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4.4 Clique-coloring principle. We will use a strengthened version of Lemma 4.2, where
we weaken condition 3 but keep the same conclusion.

Lemma 4.2*. Suppose (α0, τ0), . . . , (αm, τm) is a sequence of pairs of partial assignments
such that for each i,

(1) Γ|αi
= Γ|τi

(2) αi and τi are contradictory and have the same domain
(3) for all j < i, either the assignments αj and τi are disjoint, or they are contradictory, or

their union falsifies some clause from Γ.

Then we can derive Γ ∪ {αi : i = 0, . . . ,m} from Γ by a sequence of SPR inferences.

Proof. We write Ci for αi. By item 2, τi ⊨ Ci. It remains to show that for each i,(
Γ ∪ {C0, . . . , Ci−1}

)
|αi

⊢1

(
Γ ∪ {C0, . . . , Ci−1}

)
|τi
.

We have Γ|τi = Γ|αi
. For j < i, consider clause Cj on the right. If αj and τi are disjoint then

(Cj)|αi
= (Cj)|τi = Cj , and if they are contradictory then τi ⊨ Cj and so Cj vanishes from

the right hand side. Finally suppose they are consistent and their union αj ∧ τi falsifies some
clause D from Γ. Then D has the form X ∨ Y ∨Z where X,Y, Z are disjoint disjunctions of
literals such that αj falsifies X ∨Z but does not touch Y , and τi falsifies Y ∨Z but does not
touch X. Thus on the one hand X ∨ Z ⊆ Cj and consequently X ⊆ (Cj)|τi (unless τi ⊨ Cj ,
in which case Cj vanishes from the right hand side); on the other hand D|τi = X so X
occurs in Γ|τi and thus in Γ|αi

. Therefore we can derive (Cj)|τi from Γ|αi
by weakening, so

in particular Γ|αi
⊢1 (Cj)|τi

The clique-coloring principle CCn,m states, informally, that a graph with n vertices
cannot have both a clique of size m and a coloring of size m− 1 (see [26, 34]). For m ≤ n
integers, CCn,m uses variables pa,i, qi,c and xi,j where a ∈ [m] and c ∈ [m−1] and i, j ∈ [n]
with i ̸= j. Again, xi,j is identified with xj,i. The intuition is that xi,j indicates that vertices
i and j are joined by an edge, pa,i asserts that i is the a-th vertex of a clique, and qi,c
indicates that vertex i is assigned color c. We list the clauses of CCn,m as

(i)
∨

i pa,i for each a ∈ [m]
(ii) pa,i ∨ pa′,i for distinct a, a′ ∈ [m] and each i ∈ [n]
(iii)

∨
c qi,c for each i ∈ [n]

(iv) qi,c ∨ qi,c′ for each i ∈ [n] and distinct c, c′ ∈ [m−1]
(v) pa,i ∨ pa′,j ∨ xi,j for each distinct a, a′ ∈ [m] and distinct i, j ∈ [n]
(vi) qi,c ∨ qj,c ∨ xi,j for each c ∈ [m−1] and distinct i, j ∈ [n].
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Theorem 4.7. The CCn,m clauses have polynomial size SPR− refutations.

Corrected proof. The intuition for the SPR− proof is that we introduce clauses stating that
the first r clique members are assigned vertices that are colored by the first r colors.

For this purpose we will use a symmetry that swaps two indices a, r ∈ [m]. However,
this does not work immediately with the principle as stated above. Axiom (v) states that if
two distinct indices name two distinct vertices, then those vertices are connected; but it is
consistent with the axioms that one single index can name two distinct vertices, without
those vertices being connected. That is, we can have pa,i and pa,j true and xi,j false with
i ̸= j. This leads to asymmetries when we start restricting the principle.

We choose to deal with this by, as the first step in the SPR− refutation, deriving extra
functionality axioms expressing that each index can name at most one vertex:

(vii) pa,i ∨ pa,i′ for each a ∈ [m] and distinct i, i′ ∈ [n].

We call CCn,m with this axiom added the functional clique coloring principle fCCn,m.

Claim 1. We can derive fCCn,m from CCn,m using only SPR− inferences.

We postpone the proof of the claim to the end of this note. Now to refute CCn,m, we
start by deriving fCCn,m, that is, all of axiom (vii). By the claim we can do this without
introducing any other clauses, that is, in such a way that the lines in our derivation so far
are precisely the clauses of fCCn,m. Therefore to prove the theorem it is enough now to give
an SPR− refutation of fCCn,m.

Refutation of fCCn,m.

Write (a→i→c) for the assignment which sets

pa,i = 1 and pa,i′ = 0 for all i′ ̸= i

qi,c = 1 and qi,c′ = 0 for all c′ ̸= c.

For all r < m− 2, all indices a > r, all colors c > r and all distinct vertices i, j ∈ [n], define

αr
a,i,j,c := (a→j→r) ∧ (r→i→c)

τ ra,i,j,c := (r→j→r) ∧ (a→i→c).

