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d(ab) = d(a)b+ (—1)l%lad(b) for all a, b€ B

@ and an element h € B? such that

o d?(b) = [h,b] = hb— bh for all be B

e and d(h) = 0.
h is called the curvature element.
An A_c-algebra is a graded vector space with the operations
m,: A" — A[2—n], n=1,2, ...

A CDG-algebra has mg = h, my = d, and ms.

[Getzler—Jones '90, L.P. 93]
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a CDG-module over Q(M, End(E));

@ matrix factorizations, which are the CDG-modules over
the Z/2-graded CDG-ring (B = B°, d =0, h = w), where
BP is an associative ring and w € B? is a central element
(“the potential”).
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isomorphisms; these are called change-of-connection isomorphisms.
The embedding functor DG-rings — CDG-rings is faithful

but not fully faithful: nonisomorphic DG-rings may be isomorphic
as CDG-rings.

The construction of the DG-category of DG-modules over

a DG-ring extends to CDG-rings: CDG-modules over a CDG-ring
form a DG-category. (In particular, the DG-categories of
DG-modules over CDG-isomorphic DG-rings are isomorphic.)
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of left CDG-modules over a CDG-ring B* is defined by the rules:
e Homp(K, L) is the group of all homogeneous maps
f: K— L of degree n
@ commuting with the action of the graded ring B with the sign
rule f(bk) = (—1)"Plbf (k) for all b € Bbl and k € K,
e while the differential on Hom%(K, L) is, as usually,
d(f)(k) = du(f(k)) = (~1)I"If(dk(k)) € Homp" (K, L).
One has d(f) = [d,[d, f]] = [d?,f] = [h,f] =0

Leonid Positselski Hat construction and Koszul duality 6 /64



Curved DG-structures

To be precise, the complex of morphisms Homg(K*, L*) between
CDG-modules (K, dk) and (L, d;) in the DG-category B*-Mod#
of left CDG-modules over a CDG-ring B* is defined by the rules:
e Homp(K, L) is the group of all homogeneous maps
f: K— L of degree n
@ commuting with the action of the graded ring B with the sign
rule f(bk) = (—1)"Plbf (k) for all b € Bbl and k € K,
e while the differential on Hom%(K, L) is, as usually,
d(f)(k) = du(f(k)) = (~1)I"If(dk(k)) € Homp" (K, L).
One has d?(f) = [d, [d, f]] = [d?, f] = [h,f] =0, so
Hom%(K*, L*) is indeed a complex.

Leonid Positselski Hat construction and Koszul duality 6 /64



Curved DG-structures

To be precise, the complex of morphisms Homg(K*, L*) between
CDG-modules (K, dk) and (L, d;) in the DG-category B*-Mod#
of left CDG-modules over a CDG-ring B* is defined by the rules:
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rule f(bk) = (—1)"Plbf (k) for all b € Bbl and k € K,
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d(f)(k) = du(f(k)) = (~1)I"If(dk(k)) € Homp" (K, L).
One has d?(f) = [d, [d, f]] = [d?, f] = [h,f] =0, so
Hom%(K*, L*) is indeed a complex.
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Curved DG-structures

To be precise, the complex of morphisms Homg(K*, L*) between
CDG-modules (K, dk) and (L, d;) in the DG-category B*-Mod#
of left CDG-modules over a CDG-ring B* is defined by the rules:
e Homp(K, L) is the group of all homogeneous maps
f: K— L of degree n
@ commuting with the action of the graded ring B with the sign
rule f(bk) = (—1)"Plbf (k) for all b € Bbl and k € K,
e while the differential on Hom%(K, L) is, as usually,
d(f)(k) = di(f(k)) = (~1)"f(dk(k)) € Homg" (K. L).
One has d?(f) = [d, [d, f]] = [d?, f] = [h,f] =0, so
Hom%(K*, L*) is indeed a complex.

Replacing a CDG-ring (B, d, h) with an isomorphic CDG-ring
(B,d’, h') via a connection change d’(b) = d(b) + [a, b] and

R = h+ d(a) + a® with a € B, one transforms the differentials in
left CDG-modules M by the rule d’(m) = d(m) + am to establish
an isomorphism between the two DG-categories of CDG-modules.
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The differential 9 = 9/00 of degree —1 on the graded ring B[d] is
defined by the rules 9(d) =1 and 9(b) = 0 for b € B.

The DG-ring B* = (é, 0) is obtained by changing the sign of
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the zero ring: H*(R®) = 0. There is a natural equivalence
CDG-rings ~ DG-rings®® between the category of CDG-rings and
the category of acyclic DG-rings.

Given a CDG-ring B* = (B, d, h), the related acyclic DG-ring
B* = (§, 0) is constructed as follows. The graded ring B[d] is
obtained by adjoining to B a new element ¢ of cohomological
degree 1 subject to the relations

o 6b— (—1)IPlps = d(b) for all b € B;
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The differential 9 = 9/00 of degree —1 on the graded ring B[d] is
defined by the rules 9(d) =1 and 9(b) = 0 for b € B.
The DG-ring B* = (é, 0) is obtained by changing the sign of
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The hat construction

A DG-ring R* is said to be acyclic if its cohomology ring is
the zero ring: H*(R®) = 0. There is a natural equivalence
CDG-rings ~ DG-rings®® between the category of CDG-rings and
the category of acyclic DG-rings.
Given a CDG-ring B* = (B, d, h), the related acyclic DG-ring
B* = (§, 0) is constructed as follows. The graded ring B[d] is
obtained by adjoining to B a new element ¢ of cohomological
degree 1 subject to the relations

o 6b— (—1)IPlps = d(b) for all b € B;

° 42 =h.
The differential 9 = 9/00 of degree —1 on the graded ring B[d] is
defined by the rules 9(d) =1 and 9(b) = 0 for b € B.
The DG-ring B* = (é, 0) is obtained by changing the sign of
the grading on (B[6],); that is, B" = B[§]~" for all n € Z
(to make the differential 0 increase the degree). Otherwise
the multiplication and the differential stay the same,
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The hat construction

Given a morphism of CDG-rings
(f7 a): (B7 dB? hB) — (A7 dA7 hA)
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F(b) = £(b) for all b€ B and f(Jg) = 64 + a.
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The hat construction
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(f,a): (B,dg,hg) — (A, da, ha), the induced morphism of
acyclic DG-rings f. B* —» A* is constructed by the rules
F(b) = £(b) for all b€ B and f(Jg) = 64 + a.
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an arbitrary element § € R~ such that dg(J) = 1.
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The hat construction

Given a morphism of CDG-rings

(f,a): (B,dg,hg) — (A, da, ha), the induced morphism of
acyclic DG-rings f. B* —» A* is constructed by the rules
F(b) = £(b) for all b€ B and f(Jg) = 64 + a.

This construction produces the functor

CDG-rings — DG-rings®°.

