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A new proof of the congruence  lattice representation theorem 

P A V E L  P U D L , ~ K  

Introduction 

The well known theorem, due to G. Gr~itzer and E. T. Schmidt [1] stating tha t '  
every algebraic lattice is isomorphic to the congruence lattice of a (finitary) 
algebra, plays an important role in the universal algebra; it shows that there is no 
lattice-theoretical condition stronger than the condition of algebraicity satisfied by 
all congruence lattices. The original proof of this theorem was long and it used 
results about partial algebras. Some attempts were made to improve the proof in 
[2], [3], [4]. The proof presented here uses a different approach. Our way of 
producing an algebra (A, F) whose congruence lattice Con (A, F) is isomorphic 
with a given algebraic lattice can be intuitively described as follows: 

(1) An algebraic lattice L is compactly generated, in fact, it is completely 
described by the set of all triples of compact elements a, ~1, ~z such that 
~ ~--- 0 / 1 V  O/2 . 

(2) A graph (A, r) with edges evaluated by compact elements of L can be 
constructed so that the unary algebra (A, F), whose operations are endomorph- 
isms of (A, r) preserving the valuations in a certain sense, has its congruence 
lattice Con (A, F) isomorphic to L. 

(3) Moreover, the graph (A, r) enables us to describe congruences E a 
Con (A, F) through their intersections E N r. 

(4) The required graph (A, r) has to satisfy several conditions of combinatorial 
character, which can be, more or less easily, fulfilled through an inductive 
construction from simpler graphs (cells) satisfying these conditions only partly. 

I want to thank P. Goral~ik, Z. Hedrlin, and J. Sichler who helped me to 
improve the proof. 

I. Definitions 

DEFINITION 1. Let K denote the set of all nonzero compact elements of a 
nontrivial algebraic lattice s163 A triple ~ = (A, r, h) is called a K-valued graph if 
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(A, r) is an undirected graph without loops and h : r ~ K is a mapping of the set r 

of its edges into K. 
If sffi = (A~, ri, hi), i =  0, 1, are two K-valued graphs, a mapping f :  Ao ~ Ax is 

called stable if for every {a, b} ~ ro either 

f ( a ) = f ( b )  

o r  

{ / ( a ) , f (b ) I s  rl and h~({f(a), f(b)}) = ho({a, b}). 

Let  Stab (sd) denote the monoid of all stable mappings of s~ into i tself- - the 

stabilizer of s~. 

DEFINITION 2. Let F be a set of mappings of a set X into itself, let {a, b}, 
{c, d} be subsets of X. Then {a, b} dominates {c, d} through F if there are c = Uo, 
Ul . . . . .  u , = d  in X and f~ . . . . .  f~ in F such that {~(a) , f~(b)}={ui-bul}  for 
i =  1 . . . . .  n; in notation, {a, b} Dr: {c, d}. 

If F is a monoid, then DF is a transitive and reflexive relation. 

NOTATION.  For a given set X and a function f defined over the set X, denote  
by P(X) the set of all subsets of X, by Eq (X)  the set of all equivalences on X, by 

f+ the function defined over the set P(X)  by the formula 

f + ( Y ) = { f ( x ) : x ~ Y }  for Y c X .  

DEFINITION 3. Let sr = (A, r, h) be a K-valued graph, let L c_ P(K)  be the 
set of all ideals of the join-semilattice K. (L includes 0 ) .  Let  % denote  the 
operator  of the equivalence closure on A. Define two mappings q~ : L --~ Eq (A) ,  
i : Con (A, Stab (sg)) --~ P(K)  by the formulas 

q~(I)= ~h- ' ( I ) ,  for I ~ L ,  

i f(E) = h+(r t-I E), for E e Con (A, Stab (sg)). 

