivariant degree
1—n maps T — Endy of bicollections. The elements of Cj;..(V; V) are precisely the families (72), the map ftf being the
image of the generator qu of Y. This verifies that Gpizie (V) = Chirie(V; V) as graded vector spaces.

The Lie bracket on Cpjje(V; V) is determined by the differential of the minimal model of LieB by formula (11) of [32].
Applying that formula to the differential described pictorially in [42, Eq. (3)], we conclude that the bracket {f'?, "%} of

generators in (72) is the sum of all possible contractions of one output of f”[ with one input of /5, minus the sum of

. p . . r . . . P . .
ill contradctlons of one output of f ’q with one input of f”;, with appropriate signs. This is precisely what the bracket in
ObiLie (V) does.

We are going to give, following [4, Subsection 3.1], an interesting alternative description of Gpizie(V). Choose a basis
(e1,ez,...) of V and its dual basis (a!, a?,...) of V*. Let

1, V2, ...) = (Te1, tea, .. resp. (', n%,..) := (tal, ra?,..)

be the corresponding bases of 1V resp. 1V*. Elements of @(TV ®1V*) then appear as power series f € k[y, n] :=
k[¥1, ¥2.....n1, 0%, ...]. In this language, Gpirie(V) consists of power series f € k[, n] satisfying the boundary condi-
tions

Famew®, f@r,mly=0=0, fFQ, Mlyig=0,1,j=1,2,...,
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where m is the maximal ideal of the complete local ring k[, 1], assigned the degree two less than the degree of f in
k[, n]. With this convention, the big bracket is expressed as

af o ag o
fg= > Af g _(_1)|f|-|g\£i _
iZ1a,.. T Vi ' oy
The big bracket turns out to be the semiclassical limit, in the sense of Definition 4.8, Part 1, of the superbig bracket
constructed in the following subsection.

7.2. The superbig bracket

We will construct a formal operator Lie algebra (B(V)[h], {{—, —}}) deforming the big bracket algebra recalled earlier.
Similarly to the big bracket, the only input required for constructing {{—, —}} is the natural pairing between the graded
vector space V and its linear dual V*, extended to the corresponding exterior algebras. A Lie algebra gjp;(V), whose com-
pletion gip(V) constructed in [4] controls deformations of involutive Lie bialgebras, is going to be contained in B(V)[f]
as a subalgebra. Consequently, both g;p (V) and gjg (V) are intrinsic in the sense of [46]. The material below may also be
regarded as an elementary version of the construction of gp; (V) given in [4].

Let V be a graded k-vector space and X =1V @] V*. Using the notation of Lemma 6.2, we define

T(— ) 51(X) ® 57 (X) — S(X)

foralln>1and 1<i, j<n as follows. First, forn>1and i #n or j#n, Y(—, —),';j := 0. Next, to define the terms for n > 1

and i = j =n, we invoke the canonical isomorphism

"X = @ sPaviesiyvns P sPrv)esiiv)*

p+q=n p+q=n
and set
T(SPAV) @8IV, (V) @S (IVH), =0
if (p,q:s.t) ¢ {(n,0;0,n), (0,n;n,0)}, while
TARa,u@ DM =—(-1)Mru®1,1®a)™:=a) e k=35%X) c 5(X),

for « € S"(JV)*, ue S"(1V). Notice that T(—, —)%1 is the map (—, —): X ® X — 5(X) in (68). Formula (63) then defines
a map

[— =l : SX) ®S(X) > S(X), X=1V @V, (73)

which is a differential operator of order n in each variable. The main result of this subsection is

Theorem 7.2. Under the above notation, the formula

[d.a":=[d,a"1 +[d,a"la-h+[d,a"l3- B>+, d',a" € S(X), (74)
equips the graded commutative associative algebra S(X)[h] = S(1V & | V*)[h] with the structure of a formal operator Lie algebra.

Proof. The only property which is not obvious is the Jacobi identity for the bracket. Rather that verifying it directly, we
identify (S(X) [h], [—. —]) with a slight generalization of a construction in [41].

