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commutative R-algebra. What can one say about S as
an R-module?

This question may be too general and hard to access. Even finitely
presented R-modules can be complicated. So let us restrict
generality a bit.

Suppose that S is a flat R-module. What else can one say about
the R-module S then?

We know that all finitely presented flat R-modules are projective.
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G;i in G with 0 </ < a such that Gg =0, G, = G, G; C G; for
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Finitely Very Flat Main Theorem

Let R be a commutative ring, S be a finitely presented
commutative R-algebra, and F be a finitely presented S-module.
Assume that the R-module F is flat. Then there exists a finite set
of elements v = {ry,...,rm} C R such that the R-module F is
r-very flat.

In other words, F is a finitely very flat R-module. Consequently, F
is a very flat R-module.

Notice that the R-module F in the Main Theorem is always
countably presented. Hence it follows that one can choose
an R-module G as above such that the filtration G; on it is
indexed by a countable ordinal «.
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affine flat morphisms of finite presentation;

e pull back arbitrary (= locally contraadjusted) locally
contraherent cosheaves with respect to flat morphisms of
finite presentation (between schemes).

The point is that there are many flat morphisms of finite
presentation known in Algebraic Geometry. The Very Flat
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a finitely generated commutative R-algebra, and F be a finitely
generated S-module. Then there exists a nonzero element a € R
such that the R[a—']-module F[a=!] = R[a~!] ®r F is free.

This is a textbook theorem in commutative algebra
[H. Matsumura, Commutative ring theory, Theorem 24.1].
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R-module F will be also flat. This is not a problem for us, as the
Generic Freeness Lemma does not require any flatness assumptions.

In order to prove the Finitely Very Flat Main Theorem for R, S,
and F, one applies Noetherian induction to the ring R and the

Finitely Very Flat Main Lemma to quotient rings of R by ideals
generated by finite sets of elements from R.

Leonid Positselski & Alexander Slavik Very Flat Conjecture

15 /45



Toy Main Lemmas

Leonid Positselski & Alexander Slavik Very Flat Conjecture 16 / 45



Toy Main Lemmas

Now let us discuss the proofs of the Main Lemmas.

Leonid Positselski & Alexander Slavik Very Flat Conjecture 16 / 45



Toy Main Lemmas

Now let us discuss the proofs of the Main Lemmas. The following
two results can be formulated for comparison

Leonid Positselski & Alexander Slavik Very Flat Conjecture 16 / 45



Toy Main Lemmas
Now let us discuss the proofs of the Main Lemmas. The following

two results can be formulated for comparison with the Noetherian
Very Flat and Finitely Very Flat Main Lemmas.

Leonid Positselski & Alexander Slavik Very Flat Conjecture

16 /45



Toy Main Lemmas

Now let us discuss the proofs of the Main Lemmas. The following
two results can be formulated for comparison with the Noetherian
Very Flat and Finitely Very Flat Main Lemmas.

Let R be a commutative ring and r € R be an element.
An R-module F is said to be r-very flat

Leonid Positselski & Alexander Slavik Very Flat Conjecture

16 /45



Toy Main Lemmas

Now let us discuss the proofs of the Main Lemmas. The following
two results can be formulated for comparison with the Noetherian
Very Flat and Finitely Very Flat Main Lemmas.

Let R be a commutative ring and r € R be an element.

An R-module F is said to be r-very flat if Exth(F, C) = 0 for all
r-contraadjusted R-modules C.

Leonid Positselski & Alexander Slavik Very Flat Conjecture

16 /45



Toy Main Lemmas

Now let us discuss the proofs of the Main Lemmas. The following
two results can be formulated for comparison with the Noetherian
Very Flat and Finitely Very Flat Main Lemmas.

Let R be a commutative ring and r € R be an element.
An R-module F is said to be r-very flat if Exth(F, C) = 0 for all
r-contraadjusted R-modules C.

An R-module F is r-very flat if and only if it is a direct summand
of an R-module G

Leonid Positselski & Alexander Slavik Very Flat Conjecture

16 /45



Toy Main Lemmas

Now let us discuss the proofs of the Main Lemmas. The following
two results can be formulated for comparison with the Noetherian
Very Flat and Finitely Very Flat Main Lemmas.

