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Introduction
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The standard way to define a TFENP subclass

Use a complete problem.

LOCALOPT

Given circuits for a set S C [2"] with 2n — 1 € S and for a function
N : [2"] — [2"], find a € S such that either N(a) ¢ S or N(a) > a.

® PLS is the set of TFNP problems reducible to LOCALOPT

In other words: a search problem is in PLS if we can solve it in
polynomial time with one call to an oracle for LOCALOPT.

(Or equivalently for SINK OF DAG)
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Two logical ways to define a TFENP subclass

We group together problems we can prove are total using a certain
kind of reasoning.

PLS is the set of TENP problems @ such that

® The CNF expressing “a size m instance of Q is not total” has
a polylog-width resolution refutation

® The first-order theory 522 proves that @ is total

(where S3 is length-induction for 5 formulas)

(with some technical caveats)
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A new way to define a TFNP subclass

TQBF;

This is the decision problem: given a quantified Boolean formula
(QBF) in X7 UNJ, i.e. of the form VXA(x) or 3XA(X) where A is
quantifier-free, evaluate it as true or false.

PLS is the set of TFNP problems @ such that

® @ can be solved in polynomial time, using oracle calls to an
unreliable oracle for TQBF;

This uses the Inspector-Adversary game, which | will describe.

Any complexity class C could be used in place of TQBF; to give
rise to a new TFNP subclass capturing something about C.

Precisely, the subclass depends on axioms we choose for C.
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Another new way to define a TFNP subclass

A TFX5 problem is like a TENP problem, except the relation
R(x, y) recognizing a solution y to an instance x is in coNP rather
than in P.

PNP COMPUTATION

This is the TFX5 problem: given a machine M with an oracle tape
for NP, and a unary time 1%, find a correct computation of M
running for time t.

PLS is the set of TFNP problems @ such that
e Q is counterexample-reducible to PN COMPUTATION

This is a natural extension of many-one reducibility to TFX5.
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Inspector-Adversary games

8/31



Computing using an unreliable oracle

PARITY / P

This is the decision problem: given a Boolean circuit C, decide the
parity of the set of satisfying assignments.

LONELY

This is the TENP problem: given a matching on [2"] which leaves
0 unmatched, find another unmatched node.

LONELY is complete for the class PPA.
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Computing using an unreliable oracle

LONELY

This is the TENP problem: given a matching on [2"] which leaves
0 unmatched, find another unmatched node.

Suppose we have an instance G of LONELY (coded by some
circuits) and can consult an unreliable oracle for €, which may
give incorrect answers.
Our goal is to find either

® an unmatched node in G different from 0, or

® some queries on which the oracle makes an obvious mistake,
by breaking some basic rule of counting.
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Computing using an unreliable oracle

Step 1. We construct a circuit describing the set U C [2"] of
unmatched nodes and ask “what is (U \ {0})?"
If the oracle replies “odd” (which is the correct answer):

We can use binary search to find a member of U\ {0}.

le. ask @((U\ {0}) [ [2"7*]) and D((U\ {0}) I [2"71,27)).

The oracle must say that one of these is odd, or violate the

counting axiom (A U B) = P(A) & B(B).

Carry on in this way.

If the oracle replies “even”:

This is incorrect, but does not immediately violate any axiom of
counting. So what do we do?
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Computing using an unreliable oracle

Step 2. Ask “what is @([2"])?" (i.e. the set of all nodes in G)
If the answer is not “even”, we can use binary search to find an
axiom violation.

Step 3. Construct circuits for

L := { left-hand ends of matching pairsin G }
R := { right-hand ends of matching pairs in G }

and ask @(L) and P(R).
Since [2"] = U U L U R and we were told (U \ {0}) = even, the
oracle must assert that (L) # B(R).

Step 4. Now we can use binary search to find an axiom violation.

(remaining details omitted)
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Axioms

Formally our axioms for € above are the conjuction g of:
1. For every circuit C without input gates, A(C) = eval(C)
2. For every circuit C with a first input gate x,

A(C) = A(CIx=0) ® A(C[x=1)

These are universal sentences about the polynomial-time properties
of an oracle symbol A. They hold if we take A to be (real) parity.

By axioms for a complexity class C we always mean sentences of
this logical form, which are true if we take A to be C.
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Inspector-Adversary games

Let Q(x,y) be a TFNP problem and I a list of axioms.

The (T, Q, x)-game is played between an inspector, who wants to
find y such that Q(x,y), and an Adversary, who claims to know a
function A satisfying I'.

At round /7, the Inspector produces a string g; and asks the
Adversary “what is A(g;)?", and gets a reply r;.

The Inspector wins when she produces either
® a string y such that Q(x, y), or

® 3 witness that some axiom in [ is falsified by the Adversary’s
replies so far.

14 /31



Inspector-Adversary games

We say Q is solvable over [ if there is a polynomial time (in |x|)
strategy for the Inspector to win the (I', Q, x)-game.

We showed above that LONELY is solvable over our axioms for €.
(The converse also holds - PPA is precisely the set of problems
solvable over these axioms.)

In particular, we described a protocol for the Inspector.

A protocol is a pair (M, 1") of a machine M with an oracle tape
for A, and a unary time bound t.

We can model the queries made by the Inspector as queries to the
oracle tape.
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Main definition

Let I be a list of axioms about a function A.

LOCAL-I

This is the TENP problem: given a protocol (M, 1), find a run of
machine M for time t, coded as a list a of queries made to A and
replies received, such that the output of M does not witness the
failure of any axiom of [ on a.

In other words, solving an instance of LOCAL-I" means fooling the
Inspector by constructing a “local” oracle «, which is defined only
on the places asked by the Inspector when using the given
protocol, and which does not violate I there.
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A TFNP subclass from I

The next proposition justifies why we say LOCAL-T is in TFENP.