For a pair of elements a’ and a” of a properad P, Merkulov and Vallette denoted, in [41, Subsection 2.2], by a’ o a”
the sum of all possible composites of @’ by a” in P along any 2-leveled graph with two vertices. They proved that the
commutator

! "
[a/’a//] —d od — (_-l)la [-|la |a// od

is a Lie bracket on the total space PP := Py, p-o P(m,n), and that it induces a Lie bracket on the total space @ PT of
invariants. Let us modify their definition of the o-operation into

dopd’ =d o1d” + (@ oyah+ (@ o3a)h?®+--- (75)

where a’ opa”, k > 1, is the sum of all possible composites of a’ by a” along 2-leveled graphs with two vertices connected by
k edges. The proof of [41, Theorem 8] can be easily modified to show that also the commutator [—, —]; of the op-operation
is a Lie bracket on the k[h]-linear extension € P[h] of the total space of P, which in turn induces a Lie algebra structure
on the k[h]-linear extension @ P*[h] of the space of invariants.
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Let us apply the above constructions to the endomorphism properad P := &nd;y of the suspension of V. Recall that

&ndyy (m, n) = Ling (®m vV, Q" TV), m,n >0,

the space of k-linear maps ®™ 1V — ®" 1 V. One has the canonical isomorphism

Link (@™ 1V, Q" 1V) = @"(1V) @ ®"(LV*)

which translates the properadic composition of &'ndyy into the contraction via the canonical pairing between 1V and | V*.
For the space of invariants one gets

Ling (@™ 1V, @" V) ™™™ = Liny (S(1V), S*(1V)) = S(1V) @ S"(J V*)

therefore

P (sndyy) ™ =s(X).

It is easy to check that, under the canonical isomorphism above, the commutator of the op-product in (75) becomes the
bracket in Theorem 7.2. O

Let n > 1 and, as before, B(V) = ¢2S(TV @®1V*). Denote by {{—, =} : B(V) ® B(V) — B(V) the linear map induced
from the operation [—, —]; in (73) via isomorphism (69). Since [—, —], is a differential operator of order n in each variable,
so is {{—, —Jn. A simple degree count shows that {{—, —}}, is of degree 2 — 2n. Furthermore, {{—, —}}; matches the big
bracket {—, —} recalled in Subsection 7.1.

We want to assemble all {{—, —}},’s into a degree O operation. To this end we introduce a formal variable ii of degree
+2. Denoting B(V)[[h] := B(V) ® k[#], the formula

fi— -3 :={— -} +{— —Jh+{— —Psn®+-
indeed defines a degree 0 k-linear map {{—, —J} : B(V) ® B(V) — B(V)[fi]. We will denote its k[i]-bilinear extension by
the same symbol and call it the superbig bracket.

Notice that {{—, —}} defined this way corresponds to the Lie bracket (74) under the obvious isomorphism S(1V @ | V*) x
[h] = B(V)[h] of vector spaces induced by (69). Since this isomorphism involves even degree shifts only, it does not
influence the signs involved, thus (B(V)[h], {—, —}}) is a Lie algebra as well. By definition, for a’,a” € B(V), {{a’,a"}, =0
if n is big enough. The superbig bracket is therefore a global deformation of the big bracket.

Let us denote by g (V) the Poisson subalgebra of (B(V)[[h]], {{—, —}}}) given by

am(V):i= @ BW[AI
p.q=1, p+q=3

where B(V)} has the same meaning as in (71). Its closure (V) in the completed tensor product 1I5(1V @1 VHRK]A]
bears an induced Poisson structure by Remark 6.6.

The following description of gjp (V) is taken almost verbatim from [4, Subsection 3.1]; the notation is the same as in
the second half of Subsection 7.1. The authors of [4] interpreted the elements of Gp (V) as power series f € k[, n,h] :=
K[¥1, ¥2,...,n', 0%, ..., h] subject to the conditions

FO. . Wlho €m?, FOP, 7. M)y=0=0 and f(, 7, M)|,i_g=0,1,j=1,2,...,

where m is the maximal ideal in k[, n, h]. As in Subsection 7.1, such an f is taken with degree two less than its actual
degree in k[y, n, i]. The induced superbig bracket can then be written as

{f.gh=rfong— (—DIMegy f
where

o0 hn—l

f*ng:=

n=1

3 e 7 i (76)

! . ' Nt - onin Ay, - 0,

------

with € the Koszul sign of the permutation
N i W > 0 T W

Notice that, unlike the authors of [4], we did not allow n =0 in the above sum. The operation *5 in (76) decomposes as
fang=fr1g+frog M+ fasg-h’+---,
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where

o" o"
*p 1= Z € f £ >1,
i

C— . , n>
anit - anin Yy, - I,

is a differential operator of order n in each variable, k > 1. The *-product can thus serve as an example of a formal operator
Lie-admissible algebra.