Let R be a commutative ring and r € R be an element.
An R-module F is said to be r-very flat if Exth(F, C) = 0 for all
r-contraadjusted R-modules C.

An R-module F is r-very flat if and only if it is a direct summand
of an R-module G for which there exists a short exact sequence of
R-modules

0 U G Vv 0,

Leonid Positselski & Alexander Slavik Very Flat Conjecture 16 / 45



Toy Main Lemmas

Now let us discuss the proofs of the Main Lemmas. The following
two results can be formulated for comparison with the Noetherian
Very Flat and Finitely Very Flat Main Lemmas.

Let R be a commutative ring and r € R be an element.
An R-module F is said to be r-very flat if Exth(F, C) = 0 for all
r-contraadjusted R-modules C.

An R-module F is r-very flat if and only if it is a direct summand
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where U is a free R-module and V is a free R[r~1]-module.
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the R[r—]-module F[r—1] is flat, and
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Proof of Bounded Torsion Very Flat Main Lemma

The Noetherianity assumption in the Main Proposition can be
weakened to the assumption on the r-torsion in R: the r-torsion in
R should be a sum of bounded r-torsion and r-divisible r-torsion.
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subset of its elements. Let F be a flat R-module. Then the
R-module F is v*-very flat if and only if for every subset of indices
Jc{1,...,m} the Rj-module R; ®g F is projective.

The r*-Very Flat Theorem is deduced from the following Main
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r*-Contraadjusted Main Proposition

Let R be a commutative ring and v = {ri,...,rm} C R be a finite
subset of its elements. Then an R-module is r*-contraadjusted if
and only if it is right 1-obtainable from R;-modules, where J runs
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An R-module C is said to be an r-contramodule if
Homg(R[r~], C) = 0 = Extk(R[r}], C).

The full subcategory of r-contramodule R-modules R-mod,_ct;4 is
closed under the kernels, cokernels, extensions, and infinite
products in R-mod. So R-mod,_ctr5 is an abelian category and
the embedding functor R-mod,.ct;a —> R-mod is exact.

An R-module C is said to be r-complete if the natural map from it
to its r-adic completion € — L C/r"C is surjective.
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from two r-contramodule R-modules and one R[r~!]-module. By
the Contramodule Lemma, all r-contramodule R-modules are
simply right obtainable from R/rR-modules.

Conversely, all R-modules simply right obtainable (or even right
1-obtainable) from R/rR-modules and R[r~!]-modules are
r-contraadjusted, because all the R/rR-modules and
R[r~']-modules are r-contraadjusted.
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Proof of Contramodule Lemma

The functor A — A,(A) = Exth(K®, A) is left adjoint to

the embedding functor R-mod,_ct;a —> R-mod. Hence it suffices
to show that the R-module A,(A) is simply right obtainable from
R/rR-modules for any R-module A.

The complex K® = (R — R[r~1]) is the inductive limit of
the complexes R R mapping one into another as follows

R—% R

rn+1

R—R
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Therefore, for any R-module A there is a natural short exact
sequence of R-modules

0 — ILm}gl A —— D(A) — lim _ A/r"A —— 0,

where ;A C A denotes the submodule of all elements annihilated
by an element t € R.
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Therefore, for any R-module A there is a natural short exact
sequence of R-modules

-1 : n
0— I|<_mn>1 mA —— A(A) — I@@l A/r"A — 0,

where ;A C A denotes the submodule of all elements annihilated
by an element t € R. The projective system (A/r"A)p>1 is formed
by the natural projection maps A/r"**A — A/r"A, while

the projective system (,nA)p>1 is formed by the multiplication
maps r: 1A — mA.
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Proof of Contramodule Lemma

Therefore, for any R-module A there is a natural short exact
sequence of R-modules

-1 : n
0— I|(_mn>1 mA —— A(A) — I@@l A/r"A — 0,

where ;A C A denotes the submodule of all elements annihilated
by an element t € R. The projective system (A/r"A)p>1 is formed
by the natural projection maps A/r"**A — A/r"A, while

the projective system (,nA)p>1 is formed by the multiplication
maps r: 1A — mA.