If there is a total function « which actually satisfies I, then
LOCAL-T is total.

Proof. Run the protocol (M, 1), and reply to queries to A with
the values of .. The Inspector will not find any violation of I,
because there is none.

Q is solvable over I if and only if it is reducible to LOCAL-T.

Hence for any I, the set of TFNP problems solvable over I has a
complete problem.

17/31



Connections with proof complexity

A winning Inspector strategy is in some sense a succinct, treelike
proof that [ implies that @ is total.

It resembles a succinct version of the Prosecutor-Defendant
“interactive” proofs of [Pudlak, Buss 95].

“Q is solvable over I is equivalent to the condition in bounded
arithmetic

PV(A) + Thypy(N) + T - Vx3yQ(x, y)

where Thypy(N) is the set of all true universal PV sentences.

Adding this to PV is what allows us to only care about what
actually happens in computations, and ignore most issues of how
things are syntactically proved.
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New characterizations
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What we can do now

We now have some machinery for making new TFNP subclasses:

1. Take a complexity class C
(Typically modelled as a function taking circuits to bits)

2. Choose natural axioms ¢ for C
3. Study the TFNP subclass of problems solvable over ¢, which
has LOCAL-T¢ as a complete problem.

(Similar to “reasoning with concepts from C” in bounded
arithmetic.)

Ideally, we would also like to show that any reasonable choice of

axioms ¢ gives the same TFNP subclass, which thus reflects the
properties of C, rather than of our particular choice of axioms.
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Parity

Our complexity class is €p.

We take the axioms g, from before:
1. For every circuit C without input gates, A(C) = eval(C)

2. For every circuit C with a first input gate x,
A(C) = A(C[x=0) ® A(CIx=1)

LOCAL-T¢ = PPA.

We get the same class if we use any axiomatization of a similar
“recursive” form to lg.

Thus PPA is the “projection” of € onto TFNP.
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PSPACE

TQBF

This is the decision problem: given a QBF, evaluate it.

PSPACE

This is the transducer problem: given a description of a PSPACE
machine, an input x and a (binary) time ¢, output the
configuration of the machine run on x at time t.

We define natural axioms ['tqer and [pspace for these.
E.g. M'tqar has axioms A(IxB(x)) <> A(B(0)) V A(B(1)) etc.

Ipspace has an axiom “A((M, x,t + 1)) is the result of applying
the transition function of M to A((M, x, t))".
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PSPACE

LOCAL-Ttqer = LOCAL-T pspacE.

Thus the subclass given by LOCAL-I'tqgr is a “projection” of
PSPACE onto TFNP.

PPA, PPP and PLS are reducible to LOCAL-I'tqgF by simple
reductions.

Thus LOCAL-T1qgF sits above all the classical TFNP classes.
It is plausibly weaker than WRONG PROOF [GP18].
We expect it to contain essentially every natural combinatorial

TFNP problem (by a connection with Frege proofs).
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The polynomial hierarchy

TQBF,

This is the decision problem: given a QBF in Xy UTY, evaluate it.
We take r'iI('QBF to be 'tqeF restricted to QBFs in ZZ U I'IZ.

We get a hierarchy of TFNP problems LOCAL—F-’f-QBF.

LOCAL-Mf o = FP
LOCAL-T ggr = PLS
LOCAL-T3 ggr = CPLS

Is there a black-box separation of this hierarchy?
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Proof complexity
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Bounded arithmetic

The classes defined by LOCAL-I'tqgf and LOCAL-I’-’f-QBF are not
new. They have been studied in bounded arithmetic (with different
definitions).

See [Buss85, ST11, BB17].
Proposition

LOCAL-TTqer = VX 2(U3)
LOCAL-T ogr = VI2(TX)

Here U} and TX are theories with well-understood connections
with PSPACE and PH.
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Corollaries

From this earlier work we can get
® combinatorial complete problems for the classes
® characterizations by propositional proof systems,
in the style of [Goos et al. 22]

LOCAL-Ttqgr = LINEAR LOCAL IMPROVEMENT
LOCAL-TtqgF is characterized by the Frege proof system.

LOCAL-T% g = k-TURN GAME INDUCTION
LOCAL-I'-’l‘-JCSEF is characterized by depth-(k+3) Frege.

For k > 1, LOCAL—F-’,‘-QBF is separate from PPP, PPAD, PPA.
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Counterexample reductions
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Counterexample reductions

Let Q(u,v) and R(x,y) be two TFX5 problems.
Say Q(u,v) is Vw Q'(u,v,w) and R(x,y) is Vz R'(x,y, z).

We say @ is counterexample-reducible to R, or Q <. R, if there
are p-time functions f, g, h such that for all u,y, w

R'(f(u),y, h(u,y,w)) = Q'(u,g(u,y), w).
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Counterexample reductions

A TFNP problem Q is automatically also in TFX5.
So we can also write Q <. R when Q € TFNP and R € TFX5.

Thus R gives rise to a subclass of TFNP, namely the problems
reducible to R.

This has a natural complete problem CHECKABLE R.

PLS = CHECKABLE LEAST NUMBER
= CHECKABLE PNP COMPUTATION

PPADS = CHECKABLE EMPTY
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Approximate counting

RWPP,

This is a TFXS problem, the retraction weak pigeonhole principle
for PNP functions F, G.

APPROX is the TFNP class introduced in [KT22] which captures
Jerdbek’s approximate counting theory APC,.

Proposition
APPROX = CHECKABLE RWPP>

Proposition
APPROX contains RAMSEY, WEAK LONG CHOICE, WEAK
SHORT CHOICE [PPY23]

APPROX cannot do precise counting, and does not contain PPAD.
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