Let us write α for αr
a,i,j,c and τ for τ ra,i,j,c. Notice that α and τ have the same domain,

consisting of precisely the variables pa,i′ , pr,i′ for i
′ ∈ [n] and qi,c′ , qj,c′ for c

′ ∈ [m− 1].
Let Γ be fCCn,m and π be the Γ-symmetry which swaps indices a and r in p variables. We

first check that τ = α◦π. It is enough to consider the effect on p variables. If b ∈ [m]\{a, r}
and k ∈ [n] then α ◦ π(pb,k) = α(pb,k) = pb,k = τ(pb,k). For pa,k we check

α ◦ π(pa,k) = α(pr,k) =

{
1 k = i

0 otherwise

which is equal to τ(pa,k) in both cases. The variable pr,k is similar. Thus Γ|α = Γ|τ .
Consider the sequence of all such pairs (αr

a,i,j,c, τ
r
a,i,j,c) arranged in increasing order of r

(arranged arbitrarily inside each r). We will show that the conditions of Lemma 4.2* are
satisfied, so we can introduce all clauses αr

a,i,j,c by SPR inferences.
We have shown conditions 1 and 2, so it remains to show condition 3. So suppose

r, a, c, i, j are such that r<a<m, that r<c<m−1, and that i, j ∈ [n] are distinct. Suppose
r′, a′, c′, i′, j′ satisfy similar conditions, with r′ ≤ r. We must show that if τ := τ ra,i,j,c and
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α := αr′
a′,i′,j′,c′ are not disjoint, then they are either contradictory or jointly falsify some

clause of Γ. So suppose that they are not disjoint, that is, that there is some variable that
gets assigned by both α and τ , and that they are consistent.

We first suppose r′ = r (which assumption by itself implies that α, τ are not disjoint).
Then α assigns index r = r′ to vertex i′ while τ assigns index r to vertex j. That is, α
sets pr,i′ to 1 and every other pr,k to 0, while τ sets pr,j to 1 and every other pr,k to 0.
Hence i′ = j, since α and τ are consistent. Then similarly α assigns color c′ to vertex j = i′

while τ assigns color r to vertex j, hence c′ = r. But r = r′ < c′, so this is impossible. Below
we call this kind of argument “following arrows”.

Now suppose r′ < r. Either α and τ share some p variable, in which case one of a′ = a,
a′ = r holds; or they share some q variable, in which case one of i′ = i, i′ = j, j′ = i, j′ = j
holds. We consider these cases in turn.

(1) a′ = a. By following arrows, j′ = i and r′ = c. This is impossible as r′ < r and c > r.
(2) a′ = r. By following arrows, j′ = j and r′ = r. This is impossible as r′ < r.
(3) i′ = i. Then α maps index r′ < r < a to vertex i′ = i while τ maps index a to i. That

is, α sets pr′,i to 1 and τ sets pa,i to 1, with r′ ̸= a. Thus α and τ jointly falsify instance
pr′,i ∨ pa,i of axiom (ii) of Γ.

(4) i′ = j. Then α maps index r′ < r to vertex i′ = j while τ maps index r to j. That is,
α sets pr′,j to 1 and τ sets pr,j to 1, with r′ ̸= r. Thus α and τ jointly falsify instance
pr′,j ∨ pr,j of axiom (ii) of Γ.

(5) j′ = i. By following arrows, r′ = c. This is impossible as r′ < r and c > r (cf. case 1).
(6) j′ = j. By following arrows, j′ = j and r′ = r. This is impossible as r′ < r (cf. case 2).

Thus the conditions are met and for each r < a < m, each r < c < m−1 and all distinct
i, j ∈ [n] we can introduce the clause αr

a,i,j,c, that is, the big disjunction(
pa,j ∨

∨
j′ ̸=j

pa,j′
)
∨
(
qj,r ∨

∨
r′ ̸=r

qj,r′
)
∨
(
pr,i ∨

∨
i′ ̸=i

pr,i′
)
∨
(
qi,c ∨

∨
c′ ̸=c

qi,c′
)

where the first two bracketed expressions are the negation of (a→j→r) and the second two
are the negation of (r→i→c).

Now let Cr
a,i,j,c be the clause

pa,j ∨ qj,r ∨ pr,i ∨ qi,c

consisting of the first literal in each bracket in αr
a,i,j,c. We derive Cr

a,i,j,c from αr
a,i,j,c by

resolving with instances of axiom (vii) to remove the literals pa,j′ and pr,i′ , and then with
instances of axiom (iv) to remove the literals qj,r′ and qi,c′ .

[From this point the proof is the same as the published version.]
We now want to derive, for each r, each a with r < a < m and each j ∈ [n], the clause

pa,j ∨
∨
c>r

qj,c (0.1)

which can be read as “if a > r goes to j, then j goes to some c > r”. Intuitively, this removes
indices and colors 0, . . . , r from CCn,m, thus reducing it to a CNF isomorphic to CCn,m−r−1.

