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Sums of squares

Working with multivariate polynomials p, u1, . . . , uk in R[x̄ ],
suppose we have the identity

p ≡ u21 + · · ·+ u2k .

We may conclude that p is positive at all real x̄ .

In other words, the identity is a proof that p ≥ 0.

Theorem (Artin 1927 - solves Hilbert’s 17th problem)

Every everywhere-positive polynomial is the sum of squares of
rational functions.
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Sums of squares over S

Let S = {q1, . . . , qm} be a system of multivariate polynomials.
A solution of S is an assignment that makes these all 0.

Suppose we have the identity

p ≡ u21 + · · ·+ u2k + v1q1 + · · ·+ vmqm

for polynomials u1, . . . , uk , q1, . . . , qm.

We may conclude that p ≥ 0 on all solutions of S.

Suppose we have the identity

−1 ≡ u21 + · · ·+ u2k + v1q1 + · · ·+ vmqm.

We may conclude that S has no solutions.
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Positivstellensatz

The Boolean axioms are the polynomials

{xi − x2i : i = 1, . . . , n}.

These guarantee that every variable xi is 0/1 valued.

Theorem

Suppose S contains all Boolean axioms.
Then there are polynomials u1, . . . , uk , q1, . . . , qm such that

p ≡ u21 + · · ·+ u2k + v1q1 + · · ·+ vmqm

if and only if p is positive on all solutions of S.

This follows from the Krivine-Stengle Positivstellensatz (extending
Artin). We thus have a sound and complete proof system.
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Low degree proofs

We call the proof system sum-of-squares or SoS.

The degree of an SoS proof

p ≡ u21 + · · ·+ u2k + v1q1 + · · ·+ vmqm

is the maximum degree of all the expressions on the right (before
cancellation).

We are interested in constant degree SoS proofs. That is,

• We will consider families of polynomials p and systems S,
typically parametrized by the number of variables n

• Their degree will be bounded by a constant independent of n

• We look for proofs with degree bounded by a constant
independent of n.

We do not care about proof size.
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Automatability

Constant degree SoS is automatable (with some caveats)

This means:

Fix a degree d ∈ N.

Given polynomials p,S there is a polynomial-time algorithm which
will tell you whether there is any degree d SoS proof that p is
positive on S.
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Optimization

This suggests the following optimization algorithm.

We want to find the minimum value taken by p over solutions to S.

Fix a degree, say 4.

By binary search, find a maximal λ such that p ≥ λ has a degree 4
SoS proof.

If we want to refine the result, increase the degree.

It is conjectured that this is a good algorithm for many
applications. This has motivated work on proving various useful
inequalities in small degree.
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An example

Taken from Boaz Barak’s lecture notes on SoS and polynomial
optimization

Theorem – (2,4) hypercontractivity

Let f =
∑

fαχα with |α| ≤ d . Then

Ex∈{±1}`f (x)4 ≤ 9d
(
Ex∈{±1}`f (x)2

)2
This has a simple proof by induction on d and ` using the Cauchy
Schwarz inequality. Barak reproves it in constant degree SoS, using
a longer proof with a stronger induction hypothesis.
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Goal

Barak makes the general heuristic observation:

If a polynomial P is non-negative and “natural” (i.e.
constructed by methods known to Hilbert – not including
the probabilistic method) then there should be a low
degree SOS proof for this fact.

Can we make this idea more formal?

Question. Is there a robust, natural way to reason about
inequalities, that will guarantee the existence of low-degree SoS
proofs (without having to write such proofs out explicitly)?
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Propositional translations

We model our approach on the Paris-Wilkie translation between
bounded arithmetic proofs and small propositional proofs.

The idea

Take a bounded arithmetic theory, that is, a theory where axioms
only use bounded quantifiers. E.g. I∆0.

Add a new relation symbol X . Let I∆0(X ) be I∆0 enriched to
allow induction for bounded formulas containing X .