The r-adic completion module Imel A/r"A is obviously

a transfinitely iterated extension (in the sense of the projective
limit) of R/rR-modules. The derived projective limit module
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Therefore, for any R-module A there is a natural short exact
sequence of R-modules

-1 : n
0— I|(_mn>1 mA —— A(A) — I@@l A/r"A — 0,

where ;A C A denotes the submodule of all elements annihilated
by an element t € R. The projective system (A/r"A)p>1 is formed
by the natural projection maps A/r"**A — A/r"A, while

the projective system (,nA)p>1 is formed by the multiplication
maps r: 1A — mA.

The r-adic completion module Imel A/r"A is obviously

a transfinitely iterated extension (in the sense of the projective
limit) of R/rR-modules. The derived projective limit module
|i<_mi>1 A is simply right obtainable from R/rR-modules
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Proof of Contramodule Lemma

Therefore, for any R-module A there is a natural short exact
sequence of R-modules

-1 : n
0— I|(_mn>1 mA —— A(A) — I@@l A/r"A — 0,

where ;A C A denotes the submodule of all elements annihilated
by an element t € R. The projective system (A/r"A)p>1 is formed
by the natural projection maps A/r"**A — A/r"A, while

the projective system (,nA)p>1 is formed by the multiplication
maps r: 1A — mA.

The r-adic completion module ILmn21 A/r"A is obviously

a transfinitely iterated extension (in the sense of the projective
limit) of R/rR-modules. The derived projective limit module
Iimi>1 A is simply right obtainable from R/rR-modules according

% .
to the following lemma.
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Let R be a commutative ring and r € R be an element.
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Let R be a commutative ring and r € R be an element. Let
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such that the R-module D,, is annihilated by r". Then
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Let R be a commutative ring and r € R be an element. Let
Dy «— Dy «— D3 <— --- be a projective system of R-modules
such that the R-module D,, is annihilated by r". Then

the R-modules (a) lim Dy and (b) lim D,
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Proof of Contramodule Lemma

Let R be a commutative ring and r € R be an element. Let
Dy «— Dy «— D3 <— --- be a projective system of R-modules
such that the R-module D,, is annihilated by r". Then

the R—modules (a) lim Dy and (b) I|<_m,11 D,, are simply right
obtainable from R/rR-modules.
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Proof of Contramodule Lemma

Lemma

Let R be a commutative ring and r € R be an element. Let

Dy «— Dy «— D3 <— --- be a projective system of R-modules
such that the R-module Dy, is annihilated by r". Then

the R-modules (a) lim Dy and (b) lim" Dy are simply right
obtainable from R/rR-modules.

Proof of part (a).
First of all,
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Dy «— Dy «— D3 <— --- be a projective system of R-modules
such that the R-module Dy, is annihilated by r". Then

the R-modules (a) lim Dy and (b) h(_m}, D,, are simply right
obtainable from R/rR-modules.

Proof of part (a).

First of all, all R/r"R-modules are finitely iterated extensions of
R/rR-modules, so they are simply right obtainable. Set
D] = im(Ii(_mm Dm — Dp) C D,. Then D = lim D;,
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Let R be a commutative ring and r € R be an element. Let

Dy «— Dy «— D3 <— --- be a projective system of R-modules
such that the R-module Dy, is annihilated by r". Then

the R-modules (a) lim Dy and (b) h(_m}, D,, are simply right
obtainable from R/rR-modules.

Proof of part (a).

First of all, all R/r"R-modules are finitely iterated extensions of

R/rR-modules, so they are simply right obtainable. Set

D] = im(lim  Dm — Dn) C Dy. Then D = lim D! and the maps
i1 — Dy, are surjective,
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Lemma

Let R be a commutative ring and r € R be an element. Let

Dy <— Dy <— D3 <— --- be a projective system of R-modules
such that the R-module Dy, is annihilated by r". Then

the R-modules (a) lim Dy and (b) h(_m}, D,, are simply right
obtainable from R/rR-modules.

Proof of part (a).

First of all, all R/r"R-modules are finitely iterated extensions of

R/rR-modules, so they are simply right obtainable. Set

D] = im(im Dm — Dn) C Dy. Then D = lim D! and the maps
w1 — Dy, are surjective, so D is a transfinitely iterated

extension of D and ker(D;; — D;). The latter are

R/r"R-modules. O
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Proof of part (b).