Suppose inductively that we have already derived (0.1) for all r′ < r. In particular we
have derived pa,j ∨

∨
c>r−1 qj,c, or for r = 0 we use the axiom

∨
c qj,c. We resolve this with

the clauses Cr
a,i,j,c for all c > r to get

pa,j ∨ qj,r ∨ pr,i ∨ qi,r. (0.2)
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By resolving together suitable instances of axioms (v) and (vi) we obtain

pa,j ∨ pr,i ∨ qj,r ∨ qi,r

and resolving this with (0.2) removes the variable qi,r to give pa,j ∨ qj,r ∨ pr,i. We derive
this for every i, and then resolve with the axiom

∨
i pr,i to get pa,j ∨ qj,r, and finally again

with our inductively given clause pa,j ∨
∨

c>r−1 qj,c to get pa,j ∨
∨

c>r qj,c as required.

Derivation of the “functional clauses”.

It remains to give a proof of Claim 1, that we can derive fCCn,m from CCn,m using only
SPR− inferences. Recall that CCn,m consists of clauses (i)-(vi):

(i)
∨

i pa,i for each a ∈ [m]
(ii) pa,i ∨ pa′,i for distinct a, a′ ∈ [m] and each i ∈ [n]
(iii)

∨
c qi,c for each i ∈ [n]

(iv) qi,c ∨ qi,c′ for each i ∈ [n] and distinct c, c′ ∈ [m−1]
(v) pa,i ∨ pa′,j ∨ xi,j for each distinct a, a′ ∈ [m] and distinct i, j ∈ [n]
(vi) qi,c ∨ qj,c ∨ xi,j for each c ∈ [m−1] and distinct i, j ∈ [n].

We want to derive from these the additional clauses (vii) of fCCn,m:

(vii) pa,i ∨ pa,i′ for each a ∈ [m] and distinct i, i′ ∈ [n].

Proof of Claim 1. We shall use SPR− inferences to add the clauses of type (vii) to CCn,m,
one at a time. Our construction allows these clauses to be added in any order. At any stage
in this process, the currently derived clauses can be partioned into two sets Γ and ∆, where
∆ contains the clauses of types (iii), (iv), and (vi), and where Γ contains the clauses of types
(i), (ii) and (v) plus the clauses of type (vii) that have previously been inferred by SPR−

inferences. In other words, ∆ contains clauses that involve q variables, but not p variables;
whereas Γ contains the clauses that involve p variables, but not q variables.

At each stage, we infer a new type (vii) clause C of the form pb,k ∨ pb,k′ where k < k′.
Let α be the partial assignment pb,k ∧ pb,k′ , namely the minimal partial truth assignment
that falsifies C. Let τ be the partial assignment pb,k ∧ pb,k′ . Note dom(τ) = dom(α).

To show that C can be inferred by an SPR− inference, it suffices to show that (Γ∪∆)|α ⊢1

(Γ ∪∆)|τ . Clearly ∆|α = ∆|τ , because there are no pa,i variables in ∆. So it suffices to show
that Γ|α ⊢1 Γ|τ . In fact, we shall show the stronger condition that Γ|α ⊇ Γ|τ .

Let D be a clause in Γ. We consider separately the cases of D being of type (i), (ii), (v),
or (vii).

Case (i): Suppose D has the form
∨

i pa,i for some a ∈ [m]. If a ̸= b, then D|τ = D|α = D;
that is, D is unchanged by either restriction. In a = b, then D is set true by both α
and τ ; that is, D|α and D|τ are removed.

Case (ii): Suppose D has the form pa,i ∨ pa′,i. If pb,k′ /∈ {pa,i, pa′,i}, then D|α and D|τ are
equal to each other. On the other hand, if pb,k′ is equal to one of pa,i or pa′,i, then D|τ
is true (and removed).

Case (v): Suppose D has the form pa,i ∨ pa′,j ∨ xi,j . Similar reasoning works again. If
pb,k′ /∈ {pa,i, pa′,j}, then D|α and D|τ are equal to each other. On the other hand, if
pb,k′ is equal to one of pa,i or pa′,j , the D|τ is true (and removed).

Case (vii): Suppose D has the form pa,i ∨ pa,i′ . If pb,k′ /∈ {pa,i, pa,i′}, then D|α and D|τ are
equal to each other. Finally, suppose pb,k′ ∈ {pa,i, pa,i′}. Then D|τ is true.
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That completes the proof that Γ|α ⊇ Γ|τ . Note that, we do not have Γ|α = Γ|τ since in cases
(ii), (v) and (vii), it is possible that D|τ is true, but D|α is not.

This has shown that all clauses of type (vii) can be introduced by SPR− inferences, and
completes the proof of the claim.
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