Conversely, given an acyclic DG-ring R®* = (R, dr), pick
an arbitrary element § € R~ such that dg(0) = 1. Put

@ B = ker(Or) C R with the sign of the grading changed,
B" = ker(Og: R™" — R™"T1);
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The hat construction

Given a morphism of CDG-rings
(f,a): (B,dg, hg) — (A, da, ha), the induced morphism of
acyclic DG-rings f: B® — A® is constructed by the rules
f(b) = f(b) for all b€ B and f(dg) = da + a.
This construction produces the functor
CDG-rings — DG-rings®°.
Conversely, given an acyclic DG-ring R®* = (R, dr), pick
an arbitrary element § € R~ such that dg(0) = 1. Put
@ B = ker(Or) C R with the sign of the grading changed,
B" = ker(Og: R™" — R™"T1);
e dg(b) = db— (~1)IPIbs € B for b € B;
@ hg = 2=6-5¢ ker(&R)” = B2.
This construction produces the inverse functor
DG-rings** — CDG-rings.
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CDG-rings vs. acyclic DG-rings

The hat construction is a category equivalence, but recovering
a CDG-ring from the related acyclic DG-ring involves an arbitrary
choice.
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constructing a CDG-ring, CDG-coalgebra etc. usually requires
making an arbitrary choice. The difference between any two such
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isomorphic to each other by a change-of-connection isomorphism.

In this sense, acyclic DG-rings (acyclic DG-coagebras etc.)
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CDG-rings vs. acyclic DG-rings

The hat construction is a category equivalence, but recovering
a CDG-ring from the related acyclic DG-ring involves an arbitrary
choice.

This is the general situation with curved DG-structures:
constructing a CDG-ring, CDG-coalgebra etc. usually requires
making an arbitrary choice. The difference between any two such
choices (the result of subtraction) can be used to construct a
change-of-connection element making the two CDG-rings naturally
isomorphic to each other by a change-of-connection isomorphism.

In this sense, acyclic DG-rings (acyclic DG-coagebras etc.)
are more invariant objects. But they are also much more
counterintuitive, making them harder to work with.
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CDG-rings vs. acyclic DG-rings

Another name for acyclic DG-rings is quasi-differential rings.
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The datum of a quasi-differential ring R® = (R, J) with the given
graded ring B = ker(9: R — R)
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structure on the ring B.
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with an acyclic DG-ring instead of a CDG-ring, in particular when
considering the DG-category of modules.

Let B* = (B, d, h) be a CDG-ring and (B[d], 9) be the related
acyclic DG-ring. How can one construct the DG-category of
CDG-modules over B* in terms of the quasi-differential ring
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A left CDG-module M* = (M, dy) over B* is the same thing
as a graded left B[d]-module. The element § acts in M by
the differential dy.
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The datum of a quasi-differential ring R® = (R, J) with the given
graded ring B = ker(0: R — R) is called a quasi-differential
structure on the ring B.

This terminology is used in the contexts where one wants to work
with an acyclic DG-ring instead of a CDG-ring, in particular when
considering the DG-category of modules.

Let B* = (B, d, h) be a CDG-ring and (B[d], 9) be the related
acyclic DG-ring. How can one construct the DG-category of

CDG-modules over B* in terms of the quasi-differential ring
(Bl4],0)7

A left CDG-module M* = (M, dp;) over B* is the same thing
as a graded left B[d]-module. The element § acts in M by
the differential dps. Notice that there is no differential on M
compatible with the differential 9 on BJ[d].
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rather than graded B[d]-module maps.
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is to check that d? = 0, while still refraining from choosing 4.
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CDG-rings vs. acyclic DG-rings

Given another left CDG-module N* = (N, dy) over B*, the
grading components of the complex of morphisms Homg(M?*, N*)
are the groups of homogeneous B-module maps M — N of
various degrees. Notice that these are graded B-module maps
rather than graded B[d]-module maps.

It may be a good exercise to construct the differential d on the
complex Homg(M*, N*) working with M* and N* as modules over
a graded ring R with an acyclic differential dr defined on R such
that B = ker O C R. The point of the exercise is to refrain from
choosing any specific element § € R for the purposes of

the construction, but work only with the differential Og (which is
more invariant) throughout. Then the second part of the exercise
is to check that d? = 0, while still refraining from choosing 4.

Cf. Section 11.7.1 in the book “Homological algebra of
semimodules and semicontramodules” (Birkhduser, 2010), which is
written in a more complicated setting of quasi-differential corings.
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Now we start with a CDG-ring B* = (B, dg, hg) and apply the hat
construction twice. The result is an acyclic DG-ring B = (E, D).

The graded ring B is obtained by adjoining two elements
0 of degree 1 and ¢ of degree —1 to the graded ring B,
subject to the relations

o 6b— (—1)IPlps = dg(b) for all b € B;

o ¢b— (—1)!Plpe = 0 for all b € B;
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@ ¢+ de=1. R
The differential D = 0/0¢ on the graded ring B is defined by
the rules D(b) =0, D(0) =0, D(e) = 1.
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The double hat Morita equivalence
Now we start with a CDG-ring B* = (B, dg, hg) and apply the hat
construction twice. The result is an acyclic DG-ring B = (é, D).

The graded ring B is obtained by adjoining two elements
0 of degree 1 and ¢ of degree —1 to the graded ring B,
subject to the relations

o 6b— (—1)IPlps = dg(b) for all b € B;

o ¢b— (—1)!Plpe = 0 for all b € B;

° 2 =hg; €=0;

@ ¢+ de=1. R
The differential D = 0/0¢ on the graded ring B is defined by
the rules D(b) =0, D(0) =0, D(e) = 1.

Theorem (double hat Morita equivalence theorem)

The DG-category B*-Mod®% of CDG—modulesoner any CDG-ring
B* is naturally equivalent to the DG—citegory B -Mod‘ of
DG-modules over the acyclic DG-ring B
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The DG-functor B*-Mod*®® —s B*-Mod“ is constructed
as follows. Given a left CDG-module M* = (M, dy) over B*®,
the underlying graded abelian group of the related DG-module

E* = (E, Dg) over B is the direct sum E = M & M[—1]. So
the elements of the abelian group E' (i € Z) are pairs (m', m")
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In particular, the actions of B and ¢ correspond to the
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The DG-functor B*-Mod*®® —s B*-Mod“ is constructed
as follows. Given a left CDG-module M* = (M, dy) over B*®,
the underlying graded abelian group of the related DG-module

E* = (E, Dg) over B is the direct sum E = M & M[—1]. So
the elements of the abelian group E' (i € Z) are pairs (m', m")
with m' € M" and m" € ML,
The actions of B, §, €, and Dg on E are given by the rules

o b(m',m") = (bn',(—1)IPlbm") for b € B;

o &(m',m") = (dy(m'), m" — dy(m"));

e e¢(m',m")=(m",0);

e De(m',m") = (0,m").
In particular, the actions of B and ¢ correspond to the

CDG-module structure on the CDG-module E* = cone(idps[1])
over B*, with § acting by the CDG-module differential dg.
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The double hat Morita equivalence

The previous slide defines the action of the DG-functor
B*-Mod& —; B*-Mod® on objects.
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CDG-modules

DabS(B‘—MOdCdg), DCO(B‘—MOdCdg), DCtr(B.—MOdCdg).

Specializing further, for the abelian DG-category A = A®-Mod% of
DG-modules over a DG-ring A®* = (A, d), one obtains the absolute
derived, coderived, and contraderived category of DG-modules

D*P5(A*-Mod¥8), D(A*-Mod¥), D (A®-Mod?®).

Now we can recall the eqmvalence of DG- >-categories

B*-Mod ~ B*-Mod“, where B® = (B 0) is an acyclic DG-ring
produced by the double hat construction applied to B*.
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De°(B*-Mod®) ~ D®(B°*-Mod?®),
Detr(B*-Mod®2) ~ Detr(B"-Mod’#).