Take a statement about X . E.g. PHP(X , n), a first-order formula
expressing that X is a bijection between n + 1 and n.
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The Paris-Wilkie translation

Now suppose we have a proof I∆0(X ) ` ∀n¬PHP(X , n).

By cut-elimination, we may assume all formulas in the proof are
bounded. Fix a value of n, and define a translation θ 7→ 〈θ〉 by

• ∀x<n θ(x) 7→
∧

x<n〈θ(x)〉
• ∃x<n θ(x) 7→

∨
x<n〈θ(x)〉

• X (i , j) 7→ X (i , j) but we now treat it as a propositional
variable

• For φ quantifier free not containing R, we evaluate φ in the
standard model, and map it to > or ⊥

• etc.

The size of the resulting propositional proof depends on the
growth-rate definable in the original theory.

For I∆0, you get a polynomial-size constant-depth Frege proof.
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Some results using translations

Bounded arithmetic can be a powerful tool for constructing
propositional proofs, via translations.

• Can write shorter proofs in a higher-level language

• Can use more complex ideas (by cut elimination)

• Can use ordinary mathematical reasoning.

Some examples

• Müller and Tzameret 2012 – formalize linear algebra
arguments in TC0-Frege, to get some upper bounds on
random CNFs

• Beckmann, Pudlák, T. 2014 – reason about strategies for
parity games in resolution

• Buss, Kolodziejczyk, Zdanowski 2015 – formalize Toda’s
theorem in depth-3 Frege with parity connectives, using
approximate counting.
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Some translations

T2 = I∆0 + ∀x , “x |x | exists” becomes (quasipolynomial size)
constant depth Frege

T 1
2 becomes polylog width resolution

T 2
2 , slightly restricted, becomes resolution

T
1,
⊕

pP

2 becomes polylog degree polynomial calculus over Fp

In our case, we do not care about size, only degree; and we want
to use algebraic objects which cannot be coded as Boolean objects
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Our strategy

We will start by developing a bounded-arithmetic-style theory for
the polynomial calculus proof system.

That is, for suitable sentences θ,
the translations 〈θ〉n have constant-degree refutations in
polynomial calculus if and only if our theory proves ¬θ.

After that we will extend this result to SoS.

Finally I will discuss reasoning with inequalities.
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Polynomial calculus

Fix a ring R. Let S, T be systems of polynomials over R.

A polynomial calculus (PCR) derivation of T from S is a
sequence of polynomials, which we read as polynomial
equalities p = 0.

Each line in the derivation is either p = 0 for some p ∈ S, or
follows from earlier lines by one of the rules

p = 0 q = 0

αp + βq = 0

p = 0

xp = 0

for any variable x and any α, β ∈ R. For every q ∈ T the line
q = 0 eventually appears in the sequence.

A PCR refutation of S is a derivation of {1 = 0} from S.

It is complete by Hilbert’s Nullstellensatz.
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Extra rules

We define two unusual new rules for polynomial calculus.

PCrad
R is PCR plus the radical rule

p2 = 0

p = 0

This is sound as long as R is an integral domain.
If R has positive characteristic then PCrad

R ≡ PCR.

PC+
R is PCR plus the radical rule and the sum-of-squares rule

p2 +
∑

i q
2
i = 0

p2 = 0

This is sound as long as R is a formally real ring, that is,∑
i a

2
i = 0 in R if and only if ai = 0 for all i .
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SoS to PC+
R

We show we can translate between SoS and PC+
R refutations – this

justifies why we are working with polynomial calculus.

Proposition

If S is refutable in degree d in SoS then it is refutable in degree d
in PC+

R .

Proof: Suppose S = {p1, . . . , pm} has a SoS refutation∑
i

ripi +
∑
j

s2j ≡ −1.

In PC+
R , first derive from S the equation −

∑
i ripi = 0.

By the above equality, this is equivalent to 1 +
∑

j s
2
j = 0.

Derive 1 = 0 by a single application of the sum-of-squares rule.
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justifies why we are working with polynomial calculus.

Proposition
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R .
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PC+
R to SoS

Proposition

If S is refutable in degree d in PC+
R then it is refutable in degree

2d in SoS.

