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The setting

Throughout this talk, R is a commutative ring, and I ⊂ R is
a finitely generated ideal.

Torsion modules

There is one category of I -torsion R-modules. An R-module M is
I -torsion if for every s ∈ I , m ∈ M there exists n > 1 such that
snm = 0 in M.

R-ModI -tors is a coreflective subcategory (in fact, a hereditary
pretorsion class) in R-Mod and a Grothendieck abelian category.

The coreflector ΓI : R-Mod −→ R-ModI -tors assigns to
an R-module M its maximal I -torsion submodule ΓI (M) ⊂ M.
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Dual analogue of torsion modules?

There are three categories of ≈ I -adically complete R-modules.

R-ModsepI -ctra ⊂ R-ModqsI -ctra ⊂ R-ModI -ctra ⊂ R-Mod

Where R-ModsepI -ctra = R-ModI -secom is the category of I -adically
separated & complete R-modules (= separated I -contramodules).

R-ModI -ctra is the category of I -contramodule R-modules.

R-ModqsI -ctra is the category of quotseparated I -contramodule
R-modules.

All full subcategories in each other. All reflective in R-Mod (and in
each other). All locally ℵ1-presentable categories.

R-ModI -secom is not abelian. R-ModqsI -ctra and R-ModI -ctra are
abelian categories (closed under kernels and cokernels in R-Mod).
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I -adic completion functor

ΛI : R-Mod −→ R-Mod, ΛI (C ) = lim←−n>1
C/I nC .

Completion morphism `I ,C : C −→ ΛI (C ). An R-module C is
called I -adically separated if `I ,C is injective, and C is called
I -adically complete if `I ,C is surjective.

ΛI is the reflector onto R-ModI -secom ⊂ R-Mod.

ΛI is neither left nor right exact (in fact, not exact in the middle;
but it takes epimorphisms to epimorphisms).

Explanation for nonexactness: ΛI is the composition of right exact
functor (C 7−→ C/I nC )∞n=1 and left exact lim←−.

R-ModI -secom not abelian; not closed under cokers of monos, nor
under extensions in R-Mod.

What can one do? Replace ΛI by a better-behaved derived functor.
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Classical counterexample (A.-M. Simon, A. Yekutieli, . . . )

Take R = Z and I = (p), where p is a prime number. Let
C ⊂

∏∞
n=0 Zp denote the group of all sequences of p-adic integers

u0, u1, u2, . . . converging to zero in the topology of Zp.

Let D ⊂ C denote the group of all sequences of p-adic integers of
the form v0, pv1, p2v2, . . . , where vn ∈ Zp. Let E ⊂ D be
the subgroup of all sequences un = pnvn such that vn → 0 in Zp as
n→∞. So D '

∏∞
n=0 Zp and E ' C .

All the three groups C , D, E are (p)-adically separated and
complete. So are the quotient groups C/D and D/E . But
the quotient group C/E is not (p)-adically separated (though still
(p)-adically complete). In fact, one has

⋂
n>1 p

n(C/E ) = D/E , so
Λ(p)(C/E ) = C/D.

Applying Λ(p) to the short exact sequence
0 −→ E −→ C −→ C/E −→ 0, one obtains the sequence
0 −→ E −→ C −→ C/D −→ 0, which is not exact in the middle.
The inclusion E −→ C , viewed as a morphism in Z-Mod(p)-secom,
violates the abelian category axiom.

Leonid Positselski Derived complete modules and complexes 5 / 26



Idealistic approach (terminology of [Yek20])

LΛI : D(R-Mod) −−→ D(R-Mod)

Constructed by applying ΛI termwise to homotopy projective
complexes of R-modules (homotopy flat is enough).

In particular, C ∈ R-Mod  LnΛI (C ) = HnLΛI (C ).

L0ΛI 6= ΛI , because ΛI is not right exact.

L0ΛI is the reflector onto R-ModqsI -ctra =

{cokerR-Mod(f : C → D) | C ,D ∈ R-ModI -secom}.