Remark 7.3. The Lie algebra gjg. (V) is isomorphic to the Lie algebra controlling deformations of IBL-algebras (i.e. involutive
Lie bialgebras), constructed using the recipe of [32,41], from the explicit minimal model for the properad Lie®B for IBL-
algebras, which is described in [4, Subsection 2.3]. The scheme of verification is the same as in Remark 7.1; the useful
pictorial presentation of the differential of the minimal model of £ie®B is given in [4, Eq. (7)], cf. also [42, Eq. (5)]. If V
has a differential, then gp; (V) receives an induced differential §, and the Maurer-Cartan elements in the dg-Lie algebra
(gBL(V), 8) are IBL..-algebras.

8. Miscellany
We take a brief look on some known constructions from the point of view of (formal) operator algebras.
8.1. Terilla’s quantization

Let V be a graded vector space and P := Liny (S(V), §(V)). In [47] Terilla studied a deformation quantization of a graded
commutative associative algebra structure on P, where the algebra product is given by the symmetrization and completion
of the simple associative product

00 : Ling (V®', V&) @ Ling (V&™, V&) — Ling (VM y@Utm)
defined for all i, j, m,n > 0 by setting

(foo@(V1, ..o, Vigm) == f(V1, ..., V) ® (Vig1, ..., Vjgm). (77)

Let {e1,e2...} be ibasis of V and {a1,ay...} be the corresponding dual basis of V*.AUpon identifying the completed
symmetric algebra S(V @ V*) with a subalgebra of P, the productj op g for any f,g e S(V @ V*) becomes the standard
product of the corresponding power series. Terilla’s deformation of S(V & V*) is then defined by setting

o0
hk akf akg
= —_ € - T T N
e I;)k! Z dot - darik dey, -~ e,

i1,.0k

forany f,ge @(V ®V*)=k[er,ez...a1,0...], and extending it further to @(V @ V*)[h] by k[h]-bilinearity. In the above
formula, € is the Koszul sign of the permutation
ail,...,aik,eil,...,eik — a“,eil,...,a"",eik.

Notice that f x g is of the form

fxg=foog+ forg-h+forg-h*>+---, (78)

where each o; is a k-bilinear differential operator of order i in each variable.

The above construction provides an example of a formal operator Ass-algebra of order 0, in the sense of Definition 4.7,
Part 1, with Ass being the operad governing associative algebras. As illustrated above, such a structure consists of a graded
commutative associative algebra A carrying a k[[h]-bilinear associative multiplication » on A[h] whose restriction to A C
A[h] decomposes as

a%a”:Zd spa’ - h", d,ad" €A, (79)
n>0
where x, : A® A — A is a differential operator of order n in both variables.
It is worth pointing out that the relation between the orders of %, and the powers of h differs from the one in (60)

where the power series starts with the differential operator of degree < 1. The associator Ass(a, b, c) :=ax(bxc) — (axb) xc
decomposes as

Ass(a, b, c) = ZAssn(a, b,c)-h",

n>0
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where each

Assn(@.b,c):= Y axs (bx ) — (@xsb)xc (80)

S+t=n

is a differential operator of order n by [33, Proposition 1].
8.2. Operator Leibniz algebras

Recall that a (left) Leibniz algebra structure on a graded k-vector space V, also known as a Loday algebra, is a k-bilinear
mapping [—, —]: V ® V — V subject to the (left) Leibniz rule

[[a, b], c] = [a, [b, c]] + (=) Pl[b, [a, c]]

for all a,b,c € V. In particular, any Lie algebra is trivially a Leibniz algebra, where the above bracket happens to be graded
skew-symmetric. The concept was originally conceived as a noncommutative analogue of a Lie algebra in [2] and was further
elaborated in [28].

Example 8.1. The following construction, originally due to Kanatchikov [17], arises in the context of the De Donder-Weyl
covariant Hamiltonian formulation of classical field theory. It might serve as an example of an operator Leibniz algebra.
Let E be a smooth manifold, regarded as a polymomentum phase space, equipped with a multisymplectic form €, that is, a
closed (k + 1)-form subject to the non-degeneracy condition

XQ2=0=X=0

for any vector field X on E. The special case of k=1 corresponds to the ordinary symplectic setting.