In particular, to any DG-ring A®* = (A, d/)\, the double hat
construction assigns an acyclic DG-ring A = (/3, 0).

We have D2P$(A*-Mod¥8) ~ Dabs(Z‘—Moddg),

D (A*-Mod“8) ~ DCO(;\?’-Moddg),

D (A®*-Mod¥®) ~ DCtr(Z.—Moddg). Thus it always suffices to

consider derived categories of the second kind for acyclic DG-rings!
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For comparison, the conventional derived category of DG-modules
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Given a DG-ring A®* = (A, d), the derived category D(A®-Mod) is
defined as the Verdier quotient category of the homotopy category
HO(A*-Mod®®) by the thick subcategory of acyclic DG-modules.

In particular, over an acyclic DG-ring R® = (R, 0), all DG-modules
E*® are also acyclic (as H*(E*®) is a module over the zero ring
H*(R*®), and all such modules are zero). So the whole derived
category vanishes, D(R*-Mod) = 0.

Conversely, if a DG-ring A® is not acyclic, then A® is a nonzero
object of D(A®-Mod). So D(A®-Mod) # 0 in this case.

These arguments show that the derived category D(A®-Mod) is
not an invariant of the DG-category of DG-modules A*-Mod%s.

Indeed, A® is an arbitrary DG-ring and A’ is an acyclic one; still
their DG-categories of DG-modules are equivalent.
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The previous slide may look like a paradox, which is resolved
as follows.

In order to construct the derived category of DG-modules
D(A®-Mod), one needs to know the cohomology functor H* on
the homotopy category of DG-modules HO(A®-Mod“®). Or one
needs to know the object A® € A®-Mod“8, the free DG-module
with one generator (which corepresents the cohomology functor on
the homotopy category).

Knowing the DG-category of DG-modules A®-Mod® as an
abstract DG-category is not enough to construct the conventional
derived category of DG-modules.

But knowing the DG-category of CDG-modules B*-Mod®® as an
abstract DG-category is enough to construct the absolute derived,
coderived, and contraderived categories of CDG-modules.
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A coassociative coalgebra C over a field k is a k-vector space
endowed with k-linear maps of comultiplication and counit

w: C— C®k € and e: € — k satisfying the coassociativity and
counitality axioms. These axioms can be obtained by writing down
the definition of an associative algebra over a field in the tensor
notation and inverting the arrows.

A left C-comodule M is a k-vector space endowed with a k-linear
map of left coaction v: M — C ®, M satisfying the
coassociativity and counitality axioms.

A left C-contramodule P is a k-vector space endowed with a
k-linear map of left contraaction m: Homy(C,B) — ‘P satisfying
the contraassociativity and contraunitality axioms. The difference
between the left and right contramodules comes from the choice of
an isomorphism Homy (€, Hom(C,B)) ~ Hom,(C & €, B) in

the contraunitality axiom. For left contramodules, use the one that
is a special case of Homy (U, Hom,(V, W)) ~ Hom,(V @« U, W).
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To forget the grading of a graded coalgebra €, use the infinite
direct sum functor: ¥C = @, C' is an ungraded coalgebra.
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@ an odd coderivation d: €' — @/*1

@ and a linear function h: €72 — k.
h is called the curvature linear function. The equations dual to
the equations for a CDG-ring are imposed.
A morphism of CDG-coalgebras (C, de, he) — (D, dp, hp) is
a pair (g, b), where

@ g: C — D is a morphism of graded coalgebras

@ and b: €1 — k is a linear function.
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The coalgebra hat construction

A DG-coalgebra D* = (D, d) is a CDG-coalgebra with a vanishing
curvature linear function.
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The coalgebra hat construction

A DG-coalgebra D* = (D, d) is a CDG-coalgebra with a vanishing
curvature linear function. A DG-coalgebra D* is said to be acyclic
if its cohomology coalgebra is the zero coalgebra: H*(D*) = 0.

There is a natural equivalence CDG-coalg; ~ DG-coalg}® between

the category of CDG-coalgebras and the category of acyclic
DG-coalgebras over a field k.
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that, given an acyclic DG-coalgebra (D, 0), the underlying graded
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A DG-coalgebra D* = (D, d) is a CDG-coalgebra with a vanishing
curvature linear function. A DG-coalgebra D* is said to be acyclic
if its cohomology coalgebra is the zero coalgebra: H*(D*) = 0.

There is a natural equivalence CDG-coalg; ~ DG-coalg}® between
the category of CDG-coalgebras and the category of acyclic
DG-coalgebras over a field k. The notation is

C*=(C,d,h)— C* = (C,0).

The construction is dual to the CDG-ring case. Let me just say
that, given an acyclic DG-coalgebra (D, 0), the underlying graded
coalgebra C of the related CDG-coalgebra (C, d, h) is recovered as
the cokernel of the acyclic differential, € = coker(9: D — D).
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A DG-coalgebra D* = (D, d) is a CDG-coalgebra with a vanishing
curvature linear function. A DG-coalgebra D* is said to be acyclic
if its cohomology coalgebra is the zero coalgebra: H*(D*) = 0.

There is a natural equivalence CDG-coalg; ~ DG-coalg}® between
the category of CDG-coalgebras and the category of acyclic
DG-coalgebras over a field k. The notation is

C*=(C,d,h)— C* = (C,0).

The construction is dual to the CDG-ring case. Let me just say
that, given an acyclic DG-coalgebra (D, 0), the underlying graded
coalgebra C of the related CDG-coalgebra (C, d, h) is recovered as
the cokernel of the acyclic differential, € = coker(9: D — D). So
C is a graded quotient coalgebra of D.
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CDG-comodules and CDG-contramodules

Let €* = (C, d, h) be a CDG-coalgebra over a field k.
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Let €* = (C, d, h) be a CDG-coalgebra over a field k. Then left
CDG-comodules M* = (M, dy) over C* form an abelian
DG-category C*-Comod®8.
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Let €* = (C, d, h) be a CDG-coalgebra over a field k. Then left
CDG-comodules M* = (M, dy) over C* form an abelian
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derived category D*P5(@*-Comod®#) and the coderived category
D(C*-Comod®8).
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CDG-comodules Z°(€*-Comod®®), but they are not exact.
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The infinite product functors exist in the abelian category of
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Similarly, left CDG-contramodules B* = (B, dy) over C* form
an abelian DG-category €*-Contra®®. Hence one can construct
the absolute derived category D?P3(C*-Contra®®) and

the contraderived category D¢ (C*-Contra®).
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CDG-comodules and CDG-contramodules

The infinite coproduct functors exist in the abelian category of
CDG-contramodules Z°(€*-Contra®@), but they are usually not
exact
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The infinite coproduct functors exist in the abelian category of
CDG-contramodules Z°(€*-Contra®@), but they are usually not
exact (unless the graded coalgebra C has projective

dimension < 1). For this reason, the coderived category of
contramodules is usually not considered.

Theorem (Derived co-contra correspondence for CDG-coalgebras)

For any CDG-coalgebra C* over a field k, there is a natural
triangulated equivalence between the coderived category of left
CDG-comodules and the contraderived category of left
CDG-contramodules over C?*,

D(€*-Comod®d®) ~ D (E*-Contra®®).