In fact, q~ : L ~ Con (A, Stab (s~)), since every operation of the latter algebra is 

a stable m~ipping. 
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l l  

T H E O R E M .  Let  ~ = (A,  r, h) be a K - v a l u e d  graph, Fc_ Stab (s~) and let us 

assume that 
(1) h maps r onto K, 

(2) if x �9 r and h(x)  <- a l v  a2, a l ,  a2 �9 K, then there is a cycle x, Xl . . . . .  x ,  of r 

such that h ( x l ) ~ { a l ,  a2}, for i = 1 . . . . .  n, 
(3) i.f x, Xl . . . . .  x ,  is a cycle of  r, then h ( x ) < - h ( x O v  . .  . v h ( x , ) ,  

(4) i f  x, y �9 r are such that h(x)  = h(y) ,  then there is an f �9 F such that f+(x) = y, 

(5) if c #  d are in A ,  then there is a path x l , .  � 9  xn E r connecting c to d such 

that {c, d}DFxi for all i =  1 , . . . ,  n. 

- -1  Then  t0(E)~ L for every  congruence  E of (A, F) and to =q~ 

Proof. (1) Le t  al ,  a 2 � 9  a < - a l v a 2 .  Since h is onto ,  a =  h(x)  for  some 
x � 9  By (2) there is a cycle x, x~ . . . .  , x ,  of  r such that  h ( x ~ ) � 9  a2}, i=  

1 . . . .  , n. a l  = h(yl) ,  a2 = h(y2) for  some  y~, y2 �9  rCl E, so that,  by (4), every  xi �9 E. 
Since x, Xl . . . . .  x ,  is a cycle, x � 9  T h e r e f o r e  h ( x ) = a � 9  Thus  t o ( E ) � 9  

(2) toq~= 1: Let  I be an ideal of K. Since h is onto,  t o~ ( I )=  h + ( r n  ~gh-~(I)) ~ _ 
h §  I. Converse ly ,  if x � 9  rf3 ~ h - l ( I ) ,  then  by (3), a = h(x)<- 

h (x~ )v .  �9 "v  h(x~), where  x l , . . . ,  x ,  ~ h - l ( I )  connect  the endpoin t s  of x. Since I is 
an ideal,  a � 9  which proves  the oppos i te  inclusion. 

(3) q~to = 1: Let  E �9 Con (A, F),  then q~to(E) = ~h -~ h*(r n E)  ~ ~ ( r  fq E).  Let  
{a, b } � 9  ~gh-~h+(rA E),  then  there  is a pa th  x b . . . ,  xk �9 r connec t ing  a to b such 

that  h(x~) = h(y~) for  some y~ �9 r N  E. (4) yields x~ �9 E so that  {a, b } � 9  ~ ( r N  E).  
Since E is an equivalence,  E ~ _ ~ g ( r A E ) .  Now,  let { c , d } ~ E .  (5) implies the 
exis tence of a pa th  z b . . . , z ,  of e l emen t s  of  r connec t ing  c to d such that  
{c, d}Dvz~, i = 1 , . . . ,  n. Since E is a congruence  of (A,  F), all zl be long  to E, so 
that  {c, d} ~ ~ ( r  fq E).  This  finishes the proof .  

I I I  

Since q~ and to are o rde r -p re se rv ing  mappings ,  L is i somorphic  to the congru-  
ence lattice of (A, F). The  r e m a i n d e r  of the proof  deals  with the cons t ruc t ion  of a 
K - v a l u e d  graph s~=  (A, r, h) which,  toge the r  with its stabil izer F = S t a b  (M), 

satisfies (1)-(5) above.  

D E F I N I T I O N  4. Le t  us const ruct  a K-va lued  graph N~ =(B~ ,  s~, k~) for 
every  a � 9  ( N ,  will be  called the a-cel l )  as follows: set  a C =  

{(al,  a E ) : a  -< a l  v a2}. For  every  a = ( a l ,  a~)~  a C  deno te  

(+) x~={ui~_l, u~}, 

i = 1, 2, 3, 4, where  u~ = a, u~ = b, for  all a E aC,.and all the o ther  points  are distinct. 
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Set 

B~,={a,b}U{u~: i= l ,  2, 3, a~aC} ,  

s,~ ={{a, b}}U{x~:i= 1, 2, 3, 4, a~ aC}, 

a m k,,({a, b}) = a, k~,(xl) = k,~(x~) = al, k,~(x~) = k,,(x'4) = a2. 