Here, E is to be thought of as the total space of a fiber bundle E — M over an n-dimensional space-time manifold M.
Locally, €2 provides a splitting of a sufficiently small coordinate chart on E into the horizontal (the space-time coordinates)
and the vertical (the field variables and the corresponding polymomenta) directions. In particular, that enables one to single
out the vertical component d of the de Rham differential d on E. The crucial feature of this set-up is that for any p-form
F on E, there is a vertical multivector-valued horizontal 1-form Xy satisfying Xz, =d" F. Now, taking A to be the de
Rham algebra A}, (E) with the exterior product and setting

[F,Gl=(-1)""¥IXp.d"G, forG e Aj(E),

gives rise to an operator Leibniz algebra. A peculiar asymmetry of this bracket is manifest. Namely, the bracket satisfies
the Leibniz rule with respect to the first argument, and it is a differential operator [F, —] of order n — p with respect to
the second argument whenever F is a p-form. In that regard, the above construction presents an example of an operator
algebra over the corresponding operad of Leibniz algebras.

8.3. F-manifolds

A generalization of Poisson manifolds is provided by the following algebraic abstraction of F-manifolds of Hertling and
Manin [15]. What we mean is a commutative associative algebra A equipped with a Lie algebra product, but the standard
derivation property

0 = [d}d). a"] — d}[d), a"] — (—1)\1%la) [a) a”]
of Poisson algebras replaced by’
0 = [d,d), a|dy] — d}[dy, ajay] — (—1)\1%Bla) [d), afay] — [a)d). df1a}
— (="Ml [d) a3, a5 1a] + d [0}, af1a5 + (— )42 la)[a), (81)
/" /! ! ! /! /"
+ (=1 %2la) [a), aflaf + (— 1)Ll 0}, aja.

The above condition says that the linear map [—,—]: A® A — A is a bidifferential operator in the sense we introduce
below.

Let A be a commutative associative algebra and V: A ® A — A a linear map. To shorten the formulas, we will write
V(d',a”) for V(a’ ® a”). Inspired by the scheme (1), we define the bideviations W : A" @ A®" — A, n > 1 inductively as

1 Here and below, the possibly decorated symbol a will denote an element of A.
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W (d,a") =V, d"),
while, for n > 2,
n+1,.7 1 / 4 a’
vy (a]az,...,an+1,a1,-~- n n+1) =

AT ;o 171 dy a4 cn! A ;o "1
+a) W (dy, ... dp,df, . dldl ) + (D M2la, Wl d) . a),df L adl )

L(didy, ... a0, A+ (—D S (@, L d dl Dl
—a Wy (), ..., Gy, 0, ..., a0, — (— 1)'“1”“2a\11 (a}.a3,...,0,,4,07,...,47)0,
— (=Dl W (d, .. d g, df, A al )

—(—1)lala|+lay "“n+1‘a W (ay,ds, ... an 4. 0], ... a,_qan ay.

Notice that the right hand side of (81) equals \IJ% (a}d}, afal) with V =[—, —]. We say that V is a bidifferential operator
of order r if \IJrV‘H is identically zero. Thus (81) says that the bracket of an F-manifold is a bidifferential operator of order 1.

Proposition 8.2. If a linear map V : A® A — A is a differential operator of order r in both variables, then it is a bidifferential operator
of orderr.

Proof. For permutations o, u € X, elements aj,...,a,,a],...,a; € A and 0 <i,j <n we define the linear maps
Li(0),Rj(0): A— A by the formulas

Li(0)(a):=€(0) -ty 1)Uy iy VA g4 1) - - Qg (> @5 and
Rj(u)(@) =€) - V(@ aj, g G ) gy G-

Notice that when V is a differential operator of order r in both variables, then both Li(c) and Rj(o) are differential
operators of order r.

The proposition follows from the fact that the bideviation W% is, for each n > 1, a linear combinations of the deviations
CDL(U) and <I>§3j(o). Namely, one can verify that

WY (d, .. apdf, g =) (=) ZCD (@A + Y (- 1)J+”Zq> @ ap),

0<i<n 0<j<n

where o runs over all (i, r — i)-shuffles and u over all (j,r — j)-shuffles. O

An immediate consequence of Proposition 8.2 is the fact that the bracket of a Poisson algebra satisfies (81). One obviously
can likewise introduce polydifferential operators V : A®% — A for arbitrary k and modify e.g. Definition 5.1 by requiring that
the structure maps l's are polydifferential operators. On the other hand, polydifferential operators on the free commutative
associative algebra S(X) are not necessarily determined by their values on S="(X) for a finite n, so one cannot expect
results as e.g. Corollary 6.3.
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