The pair of mutually inverse equivalences is provided by the
derived functors of C-comodule homomorphisms R Home(C, —)
and the so-called contratensor product C @H@ —.
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The bar-construction is a functor Bar: DG—algt — CDG-coalg,

from the category of nonzero DG-algebras to the category of
CDG-coalgebras over a field k.
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cospanned by the quotient vector space of A by the unit line
k-1 C A, shifted cohomologically by [1].
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Bar construction

The bar-construction is a functor Bar: DG—algt — CDG-coalg,
from the category of nonzero DG-algebras to the category of
CDG-coalgebras over a field k. The full subcategory of nonzero
DG-algebras DG—alg;(F C DG-alg, contains acyclic DG-algebras;
it is only the zero DG-algebra A® = 0 with 1 = 0 that is excluded.

Given a DG-algebra A®* = (A, da), the related graded coalgebra
Bar(A) is the tensor coalgebra Bar(A) = @;” o (A/(k - 1))[1]®"
cospanned by the quotient vector space of A by the unit line
k-1 C A, shifted cohomologically by [1].

In order to construct the CDG-coalgebra structure on Bar(A),
one has to make an arbitrary choice of a complementary graded
subspace V to the vector subspace spanned by the unit element
1 € A%, Equivalently, one has to choose a homogeneous k-linear
retraction v: A — k of A onto the subspace k = k-1 C A.
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Bar construction

Given a graded vector subspace V C Asuchthat A=k-1®V,
one considers the related components my: A®x A — V and
my: A®, A — k of the multiplication map m: AR, A— A
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Bar construction

Given a graded vector subspace V C Asuchthat A=k-1®V,
one considers the related components my: A®x A — V and
my: A®, A — k of the multiplication map m: AR, A — A, as
well as the related components dy: A — V and dy: A — k of
the differential da: A — A.

Leonid Positselski Hat construction and Koszul duality 30/64



Bar construction

Given a graded vector subspace V C Asuchthat A=k-1®V,
one considers the related components my: A®x A — V and
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Cob(C) = ;- y(ker €)[-1]®" spanned by the kernel of the counit
map ker(e: € — k) C C shifted cohomologically by [—1].

In order to construct the CDG-algebra structure on Cob(C),

one has to make an arbitrary choice of a homogeneous k-linear
section w: k — C of the counit map e: € — k. Equivalently,
one has to choose a decomposition € = k® W of the graded vector
space € into a direct sum of two homogeneous vector subspaces k
and W such that the counit map becomes the projection onto

the direct summand k along the direct summand W.
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Cobar construction

Given a direct sum decomposition € = k@ W as above
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Given a direct sum decomposition € = k& W as above, one

considers the related components puy : W — € ® € and
i k — C®y € of the comultiplication map pe: € — C® €
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Cobar construction

Replacing the section w: k — € by another section w’: k — C
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Cobar construction

Replacing the section w: k — € by another section w’: k — C,
one constructs another CDG-algebra structure Cob?,,(C*) on
the same graded algebra Cob(C).
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Conilpotent CDG-coalgebras

A coaugmentation of a graded coalgebra € is a morphism of
coalgebras v: k — C.
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(C/~(k))®™*1 vanishes).
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Conilpotent CDG-coalgebras

A coaugmentation of a graded coalgebra € is a morphism of
coalgebras v: k — C. A coaugmented coalgebra (C,~) is called
conilpotent if for every element ¢ € € there exists an integer n > 0
such that c is annihilated by the iterated comultiplication map
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A coaugmentation of a CDG-coalgebra C* = (C, d, h)

Leonid Positselski Hat construction and Koszul duality 34 /64



Conilpotent CDG-coalgebras
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side corresponds to a nonzero curvature on the other side. In
particular, given a coaugmented CDG-coalgebra (C*,~), one can
use v in the role of the section w, i. e., put w = ~. Then the
cobar CDG-algebra Cob;, (€*) = (Cob(C), dcob, hcob) is actually

a DG-algebra, hcop = 0. We denote this DG-algebra by Cob?(C*).
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C* if and only if C* is conilpotent.

The associated graded object grf C* = D, FnC/Fn-1C to
a coagumented CDG-coalgebra C* with respect to an admissible
filtration F is a DG-coalgebra (in particular, a complex).

A morphism of CDG-coalgebras (g, b): C* — D* is called

a filtered quasi-isomorphism if there exists a pair of admissible
filtrations F on €* and D* such that grfg: grf@ — grf D is
a quasi-isomorphism.

Leonid Positselski Hat construction and Koszul duality

35/ 64



Koszul duality between DG-algebras and CDG-coalgebras

Leonid Positselski Hat construction and Koszul duality 36 /64



Koszul duality between DG-algebras and CDG-coalgebras

Recall the notation DG—alg;{|r for the category of nonzero
DG-algebras over a field k.

Leonid Positselski Hat construction and Koszul duality 36 /64



Koszul duality between DG-algebras and CDG-coalgebras

Recall the notation DG—alg;{|r for the category of nonzero
DG-algebras over a field k. Let Quis denote the class of
quasi-isomorphisms in DG-alg;

Leonid Positselski Hat construction and Koszul duality 36 /64



Koszul duality between DG-algebras and CDG-coalgebras

Recall the notation DG—alg;{|r for the category of nonzero
DG-algebras over a field k. Let Quis denote the class of
quasi-isomorphisms in DG—ang’ (i. e., morphisms of DG-algebras
inducing isomorphisms of the cohomology algebras).

Leonid Positselski Hat construction and Koszul duality

36/ 64



Koszul duality between DG-algebras and CDG-coalgebras

Recall the notation DGr—anlg;(|r for the category of nonzero
DG-algebras over a field k. Let Quis denote the class of
quasi-isomorphisms in DG—ang’ (i. e., morphisms of DG-algebras
inducing isomorphisms of the cohomology algebras).

Let CDG—coalgionilp denote the category of conilpotent
coaugmented CDG-coalgebras over k.

Leonid Positselski Hat construction and Koszul duality

36/ 64



Koszul duality between DG-algebras and CDG-coalgebras

Recall the notation DGr—anlg;(|r for the category of nonzero
DG-algebras over a field k. Let Quis denote the class of
quasi-isomorphisms in DG—ang’ (i. e., morphisms of DG-algebras
inducing isomorphisms of the cohomology algebras).

Let CDG—coalgionilp denote the category of conilpotent
coaugmented CDG-coalgebras over k. Let FQuis be the class of

filtered quasi-isomorphisms in CDG-coalg,”™""".

Leonid Positselski Hat construction and Koszul duality

36/ 64



Koszul duality between DG-algebras and CDG-coalgebras

Recall the notation DG—alg;{|r for the category of nonzero
DG-algebras over a field k. Let Quis denote the class of
quasi-isomorphisms in DG—ang’ (i. e., morphisms of DG-algebras
inducing isomorphisms of the cohomology algebras).

Let CDG—coalgionilp denote the category of conilpotent
coaugmented CDG-coalgebras over k. Let FQuis be the class of

filtered quasi-isomorphisms in CDG-coalg,”™""".

Theorem (Bar-Cobar duality for DG-algebras and CDG-coalgebras)

Leonid Positselski Hat construction and Koszul duality 36 /64



Koszul duality between DG-algebras and CDG-coalgebras

Recall the notation DG- algk for the category of nonzero
DG-algebras over a field k. Let Quis denote the class of
quasi-isomorphisms in DG—ang’ (i. e., morphisms of DG-algebras
inducing isomorphisms of the cohomology algebras).