{a, b} will be called the base of the a-cel l  ~ .  (+ )  is called a chain of N,,. In the 
sequel the superscripts are omitted. 

Figure 1 

The required K-valued graph s~=(A,  r, h) is constructed by induction as 
follows. 

Choose an element  ao of K. s~o will be a single edge valued by ao. If 
~,,  = (An, r,. h.) had already been constructed, produce N,,+I as follows: 

Let  xer~-r~_~,  x={c ,  d}, h~(x)= a. At tach a copy of N~ to ~ . ,  identifying 

{c, d} with the base {a, b} of N~,, arbitrarily by the identification a = c, b = d or 
a = d, b = c. In other words, the extended graph has the set of vertices A .  U 

( B ~ - { a ,  b}), and r. U (s~-{{a,  b}}) are all its edges. Since h~(x)= a = k.({a, b}), 
the common extension of h~ and ks is well-defined. Applying this one step 
extension to every x ~ r ~ - r ~ - i  we arrive at s~§ = (A.§ r~§ h.§ 

Note that A~ c_ A.+I, r. c_ r~+t, h. c_ h~+l, so that we may define s~ = (A, r, h) 
by 

L5 A=I. .J  An, r= r~, h= h., 
n = 0  n = 0  n ~ 0  

and that s~ indeed is a K-valued graph. 

Figure 2 
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C L A I M  1. s~ satisfies (1), (2), (3). 

Proof. (1) Since a o - < a o V a  for all a ~ K ,  hi is already an onto mapping.  
(2) Every edge x ~ r  is the base of a copy of an h(x)-cell. Thus if h ( x ) -  < 

a ~ v a 2 ,  then the cycle x, x~ . . . .  , x4 valued by a, a l ,  a2, a l ,  a2 has been included 

in ~h(~). 
(3) is true for S~o, since it contains no cycles. If proved for all cycles in sg,,, 

assume that x, xx . . . .  , xn is a cycle in ~,,+1. If x ~ r~+~ - r,,,, then x lies on one of 
the chains of some ~,, added at the (m + 1)-st step and every cycle containing x 
has to contain this whole cha in~which  contains another edge y with h ( x ) =  h(y). 
Thus h ( x ) =  h (xk )  for some k and h ( x )  < - V~=I h(x i ) .  If x e r,~, then by replacing 
ever3? portion of the cycle x, xl . . . . .  x~ not contained in r,~ by the base of its cell 

we obtain a cycle x, yl, . . . ,  yk in r,, satisfying h ( x )  < -- V h(y~) -< V h(x~), by induc- 
tion hypothesis and by an easy observation that the value of the base of an 
arbitrary a-cell  is majorized by the join of evaluations of the edges of any of its 
chains. 

The conditions (4) and (5) involve the stabilizer of s~-- they say that " there  are 
enough  stable mappings".  To prove these two conditions, we will define certain 
stable mappings explicitly. 

First of all, note that there is a stable involution of every cell N~ onto itself 
which interchanges the endpoints of the base of ~ ((a~, a2)~ a C  iff (a2, a~)~  a C ) .  

This gives rise to the following: 

C L A I M  2. Every stable mapping f:sr ~ sr can be extended to a stable 

mapping f ' :  sr --~ ~ , ,+ t  and, consequently, to a stable mapping f":  M ~ sr 

P r o @  If t e A , + ~ - A , ,  denote  by {a, b} the base of a cell ~ containing t. If 

f ( a )  = f(b),  set f ' ( t )  = f(a) .  If c = f ( a )  ~ f ( b )  = d, then hn({a, b}) = hm({c, d}) since f 
is stable. Therefore  {c, d} is the base of another  copy of the cell ~ .  f '  is the 
extension of f by the bijection of ~ which is determined by f I{a.b}. In both cases it 
is clear that f '  is again stable. 