Proof idea: We adapt a construction of Berkholz.

We show inductively that if p = 0 is derivable from S in degree d
in PC+

R , then p2 ≤ ε is derivable from S in degree 2d in SoS, for
every ε > 0.

Then setting ε = 1/2 turns a PC+
R derivation of 1 = 0 into an SoS

proof that 1 ≤ 1/2, which can easily be made into an SoS
refutation of S.

. . . so now we can forget about SoS.
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The theory TPCR

Fix an integral domain R.

We will define a theory capturing constant degree PCrad
R .

Recall this has the radical rule, but not the sum-of-squares rule.
We will add that later.

It is a two-sorted theory.

The ring sort models elements of R.

The index sort models natural numbers.
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The language LR=

• The usual algebraic operations +,−, · on the ring sort.

• A ring-valued oracle symbol X (i), where i is index-sort.

• A special big sum operator
∑

used to form new terms
expressing the sum of a family of terms – see board.

• Equality symbols =ind and =ring for the two sorts.

• A set Find containing, for every arity k ∈ N and every function
f : Nk → N, a function symbol for f , mapping k-tuples of
index elements to an index element.

• A similar set Fring for functions f : Nk → R.

Terms in the language should be thought of as constant-degree
polynomials in variables X (0),X (1), . . . .
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The class of ΦR= formulas

Defined inductively by

1. All atomic formulas are in ΦR=

2. All formulas which mention neither the oracle X nor any ring
variable, are in ΦR=

3. If φ1, φ2 ∈ ΦR= , then φ1 ∨ φ2 ∈ ΦR= and φ1 ∧ φ2 ∈ ΦR=

4. If φ(z) ∈ ΦR= , for z of either sort, then ∀zφ(z) ∈ ΦR= .

Under the translation, these will become

1. Polynomial equalities, in variables X (0),X (1), . . .

2. Polynomial equalities 0 = 1 or 0 = 0

3. Systems of polynomial equalities; ∨ turns into the product of
systems and ∧ into the union

4. Infinite systems of equalities.
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The theory TPCR – axioms

• Standard ring axioms for 0, 1 ∈ R and +,−, ·
• Integral domain axiom

• The big sum defining axiom scheme∑
i<0

t(i) = 0
∑
i<j+1

t(i) =
∑
i<j

t(i) + t(j)

• The ring-sort and index-sort equality schemes

• Every true sentence (in the standard model) which does not
mention X or any ring variable. (“Background truth”)

• A “Boolean axiom” X (i)(1− X (i)) = 0

• Induction scheme: For every ΦR= formula φ(i) the axiom

φ(0) ∧ ∀i (φ(i)→ φ(i + 1)) → ∀n φ(n).
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The translation

Let φ be a ΦR= formula. Let α be an assignment of values in N and
R to the free variables of φ.

We construct a system 〈φ〉α of polynomial equations of degree
depending only on φ. It expresses the same as φ (under α).

Theorem

Let φ be a ΦR= formula with a single free index variable i .
Suppose TPCR ` ∀i¬φ(i). Then for some fixed d , for every n ∈ N
there is PCrad

R refutation of 〈φ〉[i 7→n] of degree d .

The converse also holds.
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Proof – forwards direction

Suppose TPCR ` ∀i¬φ(i).

As is standard, we restructure the proof as a derivation in a
sequent calculus based on TPCR, in which every formula is ΦR= ,
with final sequent

φ(i) −→ ∅.

A typical sequent in the derivation looks like

θ1, . . . , θk −→ φ1, . . . , φ`.

We show by induction down the derivation that, for every α, there
is a PCrad

R derivation of some fixed degree of

〈θ1〉α ∪ · · · ∪ 〈θk〉α ` 〈φ1〉α · . . . · 〈φ`〉α.