Let CDG- coalgcomlp denote the category of conilpotent
coaugmented CDG-coalgebras over k. Let FQuis be the class of
filtered quasi-isomorphisms in CDG- coalgcomlp

Theorem (Bar-Cobar duality for DG-algebras and CDG-coalgebras)

There is a natural equivalence of categories

Bar, : DG-alg} [Quis ] ~ CDG-coalg™™P[FQuis~!] : Cob,

Leonid Positselski Hat construction and Koszul duality 36 /64



Koszul duality between DG-algebras and CDG-coalgebras

Recall the notation DG- algk for the category of nonzero
DG-algebras over a field k. Let Quis denote the class of
quasi-isomorphisms in DG—ang’ (i. e., morphisms of DG-algebras
inducing isomorphisms of the cohomology algebras).

Let CDG- coalgcomlp denote the category of conilpotent
coaugmented CDG-coalgebras over k. Let FQuis be the class of
filtered quasi-isomorphisms in CDG- coalgmmlp

Theorem (Bar-Cobar duality for DG-algebras and CDG-coalgebras)

There is a natural equivalence of categories
Bar, : DG-alg} [Quis ] ~ CDG-coalg™™P[FQuis~!] : Cob,

between the category of nonzero DG-algebras over k with
quasi-isomorphisms inverted

Leonid Positselski Hat construction and Koszul duality 36 /64



Koszul duality between DG-algebras and CDG-coalgebras

Recall the notation DG- algk for the category of nonzero
DG-algebras over a field k. Let Quis denote the class of
quasi-isomorphisms in DG—ang’ (i. e., morphisms of DG-algebras
inducing isomorphisms of the cohomology algebras).

Let CDG- coalgcomlp denote the category of conilpotent
coaugmented CDG-coalgebras over k. Let FQuis be the class of
filtered quasi-isomorphisms in CDG- coalgmmlp

Theorem (Bar-Cobar duality for DG-algebras and CDG-coalgebras)

There is a natural equivalence of categories
Bar, : DG-alg} [Quis ] ~ CDG-coalg™™P[FQuis~!] : Cob,

between the category of nonzero DG-algebras over k with
quasi-isomorphisms inverted and the category of conilpotent
CDG-coalgebras over k with filtered quasi-isomorphisms inverted.
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Conilpotent Koszul duality

Let A* = (A, da) and C* = (C, de, he) be a DG-algebra and
a conilpotent CDG-coalgebra
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a conilpotent CDG-coalgebra corresponding to each other under
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Let A* = (A, da) and C* = (C, de, he) be a DG-algebra and
a conilpotent CDG-coalgebra corresponding to each other under
the equivalence of categories from the previous slide.

Theorem (Conilpotent Koszul triality for modules)

There is a commutative diagram of triangulated equivalences
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Conilpotent Koszul duality

Let A* = (A, da) and C* = (C, de, he) be a DG-algebra and
a conilpotent CDG-coalgebra corresponding to each other under
the equivalence of categories from the previous slide.

Theorem (Conilpotent Koszul triality for modules)

There is a commutative diagram of triangulated equivalences

D (€*-Comod®48)

/

D(A*-Mod)

T~

D% (C*-Contrad®)

The vertical equivalence is the derived co-contra correspondence.
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Let C* be a (nonconilpotent, noncoaugmented) CDG-coalgebra
and B* = Cob,,(C*) be its cobar construction (a CDG-algebra).

Theorem (Nonconilpotent Koszul triality for modules)
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\

D (@*-Contrad®)

The classes of absolutely acyclic, coacyclic, and contraacyclic
CDG-modules over B* coincide
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Nonconilpotent Koszul duality

Let C* be a (nonconilpotent, noncoaugmented) CDG-coalgebra
and B* = Cob,,(C*) be its cobar construction (a CDG-algebra).

Theorem (Nonconilpotent Koszul triality for modules)

There is a commutative diagram of triangulated equivalences

D (€*-Comod®®®)

/

Dco:abs:ctr( B*- Modcdg)

\

D (@*-Contrad®)

The classes of absolutely acyclic, coacyclic, and contraacyclic
CDG-modules over B* coincide, because the graded algebra B has
finite global dimension (in fact, global dimension 1 in this case).

Leonid Positselski Hat construction and Koszul duality 38 /64



Koszul duality functors

Leonid Positselski Hat construction and Koszul duality 39/64



Koszul duality functors

The functors providing the “diagonal’ category equivalences on
the previous two slides are constructed as follows.
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Givan a CDG-comodule N* over C*, the related CDG-module over
B* is B* ®] N*. Given a CDG-contramodule Q* over C*,

the related CDG-module over B* is Hom}(B*,Q*). The tensor
product and Hom are taken over k. The action of B on this tensor
product/Hom space is induced by the action of B on itself.

The symbol 7 means a twisted differential (depending on

the C-comodule structure on N or the C-contramodule structure
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It is well-known that quasi-isomorphisms of DG-rings induce
equivalences of the conventional derived categories of DG-modules.

On the other hand, change-of-connection isomorphisms of
CDG-rings (in particular, such isomorphisms between DG-rings)
induce equivalences (in fact, isomorphisms) of the absolute derived,
coderived, and contraderived categories of (C)DG-modules.

Let us explain that these two kinds of invariance properties are
incompatible for DG-algebras over k. In fact, any two DG-algebras
can be connected by a chain of transformations consisting of
quasi-isomorphisms and change-of-connection isomorphisms.
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Let A® and B® be any two nonzero DG-algebras over k.
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C* = Bar,/(A®) and D* = Bar,»(B*®). So C* and D* are
conilpotent CDG-coalgebras. The direct sum €* =C* @ D* is a
nonconilpotent CDG-coalgebra with two natural coaugmentations
~ and § coming from the coaugmentations of C* and D*.

Specifically, v and § are the compositions k — C* — £* and
k — D* — &£°*, where k — €* and k — D* are
the coaugmentations of €* and D*.

Now there are natural quasi-isomorphisms of DG-algebras
Cob.(E*) — A® and Cobs(E*) — B*.

At the same time, the two DG-algebras Cob,(E*) and Cobs(E*)
are change-of-connection isomorphic (as CDG-algebras). Indeed,
they are the cobar constructions of one and the same
CDG-coalgebra E* with respect to two different sections v and §
of the counit map e: £ — k.
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The bar construction of a DG-algebra A® is the tensor coalgebra of
A*/(k - 1), which is pretty big. Under suitable Koszulity
assumptions, one can construct a smaller CDG-coalgebra G*
connected with Bar} (A®) by a chain of filtered quasi-isomorphisms.
Let me elaborate on this approach in a context both more and less
general than the above one.
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Ao = k.) The algebra A is called Koszul if Tor?(k, k) = 0 for all

i # j. Here the first grading i/ is the usual homological grading on

the Tor, while the second grading j is the internal grading induced
by the grading of A.

In particular, all Koszul algebras are quadratic, i. e., generated by
A1 with relations in degree 2. A quadratic algebra has the form
A= T(V)/(l), where V is a vector space, T(V)=P,-, V®" is
the tensor algebra of V/, while | C V ® V is the space of relations
of degree 2 and (/) is the ideal generated by [ .in T(V).
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is Koszul.