Functor L0ΛI is right exact. Category R-ModqsI -ctra is abelian
(closed under kernels and cokernels in R-Mod).

Derived functor LΛI can be also defined as L(L0ΛI ). So one can
use L0ΛI as an improved version of ΛI . But there is also another
such improved version, denoted by ∆I .
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Sequential approach (terminology of [Yek20])

Assume first that I = (s) ⊂ R is a principal ideal.

Use C • 7−→ Tot(C
−1
• sn−→ C

0

•) as a derived functor of C 7−→ C/snC

and R lim←−n>1
Tot(C •

sn−→ C •) as a derived functor of s-adic

completion. Here the projective system is

C •
sn //

s
��

C •

1
��

C •
sn−1

// C •

Then one has R lim←−n>1
Tot(C •

sn−→ C •) = RHomR(K∨∞(R; s),C •),

where K∨∞(R; s) = (R
0
−→ R

1
[s−1]) = lim−→n>1

(R
sn−→ R) is

the “infinite dual Koszul complex”.
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Generally, suppose I = (s1, . . . , sm) ⊂ R. For brevity, let s denote
the sequence s1, . . . , sm. Put

K∨∞(R; s) = (R → R[s−11 ])⊗R · · · ⊗R (R → R[s−1m ]).

So K∨∞(R; s) is a bounded complex of flat R-modules sitting in
the cohomological degrees 0, . . . , m. Up to quasi-isomorphism,
the complex K∨∞(R; s) is determined by (the radical of) the ideal I ,
and does not depend on the generators s1, . . . , sm.

Use C • 7−→ RHomR(K∨∞(R; s),C •) as the derived functor of
I -adic completion. In particular, C ∈ R-Mod  

∆I (C ) = H0RHomR(K∨∞(R; s),C ).

∆I : R-Mod −→ R-Mod is the reflector onto R-ModI -ctra =

{C ∈ R-Mod | Ext0,1R (R[s−1],C ) = 0 ∀s ∈ I}

(it suffices to check this condition for s = s1, . . . , sm).
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The functor ∆I is right exact by construction. The category of
I -contramodule R-modules R-ModI -ctra is abelian (closed under
kernels, cokernels, and extensions in R-Mod).

Sequential vs. idealistic: comparison

Sequential approach “ignores” the ring R and only cares about
s1, . . . , sm (still does not depend on the choice of a sequence s for
a fixed ideal I ⊂ R).

Idealistic approach is sensitive to R (because what are projective or
flat R-modules, or homotopy projective/flat complexes of
R-modules, depends very much on R).

If R ′ ⊂ R is a subring containing s1, . . . , sm, and I ′ ⊂ R ′ is
the ideal generated by s1, . . . , sm, then sequential functors for
I ⊂ R and for I ′ ⊂ R ′ agree. Idealistic ones don’t.
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Separated and quotseparated contramodules

All I -adically separated and complete R-modules are
I -contramodules. All I -contramodules are I -adically complete,
but they don’t need to be I -adically separated.

Hence “I -adically separated and complete R-modules” =
“(I -adically) separated I -contramodule R-modules”.

A better definition of R-ModqsI -ctra: an I -contramodule is
quotseparated if it is a quotient of a separated I -contramodule.

Lemma

Any I -contramodule R-module is an extension of two
quotseparated I -contramodule R-modules.

Sketch of proof.

For any R-module C , one has 0→ K −→ ∆I (C ) −→ ΛI (C )→ 0,
where K is a quotseparated I -contramodule. In particular, if C is
an I -contramodule, then ∆I (C ) = C , so C is an extension of
one quotseparated and one separated I -contramodule.
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Separated and quotseparated contramodules

The properties of an R-module to be (1) an I -contramodule, or
(2) a separated I -contramodule – are not sensitive to the ring R.

Let R ′ ⊂ R be a subring containing s1, . . . , sm and I ′ ⊂ R ′ be
the ideal generated by s1, . . . , sm.