1
n>1'

By the definition of Igg
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o _Ong .1 5
By the definition of Iggwr there is an exact sequence of
R-modules

|d —shift

0—>anDn—>HnD HD—>I|mD—>O
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Proof of part (b).

By the definition of Qrg'lpl, there is an exact sequence of

R-modules

0_>anDn—>H D |d—shlft

H Dy — lim} Dy — 0.
Hence the R-module lim! D, can be obtained from the R-modules
Ii<_mn D{, and [, D, by two passages to the cokernel of an injective
morphism.
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o _Ong .1 5
By the definition of Iggwr there is an exact sequence of
R-modules

0 — lim D, — [ Da 1d Zshift, H Dy —» lim! D, — 0.

Hence the R-module Iimi D,, can be obtained from the R-modules
Ii<_mn D{, and [, D, by two passages to the cokernel of an injective
morphism.

Since the projective limit I<iLnn D,, and the product Hn D, are
simply right obtainable from R/rR-modules,
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Proof of part (b).

o _Ong .1 5
By the definition of Iggwr there is an exact sequence of
R-modules

0_>anDn—>H D |d—shlft

H Dy — lim} Dy — 0.
Hence the R-module lim! D, can be obtained from the R-modules
Ii<_mn D{, and [, D, by two passages to the cokernel of an injective
morphism.

Since the projective limit I<iLnn D,, and the product Hn D, are
simply right obtainable from R/rR-modules, so is the derived
projective limit Iﬂi D,. O

<

Leonid Positselski & Alexander Slavik Very Flat Conjecture

40/ 45



Proof of Noetherian Contraadjusted Main Proposition

Leonid Positselski & Alexander Slavik Very Flat Conjecture 41 /45
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Given a Noetherian commutative ring R with an element r € R,
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Proof of Noetherian Contraadjusted Main Proposition
Given a Noetherian commutative ring R with an element r € R,

we need to prove that all contraadjusted R-modules C are right
1-obtainable
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Proof of Noetherian Contraadjusted Main Proposition

Given a Noetherian commutative ring R with an element r € R,
we need to prove that all contraadjusted R-modules C are right
1-obtainable from contraadjusted R/rR-modules and
contraadjusted R[r~1]-modules.
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Proof of Noetherian Contraadjusted Main Proposition

Given a Noetherian commutative ring R with an element r € R,
we need to prove that all contraadjusted R-modules C are right
1-obtainable from contraadjusted R/rR-modules and
contraadjusted R[r~1]-modules.

We have an exact sequence of R-modules

0 —— Ext%(K®, C) —— Homg(R[r ], C)
—— C — Extgp(K*,C) — 0.
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Proof of Noetherian Contraadjusted Main Proposition

Given a Noetherian commutative ring R with an element r € R,
we need to prove that all contraadjusted R-modules C are right
1-obtainable from contraadjusted R/rR-modules and
contraadjusted R[r~1]-modules.

We have an exact sequence of R-modules

0 —— Ext%(K®, C) —— Homg(R[r ], C)

—— C — Extp(K*,C) — 0.

In order to show that C is right 1-obtainable, it suffices to check
that Homg(R[r!], C) and Extk(K®, C) are right 1-obtainable
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Proof of Noetherian Contraadjusted Main Proposition

Given a Noetherian commutative ring R with an element r € R,
we need to prove that all contraadjusted R-modules C are right
1-obtainable from contraadjusted R/rR-modules and
contraadjusted R[r~1]-modules.

We have an exact sequence of R-modules

0 —— Ext%(K®, C) —— Homg(R[r ], C)
—— C — Extgp(K*,C) — 0.

In order to show that C is right 1-obtainable, it suffices to check
that Homg(R[r~], C) and Extk(K®, C) are right 1-obtainable and
that Ext%(K®, C) is right 2-obtainable.
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Proof of Noetherian Contraadjusted Main Proposition

The R-module Homg(R[r}], C)
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Proof of Noetherian Contraadjusted Main Proposition

The R-module Homg(R[r~1], C) is already a contraadjusted
R[r~]-module.
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Let R be a Noetherian commutative ring of finite Krull
dimension d with countable spectrum. Then there exists a finite
collection of at most m = 2(d+1)?/4 countable multiplicative
subsets S1, ..., Sm C R such that every flat R-module is a direct
summand of a transfinitely iterated extension (in the sense of the
inductive limit)
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