Theorem (Poincaré-Birkhoff~Witt theorem)

There is a natural equivalence of categories between the category
of nonhomogeneous Koszul algebras (/Z, F) over k and

the category of CDG-coalgebras C* = (C, d, h) with a Koszul
underlying graded coalgebra € = @igo €. Nonhomogeneous
Koszul algebras (A, F) with grf A= A correspond to
CDG-coalgebra structures on € = A' under this equivalence. There
is a natural quasi-isomorphism of DG-algebras Cob,(C*) — A.

So one can use C* as the Koszul dual CDG-coalgebra to Ain

the conilpotent Koszul triality theorem above.
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The Poincaré—Birkhoff~Witt theorem stated above is called this
way because it specializes to the classical Poincaré—Birkhoff-Witt
theorem for Lie algebras when A = Sym(V) is the symmetric
algebra and € = A(V) is the exterior coalgebra of a vector

space V.

Given a Lie algebra structure on V/, it is easy to construct

the related DG-coalgebra structure on A (V) (called the standard
homological complex of the Lie algebra V). Then the theorem
claims that the corresponding filtered algebra A (the enveloping
algebra of V) is of the correct size.

The standard approach to constructing the equivalence of
categories in the theorem is to write down explicit formulas
connecting the linear and scalar components of the nonhomogeous
quadratic relations defining A with the differential d and

the curvature linear function h on €. A more high-tech approach
uses the hat construction for coalgebras.
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element. Assume that t is a non-zero-divisor in L, and let (t) C L
be the principal ideal spanned by t. Then the graded algebra L is
Koszul if and only if the graded algebra L/(t) is Koszul.
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coalgebra. Let t € L1 ~ Dy be an element. Then the element t
is central in L if and only if there exists an (always unique) odd
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H2(D) = 0) if and only if t # 0.
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theorem, the graded algebra L is Koszul, too.
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Construction of the category equivalence

Suppose given a nonhomogeneous Koszul algebra (Z, F). Consider
the Rees algebra L = @@~ FrA.

Denote by t element 1 € F()/AVC Flg, viewed as an element of L.
Then t is a central non-zero-divisor in L, and L/(t) ~ A =grf A.
This is a Koszul algebra by assumption. By the central element
theorem, the graded algebra L is Koszul, too.

Put D = L'. According to the lemma, we have a coderivation 0
on D corresponding to the element t € Dy. Furthermore, (D, 0) is
an acyclic DG-coalgebra (as t # 0).

Let C* = (C, d, h) be the CDG-coalgebra corresponding to
the acyclic DG-coalgebra D* = (D, 9). So €* = (D, d) and
@ = coker(9: D — D). One can show that C ~ A",

The category equivalence from the theorem assigns
the CDG-coalgebra C* to the filtered algebra (A, F).
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Conversely, starting from a CDG-coalgebra C* = (C, d, h) with
a Koszul underlying graded coalgebra €
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a Koszul underlying graded coalgebra €, one applies the hat
construction to obtain an acyclic DG-coalgebra C* = (D, 9).

Then one recovers the Rees algebra L with the central
non-zero-divisor t € L; as the quadratic dual algebra to D.
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approach is to prove that t is indeed a non-zero-divisor in L.
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the nonhomogeneous element t —1 € L, and put A= L/(t —1).
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Conversely, starting from a CDG-coalgebra C* = (C, d, h) with
a Koszul underlying graded coalgebra €, one applies the hat
construction to obtain an acyclic DG-coalgebra C* = (D, 9).

Then one recovers the Rees algebra L with the central
non-zero-divisor t € L; as the quadratic dual algebra to D.

The difficult part of the Poincaré—Birkhoff-Witt theorem in this
approach is to prove that t is indeed a non-zero-divisor in L.

Then it remains to consider the ideal (t — 1) generated by
the nonhomogeneous element t —1 € L, and put A= L/(t —1).

For example, any nonzero k-algebra A can be endowed with
the trivial filtration defined by the rules

° F_ 1A—0 FoA=k-1,

o FhA=Aforn>1.
Then (A, F) is a nonhomogeneous Koszul algebra.

The related CDG-coalgebra €* = (C, d, h) is the bar construction
of A, i. e, C* =Bar,(A).
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Koszul graded rings

Let A=, An be a nonnegatively graded ring with the
degree 0 component R = Ayp.
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Theorem (Homogeneous quadratic duality over a base ring)

There is a natural anti-equivalence between the categories of
left finitely projective Koszul graded rings A and right finitely
projective Koszul graded rings B over a fixed base ring
Ao = R = By. The anti-equivalence is given by the rules
o Bl = HomR(Al, R), Al = HomRop(Bl, R),'
@ Iy = ker(A1 Rp Al — Az), Ig = ker(81 ®Rr By — B2),'
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Nonhomogeneous Koszul graded rings
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Koszul ring A is a filtered ring FpA C FLA C --- C A such that

o FA-FACFijAforalli,j>0;

° F_1/Z: 0: A= Unzo F,,Z;

@ the associated graded ring A = ngZ: @@0 F,,Z/F,,_lﬁ is
left flat/left projective/left finitely projective Koszul.

Theorem (Poincaré-Birkhoff-Witt theorem over a base ring)

There is a natural anti-equivalence between the category of left
finitely projective nonhomogeneous Koszul rings (A, F) over a fixed
base ring R = FoA and the category of CDG-rings B* = (B, d, h)
with a right finitely projective Koszul underlying graded ring

B =, , B" over the same fixed base ring R = BP. Under

this anti-equivalence, the Koszul graded rings A = ng/Z and B

are quadratic dual to each other, as per the previous slide.
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Example: D-$2 duality

Let M be a compact smooth real manifold or a smooth affine
algebraic variety over a field, £ be a vector bundle on M, and V¢
be a connection in €. Consider the ring Diff(M, ) of differential
operators acting on the sections of €.

The ring Diff(M, €) has a natural increasing filtration F by

the orders of differential operators. Endowed with this filtration,
Diff(M, €) becomes a left and right finitely projective
nonhomogeneous Koszul ring.

The CDG-ring of differential forms (Q(M, End(€)), dv,,ye)» hve)
mentioned in the beginning of this talk corresponds to

the nonhomogeneous Koszul ring (Diff(M, ), F) under

the equivalence of categories from the previous slide.

Reference: L. Positselski, “Relative Nonhomogeneous Koszul
duality”, Frontiers in Math., Birkhauser, 2021.
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Comodules and contramodules over graded rings

Let B =P, , B" be a nonnegatively graded ring. A graded right
B-module N is said to be a B-comodule if for every (homogeneous)
element x € N there exists an integer m > 0 such that xB~™ = 0.
The category of graded right B-comodules Comod-B is abelian.

Let K be an associative ring and K — B° be a ring
homomorphism. A graded left B-contramodule P is a graded
K-module endowed with a morphism of graded K-modules

HmeZ(B @K P"M) —— P

for every n € Z, satisfying natural (contra)associativity and
(contra)unitality equations. So left B-contramodules are left
B-modules with infinite summation operations. The category of
graded left B-contramodules B-Contra is abelian and does not
depend on the choice of a ring K.
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Let B* = (B, d, h) be a CDG-ring whose underlying graded ring B
is nonnegatively graded.
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B* is said to be CDG-comodule over B* if the graded B-module N
is a B-comodule. Right CDG-comodules over B* form an abelian
DG-category Comod®de-B*,

Given a graded left B-contramodule P, one can define

what it means for a differential dp: PT — P*1 to be

a dg-contraderivation (i. e., an odd derivation of the contramodule
P compatible with the derivation d on B). Imposing the equation
d3(p) = hp for all p € P, one obtains the definition of a left
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For example, if R = A, then D$i®(Mod-A) = D®(Mod-A).
If R = Z, then D%i°(Mod-A) = D(Mod-A).