Then an R-module is an I -contramodule if and only if it is
an I ′-contramodule R ′-module. An R-module is a separated
I -contramodule if and only if it is a separated I ′-contramodule
R ′-module.

The property of an R-module to be (3) a quotseparated
I -contramodule – is sensitive to the ring R. Choose R ′ as above to
be Noetherian (e.g., generated by s1, . . . , sm over Z). Then all
I ′-contramodule R ′-modules are quotseparated.

So any I -contramodule can be made quotseparated by restricting
the ring (replacing it by a subring).
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Overview of derived complete complexes

There are three reasonable triangulated categories of ≈ derived
I -adically complete complexes of R-modules.

D(R-ModqsI -ctra) and D(R-ModI -ctra) are the derived categories of
the respective abelian categories.

DI -ctra(R-Mod) is the full subcategory in D(R-Mod) consisting of
all complexes with I -contramodule cohomology modules.

There is a diagram of triangulated functors

D(R-ModqsI -ctra) D(R-ModI -ctra) DI -ctra(R-Mod)

D(R-Mod)

ρ
π

ι

λ

δ
η

Here straight arrows form a commutative diagram. The curvilinear
arrows show left adjoint functors.

Leonid Positselski Derived complete modules and complexes 12 / 26



Derived completion functors

The sequential derived completion functor

RHomR(K∨∞(R; s),−) : D(R-Mod) −−→ D(R-Mod)

is the composition of two adjoint functors
RHomR(K∨∞(R; s),−) = ι ◦ η. It is the reflector onto the full
subcategory DI -ctra(R-Mod) ⊂ D(R-Mod). Hence the sequential
derived completion functor is idempotent.

The idealistic derived completion functor

LΛI : D(R-Mod) −−→ D(R-Mod)

is the composition of two adjoint functors LΛI = ρ ◦ λ. The point
is that applying ΛI to every term of a homotopy flat complex of
R-modules produces a complex in R-ModI -secom ⊂ R-ModqsI -ctra,
which is an object of D(R-ModqsI -ctra).
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Overview of derived complete complexed cont’d

The terminology of [Yek20]: C • ∈ D(R-Mod) is called derived
I -adically complete in the idealistic sense if the natural morphism
C • −→ LΛI (C

•) is an isomorphism.

C • ∈ D(R-Mod) is called derived I -adically complete in
the sequential sense if the natural morphism
C • −→ RHomR(K∨∞(R; s),C •) is an isomorphism.

The full subcategory of derived complete complexes in
the sequential sense is DI -ctra(R-Mod) ⊂ D(R-Mod).

The full subcategory of derived complete complexes in
the idealistic sense is always contained in DI -ctra(R-Mod). This full
subcategory seems to be too small in general.

“Idealistic is not realistic” or “not reasonable”. Or “should be
properly understood”. D(R-ModqsI -ctra) is a good replacement of
the category of derived I -adically complete complexes in the
idealistic sense, but it is not a full subcategory in D(R-Mod).
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Key technical condition: Weak proregularity

For a single element s ∈ R, the Koszul complex K (R; s) is
the two-term complex R

−1
s−→ R

0
. For a sequence of elements

s1, . . . , sm ∈ R, the Koszul complex is

K (R; s) = K (R; s1)⊗R · · · ⊗R K (R; sm).

Given n > 1, denote by sn the sequence sn1 , . . . , snm. When
n varies, the Koszul complexes K (R; sn) form a projective system.

A finitely generated ideal I ⊂ R is said to be weakly proregular if,
for every i < 0, the projective system of homology modules
(H i (K (R; sn)))n>1 is pro-zero (= “trivial Mittag-Leffler”).

Here a projective system of abelian groups (En)n>1 is said to be
pro-zero if for every j > 1 there exists k > j such that
the transition map Ek −→ Ej vanishes.