D E F I N I T I O N  5. Let  x ~ r,, - rm-1, m > 0. Define fx : ~ , ,  ~ sr as follows: 
x = xk in some chain xl, x2, x3, x4 of a cell based on {a, b}~ rm-b a = Uo, b = u4, 

xi = {u~-l,  u~}, h,,,(xi) = hm(xj+2) = a i for j = 1, 2. 
I f k = l ,  2, set 

f~.(uk) = / x k ( u ~ + 3  = u~, 

f,,k(Y) =/'/k--1 for all other y ~ A.,, 



274 PAVEL PUDL,~K ALGEBRA UNIV. 

if k = 3 , 4 s e t  

L~(u~)=L~(u~_,)= u~_,, 

fx , (y )=Uk  for  all o the r  y ~ A m .  

For  x ~ ro let f ,  be  the ident i ty  m a p p i n g  on Ao. In part icular ,  f~(A, , , )  = Xk, all f,~ 
are stable.  

\ , .  \\ 

C L A I M  3. .~ i  satisfies (4). 

Figure 3 

Proof. Let  x ~ r , , - r m - 1 ,  y 6 r , ,  h ( x ) = h ( y ) .  Let  f x : ~ d , ~ - - - ~ , ,  be  the stable 
m a p p i n g  defined above.  Since F~(A , , )=  x, the compos i te  m a p p i n g  g o f ~ - - w h e r e  
g : x ~ y is a b i j e c t i o n ~ i s  also a s table m a p p i n g  of :d,, ~ ~ , .  By Cla im 2., gof~ 
can be ex tended  to a s table f : ~  ~ :d. 

C L A I M  4. s~ satisfies (5). 

Proof. By induction:  Since the ident i ty  m a p p i n g  of A is in F, all the edges  of r 
satisfy (5), in par t icular  ~ o  satisfies (5). 

T h e  induct ion step ~,~ --~ ~tm+l: Le t  c, c '~ Am+b {c, c '}~ r, c #  c'. W e  shall 
cons t ruc t  a pa th  Xl . . . . .  x~ connec t ing  some  poin t  a in Am to c. W h e n  c ~ Am, the 
pa th  is empty .  If c ~ A m + l -  Am, then  c lies on some  chain a = Uo . . . .  , u4 = b of  a 
cell with base  {a, b}, jo ined in the m + 1-th step,  say c = us, 0 < s-< 2. T h e n  the 

pa th  Xl . . . . .  xs is {Uo, Ul} . . . . .  {u~-l, us}. Since {c ,c '}~r ,  we have  c '#Us+l ,  
c' ~ Us-l, the re fore  fx, maps  {c, c'} on to  x~ for  i = 1 . . . . .  s. Thus  {c, c'} d o m i n a t e s  
{c, a}. Similarly, there  is a pa th  x~ . . . . .  x', connec t ing  some point  a '  in Am to c'  
such that  {c,c'}Dvx~ . . . . .  x't, consequen t ly  {c,c '}D~{c' ,a '} .  Since, clearly,  
{c, c'}DF{c, c'} th rough  identical  mapp ing ,  we have  {c, c'}Dv{a, a'}. Now,  by  

induct ion hypothesis ,  there  is a pa th  in r connec t ing  a to a ' ,  say yx . . . . .  yn, such 
tha t  {a, a'}Dvy~ for  all i = 1 , . . . ,  n. Since F is a m o n o i d ,  DF is t ransi t ive so tha t  
{c, c'}DFyl . . . . .  yn. Hence  x . . . . .  , x~, yl . . . . .  y,, x~ . . . . .  x', is the desired pa th  in r 

connec t ing  c to c'. 
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