The semicontraderived category D5 (A-Mod) of left A-modules
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over B*, the related complex of left A-modules is Hom,T?(/Z, Q*).
The action ofg on this tensor product/Hom space is induced by
the action of A on itself. The symbol 7 means a twisted
differential (depending on the B-module structure on N or Q).

Given a complex of right A-modules M®, the related right
CDG-module over B* is Hom:" (B*, M*) =

Hompges(B*, R) ®% M*. The symbol ¥ means the direct sum
totalization of the bigraded Homgo» module.

Given a complex of left A-modules P*, the related left

CDG-module over B* is B* ® P* = Homk(Homge (B*, R), M*).

The symbol 1 means the direct product totalization of
the bigraded module of tensor products over R.

Leonid Positselski Hat construction and Koszul duality

56 / 64



Questions and explanations

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations

Why the unusual direct sum totalization of Hom

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations
Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring?

Leonid Positselski Hat construction and Koszul duality

57 / 64



Questions and explanations
Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

Leonid Positselski Hat construction and Koszul duality

57 / 64



Questions and explanations
Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories

Leonid Positselski Hat construction and Koszul duality

57 / 64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories of nonhomogeneous Koszul
rings and Koszul CDG-rings over a base ring R is constructed.

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations
Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories of nonhomogeneous Koszul
rings and Koszul CDG-rings over a base ring R is constructed.

Concerning the latter question

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories of nonhomogeneous Koszul
rings and Koszul CDG-rings over a base ring R is constructed.

Concerning the latter question, one answer is to write down explicit
formulas expressing the differential and curvature element of B*

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories of nonhomogeneous Koszul
rings and Koszul CDG-rings over a base ring R is constructed.

Concerning the latter question, one answer is to write down explicit
formulas expressing the differential and curvature element of B* in
terms of the linear and scalar components of the nonhomogeneous
quadratic relations in A.

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories of nonhomogeneous Koszul
rings and Koszul CDG-rings over a base ring R is constructed.

Concerning the latter question, one answer is to write down explicit
formulas expressing the differential and curvature element of B* in
terms of the linear and scalar components of the nonhomogeneous
quadratic relations in A. The formulas are complicated and
beautiful.

Leonid Positselski Hat construction and Koszul duality

57 / 64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories of nonhomogeneous Koszul
rings and Koszul CDG-rings over a base ring R is constructed.

Concerning the latter question, one answer is to write down explicit
formulas expressing the differential and curvature element of B* in
terms of the linear and scalar components of the nonhomogeneous
quadratic relations in A. The formulas are complicated and
beautiful. (They are more complicated than in the absolute
situation over a field k

Leonid Positselski Hat construction and Koszul duality

57 / 64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories of nonhomogeneous Koszul
rings and Koszul CDG-rings over a base ring R is constructed.

Concerning the latter question, one answer is to write down explicit
formulas expressing the differential and curvature element of B* in
terms of the linear and scalar components of the nonhomogeneous
quadratic relations in A. The formulas are complicated and
beautiful. (They are more complicated than in the absolute
situation over a field k, because R is not a central subring in A

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories of nonhomogeneous Koszul
rings and Koszul CDG-rings over a base ring R is constructed.

Concerning the latter question, one answer is to write down explicit
formulas expressing the differential and curvature element of B* in
terms of the linear and scalar components of the nonhomogeneous
quadratic relations in A. The formulas are complicated and
beautiful. (They are more complicated than in the absolute
situation over a field k, because R is not a central subring in A and
the differential d on B is not R-linear.)

Leonid Positselski Hat construction and Koszul duality 57 /64



Questions and explanations

Why the unusual direct sum totalization of Hom and the unusual
direct product totalization of the tensor product?

One could also make one step back and ask a related question:
Why the strange concepts of comodules and contramodules over
a graded ring? Why not just graded modules?

One could make another step back and ask how the
anti-equivalence between the categories of nonhomogeneous Koszul
rings and Koszul CDG-rings over a base ring R is constructed.

Concerning the latter question, one answer is to write down explicit
formulas expressing the differential and curvature element of B* in
terms of the linear and scalar components of the nonhomogeneous
quadratic relations in A. The formulas are complicated and
beautiful. (They are more complicated than in the absolute
situation over a field k, because R is not a central subring in A and
the differential d on B is not R-linear.) That is how | originally
arrived at this category anti-equivalence back in early '90s.
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nonhomogeneous Koszul rings and back.

However, the inverse hat construction only works for rings or
coalgebras over a field, but not for corings. One cannot extract a
CDG-coring from an acyclic DG-coring. One can only assume finite
projectivity, apply Homg(—, R) functor to the acyclic DG-coring,
obtain an acyclic DG-ring, and extract a CDG-ring from it.

For example, if A= Diff(M) is a ring of differential operators on a
variety M, then the related (C)DG-ring is the de Rham DG-algebra
(Q(M), dgr). A related CDG-coring would involve a “de Rham
differential” on the coring of polyvector fields on M.
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a coalgebra, or rather a coring over the ring R.

Viewed in these terms, the relative nonhomogeneous quadratic
duality (the Poincaré-Birkhoff-Witt theorem) assigns left flat
Koszul quasi-differential corings (= acyclic DG-corings) to left flat
nonhomogeneous Koszul rings and back.

However, the inverse hat construction only works for rings or
coalgebras over a field, but not for corings. One cannot extract a
CDG-coring from an acyclic DG-coring. One can only assume finite
projectivity, apply Homg(—, R) functor to the acyclic DG-coring,
obtain an acyclic DG-ring, and extract a CDG-ring from it.

For example, if A= Diff(M) is a ring of differential operators on a
variety M, then the related (C)DG-ring is the de Rham DG-algebra
(Q(M), dgr). A related CDG-coring would involve a “de Rham
differential” on the coring of polyvector fields on M. There is no

such differential on the polyvector fields.
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Quadratic dual coring

A coring over an associative ring R is comonoid object in the
monoidal category of R-R-bimodules.
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comultiplication p: € — € ®g € and counit e: € — R.
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Leonid Positselski Hat construction and Koszul duality

59 / 64



Quadratic dual coring

A coring over an associative ring R is comonoid object in the
monoidal category of R-R-bimodules. In other words, an R-coring
€ is an R-R-bimodule endowed with R-R-bimodule maps of
comultiplication p: € — € ®g € and counit e: € — R.

The usual coassociativity and counitality axioms are imposed.

Let A be a left flat Koszul graded ring over R. The quadratic dual
graded coring @ = A' is constructed as follows.

Recall the notation /4 = ker(A; ®g A1 — Az). Then one has
A = Tr(A1)/(la)

Leonid Positselski Hat construction and Koszul duality

59 / 64



Quadratic dual coring

A coring over an associative ring R is comonoid object in the
monoidal category of R-R-bimodules. In other words, an R-coring
€ is an R-R-bimodule endowed with R-R-bimodule maps of
comultiplication p: € — € ®g € and counit e: € — R.