Note we are translating disjunctions into products. We need the
radical rule to stop the degree blowing up, e.g. for handling
contraction and induction.
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Proof – forwards direction

Example. The induction rule in our sequent calculus for TPCR is

Γ, φ(i) −→ φ(i + 1),∆

Γ, φ(0) −→ φ(t),∆

Inductively for the top sequent we have PCrad
R derivations

π0 : 〈Γ〉 ∪ 〈φ(0)〉 ` 〈φ(1)〉 · 〈∆〉
π1 : 〈Γ〉 ∪ 〈φ(1)〉 ` 〈φ(2)〉 · 〈∆〉
π2 : etc .

Multiply every line in π1 by 〈∆〉 and put the result after π0, giving

〈Γ〉∪〈φ(0)〉 ` 〈φ(1)〉·〈∆〉 ` 〈Γ〉·〈∆〉∪〈φ(1)〉·〈∆〉 ` 〈φ(2)〉·〈∆〉2

We construct a translation for the bottom sequent by gluing all the
translations for the top together in this way.
We need the radical rule to control the degree of 〈∆〉.
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Proof – backwards direction

Suppose that for every n ∈ N there is PCrad
R refutation of 〈φ〉[i 7→n]

of some fixed degree d .

There is a function symbol f (n, j , k) in Fring for the function
outputting the coefficient of the kth monomial in the jth line of
the PCrad

R refutation of 〈φ〉[i 7→n].

The sentence asserting these coefficients define a refutation does
not involve the symbol X . So it was included as a background
truth axiom of TPCR.

Working in TPCR, suppose we have a 0/1 assignment to X that
zeroes all polynomials in 〈φ〉[i 7→n]. Inductively work down the proof,
showing that every proof line p = 0 is true in this assignment.

This is a contradiction when we reach the line 1 = 0.
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What we have achieved

TPCR captures precisely what is refutable in constant-degree
PCrad
R , that is, polynomial calculus with the radical rule.

(And recall that PCrad
R ≡ PCR, for R of positive characteristic.)

What about sums of squares?

Theorem

Let TSoS be TPCR plus the axiom∑
i<n

t(i)2 = 0 ∧ j < n→ t(j) = 0

asserting that if t21 + · · ·+ t2n = 0 then each ti is 0.
Then for a ΦR= formula φ, we have that TSoS ` ∀i¬φ(i) if and
only if for some fixed d , for every n ∈ N there is an SoS refutation
of 〈φ〉[i 7→n] of degree d .
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Sums of squares

Bounded arithmetic and propositional translations

A theory for polynomial calculus

Reasoning with inequalities
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Where did the inequalities go?

Our original goal was a first-order theory which can reason
naturally about inequalities, which is

• not too strong - every proof of a suitable formula turns into
an SoS refutation

• not too weak - everything with an SoS refutation is refutable
in the theory.

We cannot reason directly about inequalities in TSoS. There is no
inequality symbol in the language.

Can we enrich the theory to achieve our goal?
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First attempt

Add a symbol ≥ to express inequality between ring terms

Add the usual partially ordered ring axioms

i. ≥ is a partial order

ii. x ≥ y ⊃ x + z ≥ y + z

iii. x ≥ 0 ∧ y ≥ 0 ⊃ x · y ≥ 0

iv. x2 ≥ 0

Add induction for formulas in this enriched language.

This is too strong. We can write a formula expressing “the first i
lines in a resolution refutation each contain at least one true
literal” and in this way prove the soundness of resolution.

Thus we can refute every CNF with a resolution refutation.

Thus we can refute every unsatisfiable CNF. This should not be
possible in constant degree SoS. (e.g. Tseitin formulas require
large degree.)
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Second attempt

Add levelled ordering symbols ≥1,≥2, . . . , one for each degree.

Intuitively s ≥d t expresses “s − t is a sum of squares of degree d”

Add suitable partial ordering axioms for these.

Add induction for formulas containing ≥d , but with strong limits
on how disjunctions can appear in such formulas.

Replace the integral domain axiom with the “radical axiom”
x2 = 0→ x = 0.

Then the translation works, in both directions. But the theory is
too artificial to be useful for actually proving anything.
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Future attempts

??? more intuitionism ???

Thanks!
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