The weak proregularity property only depends on (the radical of)
the ideal I , and not on a particular set of its generators s.
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Overview of derived complete complexed cont’d

When the ideal I is weakly proregular, the sequential and idealistic
approaches agree. In the above diagram

D(R-ModqsI -ctra) D(R-ModI -ctra) DI -ctra(R-Mod)

D(R-Mod)

ρ
π

ι

λ

δ
η

both the horizontal arrows are triangulated equivalences. So one
has

ρ = π = ι, λ = δ = η

and also

R-ModqsI -ctra = R-ModI -ctra, L0ΛI = ∆I

as well as
LΛI = RHomR(K∨∞(R; s),−).
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When the ideal I is not weakly proregular, one has that

the functor ρ is not fully faithful;

the complex RHomR(K∨∞(R; s),R(ω)) is derived I -adically
complete in the sequential, but not in the idealistic sense;

even the R-module ΛI (R
(ω)), viewed as a complex of

R-modules, is derived I -adically complete in the sequential,
but not in the idealistic sense.

Here R(ω) =
⊕∞

i=0 R is the free R-module with a countable set of
generators. The R-module ΛI (R

(ω)) is sometimes called
the module of decaying functions ω −→ ΛI (R).

It follows (from the last item in the list) that the functor
LΛI : D(R-Mod) −→ D(R-Mod) is not idempotent. In fact,
the complex LΛI (LΛI (R

(ω))) = LΛI (ΛI (R
(ω))) has a nonzero

cohomology module in some nonzero (negative) cohomological
degree.
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Let us return once more to the diagram

D(R-ModqsI -ctra) D(R-ModI -ctra) DI -ctra(R-Mod)

D(R-Mod)

ρ
π

ι

λ

δ
η

The weak proregularity condition for I = (s1, . . . , sm) ⊂ R splits
into 2m pieces. The 1st piece is responsible for

R-ModqsI -ctra = R-ModI -ctra,

L0ΛI = ∆I , λ = δ, ρ = π.

The remaining 2m − 1 pieces are responsible for

D(R-ModI -ctra) ' DI -ctra(R-Mod),

δ = η, π = ι.
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Details on weak proregularity

For any R-modules M and C , there are natural morphisms in
D(R-Mod)

ΓI (M) −−→ K∨∞(R; s)⊗R M; (1)

RHomR(K∨∞(R; s),C ) −−→ ΛI (C ). (2)

The morphism (1) is an isomorphism on H0. Taking H0 of
the morphism (2), one obtains the natural surjective morphism
bI ,C : ∆I (C ) −→ ΛI (C ) (mentioned above in the proof of Lemma).

Theorem

The following conditions are equivalent:

the ideal I ⊂ R is weakly proregular;

for every injective R-module J and i > 0 one has
H i (K∨∞(R; s)⊗R J) = 0 (equivalently, the morphism (1) is
a quasi-isomorphism for M = J);

the morphism (2) is a quasi-isomorphism for C = R(ω).
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The infinite dual Koszul complex is the direct limit of finite dual
Koszul complexes, K∨∞(R; s) = lim−→n

HomR(K (R; sn),R). Hence for
any R-module C and every −m 6 q 6 0 there is a short exact seq.

0 −−→ lim←−
1
n>1

Hq−1(K (R; sn)⊗R C )

−−→ Hq RHomR(K∨∞(R; s), C )

−−→ lim←−n>1
Hq(K (R; sn)⊗R C ) −−→ 0.

For q = 0, the middle term is ∆I (C ) and the rightmost term
is ΛI (C ). The proof of the above Theorem is partly based on

Proposition

The ideal I ⊂ R is weakly proregular iff ∀ k = −1, . . . ,−m two
conditions hold:

i lim←−
1
n>1

(Hk(K (R; sn)⊗R R(ω))) = 0;

ii lim←−n>1
Hk(K (R; sn)) = 0.

These are the above-mentioned “2m pieces of weak proregularity”.
The “1st piece” is (i) for k = −1.
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Derived torsion complexes

There are two reasonable triangulated categories of ≈ derived
I -torsion complexes.

D(R-ModI -tors) is the derived category of the abelian category of
I -torsion R-modules.

DI -tors(R-Mod) is the full subcategory in D(R-Mod) consisting of
all complexes with I -torsion cohomology modules.