The usual coassociativity and counitality axioms are imposed.

Let A be a left flat Koszul graded ring over R. The quadratic dual
graded coring @ = A' is constructed as follows.

Recall the notation /4 = ker(A; ®g A1 — Az). Then one has
A = Tr(A1)/(la), where Tr(A1) = @5%, ATR" is the tensor ring
of the R-R-bimodule A;

Leonid Positselski Hat construction and Koszul duality 59 /64



Quadratic dual coring

A coring over an associative ring R is comonoid object in the
monoidal category of R-R-bimodules. In other words, an R-coring
€ is an R-R-bimodule endowed with R-R-bimodule maps of
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The usual coassociativity and counitality axioms are imposed.
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monoidal category of R-R-bimodules. In other words, an R-coring
€ is an R-R-bimodule endowed with R-R-bimodule maps of
comultiplication p: € — € ®g € and counit e: € — R.

The usual coassociativity and counitality axioms are imposed.

Let A be a left flat Koszul graded ring over R. The quadratic dual
graded coring @ = A' is constructed as follows.

Recall the notation /4 = ker(A; ®g A1 — Az). Then one has

A = Tr(A1)/(la), where Tr(A1) = @5%, ATR" is the tensor ring
of the R-R-bimodule A; and (/a) C Tgr(A1) is the ideal spanned
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€ is an R-R-bimodule endowed with R-R-bimodule maps of
comultiplication p: € — € ®g € and counit e: € — R.

The usual coassociativity and counitality axioms are imposed.

Let A be a left flat Koszul graded ring over R. The quadratic dual
graded coring @ = A' is constructed as follows.

Recall the notation /4 = ker(A; ®g A1 — Az). Then one has

A = Tr(A1)/(la), where Tr(A1) = @5%, ATR" is the tensor ring
of the R-R-bimodule A; and (/a) C Tgr(A1) is the ideal spanned
by the subbimodule /4 C A; ®r A;. Put
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Quasi-differential corings

A quasi-differential coring (D, d) over a ring R is a graded
R-coring D = @, ., D, endowed with an R-R-bilinear odd
coderivation 9: D, — D,yq
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R-coring D = @, ., D, endowed with an R-R-bilinear odd
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R-coring D = @, ., D, endowed with an R-R-bilinear odd
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the induced coring structure on € = coker(9) makes C a left flat
Koszul graded coring.

Quasi-differential corings

Theorem (Poincaré-Birkhoff~Witt theorem over a base ring I1)
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A quasi-differential coring (D, d) over a ring R is a graded
R-coring D = @, ., D, endowed with an R-R-bilinear odd
coderivation 9: D, — D11 such that Hf(D) =0.

Let us say that a graded R-coring € = ;- C, is left flat Koszul
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substantial definition can be given in terms of the derived functor
of cotensor product of C-comodules.
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D = P2, Dn is nonnegatively graded with Dy = R, the graded
R-R-bimodule coker(0: D — D) is flat as a left R-module, and

the induced coring structure on € = coker(9) makes C a left flat
Koszul graded coring.

Theorem (Poincaré-Birkhoff~Witt theorem over a base ring I1)

There is a natural equivalence between the category of left flat
nonhomogeneous Koszul rings (A, F) and the category of left flat
Koszul quasi-differential corings (D, d).
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Let (A, F) be a left flat nonhomogeneous Koszul ring.
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Let (/Z, F) be a left flat nonhomogeneous Koszul ring. Consider
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Let (/Z, F) be a left flat nonhomogeneous Koszul ring. Consider

the Rees ring L = @, FrA. Then Lis a left flat Koszul graded
ring over R.
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Construction of the category equivalence
Let (/Z, F) be a left flat nonhomogeneous Koszul ring. Consider

the Rees ring L = @, FrA. Then L is a left flat Koszul graded
ring over R. Let D = L' be the quadratic dual coring to L.
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Construction of the category equivalence

Let (/Z, F) be a left flat nonhomogeneous Koszul ring. Consider
the Rees ring L = @, FrA. Then L is a left flat Koszul graded
ring over R. Let D = L' be the quadratic dual coring to L.

We have the natural inclusion map
t: Lo =R =FRA— FRFA=L;.
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Let (/Z, F) be a left flat nonhomogeneous Koszul ring. Consider
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Let (/Z, F) be a left flat nonhomogeneous Koszul ring. Consider
the Rees ring L = @, FrA. Then L is a left flat Koszul graded
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R-R-bilinear odd coderivation 8:~D,, — Dp_1 acting on Dg =R
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The pair (D, 0) is the left flat Koszul quasi-differential coring
corresponding to (A, F). The coring € = coker(0) is quadratic
dual to the left flat Koszul graded ring A = grf A.

For any R-coring D, there is a natural associative ring structure
on the R-R-bimodule Homg (D, R)

Leonid Positselski Hat construction and Koszul duality 61 /64



Construction of the category equivalence

Let (/Z, F) be a left flat nonhomogeneous Koszul ring. Consider
the Rees ring L = @, FrA. Then L is a left flat Koszul graded
ring over R. Let D = L' be the quadratic dual coring to L.

We have the natural inclusion map

t: Lo = R= FpA — F1A = L;. There exists a unique
R-R-bilinear odd coderivation 8:~D,, — Dp_1 acting on Dg =R
by the map t: Dy — D1 = FHA.

The pair (D, 0) is the left flat Koszul quasi-differential coring
corresponding to (A, F). The coring € = coker(0) is quadratic
dual to the left flat Koszul graded ring A = grf A.

For any R-coring D, there is a natural associative ring structure

on the R-R-bimodule Homg (D, R), together with a ring
homomorphism R — Homg(D, R).

Leonid Positselski Hat construction and Koszul duality 61 /64



Construction of the category equivalence

Let (/Z, F) be a left flat nonhomogeneous Koszul ring. Consider
the Rees ring L = @, FrA. Then L is a left flat Koszul graded
ring over R. Let D = L' be the quadratic dual coring to L.

We have the natural inclusion map

t: Lo = R= FpA — F1A = L;. There exists a unique
R-R-bilinear odd coderivation 8:~D,, — Dp_1 acting on Dg =R
by the map t: Dy — D1 = FHA.

The pair (D, 0) is the left flat Koszul quasi-differential coring
corresponding to (A, F). The coring € = coker(0) is quadratic
dual to the left flat Koszul graded ring A = grf A.

For any R-coring D, there is a natural associative ring structure
on the R-R-bimodule Homg (D, R), together with a ring
homomorphism R — Homg(D, R). The R-R-bimodule structure
on Homg(D, R) is induced by the latter ring homomorphism.
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Construction of the category anti-equivalence

Now assume that (Z, F) is a left finitely projective
nonhomogeneous Koszul ring.
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Construction of the category anti-equivalence
Now assume that (/Z, F) is a left finitely projective

nonhomogeneous Koszul ring. Then the ring Homg(D, R) with
the odd derivation Homg(0, R) is an acyclic DG-ring.
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Construction of the category anti-equivalence

Now assume that (/Z, F) is a left finitely projective
nonhomogeneous Koszul ring. Then the ring Homg(D, R) with
the odd derivation Homg(0, R) is an acyclic DG-ring.

Applying the inverse hat construction to
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