There is a diagram of triangulated functors

D(R-ModI -tors) DI -tors(R-Mod)

D(R-Mod)

µ
υγ

θ

Here straight arrows form a commutative triangular diagram.
The curvilinear arrows show right adjoint functors. The arrow with
a tail shows a fully faithful functor. The arrow with two heads
shows a Verdier quotient functor.
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Derived torsion functors

The sequential derived torsion functor is

K∨∞(R; s)⊗R − : D(R-Mod) −−→ D(R-Mod).

It is the composition of two adjoint functors
K∨∞(R; s)⊗R − = υ ◦ θ. This is the reflector onto the full
subcategory DI -tors(R-Mod) ⊂ D(R-Mod). Hence the sequential
derived torsion functor is idempotent.

The idealistic derived torsion functor

RΓI : D(R-Mod) −−→ D(R-Mod)

is constructed by applying ΓI termwise to homotopy injective
complexes of R-modules. This functor is the composition of two
adjoint functors RΓI = µ ◦ γ.
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Derived torsion complexes cont’d

The terminology of [Yek20]: M• ∈ D(R-Mod) is called derived
I -torsion in the idealistic sense if the natural morphism
RΓI (M

•) −→ M• is an isomorphism.

M• ∈ D(R-Mod) is called derived I -torsion in the sequential sense
if the natural morphism K∨∞(R; s)⊗R M• −→ M• is
an isomorphism.

The full subcategory of derived torsion complexes in the sequential
sense is DI -tors(R-Mod) ⊂ D(R-Mod).

The full subcategory of derived torsion complexes in the idealistic
sense is always contained in DI -tors(R-Mod). This full subcategory
seems to be too small in general.

“Idealistic is not realistic”, or “should be properly understood”.
D(R-ModI -tors) is a good replacement of the category of derived
I -torsion complexes in the idealistic sense, but it is not a full
subcategory in D(R-Mod).
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Derived torsion complexes cont’d

When the ideal I ⊂ R is weakly proregular, the sequential and
idealistic approaches agree. In the above diagram

D(R-ModI -tors) DI -tors(R-Mod)

D(R-Mod)

µ
υγ

θ

the horizontal arrow is a triangulated equivalence. So one has

µ = υ and γ = θ

as well as
RΓI = K∨∞(R; s)⊗R −.
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When the ideal I is not weakly proregular, one has that

the functor µ is not fully faithful;

there exists an injective R-module J for which the complex
K∨∞(R; s)⊗R J is not derived I -torsion in the idealistic sense
(though K∨∞(R; s)⊗R M• is derived I -torsion in the sequential
sense for all M• ∈ D(R-Mod));

there even exists an injective R-module J for which
the R-module ΓI (J), viewed as a complex of R-modules,
is not derived I -torsion in the idealistic sense (though any
complex of I -torsion R-modules is derived I -torsion in
the sequential sense).

It follows from the second item that the functor
RΓI : D(R-Mod) −→ D(R-Mod) is not idempotent. In fact,
the complex RΓI (RΓI (J)) = RΓI (ΓI (J)) has a nonzero cohomology
module in some nonzero (positive) cohomological degree.
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Final Questions and Conclusion

All ideals in Noetherian commutative rings are weakly proregular.
The following questions, therefore, apply to non-Noetherian
commutative rings R.

Given an arbitrary finitely generated ideal I ⊂ R,

can one come up with an example of a complex of R-modules
that is derived I -adically complete in the idealistic sense?
Does there exist such a nonzero complex, generally speaking?

dually, can one come up with an example of a complex of
R-modules that is derived I -torsion in the idealistic sense?
Does there exist such a nonzero complex?

The categories D(R-ModqsI -ctra) and D(R-ModI -tors) aren’t full
subcategories in D(R-Mod), when I is not weakly proregular.
The advantage of considering them as the proper versions of
the idealistic derived complete/torsion categories lies in the fact
that they contain the objects one wants them to contain.
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